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PREFACE 


I N this volume those parts of the subject, as presented in the first 
edition, published in 1907, have been treated which were not dealt 
with in the volume published m 1921. Almost the whole of the matter 
has been re-written, and much new matter has been added which is largely 
the fruit of investigations that have been carried out by various Mathe- 
maticians in the intervening time. 

In Chapter I, on numerical sequences, a greatly extended acoounl of 
the theory of convergence of numerical series is given, togetbor with a 
fairly full account of tho theories of conventional summation with which 
the names of Ces/tro, Holdor, and M. Ricsz are associated. 

Chapter-11 oontains a systematic account of tho theories of convergence 
and oscillation of sequences and scries of which the terms arc functions of 
one or more variables; and Chapter III contains tho application of these 
theories to the speoinl, hut important, case of power-series. 

In Chapter IV an account is givon of tho theorem of Weiorstrass re- 
lating to the representation of continuous functions by sequences of 
polynomials; of tho theory of convergence of sequences on the average; 
aud of F. Ricsx’ classification of summablo functions. The proof of tho 
fundamental rfesult of Bairo, relating to the representation of a function 
as tho limit of a soquoncc of continuous functions, is obtained by a method 
which is due to. do IaValMe Poussin, but with some modification and 
extension. 

Chapter V is devoted to those parts of the theory of integration which 
were not dealt with in Volume I. Considerable space has been allotted 
hero to a discussion of various theories of integration, due to W. H. Young, 
Tonolli, and Perron. A short account, is also given of the conventional 
summation of integrals, !- 

Chapter VI contains an account of the construction, by various methods, 
of functions which exhibit assigned peculiarities, and in particular, of non- 
Aifforentiable continuous functions. 

A spooial feature of tho volume consists of the prominence givon to 
wlint I have called the General Convergence Theorem, together with its 
developments and consequences. This Theorem is treated very fully in 
Chapter VII, with a- view to the applications of it to tho theories of- 
Fourier’6 series and integrals contained in the later chapters. 

Tho large nmount of matter contained in Chapter VIII, on Trigono- 
metrical Series, gives ample evidence of tho recent activity of Mathe- 
maticians in the investigation of properties of Fourier’s series and of the 
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coefficients in the series. Most of the recent progress in litis subject has 
been due to the exploitation of the theory of Lebcsgue integration and to 
the application to Fourier's series of various conventional methods of 
summation. Although the remarkable history of the theory of these series 
covers a period of upwards of a century and a half, there still remains for 
solution at least one fundamentally important question which has hithorlo 
bathed all attempts at settlement. In this chapter, mainly from con- 
siderations of space, I have given references, without proofs, in the ease 
of some results that have been quite recently published. 

The importance of the representation of functions by Fourier’sinlcgrnls, 
together with the interesting modem theory of Fourier transforms, is such 
lliftt. I have dovoted Chapter IX entirely to this subject. 

Chapter X 1ms been added on tho representation of functions by series 
of normal orthogonal functions, not only on account of the intrinsic im- 
portance of the subject, but also because tho processes which have been 
employed in various recent investigations in this domain a0ord excellent 
illustrations of ideas and methods which have boon doyclopcd earlier in 
this work. 

By far tho greater part of the proofs of the volume were read in slip 
by t’rof. G. II. Hardy, F.R.S., to whom I desire to express my gratitudo 
for many important criticisms and suggestions, the adoption of which Has 
done much to improve tho presentation of tho subject. 

My thanks arc also due to the Officials and Renders of the University 
Press for the courtesy they have shewn mo, and tho troublo thoy have 
taken, in connection with the heavy work of printing the volume. 

B. W. HOBSON. 

Cwust’k Cou.ro r, Cam mu non. 

KcmnUr 16, 1D25. 
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CHAPTER I 


SEQUENCES AND SERIES OF NUMBERS 

Let us consider a sot of numbers a lt a t , a 3 , ... a„, Buoh that the 
number a„ is defined for each value of n by means of a norm, consisting of 
a prescribed rule or set of rules. Lot the numbers 

a i> ®r + o*> °i + <*- + °s» + a z + ••• + o» i ... 

he 1 denoted by s u s t , i 3 , ... s H , ... ; and lot us consider tho aggregate 
If this aggregate form a convergent sequence, in 
accordance with the definition given in r, § 23, it has (see i, § 30) a limit 

or s, which is said to bo the limiting sum, or simply the sum, of tho 
infinite series d t + Oj + ... + a„ + in which cose the series is said to 
he convergent. 

Tho condition that the sequence (s t , s,, s } , ... s n , ...) may bo con- 
vergent is that, corresponding to each arbitrarily chosen positive number «r, 

a value of n can be so determined that | s, +ra — s„ | < «, for m = 1 , 2, 3 

This is then the necessary and sufficient condition that the infinite sorics 
+ ... + a n + ... may bo convorgont. 

The difference ~s n = a Brt + a„ +2 + ... + a n¥m is called a partial 
remainder of tho infinite series, and it may be denoted by Jl„, ,„ . Thus tho 
condition of convergence of tho infinite Bories may bo stated as follows ; 

The necessary and sufficient condition that the scries a l + c. 2 + ... +a„ + ..., 
or £ a„, way be convergent is that, corresponding to each arbitrarily chosen 
positive number e, a value of n can be so determined that all the partial re- 
mainders R„ a , iJ n ,j, ... R „,„, ... are numerically less than e. 

Since = a n , it is seen to be a necessary, but not a sufficient, 
condition for the convergence of the series that J or„ | bo arbitrarily small, 
when n is sufficiently great. This condition may be written in the form 
lim a n — 0. 

If the series a, + a z + ... + a n + ... he convergent, then, for any value 
of n, the series a„+i + a n4 . 2 + ... is also convergent, and has, in the sense 
defined above, a limiting sum which may be denoted by R„. This limiting 
sum is called the remainder after n terns of tho original convergent scries; 
thus $ = s„ + R„. Whether the series he convergent or not, s n may bo 
called the nth partial sum of the series £ a n . 

It is olear that, the given series being convergent, tho sequence 
(I?!, R t , ... U„, ...) is also convergent, and that its limit is zero. That this 
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may lie the case has sometimes bpen stated to bp tho necessary nnd suffi- 
cient condition for the convergence of the series; such a statement of the 
condition is, however, circular, because the existence of the numbers R n 
cannot, be assumed unless the given series is already known to bo con- 
vergent. 

It- is important to observe that the number s has not been defined ns 
tho sum of the infinite series a, -f- a. ~ ... + a„ + for that would have 
implied the completion of on indefinitely great number of operations of 
addition; but couversely, (he limiting sum, or simply tho sum, of the 
infinite series has been defined to be that number s which was itself defined, 
as in t, § 30, by means of a convergent sequence, 

KOK-COjnXRGENT ARITHMETIC SERIES. 

2. Tho partial sums a,, of a series a, + o 5 
may be represented in the usual manner by an enumerable set of points 0, 
on a straight line. The set 0 hns a derivative O', which is u closed sot, in 
the ordinary sense of the term, in ease O' is bounded, If O' is unbounded, 
it is closed in the extended senso (i, §§ S3, G5), when one of the improper 
points +», — ««« regarded ns belonging to the sol, or when both these 
points belong to the set.. 

The following cases may arise: 

(t) The derivative O' may consist of a single proper point a. In this 
enso tho series is convergent, and all the points of G, with the possible 
exception ctf a finite number of them, lie in the interval (a — S, a + 8); 
where S is an arbitrarily chosen positive number. The points of 0 then all 
lie between two fixed points A and/?; or j a„| is bounded. 

(2) Tho set O’ may consist of one of the improper points + m , ~ m . 
In this case | a„ [ has no upper boundary, and the scries is said to be 
divergent. If N bo an arbitrarily large positive number, all the numbers <r„, 
except possibly a finite number of them, arc of the same sign, and numeri- 
cally exceed N. An example of a divergent series is the series 

J/I + 1/2 + ... + I/n + .... 

For this series wo have = J/(n + 1) + I/(n -j- 2) -f ... 4- l/(7i -j- »i), 
nnd thus > m/( n 4- »n). However great n may bo chosen, we have 

R r .. n > 1/2; winch is inconsistent with the condition for convergence of 
the series. Ah the sequence {«„} is monotone and increasing, it ean hnvo 
no upper limit, except tho improper point 4- <n ; and thus the scries ifi 
divergent. 

(3) Tiie set O’ may be a (bounded) dosed set, which contains a finite, 
or an indefinitely great, number of points. If U nnd L be the ripper and 
lower boundaries of O', the scries is said to be an oscillating series with 
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U and L as the upper and lower limits of indeterminancy* of the sum of the 
aeries. The numbers U and L may also be spoken of as the upper and the 
lower sums of the series respectively, and they may be denoted by s, s. 

It is always possible to determine a sequence (s„,, s„,, s ni , ...) of partial 
sums, where n 1 <n t <n 3 < ... , whioh converges to the point TJ, and 
another such sequence which converges to L, or to any other point of G' 
which may bo chosen. It thus appears that, by introducing a suitable 
system of bracketing the terms of an oscillating series, according to some 
norm, and amalgamating the terms in each bracket, tho series may be con- 
verted into a convergent one, of which the limiting sum is any chosen ■ 
point of G\ including either limit of indeterminancy. Tho set O' may he 
non-dense in the interval [L, 17), or it may consist of all the points of 
that closed interval; or it may consist of a closed sot of the most general 
typo, as described in I, § 80. 

Tho oscillating series 1 — 1 + 1 — 1 + 1 — ... has 1 and 0 for its upper 
and lower limits of indeterminancy; and G‘ consists of those two points. 
Again, lot 

s, t= 1/2, * 2 - I/S, s 3 - 1/4, s 4 « 2/3, s, = 1/5, 2/4, s, - .1/6, ..., .. . 

and generally 

= if(2m + 2), -,2/(2m + 1), .... 

«(*«>’ - (m + l)/(m + 2), 

, ■»(«.«!*« - V(2a» + 3 ). «<».«>■+* * 2 /( 2 w + 2),..., ' , 

«(»+i!(m+a = (rn + l)/(m + 3), 
whoro ni — 0, I, 2, 3, ... , and where only those numbers are taken which 
are less than unity. 

. It follows that the series 

I__i L + ±-JL+ 

2 2.3 3. 4^3. 4 S.6 t 

has 1 and 0 for the upper and lower limits of indeterminancy. The set G 
consists of nil the rational numbers between 0 and I; so that G' consists 
of all tho points of the closed interval (0, I). By introducing a proporly 
chosen system of brackets, and amalgamating the terms in each bracket, 
tho scries may bo converted into one converging to a limiting sum which 
is atiy prescribed number in the interval (0, 1). 

(4) The set G' may consist of two or more points, amongst which there 
is at least one improper point, + ® or-®. In such cases the series is 
also said to bean oscillating scries; one or both of tho limits of indeter- 
minancy being infinite. Such a series may bo concerted into a divergent 

* This term fa dno to Bn Bob-Rejmcnd; see his AnlrilUprogramm, p. 3. 
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series, by introduction of a properly defined system of brackets; or on the 
other hand it mnj' be converted into a 6erics which converges to any proper 
point of O', provided such a point, exists. 

It should be observed that, by some writers, all series winch are not 
convergent arc spoken of as divergent, but the term non-convcrgent will 
hero be employed in that sense, as including both divergent and oscillating 
series. 

From a certain point of view there exist but two classes of series, 
those which oscillate and those which do not oscillate. The latter class 
includes both convergent and divergent series. A divergent series may 
bo regarded ns one which converges to one of the improper numbers + « 
and — » , and this is n certain justification for classing convergent nnd 
divergent series together, os distinguished from oscillating scries. If 

(*i, ...) denote a sequence of numbers, let us consider (ho 

corresponding sequence («j, S a , ... 5,, ...), where s H isfdefincd by 


It is clear that all the numbers e„ lio within the interval (— 1, 1), and the 
improper numbers + <*>,—<» may be taken to correspond to the numbers 
1,-1 respectively. If the sequence {s„} is convergent, it is easily seen that 
the sequence {*„} is also convergent; but if [s„) diverges to + <» , or to 
— oj , the corresponding sequence {?„} converges to 1, or to — 1. If {«„) 
is an oscillating sequence, so also is {?„}. Thus the classificat ion of sequences 
into oscillating and non-oscillating sequences is invariant for the trans- 


formation 5„ ■= ; + |" g | . 


3. A scries* may be constructed which oscillates between infinite limits 
of indeterininnney, but which, by introducing a suitablc'systom of brackets, 
in accordance with a norm, may be converted into a series which converges 
to anv prescribed number whatever, or which diverges to co , or to — <x> . 


the points x, of the interval (0, 1), have a (l, 1} correspondence with the 
points x, of the unbounded interval (—»,«). It is easily seen that a 
set of points {r}, in the interval (0, I), corresponds to a set {x'), in tho 
interval (— « , *>), the relation of order being conserved in tho corre- 


spondence. Further, a limiting point of the one set corresponds to a 
limiting point- of tho other set. The rational points of tho interval (0, 1), 
of x, correspond to a set of points x\ everywhere dense in (- « , « ). This 
method of correspond apcc may be applied to the series obtained in (3), 


He 


i, Pm, Le bA Hath. S«. (2), rol ID (ISO!). P- M- 
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which oscillates between tile limits of indetermmancy 0, 1, and which 
can be made, by introducing suitable brackets, to converge to any pre- 
scribed number in the interval (0, 1). We find that 

St’ = 0, a,' - -?/v/3, s a ‘ - - 2 ]Vz, s,' = 1/V% V = - 3/2, 

V - o, v * - 4/^5, V = - 1/V^, = 2/^3, s„' - - 5/Vc, 

and generally 

«' m ( m+ .D « = - 2m/V2m + I, 8' n(BI+ ii +t - - (2m - 3)/v/2 (2m - I), .... 
“ nt/Vm + 1, a 4 * * 7 ( m+ n’+i = — (2m + 1)/V2«i + 2, 

= ( TO ~ 1)/V2(m+1). 

Thorefore tho series 
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has the required character. It may be converted into a series which con- 
verges to any assigned number whatever, or may diverge, by suitably 
bracketing the terms together, in accordance with a norm; the terms in 
each bracket being amalgamated. 

An oscillating series which has the two limits of indeterminancy + n , 
— ,«o , and for which G' has no proper points, may be constructed, for 
example, by taking s 2n _, — n, s t „ — — n. Thus the series 
1 _ 2 + 3 - 4+ ... + (2»- I)- 2»+ ... 
oscillates, with -f to., — oo as limits of indctcrmin.mcy. Tho series 
l + (- 2 + 3) + (- 4+5) + .... 

(1 _ 2) -f (3 - 4) + «? - 6) + .... 

are both divergent. The set G' contains no proper points; and thus tho 
series cannot bB converted by bracketing into a convergent series, 


4. From the time, .in the seventeenth century, when infinite series 

were first employed, until far into the nineteenth century, such series were 
freely used, with but little enquiry as to whether they were convergent 
or not. It was generally held, as for example by Lagrange, that the con- 
vergence of o„ to zero, as n is indefinitely increased, is sufficient to ensure 
the ' convergence of the series Sa„, although it had been established by 
J. Bernoulli that the series £ - is divergent. The first writer who com- 
pletely emancipated himself from the uncritical extension of the operation 
of arithmetic addition to the case in which the number of such operations 
is indefinitely great was Bolzano, who gave* the necessary and sufficient 
condition for the convergence of a series in the form given in § I, that 
I «n+™ — s„ | must be arbitrarily small for all values of m, provided n is 

* Ban analffliuhir Bloat .... Prag 1817; Has a reproduced in Osirald’e Slaisilrir dir ixadai 

TViaceiwcJ,. No. 3H3, p. 21. 
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sufficiently large. If was, however, owing to the writings of Cauchy* and 
Abelf, since BoJwino’s work remained almost unknown for a long lime, 
that- the modem theory of the convergence and divergence of series gradu- 
ally attained acceptance by mathematicians. An interesting account has 
been given by Burkhnrdt* of the history of attempts, made even in the 
nineteenth century, to justify the employment of non-convcrgent scries 
in calculations. In recent times, various rigorous methods havo been 
devised, by which, in accordance with strict definitions, such series may he 
employed. An account of some of these methods will bo given later. 

^yCTHK 0-0 KOTATIOK. 

fi. Let <J/(n) denote n function, defined for the values 1, 2, 3, ... of 
the variable n, and such that <p («) > 0, for all tho values of «. If <p (n) 
denote a function of w, such that ^ ^ is less than some positive 

number K, independent, of n, wo may write ^ (n) = 0 {ip («)}; hut if 
Km « 0, wc write <p («) - o {0 (»)}. 

Thus, for exnmplo, a n ■= 0 (1) menus that j a„ | is bounded; and 
<t„ «- o (1) means that lim a„ *» 0. Again a„ — 0 ( » ) means that i-” is 
hounded ; and «r „ m o (n) means that lim — « 0; «„■=(? («-*) menus (hat 
nh7 n is bounded ; and = o («"‘) means that lim (n*u„) ■=■ 0. 

It is cosily seen that 

0 lh (>■)}• 0 {0 t {*)) ~ O ft («) (n)>, 

0 h/r, (»)} .o ft (n)} * o ft («) j s (?»)}, 

o {ib, (»)}.o ft (w» « 0 ft (m) tp t (»)}. 

The same notation may bo applied to the case of functions of a variable x 
which varies continuously in a field a S x < » , or in a field a S x < A. 
Thus iji (.r) «- 0 {ip (r) ) denotes that ~|~j is bounded for all values of t in 

the field; and rf>(x)^u {iji (r)J denotes tliat lim 7-— -= 0, or lim ~ 0, 
V' (*) x~A <P (*) 

as 1 lie case may be; live function 1 p (r) is, ns before, assumed to be positive 
throughout the given field of the variable. 

The O-o notation was first employed systematically by Landau §, 
although, as staled by him, the symbol O was employed earlier by 
* Tar his (irfinition ot the conitif ifrfi r,f conrerjI,‘nve, pee Court d'AiinlyK jUj. (lS2f). p. 125. 
t Sm his memoir on the htaomiml throrera. CnllSt Journal, ml. i (182(5). p. 313; nl«o, for 
& more esocl formulation, mo (Kmart, 2n«t i J. nil. n. p. 1ST. 

i J Join. pinnules, ml ura (IMlfc p. lr,S. RriS> Cm*. dtr mniUtken Xdlin. Tuhlngen 

5 I VrtWunj dir Prin isnSfen. rot r, pp, 3[, £9-02; alio vul. M. p. SS3. 
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Baohmnnn*. It has recently oomo into general use in investigations con- 
nected with series and integrals. 


A GENERAL rROFERTV OF SEQUENCES. 

6. It will ho proved that: 

If lim a„ = 0 , (/ten s n , the partial sum of the series a, H- a. + ... -|- a„ 
has the properly s n = 0(71); f.e. lim — — 0. Also, if n„" 0 (l), then « a — 0 (n). 

It is convenient to establish the following general theorem of which 
the abovo theorem is a particular ease: 

If {ft,} denotes a monotone increasing sequence of positive numbers, such 
that- p„ increases indefinitely with n, and if (a,} be any sequence of numbers, 



and m particular, iff lim l' as a definite value, then lim aho has 

the same definite ixtlue. If 5^ f diverges to +», or to —m,--- also diverges 

Pm ~ P» Pi 

to m, or to — to. 


The first theorem is obtained by taking ft„ ■» n, «„ m s„. To provo the 
general thoorem, lot U and L denote the upper and lower limits of 


An integer w, may bo determined, snob that, if g bo an arbitrarily clioson 
positive number, 

& + »! > ^ ^ >i~U. for n £ 

Wo find, by taking n «= w,, n, + 1, ... it, + m — 1 , successively, 

W + 9) (jS Brf m - ft,,) > > (L - ,) (ft,* m - ft,,) ; 

Keeping », fixed, and Jetting m inoronso indofinitoly, wo thus Jmvo 
17 + 17 £ Jim jj-'fe Tj - 1) ; 
or, since y is arbitrary, V £ Jim £ lim £ L. 

In caso g"-'- — diverges to a? , if A r bo an arbitrarily chosen positive 

mimbor, n, may bo so clioson that > N, for n §; n, : wo have tlicn 

Pn+t ~ P- 

- «, > S - A, I, or |S±» - > S (l - J*-) . 
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lotting m increase indefinitely, we have 

lim & N; 


and since 


N is arbitrary, it follows that Jim ~ — o> . The case 
diverges to — m may be treated in a similar manner. 


EXAMPLES. 

(1) If E a, converges, os II ~ m , to a definite number, (hen 
o, + 2n, + S«j + ... 4 no, = o (»). 
Let a, * o, + 4, + ... 4 fin = « + 1. then 


lim *' * * *" ® lim 

s c the last limit esfala. This mny be written in tho form 

lim JV, - a '-- jy j - * ■ " • '" j "hs,, 


whence it follows that 




(2) If lim no, exists, then Jim ‘b. * ^ a . t — fe 1 — —-— J t? - Em tin,. To prove this 
let on *> o, + 2oj + ... 4 na„. ft, = n. In particular, if no„ = o (1), then 

o, 4 2o, 4 ... + no, = o (n). 

(3) * If lit r ) be ft monotone increasing sequence of porilivo numbers, which diverges, 
thou, it 5 o„ in convergent, lim — "i * Jf " n " = o. This is the generalization 
of Ex. (I). 

Tho relation ■-' a ' * V . + Jf "°“ _ 0 (1) i, satisfied if j— 0„ «= 0(1). 

This is the generalization of Ex. (2). 

(•i)t If p > 0. and Em lias a definite value. tlien lim = - lim — ■ 1 . 

(6) t If lim no» ha* a definite value, then lim ~~ = lim no„. 

(0)t The two conditions a, 4 2a, + 3o : + ... 4 »*„ = o fn), lim '!» t « , 

are snfiieient to ensure that the scries a, 4 a, + ehould converge <0 >. Each of theso 
conditions is necessary, and the two together arc snfiieient. 

(7) { If (3„) denote a monotone sequence of decreasing numbers which converges to 0 
ns n -eo. and if h'm - ® bM exists, then lim also exists and lass the same value. This 
raav bo obtained from the general theorem by changing n n ,p n into J/*r rt • I ffin respectively. 

• Eec Prinphoto, Sibonj-brr. Ktr/i. 4 bid. vol. XXX (IftCW), pp. 4t— (0. 

t Ibid, voh xxxi, pp. M7, CD. 531. 

♦ £eo, for an independent proof, Bromwich's Theory of Infinite. Seriee, p. 377. 
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CONVERGENCE AND DIVERGENCE OF SERIES WEE POSITIVE TERMS. 

7. T£ all the terms of a series, with the possible exception of a finite num- 
ber of them, be positive or zero, it is clear that the sequence (s lt s 2 , 
is monotone non -diminishing, from and aftersome fixed value of n. It follows 
that the series is either convergent or divergent, but cannot oscillate. 
Moreover the convergence or divergence of the series is unaffected by the 
removal of a finite set of the numbers s., ... ; and this set may be so 
chosen that the partial sums corresponding to the negative terms are all 
removed. Tims there is no loss of generality in considering only series in 
which all the terms are positive or zero. 

If a, +Oj + ... +a n + ... be such a series, it is clear that the sequence 
a,, s t , ... ... of partial sums is monotone non-diminishing, and therefore 

either converges to a definite limit s, the sum of the series, or is divergent. 
Wo may thus state that: 

Thenecessary and. sufficient condition tlial a series % + a, + ... + a„ + 
of which all the terms are 50, should be convergent is that a positive number 
E exists, such that tf„ < K, for all values of n. 

6. Tko following property is possessed by a convergent series of which 
all the terms are positive. Theexpressionpositive will betaken toincludezero. 

A series such that all its terms are terms of a convergent scries 
a t + a t + ... + a„ + 

all the terms of which are positive, is also convergent. 

1 If «'„• bo a partial sum of the second series; n can be so determined that 
all the terms in arc contained in the terms of s„; then s'„. a s„ < K, 
• where ITis a fixed positive number; since s\. < K, and «'„■ cannot diminish 
as n increases, it follows that a'«- has a definite limit a sn'~»; therefore 
the second series is convergent. 

If a second series be obtained by rearranging, in accordance with any 
prescribed norm, the order of the terms of a convergent series 

«i + + ••• + fl n + 

all the terms, of which are positive, then the second series converges to the same 
sum as the first. It is assumed that the new series is of the same type ai, as 
the original one (see § 29). 

ThiB theorem may be expressed by the statement that a convergent 
series of positive terms is unconditionally convergent. Let s’„ denote the 
nth partial sum of the second scries. If e be a prescribed positive number, 
n, may be taken so great that « — «„,< e. An integer « 2 can be so chosen 
that contains all the terms o£ therefore s\ 5 s„, , if n £ n t . 

We have now, s'„ > s — e, if n £ n%. For any value of n the terms of 
,o'„ are all contained in s n , if m is sufficiently large; and therefore < e, 
for all values of n. Since a'„ is in the interval (s — e, a) if n fe n z , and « is 
arbitrary, it follows that lim = s. 
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9. I*l two scries 

a, + a fl + .... 6, +J > * + ... + h n + 

in each of which all the terms are positive {> 0), he considered, and let their 
nth partial sums be denoted by s„, respectively. If the series are both 
convergent, we have lini Jfl„ — 0, Jim B\ = 0. In case 0 < lim i 

the (second aeries may bo said to converge as rapidly as the first) and in 
ease Jim -s~ =■ 0, the second series may Jje said to converge more rapidly 
than tlio first. The first series may then also be said to converge more 
slowly tlinn the second. It the scries are botli divergent, then, in caso 
0 <Iim — < «> , the second series may be said to diverge as slouiy as tlio 
first; and in case lim — = 0, the second series may be said to diverge 
more slowly than the first; and also the first scries may bo said to diverge 
more rapidly than the second. 

If two convergent scries Ee„, £ c' for both of which the terms arc jiosittvo 
{> 0), be such that lim <» 0, then (he first series converges more rapidly 
than the second, 

If e bo any prescribed positive number, then c„ < «c'„, provided n iB 
greater than some fixed integer n,. It follows tliat < ell'„„ m , for 
all positive integral values of m. Consequently wo have J? n< S cW'„, ; 
and thus £ <, for all values of « fen,. Since r is arbitrniy, it follows 

that lim -■= 0; from which the result follows. 

Jftwo divergent series £ d„, £ d\, both consisting of positive terms (> 0), 
he such that lim ~ 0, (hat the first series diverges more slowly than the 
second, 

If -j~ < e, for n > n,, we have s„ ~s„ t <c (s'„ — s' n< ); therefore 

from which it follows that lim s e. Since < is arbitrary wc must have 
lim — 0, and thus the result has been established. 

10. If the series «, + a. -f ... -j- a„ -}• all the terms of which are 

positive, be convergent, so also is the scries l',a, + JCyi 9 + ... + £„<*„ + 
where l\, h., are positive numbers, all of which arc tess than some 

positive number K, independent of n. 
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For it is clear that R'„ im < KR Bl „; where R' v , m denotes a partial 
remainder of the second series. It follows that, for all sufficiently large 
values of », It',,, „ < e, where e is an arbitrarily small positive number. 
The condition of convergence of the second series is thus satisfied. 

The series 2 a n being taken to be convergent, so that a„ = J?„_j — R„, 
let us consider the series 2 a’„ , where a'„ =l£_i— it£, and a\ = s" — R \ ; 
p being a fixed positive number. We find at once that s'„ = &° — R n> 
and therefore lim a'„ =*■ s r . The series 2 a'„ is accordingly convergent; 
and tdneo ^ — jH£ -1 , we see that, in case 0 < p < 1, R\/R a increases 
indefinitely os ?i increases, and thus the convergence of the second series 
is slower than that of the first. The following theorem has accordingly 
been established : 

Having given, a convergent aeries of ‘positive numbers, another such series 
can be determined which converges more slowly than the given one. 



. and since _U n /I2 n _ 1 < 1, for each value of n, we have lim £ 1. In case 
lim •» I, the corresponding limit of j - ' B P> and in any 

CftSe i — (it'/fl"')* 1 * e8S t * ian somc P° 8 '^ ve number K, independent of 7i. 
Thus since a„F'" j < I(a',„ wo see that the series 2 a„ jR'~* is convergent, 
We thus obtain the following theorem : 

If 2 a„ is_ a convergent series of which the terms are positive, the series 
2 a ^ so convergent, for every positive value of p. When p < l, its 

convergence is slower than that of 2 a n . 

It was first established by Abel* that, if 2 A„ be a divergent series of 
positive tenns, a sequence {£„}’ of positive numbers, increasing indefinitely 
with n, can be so determined that the series 2 djk a is also divergent. 
The corresponding result for convergent series, here stated, was established! 
by Du Bois-Reymond. The special theorem that tins result is realized by 
&„ — R n -v where 0<p< 1, is duef to Pringsheiin. 1 

'* Orelk’t Journal, vol IK (1823), p. 81; also (Entire#, »oL I, p. 198 (2nd ftdlticm).' . ; ■ ’ '■ ■" 
t Cnlk't Journal, vol Lxxvj ( 1873), p. 85. .• . 

, j Hal/,. Annalcn, vol. xxxr (1890), pp. 329, 330. ' 
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It is clear that a sequence of series may be formed, commencing with 
the convergent series 2 <j„, nil of which nrc convergent, and such that 
the convergence of each one of them is slower tlmn that of the preceding 
series. This idea is duo to Du Bois-Roymond ; Pringsheiui lias indicated 
(foe. ci'O a general method of forming such a sequence of series. 

If a sequence of convergent series with positive terms 2 where 
p « I, 2, 3 be such that, for each value of v, the sequence 



is monotone increasing, then a series can be formed which converges more 
slowly than any of the series of the stqucncc. 

A theorem practically equivalent to this has been given* byHadnmnrd. 
To establish the theorem, let denote the nth remainder of the scries 
2 Let the integer w, be the smallest integer such that R™ £ i; 
and let n s bo the smallest integer which is > n, and also such that T?^ 1 £ 
and that also I?”’ — Jl™ < I?™ — It™. 

Let b n a™, for t» £ n,\ tho difference R™ — R™, which is greater 
than /fj,' 1 - T?^ 1 , or than + ... + a”’, can he divided into n, — n. 
parte £i„ l+1 , b ni+t , ... b n , greater respectively than a' n n +1 , a* n + ,, ... a™. 
Wo proceed to determine the integers v t , « s , ... successively, in a similar 
manner. In general, if is determined, n D is the smallest integer 
(> which satisfies the conditions 



The difference It* 11 -- It'** which is greater than — It''* 3 *, can 

be divided into n p parts f'n r .,+i . ^,,+2. •••&„,, greater respectively 

thanojf i+s , ... fljj* Proceeding indefinitely in this mnnncr, the 

terms of a scries 2 b r _ are defined; and this series is convergent, sinco it is 
equivalent to 

.8™ + {R™ - It™} 4- {It™ - R™) + ... , 
in which It'* 1 converges to zero, as p ~ sc . Moreover the terms of tho 
series 2 b n are, for n > n v _ x , greater than those of the scries 2 «| l P ”* > . 

A series has thus been constructed which converges at least as slowly 
os any of tho given series. 

If the series 2 b n does not converge more slowly than tho series 
* AOs Hath. toL roll (1S04>. p. MS. 
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2 a™, for every value of p, we may form a series which converges more 
slowly than 2 and this new series will convorgc more slowly than 
2 whatever value p may have. 

11. If the series dj + d I + ... + d„ -f ... be divergent, so also is the 
series + k t d 2 + ... + k,d n -)* ...; where k u k 2 , ... ... are positive 

numbers all of which exceed some positive number K, independent of n. 

For, s„, s'„ denoting the partial sums of the two series, wo have 
s’„ > Ks n , and thus, if s„ increases indefinitely with n, so also doe3 s' n . 

The divergent series £ d n , all the terms of which are positive, is such that 
d„ can be expressed in the form M„ +l — if„, where {M„} is a monotone in~ 
creasing sequence of positive numbers without upper limit. Conversely every 
series of the. form, 2 (M n+1 — M„) is divergent. 

We have only to take M n = , to prove the first part of this theorem. 

To prove the converse,' wo observe that — M i is the partial sum of the 

series, and tins increases indefinitely with n. 

■ • If the series 2 d„ is divergent, then d„ can be expressed in the form 
d„ — Conversely every series for which the general term has 


e taken Co be those 


M — M 

the form — — is divergent. The numbers {M r } 

of a positive monotone sequence without upper limit. 

Let {Jlfn} be defined by the relations = (1 + d„) if„; then 
(1 + d l ) (1 + d 2 ) ... (1 + d„) > M. x (1 + «„); 
hence if s„ increases indefinitely with n, so also does ilf„ +1 , and therefore 
the sequence {Jf n } satisfies the prescribed condition. ■ 

To prove the converse, we observo that, if n x bo any fixed value of n, 
’Hp* M n+ 1 - M„ _ 'M nii 






provided m . has sufficiently large values. .The series therefore cannot 
converge, since it has partial remainders greater than ■' , however largo 
% may be. The nearer M n+J /M„ is to unity, the smaller is d n . 


In case d n < 1, for all values of n, let d„ = 


If„, 


-M, 




**+1 = M n 1(1 - d„) - M,l(l - d,) ( 1 - d 2 ) ... (1 - d„) . 

>M, (I+d I )(l + d 2 )...(I + d„), 
or Jf„ +1 > M x (1 + s„); it follows that M n+1 increases indefinitely with n, 
if 2 d n is divergent. It is easily seen, as before, that a series of which the 


general term is of the form 


M r . 




divergent. • 
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It is clear that a sequence of series may be formed, commencing with 
the convergent scries L n„, all of which are convergent, and such that 
the convergence of each one of them is slower than that of the preceding 
series. This idea is due to Du Bois-Revmond ; Pringshc.im has indicated 
(foe. eft) a general method of forming such a sequence of scries. 

If a sequence of convergent series with positive terms L njj’ 1 , where 
f 1, 2, 3, ...» be such that, for each value of n, the sequence 



is monotone increasing, then a series can be formal- which converges more 
slowly than any of the scries of the sequence. 

A theorem practically equivalent to this has been given* by Hadainard. 
To establish the theorem, let R^ denote t.ho nth remainder of the series 
S^ p! . Lot the integer «, bo the Bmallesfc integer such that 
and let n 3 be the smallest integer which is >«, and also such that R\^ £ Js, 
and that also If”’ - R™ < R™ - R™. 

Let b n ■= a*” for n £ the difference R^f — I?” 1 , which is greater 
than R™ - R^\ or than a™ +i + ... + a***, can be divided into n fl - «, 
parts 6^.,, ... 6„ t . greater respectively than a^,, a p \„, ... rtj,' 1 . 

We proceed to determine the integers a,, ti t , ... successively, in a similar 
manner. In general, if n p _ t is determined, n„ is the smallest integer 
(> «»-i) wliieh satisfies the conditions 

n T*-hx. 

2 r-i ", ", <y» 

The difforoncD ~ R r J^ which is greater than R p ~ n — con 

bo divided into tip — parts b„ r _,+i,b^_ l+ t, ... b„ r , greater respectively 
thanaj^ ,+i < ,**3 ’ °>T **• Proceeding indefinitely in this manner, the 

terms of a series S b„ are defined; and this series is convergent, sineo it is 
equivalent to 

.s™ -i- (rt£* - R%) + (/?“' _ 2?£‘) + .... 

in which R^ converges to zero, 03 p ~ . Moreover the terms of the 

scries 2 b n arc, for « > n p _ v greater than those of (lie series S ajf ~ 2> . 

A series has thus been constructed which converges at least, as slowly 
as any of the given series. 

If the series S b n docs not converge more slowly than the scries 


HatK vol. 


(1894), p. 318. 
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Criteria of Convergence and Divergence 

EXAMPLE. 

Conaidor tho divergent scries I + I + 1 + ... ; we have then s„ = n. It follows from 
Abel's first theorem that 2 ^ is divergent, and from the second theorem that 2 - ja con- 
vergent, provided \ > 0. 1 

From Dini’s theorem it is dcdncSHe that £ t j — ■ ■ ia n divergent series. 

1 + 2 + 3 + ’” + n 

It is clear that, by continuation of the process of forming from a given 
divergent series one which diverges more slowly, an endless sequence 
of divergent scries can be obtained, each of which, diverges more slowly 
than the preceding one. 

Tho follow ag theorem is the analogue of the theorem of § 10. 

If a sapience* of divergent scries with positive terms, £ d^\ where 

p ■» 1, 2, 3 , be such that, for each value of n, the sequence d f f, d^\ ... 
is monotone decreasing, then a divergent series can be formed which diverges 
more slowly than any of the series of the sequence. 

Tho proof of tho theorem is precisely similar to that of the corre- 
sponding theorem for convergent series, given in § 10. 

CRITERIA OB CONVERGENCE AOT> prVRRGENCE OF SERIES 
WITH POSITIVE TERMS; 

13. Much attention lias been devoted by mathematicians to the 
problem of obtaining oriteria sufficient to decide the question as to whether 
a series of prescribed form converges or diverges. These tests, as regards 
a series £ a„ , of which all the terms are positive, arc usually obtained by 
comparing the series with other series winch are known bo be either 
convergent or to be divergent. Suoh tests, formed by comparison with 
other series, fall in the main under two heads, first those in which tho 
general term a„ is alone involved in the criteria, .and secondly, those in 
which the criteria have reference to the form of the ratio a„ +1 /a n . These 
tests may be referred to as of the first and second kinds respectively. • Ail 
such tests provide sufficient, but not necessary, conditions for the conver- 
gence or divergence of series ; no test can be given which will he decisive as 
regards every series that can be defined ; thus the necessary and sufficient 
condition of convergence, which, for a series of positive terms, is that s„ 
should be bounded, cannot in the general case be reduced to any equivalent 
form which is of simpler application. Various sets of criteria of conver- 
gence were given during the first half of the nineteenth centuiy, the most 
important of which will be given below; and more general theories of such 
criteria were given by Dinit, and Du Bois-lteyraond}. The most complete 

* Hbdunaid, Acta Math. rot ivul (I8M|, p. 326. 

t Sulk eerie u termini poeitim, Fiwi. 1867. } Crtlk’a Journal, rot rxxvj 


(1873), p. 61. 
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Since a n+n < p m a n , we see that lim. a„ +m = 0, and thus Iim a„ — 0. If 
now » be sufficiently large, we have m < «, for all values of m; and thus 
the scries is convergent. 

If Jim ?s±l = k> 1, let p be a number between 1 and k, then » n+J > pa n , 
for all sufficiently large values of n. Hence «„ +m > _p m a n , and thuB a„ +m 
increases indefinitely with m. Since the condition lim a„=0 is not satisfied, 
the series is divergent. 

14. When the above tests fail, other tests must be applied; one of the 
simplest of these is that known as Cauchy's condensation test, which may 
be stated as follows: 

If, in the series £ a n , all the terms of which are positive, and such that 
a n i ffl n+ i , for all values of n (at least from and- after some fixed value of n), 
then the two series £ o„ , £ 2" o 2 * are both convergent or both divergent. 

To prove the theorem, we observe that a,- 4- Oj«+i + ... + is 

loss than 2“o 2 », and greater than 2"a 2 «+i. It follows that s 2 "+ l _ 2 is Icsb 

n n+l 

than <ij + £ 2"a 2 » and greater than o 2 + i 1 2”o 2 « . From this we see that, 
in case £2" a," is convergent, s £ -+i_, converges to a fixed limit, as n ~ <a , 
and therefore the series £ a„ is convergent. Conversely, if £ a„ is con- 
vergent, v+i.j converges to a definite limit, and hence £ 2"Oj« converges. 

For example, let ®„ = then 2"a 2 » 1, from whioh it follows that the 

series £ - is divergent. 

If the series £a„, all the terms of which are positive, be such that 
a n £ «„+i> for all values of «, a continuous monotone non-increasing 
function /{*) may be defined for the infinite interval (1, » ) such that 
/ (n) = a „ , for all integral values of n. A precise form of / (x) will often be 
suggested by the form of g„, or it may be defined by 
/(*)= «Wi (*-»)- a„ (v -n- 1), 
in the interval {a„ , «„ +1 ). 

Let us consider the function F (r) = j / (x) <lx; we have 
and this is not less than + « a + ••• + and not greater than 

OjH-a 2 + ... +a,_i- 

Wo thus have / s„ - s, s f (71) s s n _ 2 . 
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” ° r ° n-s B log^-Iog log» -■ (log log ... log*)* 

converges when p > 1, and divergea when j> S I. 


IS. If the series 2 c, is convergent, it is a sufficient condition for the 
convergence of 2 a„ that — should be less than some fixed positive number 
K independent of n. For, if s n , s n ' denote the partial sums of the aeries 
Sa„, 2c„ respectively, we have «„ < Ks„'; and thus, if s„' has a definite 
limit, so also has s n . This criterion may be stated in the following form: 

If 2 a„, 2 c„ be two series with positive terms, and the latter be con- 
vergent, it is a sufficient condition for the convergence of 2 a„ that lim ~ 
should not be infinite. 

Again, if f is greater than some positive number L, independent of n, 
and the series 2 d„ is divergent, so also is 2 a„. For «„ > Ls„‘; and thus 
if s„‘ increases indefinitely with n, so alBO does s„. ThiB theorem may be 
Btated as follows: 

If 2a„, 2i„ be two series with positive terms, and the latter be divergent, 
then it is sufficient for the divergence of 2 a„ that lim ~ should be greater 
than zero. 

It has been shewn, in § 11, that every divergent serios can be expressed 
M — M 

in the form 2^ — - . The following theorem gives the corresponding 

result for a convergent series : 

Every convergent series S c„ is such that c„ can be expressed in 
the form — jp — an ^ conversely a series of which the terms have the 
latter form is convergent. 

For let = then c. - M~L = ■ 

Conversely, we have s n — Se„ =*> M^ 1 — and thus s„ converges 

to M~ l . 

This theorem and the corresponding theorem for divergent scries, given 
in § 1 1, may he employed to express the conditions in the two first theorems 
above in the following form : 
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Th e series E n* is convergent if a monotone increasing sequence of positive 
numbers {&f„} exists, tti 'thout vpper limit, such that lim a „ < « . 

The series is divergent, if {J/ n ( can be so determined that Em a„ ~ fj~ > ®' 

If p > 0, the sequence {.if*} has the same essential characteristic ns 
the sequence {Jf,,}, that it is monotone increasing, and such that Jf* has 
10 upper limit as n ~ m . 

I£ — ^2 be denoted bv c. „, the series Sc, „ is convergent, and 

in cose p < 1, it convenes more slowly thnn the series 2c,, „ or 2e„. We 

. „ f jif a+l - sr n i - a; . , . . M. 

may wntc c,,„ in the form - - ■: — where A, denotes v ~. 

/ 1 ~ X - ■*»■« 
Sineo y -~-j~ has a finite lower limit, ns n ~ m , it follows that the series 

of which the general term is is also convergent. Wo thus have 

Jlf n+1 i/„ 

the theorem : 

The series of which the general term is ■ where p is any positive 

number, is convergent, and converges the more slowly, the more slowly .2 I„ 
increases asnis indefinitely increased. 


Employing this result, we may now state the following general criteria, 
equivalent to forms due to Pringsheim*: 

Jf fim fl„ jj ZTjf > 0, or in ease a„ < 1 for all valves of n, 


then the series 2a„ is divergent. 




P- 

Ea„ is convergent. 


t ,K 
: - Ji„ 


to , where p is a fixed positive number, then 


The numbers M „ are subject to no condition except that M„ increases 
indefinitely with n, the sequence {-ST*} being monotone. It is clear that 
the criteria will be the more efficient the more slow)}' M n increases as n 
increases. Commencing with a given sequence {if,}, by substitution for 
j 51* of ever more slowly increasing numbers, there can be obtained a 
succession of criteria of continually increasing deEcaoy. 

The criteria may be somewhat simplified if it be assumed that {.Jf,.} 
is such that — j>~ ? is less than some fixed positive number independent of n. 


Stall. Aimaltx. roL mv (1890). p. 337. 
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The criterion of aonvergence then takes the form lira a, 


M f n +1 

'M n+l -M„ 


16. An important series of criteria may be obtained by substituting 
successively log, M n , log, log, M n , ... for M„ in the sequence {Af„}. It is 
convenient to denote log, z, log, log, z, ... log, log, ... log.z by 
logWz, log (a z, ... log(">z, 

z by log (4) (z), and the product zlog* u z log< a| z ... log (n,) z by L„ (z); also 
*,■= L„ (z). It can easily be shewn that the two functions z — I — log z, 
logs — 1 + - arc both positive for ah values of e in the indefinite interval 
(0, oo ) ; except that they both vanish when z -* 1. Thus we have 
log, z £ z - I, log, z S 1 , for 0 < z < oo . 


Let z 


"-jp 3 ; we then have log M„+ x — log if „ £ - - 5 and 

— . Again, assuming that n is so largo that log M„ > 0, we have 

. log M.U, - log M n M„ tl - M n 


log 8 * if„ +1 — log 111 M„ i 


log if „ 


If* log if „ * 


Proceeding in this manner, wo find that 
- '-S'-’". 
los"®,., - log"-W. 

the number n being taken to be sufiiciontly large. 


If it be assumed that ~ is loss than a fixed positive number, inde- 
pendent of n, which is equivalent to the assumption that llm ^|±i 

is finite, we see that Iim = I, and generally tbatlim *3? jiff" 4 -* — I. 

n-» log Ju n ° n— <o log**’ if„ 

It then follows from the two inequalities obtained above that 

are in a ratio which lies in an interval (fc„, 1), where 0 < k <1. 

In accordance with the theorems of § IB, we have the criteria that, if 
logt“>if„ 

— Egi* if n+l - logt“>Jir B > °- 
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the series 2«„ is divergent; and it 

" log<"> J/ ntl - ’ 

then S«„ is convergent. 

Employing the restriction that lint is finite, we 
following criteria*. 


[OH. I 


//lira a„ > 0, the series So, is divergent; and if, where p > 0, 

" +1 nJ_ (log ™M n yL n (M n ) _ 
i™' 1 " J?«« - M n < ’ 

the series is convergent, whatever integral valve m may have; it being assumed 
that the sequence {M„} is such that iTm - j j r ' 1 is finite. 

If wo take il/, = «,we obtain, ns a special case, a scries of criteria which 
were first given explicitly by Do Morganf, although the essentials arc to 
be found in a posthumous memoir of Abel. The particular caso in which 
m “ 1 hnd been given by Cauchy, and the full criteria wore re-discovered 
by Jlertrand. Tho corresponding criteria for integrals wero first given 
fully by Bonnet^. 

If lim na„ > 0, 2a„ is divergent, ami in general, if lint a„L m (n) > 0, 
So„ is divergent. If lim a n i i' +1 < co , 2a„ is convergent, and in general, if 
lira a n L m {?<) (log (m) nY < » , So, is convergent; the number p being positive. 


17. // S d„ be a divergent series, and f (x) — 0 {ar 1 ' 1 ), where f (a) g 0, 
and S > 0, then the series S / («„) d. is convergent. In jxtrlicular, the series 
S c~°'" d„ is convergent if p > 0, and it is divergent if p fi 0. 

Since / (»„) d n < , where K is some fixed positive number, and tho 

scries S ~"-j has been sliown in § 12 to be convergent, it follows that the 
scries 2 / {?„) rf„ is convergent. If / (z) = e~^, (p > O), it is easily seen that 
lias, for positive values of x, a finite maximum. 

In case lim d„ is finite, r/„ is less, for nil values of n, than some fixed 
number D, The terms of the series S fJIv,) arc less than the corre- 


* Princsheim, Mali. A ntudtn, vol. XXXV (IflSO), p. TWO. 
cr.<i fcl-^rof Cula.ru. (ISM), p. 32C. 
Vb'iJwmnt. w».vnr(J8«), p. 78. 
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spending terms of 2 1+! K £ -^3 , where mis such that s„_ l >D; and there- 
fore the series £ d„f (*„_,) is convergent. It has thus been shewn that: 

If £ d n be a divergent series, and dn = 0 (1), and f{x) = 0 (a;- 1 -*), 
viherif (x) = 0, and 8>0, then the series £ /(s„-i)^n w convergent. In 
■particular, the series £ d n e~^‘^-i is convergent, if p> 0. 

The following theorem has been given by Littlewaod*. It can easily 
he proved by the method employed in § 14 : 

If £ d n is divergent, and d„ = 0 (1), and if f {x) be a continuous 
, positive decreasing function of x, then £ d n f(s„ ) converges or diverges with 

j/M*’. " ’ Ioij _ k f 

The series Ed„ being divergent, the scries ■ S j 0 g g ^ is also 
divergent, in accordance with the theorem of § 11. 

Now log s„ — log «„_! < Sj L ~— . and it thus follows that the series 
' 2 j — logs ' 1 or S L(i ~ )' “ ^ iver 8 enfc - is easily seen that it diverges 
rnoro slowly than £d„. 

Similarly we seo that 

* 1?8 • 

and since £ is divergent, it follows that £ j IS 

divergent. Proceeding in this manner it is seen that the series £ 
is divergent,’ for m — 0, 1, 2, 3, ..., jjrovidcd’Zd„ is divergent. 


18. Writing Jf n+1 .for we see from the first theorem of § 17, that 
for any monotone increasing sequence {M„}, the series 
£ (M n+l - 3f„) 

is convergent if p > 0, and divergent if p & 0. 

'. ^Ploying the criteria of § 15, we now; see, by substituting for e„ or 
d « the value - M „) that if E5 < “ ’ 

P>0, the series £c„- is convergent; and if Hm lfMmn >0 ’P~ 0 ’ 

series £a n isdivergent. 

* Mtaeaga of Math., toL mix (1910), p. 191. 
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- c“ sf »n < K, for aD values of n, we Eee that 

'“Sj-f J Vir +/■"«. 

log if 


s leas than a fixed number, and thus that ■*= — ,» K »> — 

jJf — M, 

a number < 0. Siroilarij-, if 


for its upper limit, a 


> k. 


we see that ■: 

1 

which ii 


- 

+ p has for its lower limit a number 


»il an -U n 

S 0. Wo thus obtain the following criteria ; 
if Iim log > 0, the series £a„ is convergent; and if 

Tim jff— log If'UrJ L < o, the series is divergent. 

If wc substitute log< m+1 >Af„ for M„ in these criteria, and assume that 
•» 0(1), wc obtain* the following scale of criteria: 

%Tfa ) > 1>IC ser,es ** convergent; 
and if fim < tJlC Kria ia divergent. 

If we tako Jlf„ — n, wc have the following scale of criteria: 

// lim - log > 0, and generally if Iim log > 0, 

the series is convergent; and if lim - log — < 0, and generally if 


the series is d ivergent. 

The first of the criteria of this scale are equivalent to the following 
criteria due to Cauchy - ): 

If Iim o n < 1, the series Sa n is convergent; and if lim r»"> 1, the scries 
£fl„ is divergent. 

It has however been shewn in § 13, that tliis last condition may bo 
replaced by the less stringent condition lim <r" > 1. 

- 0, that if lim Jog — - > t>, the 

r.p.n. 


The criteria given by the a 
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series is convergent, and that if Jim log ~~ < 0) the series is divergent, 

were given by Cauchy*; the whole sealo was given by Bertrand f. An 
equivalent scale of criteria was also given by de Morgan $. 

19. It has already been observed that the criteria which have been 
obtained for the convergence or the divergence of a series with positive 
terms yield sufficient conditions for such convergence or divergence, but 
not necessary conditions. It can be shewn that there exists no set of 
positive numbers Aj, A a , ... A n , ... for which lim X n — 0, such that the 


oondition Em r— < » is a necessary condition for the convergence of the 
series So*. On the contraiy, a convergent series Sa„ oan always be con- 
structed such that Em j 2 **. oo , when tho sequence {A„} lias been prescribed. 
An increasing scquonce of mtegors n,, n.,, ... ra m , ... can bo so chosen that 
- A «m s 2i53« - • 

Now lot a„ — , for all values of n which do not belong to the sequence 

{«.„}; and let a nm “g^n.for m - 1, 2, 3, ... . 

Tho series 2a„ consists of the terms of tho convergent Beries 
2 + 2 s + 2 3 . • 

in a different order, and is therefore convergent. But S 
and thus lim -f — w . 

In particular it has been shewn that there exists no set of positive 
numbers {A„} satisfying tho condition IimA„»*0, such that lim^ = 0 
is a necessary! condition for the convergence- of the scries £«„. It can, 
however, bo shown that it is a necessary condition for the convergence of 
£o„ that lim ^ = 0, provided the sequence (A„) be properly chosen. For 

if lim j 2 > 0, k can be so chosen that <t„ > £A„, for all sufficiently largo 
values of n, and thus, if the sequence {A„} be so chosen that £A„ is divergent, 
the series £a„ is also divergent. The incorrect statement has beon made 


* Conn d‘ Analyst Alg. (1821), p. 137. 

t LbrntOk'i Jemma} (1), vol. vn (1842), p. 37. So» also Pauckor, CreUc’a Journal, toI. ita 
(1831), p. 138. 

{ Differential and Integral Cakuiue, p. 320. 

5 This is contra ty Jo on neaumplloti made by Da Bon-Itcyroond ; on this point boo Pringsheim, 
Math. Jnnnltn. vol. xxsv (1820), p. 346. 
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by Dim* and others, that if £A„ is divergent, it is a necessary condition for 
the convergence of 2 a n that lim — 0. This statement only becomes 
correct when the additional condition is added that lim has a unique 

It pan be shewn in a similar manner that there exists no set {A„} of 
monotone increasing numbers such that the condition lim ^ > 0 is neces- 
sary for the divergence of 2a„. In fact, if {A„} bo prescribed and bo sucii 
that XA„ is divergent, a series 2n„ can be so determined as to bo divergent 
and also such that lim j 25 = 0. 

20. Lot <ij + a 2 + ... + a H + ..., &! + 6. + ... + 6„ + ... dehoto two 
scries of which the terms are positive. Let it be assumed that ~~~ & 
for all values of n tiiat are 2 m. Wo find, by giving n the values 

that ~ it ^2, or a n &itb m , for sint, where h denotes Iho number g*. 
From this it follows that, if 26„ is divergent, so also is 2a„. 

Similarly, if it be assumed that c- for n S m, wo bco that 
a„ £ kb n \ and thus that, if 2&„ be convergent, so also is Sff„. 

Taking 2c„, 2d„ to denote a convergent series and a divergent series 
respectively, sufficient conditions for til© convergence or divergence of 
tho scries 2a„ may be expressed in the forms 

lim P„ (j~ - ~yj < 0, for divergence ; 

< A > «”!% 

lim P„ — ~ — J > 0, for convergence ; 

where {P„) denotes any arbitrary sequence of positive numbers. 

To shew that these conditions arc sufficient, assume that the first is 
satisfied, we have then P„ < — ij, where rj is somo positive 

number, provided v £ some number m. It then follows that ---- £ -J— > 
for n 2 m; and thus that 2a„ is divergent. The second condition can be 
similarly shewn to bo sufficient. 

These criteria arc spoken of by Pringsheimf as the general typo of 

p„ 

criteria of the second kind, since tliey are reducible by writing — or 
. for P„, to a form in which only Hie ratio of n B+1 to n„ is involved. 

• Zee. til, p. 12. Bw l’riasrfvim. foe. eft. p. 343. t -to:. ciL p. 353. 
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It should be observed that from the relation a n & kb„ or from the 
relation a n S hb n , it cannot be dcdnccd that , or 

Consequently it does not necessarily follpw that, when one of the criteria 
of the first kind is satisfied, the corresponding criterion of the second Jrind 
is also satisfied. If 2a„ is a convergent series, the limi t of E — — does 
not necessarily exist, but may oscillate in any manner. In fact, if we have 
a prescribed convergent series Ea„, we may by an alteration of the order 
of the terms, which alteration does not affect the convergence of the series, 
ensure that the limit of **- oscillates in any prescribed manner. 

If we take P„ — —— , the above criteria become 


lim jp 2 — tf~~) < ®» t° r divergence ; 
lim Q- > 0, for convergence. 


Tho 'second of these criteria (A), (B) can bo reduced to a different form by 
utilizing the theorem that Ee“‘"»d„ is a convergent series when p > 0. 
Thus, letc„ — &- f ‘*d n , the second criterion (A) then becomes 

This may be written in the form • 

i= [ p . «"■ (g - S) - ■ P - ~3Z - »] 

If we choose P„ to be such that P„ a„ +t e'N *» 1, the criterion becomes 

£ teJ. ■ ~ > °\ 

Assuming that lim <Z„ < co , wo have ? £ - — ~ — , since 

c= S ! it follows that, by choosing p sufficiently small, lim e - — ? 
may be made as small as we please. Consequently the criterion becomes 




provided lim d n < ® . This restriction on d n may be removed. For, 
assuming that, the condition lim (~- J — ) > 0 IS sa tiBfied for a 
set of values of d„ such that Hm = » , a positive number A can be chosen 
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so small l b at lim ~ > 0, 

and therefore such that 

J/il jjir = J- + thus Hm (f'„ 2 j; then by hypothesis the condition 

lim ^ Hjl. J ) > 0 is satisfied. In case the series T,d' n convoTgca, 

this condition falls under the second condition (3), and is sufficient for 
tho convergence of Eo„. In case Ed'* diverges, sinco lim d' n < ■» , it falls 
under the preceding case. 

It has now been shewn that tho condition 


lS(5r,£~*b) >0 

Is sufficient for the convergence of Ea„, where E d„ is any divergent series. 
Combining this condition with the second criterion (B), naraoly that 
lim - — - \ > 0, wo see that a sufficient condition of convergence 


of the series Ea„ is that lim <j> (n) — ^ (n + 1)^ > 0, where (»)} ,s 
any assigned sequence of positive numbers. For the series E l/f> (») is eithor 
convergent or divergent, and in cither case tho criterion is sufficient. 

This criterion, which may easily be proved directly, was first obtained 
by Kummer*, who however added tho unnecessary condition that <f> (») 
must bo such that lim a„<j> («) = 0. That this lattor restriction iB un- 


necessary was shewn by Dini and by Du Bois-Reymond. 

Companion criteria of convergence and divergence may now be stated 
ns follows: .fa 1 l \ 

lim j — J > 0, for convergence, 

lim ~ < o, for divergence. 

The particular case in which d„ — l gives the criteria of d’Alembert 
and Cauchy which were obtained by comparing tho series Sa„ with a 
geometric series. Thus wc have 


1 1™ 1 J > #. equivalent to lim < I, for convergence, 

j lim {— l) < 0, equivalent to Jim > 1, for divergence. 

• Cr dir, Jmrr.lt, -rot XTO (1855). p. 171. A djrwl proof of this criterion hw bwn friwn 1/ 
Stolt, rort'Mitjtn tbrr oUy. Ariii. rot t, p. SHI. Tho criterion nu !•> discovered by Jensen. 
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If d* = I /», we have Raabe's criteria* 

lim n — I j > 1, for convergence, 

lima — 1 j < 1, for divergence. 

In general, let dn—l/L„{n)i we obtain then Bertrand’sf logarithmic 
scale of criteria 

lim \L m {«)” —L m (n+ 1)| > 0, for convergence, 

. 5=5 *• a ” +1 Tit — 1, 2, 3, 

Rm | L„ {») - L m (ft + 1) j < 0, for divergence. 

It is easily soon that all these criteria fail in case lim oscillates between 

limits ono of which is greater than unity, and the other less than unity. 

21. If has the form 1 + — + 0 f-rrjY where A > 0, wo have 
o n+l , n W 1 **/’ 

and thus lim n — ij = A. Therefore, in accordance with Raabe’s 
test, the series So„ is convergent if A > 1, and divergent if A < 1. In 
the case A - 1, wo can apply Bertrand’s test for m = 1, L x (n) — ft log n, 
We have 

n log n . - (» + J) log (n + 1} ■* (ft + + O^^Iogn.. 

Now lim 0 ('-M log ft = 0, since lim = 0. Moreover 


lim (» + 1) log ^-j 

has the value — 1. It follows that in this case the Berios is divergent. 
The following rule has thus been established: 

2/~- has the form 1+^ + 0 vihere A > 0, the- scries Sa„ is 

convergent if A > I, and it « divergent if A & 1. 


For example, consider the Beries 

. gfe+jl £H±j) 

1-y 1.2,y(y+I) 

a (g 4- 1) ... (g + w— 1) „■ fl(f)-bl)(P + n—l) 

1.2 ... ft.y (y + 1) ... (y + ft — 1} 

* Baumgartner and Ettinghauson's ZtiUchr. f. Math. b. Phyiik, toL X. Seo aim Duhnmol, 
LimviUt't Journal, wL it (1839), p. 214 and toL vt, p. 85. 

t Liouvilk’a Journal, toL to (1842), p. 42. Seo also Bonnot, ibid. ml. vra (1843), p. 89, 
and Pauoker, Crelk't Journal (1851), toI. mi, p. 143. 
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. fr + D(y+») = i a. *&.+ ! -«-ffl -«P+y 

(« + «} (£ + fl) ‘ (« + m) (/? + Ji) 


hence the series is convergent if y — a — fi> 0, find it diverges if 
y — « — p 5 0. 

a„ + cn"- t + fa"- ; + ... 

a*,, + + 

wo have - 1 - 1 + + 0 ; and thus the series is convergent if 

a — A > 1, and is divergent if a — A & J. This criterion* was given by 
Gauss. 

22. Employing tho theorem that if Sd„ is divergent, is con- 

vergent, for p> 0, we rimy in tho criterion {life, of § 20, write d„c; f, *loiC n . 
It is thus a sufficient condition for the convergence of £n„ that. 




wliioh is equivalent to tiio condition that ~ > a positive 

number p, for all values of « S a fixed number a, . From this it now follows 
that „ ,1 

~ -j- 2 > for ji £ ii„ 

or „L log (£2. d JjSl) >p+ ~log,(l + pd nll > p, 

for n 5 tt', where p is some fixed positive number. This condition is certainly 

satisfied if lira log ^ > 0, provided p Ikj properly ciiosen. 

Hence a sufficient condition of convergence of Ea„ is that 

fl- 
irt a similar manner it can be shewn that a sufficient condition of diver- 
gence of the series So„ is that 

hm -j — log -2 — 2±± < 0. 

a„+i »„ 

If it be assumed that iim d„ is finite, in the whole of the foregoing 
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investigation 1 may bo substituted for e~*V Wo thus obtain the 
criteria , j a ^ 

j Hi? a > 0, sufficient for convergence, 

^lim J- !og^2~±> < o ( sufficient for divergence, 

‘provided fim d„ ia finite. 

Rin co tho divergence of the scries £ — j is a necessary conse- 
quence of tho divergence of £(/„, wo can replace d„ by — j in the 

above criteria. They then give rise to the scale o£ criteria 

Hm j /i*” 1 (*„_,) log > ®> sufficient for convergence, 

IhS jZ-l-l («„«,) logjpi- -”H . JfarO . < 0, sufficient for divergence, 

io//cr6»i «* 0, l, 2, 3, .... 

In case wo lot d n 1, wo have the following scale of criteria: 

Iim log ip 1 - >0, 

Iim />>{« - i) I°g^^ > 0, m » 0. I, 2 

sufficient for convergence; 

liin log <0, 

- 1) < 0, .»-o,i,a 

sufficient for divergence. 

The criteria corresponding to m — 0 arc 

bm (n — 1) log""“~" > 0. 

Rio (71 — 1 ) log < 0. 

.Since bm n log— ” ^ = - Iim log (l + “) "•=* — !. 

these criteria, become 

lim 11 log -- - - - > 1, for convergence, 

lira n Jog — — < 1, for divergence, 
a criterion which was given by Schlomitcb. 
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33. Let M (x), m (a:) denote monotone functions, positive in the 
infinite interval (1 , cc ), of x, which both diverge to so , ns x ~ oo , and nro 
such Unit M (i) > m (x). It will be assumed tliat / (x) is monotone non- 
incrcasing, and positive. 

Let 

m ~L u / W * - > („-(« + 1)> - f (* <x» ' 

where h is an arbitrarily chosen positive number. It will he shewn that: 

The series £ / {«) canvcrgu if lim <f> {*) < 1, and diverges if lirri <j> ( * ) > 1. 

First assume that lim <j> (z) > 1 ; then ^ (z) £ 1 + <, for lif, where e 
is some positive number, so that 

F {M (x + A)} - F {M (*)} £ (I + «) [F {« (x + h)) -F{m (*)}], 
from whicli it follows that 

F {M (? + rdi)} - F {M (£)) £ (1 + e) [F {m (| + «A)} — F {m (f))J, 
for all positive integral values of w. 

Wo have now 

F{M[£ + nh))~F{M m , 

F(mU+nh))-F[M{£)\ * 


F{M(£))-F {,*({)) 


r a <i + 1] i 1 + ? + nh)) ~ > mm] 

S 1 + €, 

prodded n be chosen so large that F {m (f + nh)} > F {M {£)). From this 


it follows that 


F{M (£ + nh)} - F {M > 

— F {m {£ + nh)) - F {il (£)} ” 1+£ ' 


If j / [x)dx, or F(cc ), wore finite, the limit of the expression on the 
left hand side would have the unique value I, hence it follows from the 
inequality that F (oo ) = tn , and thus that £ / (n) diverges (see § 14). 

Next assume that lim 4 (x) < 1 ; tlien 4>[x) S 1 — e for x £ f, and for 
some positive number «, 

We find as before that 

F {.V (5 -t- «/.)} - F {J r «)} £(!-«) [F {m (( + nh)} - *'{m (£}}]. 
and hence that 

F(M(g))-F(m(f)} 


F{A/(f + nA))-F{iU(j)) . , ___ 

F (m {$ +nh)) - F {Jf (?)} - 11 c> [ L + F {m <£ + nh)} - F{M [£))}' 
If now F{m ) = « , we find from this inequality that 

n y {m tf + - F w m 

which is impossible, since F {A! (f + 71 A)) > F{m{£ -!• nh)}. It thug follows 
that must be finite, and therefore that 2 / (n) converges. 



Since - 
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a {if (x + h)-M (a)} /{if (z + ft)} F {M(x + h)) - F {M <z)} 
{m (x + h)-m (*)}/ {m (z)} F{m{x + h)} — F {m (*)} 

. {if(z-l- h)-M{x)}S{M(x)\ 

{ m (x + h)-m (z)}/ {m [x + A)} ’ 

5 that the criteria can be reduced to the form 


I lim 


M (x + h) — M {x))f{M (z A- A)} , , ,. 

— , ,-v, - > I, for divergence, 

(m {x + h) —m (*)} f {m (x)> 


< 1, for convergence. 


1 i-rr ■ {M (x + h) — M ( x))f{M (x)} 

\£Z {m(x + h)-m (*)}/ [m {x + h)} 
where M (x) > m (»). 

A special pair of critoria can be obtained by taking m(x)-=x in the 
first criterion, and m {*) = * — k in the second ; we then have 

Urn (H - fr . t - ft) (!B + h)] > 1, for divergence, where M (a) > x, 

lim + < 1 , for convergence, whero M{x)>x- h. 

In particular, if h «= 1, wo have 

| Bm {g(«j- ] ) ~ 1 (X + 1)} > 1. for divergence, when if (z)> z, 

1 foU/W* .) ? < i' f or convergence, when M(x)>x-1. 
. }(x) 

These criteria were given by Kobn*. 

If M (z), m ( x ) have definite differential coefficients M' (z), m! (z)', 
and m ^ differ arbitrarily little from 

unity, if h be taken small enough. In this manner we can obtain the 
following criteria: 


lim - ^ ^ > I» when if (x) > x, for divergence, 

- if' {x)f{M (*)} , , 

n - — . , . — — < 1, for convergence. 

■” ' ] 1*1 

The companion conditions obtained by taking M (z) —x,m (z) < 
j lim ^y - ^y ^ > 1, when m (z) < z, for divergence, 
/(*) 


m' {*)/{m(z)} 

$ criteria are due to Ermakofff. 


< 1, for convergence. 


; (1883), p. 142. 
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Taking M (*) = n~, tn (a:) = log x, wo have tho special criteria 

lira ~~~~ > 1. (or divergence; Jim C y^ ^ < 1, for convergence; 

iirn > I, for divergence ; lim ' x \ < 1, for convergence, 

(log x) 6 ^/(log*) 

v^flEE COSVEROKNCB OF SERIES IN GENERAL. 

24, We proceed to consider tho case in which tho terms of a scries En„ 
nre not all of the name sign. The simplest case is that in which tho positive 
and negative signs occur alternatively. In this case the following criterion 
is frequently applicable to decide the question of the convergence of tho 
series; 

If the terms of a series v, - it. + it, — + ... be of alternate signs, and 
if «» S n ni . x ,for every value of n, it is necessary and sufficient for the con- 
vergence of the series that lim w„ — 0. When this last condition is not satisfied 
the scries oscillates between limits, both of which, are in the interval (0, «,), 
where toe may assume m, to be positive. 

Since | *=|«„|, it is necessary for the convergence of <„ that 

lim «„ «= 0. Again we have 

I I - I + ... + (- . [ = | «... | ■ 

If lim «„ » 0, for all autlieicntly large values of n we have | s„+„ — | < t, 

an arbitrarily chosen positive number, for in » 1, 2, 3, .... Thus tho con- 
dition of convergence is satisfied. 

If lim | u* | is not zero, it is scon that 0 < s.„ < n, , and that doos not 
diminish ns n increases; therefore s,„ has a definite limit, in tho interval 
(0, t;,). Similarly, wo see that ®j, +t never increases as n increases, and that 
it lies in the interval fO, u,); thus s tnfl has a definite limit in the interval 
(0,ii,). The limits of both lio in the interval (0, it,) and differ 

from one another. 

For scries in which the signs may be distributed in any manner the 
following theorem is of importance. It was first established by Catalan* 
and Dcdokitidf, and depends essentially upon a lemma due to Abel}. 

This Lemma consists of the identity 

A-,«i + Mi + ... + - r T 1 (I-, - I- r+ |) «, + !:**„, 

where s, denotes the rtli partial sum of the 6eries S u,. It has a role in 

♦ Tnitea/mntairt da Aria J16C0). p. 32. 

t his edition of JJiridilrt’a Tori. C- ZoTdtnthroric, 3rd od. p. 255. 

} For a history of the theorem ree IVingsheira, Sfdh. Annalrn, toL xiv (1885), p. 123. 
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the theory of infinite series similar to that of integration by parts in fcho 
Integral Calculus. 

Ij (he series «, + it, + ... + tt„+ ... 6c either convergent or oscillating 
between finite limits, and {£„} be a sequence of numbers such that lim k„ ■— 0, 
and that the series 2 | k„ — fc„ +1 1 is convergent, then the series 

/tj«l + + ... + £„«,,+ ... 

is convergent. In particular it is sufficient that form a monotone non- 
increasing sequence and that lim K — 0. 

A partial remainder of the series is expressed by 

^n+J M «+I + ^n+J M n+i + ••• + ^n+ra K (i+m 

, *= K+l (««+J “ S n) + Kit (*«+* ~ S««) + ... + Kim («„+.» - 

. - - Kll *, + (Kll ~ *.«) + (*.« - *.+») *»+» + - 

+ IK+m-l ~ Kim) s »+m-3 + Kim «»+«• 

If the series a, + + ... is either convergent, or oscillating between 

finite limits, wo bavo | «„ | < A, for all values of n, where A is some fixed 
positive Jiumbor. Tho integer n enn bo chosen so large that | Km \ < «, 
where m — I, 2, 3, .... 

If the series S | !:„ — Kii j is convergent, n may be chosen so large 
that [ i„ +1 — fr nH . t | + ... + | Kim-i — Kim \ < e, for m =■ 2, 3, ... . It 
follows that, if n be sufficiently large, 

i fcfi+i Wb+1 + ... + Kim «n + « I < 3Ac, 

for the values 1, 2, 3, ... of m. Since < is arbitrary, it follows that tho 
series ijUj + k 2 u 2 + ... is convergent. 

The following theorem may »l60 bo established: 

If the series a, + « f -f ... +u„ + ... be convergent, and {&„} is a sequence 
of numbers, such that | k„ | is less than a fixed positive number K, for all 
values of n, and is also such that the series S j k„ — fc nil | is convergent, then 
the series fcjiij + k 2 u t +• ... is convergent. In particular it is sufficient that 
{A,,} should be a non-diminishing sequence of numbers with a finite upper 
limit. 

We find, as before, by writing s — s -+m — H„ + „ , 

Kn^mi + ... + i» + »«n+™ 

- k„ tl R„ - {jfc B+1 - fc n+1 ) R n+1 - (i„« - fc n+3 ) fl„ +z - ... 

- (Kim - 1 - Kim) “ Klm^nim ■ 

If n be taken so large that | fc„ + , - k n+t [ + ... + ( Km-i - Kim I < f > for 
m = 2,3 and also so large that [ R„+ m | < e, f or m = 0, 1 , 2, ... , we have 

[ Kll&itfl + ... + KimU n +m | < S Ki, 
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for m I, 2, 3 Since 3A'< is arbitrarily small, the condition for 

convergence of tbe series is satisfied. 


EXAMPLE. 

Since I rinrfl = dsiu— cosccg, we have, for any vntuc of d which is nol zero 

or a multiple of 2», j I sinnfl J < J cosce||, and thus tbo series oscillates between futile 
limits. Similarly, if 6 is neither zero nor a multiple of 2ir, tbo series 2 cosrU 03CiBntes 
bet ween finite limits. Tbo first eerirs ir. convergent, and the scoond is divergent, when fl = 0. 

tt follows from the above theorem that, if {!„) lie a sequence of numbers which converges 
to iero, and Is imcll that 5 j fc„ - /■„*, J is convergent, tbe series S k„ sinnd is convergent, 
for any fixed value of 0; and tbo serins r t, eos nd is convergent for any fixed valuo of 
6 that is neither zero noc n mulliplo of 2m. In particular {(-„} may bo any sequence of 
non-increasing numbers which converges to zero. 


25, It can bo nbewn that, if lhc scries J «i | + | «* J + — + | «» | + ... 
ib convergent, tbo scries tt, +«.+ ... + «* + ... is also convergent. Let the 
first v terms of this second series contain n, terms with the positivo sign, 
and tr. terms with the negative sign, and let cr„, , — o'„, denote their sums; 
tints «„ - <r„, — o’,,. Now u„, + o'„, is tlio nth partial sum of the scries 
| tt, [ + | tt, | + ...; and, since this series is convergent, <r„, + is less 
than a fixed positivo number, whatever value n has. It follows that 
<r B1 ,o' ni are ench less than sonic fixed positivo number, howovor largo «„«* 
may be. 

Since {cr n ,}, {</'„,} are both monotone non-diminisliing sequences it 
follows that lim <r„, , lim a‘„, arc both definite numbers ; hence lim s, is 
a dcGnite number, and therefore tho series «, + «; + ... is convergent. 
The limits of </„, are independent of tbe orders of the terms in tlio two 
series, and of the particular sequences of w, and iu . 

If the series E J «„ | is convergent, then the series £ w„ is said- to bo 
a&sofv/eljf convergent. 

If tiro series So., SO, arc such that jf is bounded, then if SO, is absolutely 
convergent, so also is So,. 

For, if | •— J £ K, for all values of is, wo have 2 | a m [ £ K E ^ I I 
and thus, if u is indefinitely increased, £ | a„ | converges to » value which 
docs not exceed K times the sum of the absolutely convergent series 
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It may happen that cr., — </„, has a definite limit-, ns it is indefinitely 
increased, but that a m , o' n , increase indefinitely. In that case the series 
2 «„ is convergent, but IS | t/„ | is divergent. The. series then said 

to converge jicn-aiwofi/friy. 

If a convorgcnt series 2 of ivliioh tlie sum is s, ho such that every 
series which consists of the name terms in n different order converges to 
the valuo s, then the scries 2 t<. is said to be unconditionally convergent. 

It has been shown in § 8 that, if all the terms of Urn series are positive, 
and thcscricsisconvcrgent, then it is necessarily iinenmlitionallynonvergont . 

For series in general the following theorem will bn established : 

A series which fs absolutely convergent it alto unconditionally convergent; 
and conversely, a tenet which it unconditionally convergent it alto ahsahUdj/ 
convergent. 

The truth of the theorem is clear from § 8, in ease nil of tlio terms 
have one and the same sign, with tlio exception of n finite number' 
of thorn. It will accordingly bo assumed (bet. this in not tlio cn.se. 
Assuming that the series is absolutely convergent, it has been shewn 
that o r ,,a' n , both convergo to definite limits, n.s n is indefinitely increased , 
and thus tt, and «j nro both indefinitely increased. If the given series bn 
rearranged in accordance with any norm, the two scries which contain t he 
positive nnd tho negative term a respectively are also rearranged, but- ns 
has been shown in § 8, their limiting sums arc not. thereby ntfored, nnd 
they convcrgo respectively to lirn o„,, — litn It then follows that tho 
rearranged series converges to Iim cr„, - lim a'.,, tho same sum ns when the 
terms were in tho original order. 

Next lot it bo assumed that the series 2 u. is unconditionally con- 
vergent. It is impossible that ono of the two limits lim <7„, , lim cr',,, should 
be infinite and tho othor finite, for in that ease 2 n„ would bo divergent. 
'-Thus, unless they aro both divergent, tlio series 2 1 1<„ | is convergent.. Lot 
it be assumed that lim o n , , lim o'., nro both at ; it will thon bo shown that 
2 u„ cannot bo unconditionally convergent. 

Corresponding to each number n thero aro numbers n,, n 2 , both of 
which increase indefinitely witJi n. For oaeh valuo of Tt lt lot n,' bo the 
smallest integer suob that o n/ £ 2o ni . Wo then oonsitlor tho two sequences 
of numbers {%'}, {nj; a corresponding rearrangement of tlio tormB of tho 
given series can bo so made that tho first n,' positive terms of tho series 
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are taken together with the first n. negative terms of the series, to make 
the first « x ' -r « j terms of the new series. The partial sum of tho new series 
is then o fll * — a' n £ 2o r , — Since o„, — a' Kl hns a finite limit, and o„ 
diverges, if follows that o„. — a„, diverges. Thereforo the series hns been 
so rearranged that it becomes divergent-, and this is contrary t-o the 
hypothesis ihnt the series is unconditionally convergent. Hence <*„„ </„, 
must hoth be convoigcnl, and therefore the series S | u„ [ is convergent, 
or S «„ is absolutely convergent. 

The following theorem, dne to Riemnnn*, will now be established: 

The terms of a non-absoivtdy, or conditionally, convergent, scries can 
always be so rearranged in a series of type «u, in accordance with some 
norm, that either (1) the new scries converges to an arbitrarily assigned sum, 
or that ( 2 ) the ncu> series is divergent, or that ( 3 ) the new series is oscillatory, 
with arbitrarily assignat limits of tndcJerminancy. Moreover each such 
rearrangement may be made in ox indefinitely great number of ways. 

Let k lt t„ £j, ... bo n monotone increasing sequence of positive num- 
bers, defined in accordance with some prescribed law. Take p, positive 
terms of the given series S«„, so that a Tt > whilst o,,., 3 by, next 
lake q x negative terms such that o n — a' n £ fcj , whilst n ri — a' n . t > 
Next- take 73, — p, more positive terras of tlie given scries so that 

whilst er*,.] — a’ n fi by, then take 7. — q l more negative terms, so that 
° n — o'#, fi k s , whilst o n — o’ Cl _, > /•.. Proceeding in this manner, wo 
obtain two sequences of integers (7,) such that - c'„3 
whilst <7^ — c > k„, and b w _, — o n Denoting the positive 
terms of the scries by o lt a., ... a„, ... , nnd thonegntivo tenns by 
bi . hi, ... !>„, ... ,we obtain a rearrangement, of the scries, which is £110)1 
that 

(a, -}- a, + ... + ttpt ) - (b, + b. + ... + V) 

+ («■>,*« + - + «n> ~ K+x + - + b c ,) + - 

+ <«*,., + ... J- aj - (fw, + ... + !>„) 
is b m , whilst . if we leave out- the term 1 > C „, it is > k„ . This sum o r , — o\, 

accordingly differs from i„ by less than b„. If the whole of the Inst bracket 
be omitted, the expression then differs from /.•„ by less than a^, in accord - 
nnee with the mode of determination of a^. If n bo sufficiently large 
a„„ and b e , are both less than an arbit rarily assigned number c. Tims, if 
some or «U of t he terms 5 n the last bracket are omitted, the expression t lion 
differs from f;„ by Jess than c. If the two last, brackets are omitted, the 
remaining expression differs from by less than b*,.,, and it may be 
■ Parlittlr D’jJrrrTAialjU ict. i nyrv . BrattnPctiwcij: (IWJOh p. <1. 
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ohosen so large that this and a pn are both less than e. If the whole of the 
last bracket and a part of the terms in the last bracket but one are omitted, 
the remaining expression is between fc„_ 3 — e and k„ + e. It follows that 
jf }>„_! + g n -i = If £ p a + ?*i i the Bum s# , of N terms of the rearranged 
series, lies between ft*_ t — « and k n + e. Now let the increasing sequence 
{ft,,} converge to a positive number ft; then ft „_ lt k n , ft n+1 , . .. all differ from 
ft by less than e, provided n is taken sufficiently large. It follows that $ri 
differs from k by less than 2c. Since c is arbitrary, it follows that the 
rearranged series converges to k. Since k may be defined in an indefinitely 
great number of ways by an increasing sequence {ft.}, it follows that there 
are an infinitely great number of such rearrangements of the terms of 
the given series. 

In case the sequence {ft„} is divergent, it is clear that the rearranged 
series will also bo divergent. 

In case the number ft is negative, the method of procedure is essentially 
the same; wo then commence by taking negative terms of the given series; 
the numbers ft„ being taken to be negative, and {fe„} to be a diminishing 
sequence. 

To establish (S). Lot k, ft' be two arbitrarily assigned positive numbers 
such that ft > ft'. Lot ft be defined as the limit of a sequence {7c„} of in- 
creasing positive numbers, and ft' as the limit of a similar sequence {ft'*} ; 
we may suppose that ft„ > ft'„ for nil values of n. 

. As before, two sequences of increasing integers {pj, {?,) can be so 
determined that o., > ft,; u w _, £ ft,; <r„, — c' n £ k\, a Tl — a’ ?1 _ 3 > ft', ; 
and generally so that — o' to _, > ft*. v,„_j — o'*,., £ ft, , cr„„ — ct’ 0 „ £ ft'* , 
a Pn ~ > ft’n- In this manner a series 

■ (a t + ... +.a„) — (ftj + ... + ft*) + 

- (*„+. + — + 6J + +. (o^_ l+l + ... + aj - (6„_ I+1 + ... + b <n ) 

is formed which differs from ft', by Iobs than 6 0ll ; if the last bracket is 
- omitted the remainder differs from ft„ by less than a w , It is now easily 
seen, as in the previous ease, that the series oscillates between ft and ft'; 
this rearrangement can be made in an indefinitely great number of ways. 
In ease ft and ft' aTe of opposite sign, only a slight modification of the proof 
is required. 

A special case of this general theorem arises when the given series is 
°t — °i + — °s + <h — ®s + ••• , where each positive term a„ is followed 

by a negative term of the same absolute value. . Provided lim a„ = 0, the 
• sories is convergent, but if Oj + a t + a 3 4- ... is divergent, the convergence 
of the series is non-absolute. It now appears that, from the terms of "a 
divergent series o 3 + a*, + ... , where lim a„ — 0, series can be constructed, 
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in an indefinite variety of ways, which converge to a prescribed sum, or 
are divergent, or oscillate between given limits; all such series having the 

a, -*• flj + ... + a* - o, - «t - + ... + a w 

~ + l ~ Off ,4! “ — — Off, + , 
the numbers ft, ft, ... ; *f*. ?*, ... being determined in the manner explained 
above. 

EXAMPLES. 

(I) The series ^"2 + 5”3 + "' + gn - 1 “ Sn * nQrl -° bsolu tely convergent, 

if* sum being log, 2. The series I + | - | + g + ^ , which is obtained by a 

systematic rearrangement of tbo terms of the first series, converges to | log, 2. 

I or we find *« - 3 ~ 4m - 2 + 4m - 1 “ 4m) ’ 

and, for the second series.***. = V ♦ |~ r, “ ^)j 

therefore ^ " (j^T5 - - g *m- 

Bln co *„ both converge to log, 2, as n~.ee, it follows that **,„ converges to ^ log, 2. 

Since only differ from by g- ,~~i - ~, it is seen that they have (ho 

same limit as t ; therefore tho second series converges to jj log, 2. 


^ (2) By rearranging the ten 

wo obtain tho series 

1 1 ,,11 I 


is of the nonnbsolutely convergent sc 
. 1 ‘+ 1 * + - 1 1 ■ 

* 2 “ 5 + 3 ~ 3 + 




+ s + |- l + ] + i + ?- i + ... ■ 

, . 1. 1 1 11.1,1. 
2 3 4 2 B C 7 


1 , g 1 ^ | ± _ I + 

J_ 1 1 1 _ 

: - 1 + 3n - 2 + 3n - 1 1 Sh 

+ 0 “ 3 + "■ 


I of II; 


11 - 1 <n - !(» + I (a- »)’+ Z " »’ » 

converges to log, 2. tho second to leg, 3, and the third diverges. 


j craAno’a sosimatiok by ABrrastETio means. 

\J 

27. Denoting by s„ the nth partial sum of the series 

«, + a. -v ... + a„ 4- ... , 

and by S„ the arithmetic mean a> ~ r s t 'b — + t" of the numb 
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it has been shewn in § 0, Ex. 1 that, whenever lim s n has a definite value s, 
so that the given series is convergent, then lim 8„ — s. The latter limit 
lim 8„ may, however, exist when the series is not convergent, as is seen, 
for example in the case of the scries 1— 1-f-I — 

Whenever 8„ has a definite limit, as n ~ on , the given series is said to 
be summable by Cesaro’s method of arithmetic means, Jh view of a develop- 
ment of Ces&ro’s method of summation, to be considered later, it is also 
said to bo summabU {G, 1), that is by Cesiro's method, order i. It may 
happen that 8 n is not convergent but oscillatory; tbe values 8, S of 
ffia S„, lim 8„ are then said to be the upper and lower sums { 0 , 1) of the 
series. In case 8, 8 are both finite numbers, tbe given series is said to be 
bounded ( 0 , 1). 

Trom the point of view of the theory of sets of points, it may happen 
that the points P t , P t , ... P BI ... which represent the numbers 
«!,*,, ... 

do not converge to a single limiting point, but that the set of pointe 
Pi, i " z , ... P„, ... , where V n is the centroid of the pointe P, , P,, ... P„, 
has a single limiting point P, which then represents the Ces&ro sum 8. 

We have, since s z + s t + ... + s„ — nS n , s„ ■=» nS„ — (n — 1) S„_ j ; 
therefore a„ •» n8„ — 2 (n 1) 5 n _ x -i- (n — 2) and hence 

°i -«•-=(’- ;) ,s — + (‘ - 1) ®-~ v - s ■ -0 - ;) 

In ease S H has a definite limit as m , it follows from these last two 
equalities that — , — both converge to zero. In case 8„ is bounded, but 
not necessarily convergent, it is seen from the same equalities that ~ and — 
are both bounded. It has thus been shewn that: 

If a series Sa„ be bounded (G, 1), then a„ = 0 (n), and e„ ■= 0 {«.). If 
the series is summable (C, 1), then a„<= o (m), s n — o (n). 

The following theorem may be obtained at once from the general 
theorem given in § 0. Writing, in that theorem, = n, a„ =< nS„, we 
have: 

If S a n is oscillatory, between, finite or infinite limits 
lim s„ % lim = Em S„ % lim s„ ; 

and in -particular, if the series be eummable (C, 1), its Oesaro sum lies in the 
interval formed by Che -upper and lower sums of the series. If the series is 
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iv aUo divergent, to + * , or — co , as the ease may be. In 
icht'r as a finite mmltr or as + <*> or — ® , lim S„, exists 


fit 1 ,, 'J'hn following theorem will be established: 

If a series 51 n„ t* sunmable (C, 1) the series E ^ is convergent; and if 
E n„ is imumkd ( 0 , 1) the series -,"j is convergent, provided 8>0; 
nwrfoMt the series S — is then bounded. 


The f 


cries E mav bo written in f lic form 
»-j« w * 

v" ” S « ~ 2 -f (n - 2) S„_ 7 



+ mS„. 


1 


■ {nt - I)'*) 

Tho two last terms arc equivalent to 

If S n is bounded, tills converges to zero, as m ~ » , provided 8 > 0. 
If 5 = 0, the egression is lwunded when is bonnded. If S„ has a 
definite finite limit, and 8 a 0, the expression converges to zero, as rr 
V- fin I 


The series 
is, since 


°Kr 

5 + {)i, (l 


+ ‘ 


hrw .] 


where £, are botii bounded, and converge to zero, ns n ~ ® , numerically 
less than V | | 2 i£- l jt 2 l U . 

If 8 > 0, and | S 9 | is bounded, this is less than a fixed number inde- 
pendent of m. 

If 8 n 0, the series becomes E ~ ' tr. which is absolutely 

«("/ - 2 ) 

jttf’y' ’fsit, the series 


jnvergent if r» bounded. 

It hastht^ .^ewn that, when 

~ is cons' ‘ ' (lint, whe 
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It should be observed that, although the series S — ~ ” — 7-^7 is 

n-l(»— 1 ) («•+ ■*/ 

absolutely convergent when S„ is summable (C, 1), it docs not. follow that 
the convergence of the series 2 — is absolute. For, in the transformation, 
— is replaced by tlic sum of three terms, which are then rearranged, and 
the series may thus become an absolutely convergent series. -For example, 
the series 1 — 1 + 1 — 1 4- ... is convergent (C, 1), but the series 1 — i 4- g— ... 
is only non-absolutely convergent. 

The following is a generalization of the second part of the above 
theorem, and can be established in the same manner: 

If the series 2^a„ it bounded ( C , 1), and {£„} be a sequence of numbers 
such Chat «* o and such that the series S n j h a — 2fc n+ , 4- b„ +s | is 
convergent, then the series "Si L- n a„ is convergent. 

series of TRaysECOin xstpe. 

29. If . «i, Sj, s 3 , ... s n , ... s m , ... s„ 

be a set of numbers each one of which is definite, and in which every index 
that precedes some number p of the second' class occurs as a suffix, and 
if the series 

«i + «; + ... + «, 4- ... 4- u. 4- u.rt 4- ... 4- Mr 4- ... 
he formed, where 

% *"®i> = s. — Sj, ... «„ — s n — *„_! ... s„ — lira s K , v. ■= 5 #tl — ’ 

"•« - 4 ,« - «.« , ... ie, - Sy+y Sy , ... , 

in which the indices of u include every number less than p, then the series 
is said to bo a convergent series* Of type p. If y be a limiting number, the 
limit. of a sequence {y„}, then s, is defined to be lim s T7I . If p be aliraiting 
number, the series has no last term, but if p be a non-limiting number, 
the last term of the series is 

%-n = *# — 

An ordinary infinite series 

u, 4- u, + ...' 4- «„ 4- 

is of type ». A series 

w i + «j + ... 4- «„ 4- ... 4- Vy -KtJj 4- v 3 4- — 4- fr. 4- ... 

* Such eorica have been mveatinated in a diff erent manner fay Hardy, jProc. Zoad. MalK Soc. 
(2), toI 1 (1904). p. 2S5. ' . 
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is of typo oi2; and ft double series 



+ «51 + flu + Ojj + — + ®!n + ••• 
+ OjT + O s . -h O 33 + ... + 0 3n 4- ... 


+ o*i 4- a„. + o n j 4- ... 


is of typo w s , if it be taken in columns successively, or in rows successively; 
but it is of type u> if the terras are taken diagonally in the form 
«it + (“is + Dm) + (“ji -1- °»s + “si) 4" ••• • 

Conversely, a series of any type /J is convergent if all the sums 

... ... s y , ...«, 

bo definite numbers. 

It is clear that, (i being any given number of the second class, any series 
of the ordinary type w can have its terms bo arranged that the scries 
becomes of type fi. For a correspondence can be defined between all the 
ordinal numbers lass than fi, and the ordinal numbers of the first class. 
Let us now suppose that all the terms of a convergent scries 
«, + «,+ ... + v. + + ... + v r + ... , 

of type /?, are positive, and thus that 

«, < «J < ff a , ... < ... < Sy, ... < «/,. 

If we represent the numbers 

«!.»«. 

in the usual manner, by points on a straight line, the terms of the series 
are represented by a set of intervals 

(O.a,), (s,, 5j), ... (.s., «.+,), ... 

on the straight line; each interval abuts on the next; and all the points 
6. , where a is a limiting number of the second class, arc semi-external points 
of the set of intervals. The end-points and the serai-estcmal points of the 
set of intervals form on enumerable closed set which has consequently zero 
content; and it follows, from the theory’ of the measures of seta of points, 
that the set of intervals has a measure equal to that of the whole interval 
0, fi.,), which is therefore s e . Since the measure of an infinite sequence of 
intervals is equal to the sum of the measures of the intervals, it follows 
that, if the intervals be arranged in a sequence of type u>, tlicir sum is s*. 
The following theorem has thus been established: 
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If a series of positive numbers be convergent, and of tvpe /}, it will also be 
convergent- when arranged in tups a; also the sums trill bethesame. Conversely, 
if it be convergent when arranged in type to, it trill also converge to the same 
sum when arranged in type /3. 

TVe may pass to the- consideration of series of type ft of which the 
terms are not necessarily all positive, bnt of which the convergence is 
absolute. 

An absolutely convergent- series of type fl is a series which is convergent 
when each term is replaced by its modulus. 

J«ct> vis suppose the intervals constructed as before, which represent 
the terms of the series 

1 1 + I I + + 1 «- 1 + I «-+i 1 + — + 1 «, j + — - 

Tf we choose out from this set- of intervals those which correspond to 
positive terms of the scries 

«i 4 Hi + ... +«.+ ... + «, + ...» 

we 'have a set of intervals which has a definite finite measure; and the 
same is true of the set- of those intervals which correspond to negative 
terras of the given series. The given series converges to a sum which is 
the difference of the measures of these two sets of intervals, and this sum 
is unaficcted by the order in which the intervals are taken in either the 
positive or the negative component-. It has thus been shewn that: 

If a series be absolutely convergent, and of type 8, then the scries is con- 
vergent, and its sum is independent of the type. 

DOUBLE SEQUENCES AND DOUBLE SERIES. 

30. A set- of numbers {s on }, where each of the indices m, « may be 
any positive integral number, and the number s„ 0 is defined, in accordance 
with some norm, for each pair of values of m and ii, is said to form a 
double sequence. 

If, for a given double sequence, a number s exists, such that, corre- 
sponding to each arbitrarily fixed positive number e, the condition 
I * — s n „ | < e he satisfied, for nil values of m and n such that m%p, 
n S p, where p is some integer dependent on <-, then the double sequence 
is said to be convergent, and the number a is said to be the limit of the double 
sequence, or the double limit of the sequence. This is denoted by 



The theory of double sequences may be correlated with that given in 
I, §§ 302-306, of the double and repeated limits of a function of two 
variables. For, if we assume x - ljm, y — ljn, the number s m „ may be 
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taken to define the value of a function / (x, y) at the point x = 1/hi, 
if 1 fn . That the function is not defined for nil positive values of x and y 
in the neighbourhood of the point * = 0, y = 0 makes no diilerence as 
regards the validity of the results obtained for a function of two variables. 
Those results may now be interpreted as propert ies of the sequence {«„„}. 
The double limit Ihn / (x, y), when it exists, is identical with 
lira and the existence of cither of these double limits implies that, 
of the other*. 

Corresponding to Jim / (x, y). lira / (x, y), lim / (.r, y), the notation 
V't v=i v~o 

fim*„ n , lim s„ a , lim may be employed to denote respectively the 

upper limit, the lower limit, or the limit of s m „, for a fixed value of in, ns 
n » . The limit exists when the upper and lower limijs aro identical. 
Tito notation bin may be used to denote tlic upper and the lower 
limits, when either is to be taken indifferently. The corresponding 
notation 

lim s mn , lim lim s raBJ lim s m „ 


may bo employed when n has a fixed value, and in ~ w . The repeated 
limits lim lim lim lim correspond precisely to the repeated limits 
lim Hm/(r, y), bin Iim/(x, y). 

The following results arc obtained by transposing those in I, § 303: 

The existence of the double limit s s lim &„ n implies the existence, of 
the repeated limits lim lim s mn , lim lim and that these both have the 
value S. 

The existence of s is not a necessary consequence of the existence am! the 
equality of the Oro repeated limits. 

The existence of the repealed limit lim lim s„„ docs not necessarily involve 
that of lim s„„ , as a definite number; but it implies that lim lira s mn < in ” 
lim lim s n „ have one and the same value. Thus lim lim u„<« has a more 
general meaning than has lim {lira s mrt }. 

In cose llie sequence {«„,,} Iso 6uch that £ s„ n , for every act of 
values of m, n, m' and n', such that m' £ ?n, ii'ln, the sequence is said to be 
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monotone. It Is also said to be monotone when the condition is replaced 
bv tr?-; s . This definition is equivalent to the corresponding definition 
in r, § 307. 

The following theorem has already been established in I, § 397: 

If the sequence {s Hn } be monotone, tke existence of any one of the three limits 
lim s„ x , lim Jim lim lim g nn 
invoices the existence of the other ixo, anil the equality of aU three. 

31. J£ the conditions are satisfied that lira lim are finite for 
each value of m, and that, corresponding to an arbitrarily cho sen positive 
nomber e, a value of n, can beso chosen that t nn lies between lim e„ -r e 
and lim provided n S n,, for every value of m, it may be said that 

the simple sequences ... a n=) ...) are oscillatory, uniformly 

with respect, to m. 

In case lim a„„ exists as a definite number, for each value of m. and in 
case, corresponding to an arbitrarily chosen positive number <, an integer 
« f can be so chosen that | s„ n — lim | < t, provided n £ n c , for 
every value of m, the simple sequences [e nl , <„ s , ... s ant ...) are said to 
converge, uniformly v.-ith respect tom. 

In the present case the statement of the condition (2) of the theorem 
contained in I, §304 may be simplified, it being observed (see I, p. 387) 
that the condition may be so strengthened that the theorem gives the 
necessary and sufficient conditions for the. existence of the double limit. 
The condition there given is that- corresponding to each arbitrarily fixed 
positive number e, a number n, exists such that for each value it, of « > 7i r , 
a positive number m ri exists such that lies between lim -f c and 
lim — r, for all values of n that are £ n t and for all values of m that 


e > in,,. It being assumed that lim s„ K7 lim s. 


is clear that, for m 
— e, for all values 


'1,2,3,... 

af n that a 


5 some fixed number 


finite for all values 
een lira -f^and 


S, be the greater of the two numbers «„ we see that the condition is 
equivalent to the condition that lies between lim s„„ 4- e and lim — e, 

for all values of n £ rq and for all the values 1 , 2 , 3, ... of m. The condition, 
may now be stated in the form that- all the simple sequences 

(*r»l 

are oscillatory, uniformly with respect- to m. It will clearly mate no 
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difference if, for a finite number of values of m, Jim e„„ or lira s nn is not 
finite, or if both are infinite. The theorem so modified now takes the 
following form : 

The necessary and sufficient conditions for the existence of the double limit 
lim s„ n arr. (l),thal lira — Em s„„ should converge to zero, asm ~<c , 

and that Km s nn — lim s Hn should converge to zero, as n~ m , and {2), that 
the sequences (* rat ,w w5 , ... s a „, ...), where m — 1, 2, 3 , should be oscilla- 
tory, uniformly with respect to m, with the. possible exception that this only 
holds when a finite number of them are disregarded. 

In case all the sequences (s MlI s nt , ...), with tbo possible exception of 
a finite number of them, ore convergent, the condition (2) reduces to that 
of uniform convergence of the sequences, and the theorem may be staled 
as follows : 

//lims„ n exists as a definite number, for all valves of m with the possible 
exception of a finite set of such values, the necessary and sufficient conditions 
for the existence of the double limit, as a definite number, are (1), that 
lim s„„ - lim s m „ 

should converge to zero, as it ~ so , and (2), that the sequences 

are uniformly convergent with respect to m, a finite eel of these sequences being 
possibly omitted. 

32. Another form of tho sufficient and necessary conditions for the 
existence of the double limit is contained in the following theorem: 

The necessary and sufficient conditions for the existence of the double limit 
of are (1), that lim lira s„„ should exist as a definite number, and (2), that, 
when possibly a finite set of values of m is omitted, the sequences 

(«M> «•*,—) 

arc oscillatory, uniformly with respect to m. 

In case the sequences s„., ...) arc convergent, at. least when a finite 
set of these sequences is omitted, the necessary and sufficient conditions arc 
[l)that lim lim exists as adcfinile number, and (2) that the above sequences, 
when possibly a finite sel is omitted, converge uniformly urilh respect to in. 

To prove that the conditions arc sufficient, lets slim Km s„„; then, 
if pi > m t , we have s + e > Sin s nn S lim s„ n >s — c, where m< is some 
integer dependent on t. 
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Also, if n is greater than some fixed number n t , we have 
Jim g mn + e > s mM > lim s m „ — c, 

for all values of m with the possible exception of those belonging to a finite 
sot. When m > m c , and n> nt, wc have s + 2e > s mn > s — 2«, or 
1 e - | < i‘- 

Since c is arbitrary, it follows that s is the double limit of s mn . 

To prove that the conditions arc necessary, wc assume that 
s s lim 

exists. That the condition (1) is satisfied is at once clear. Also since 

Is- s„„ | < e, 

for m > m t> n > nt, where m. , n, are fixed integers dependent on e, we 
havo 3 + t > « mfl > e — t, for m > m,, n > tw. It follows that 
« + tS Em s„„ s, Urn s„ n Js-i, 

provided in>m e . From this we deduce that s mn < Sm s mn + 2e, and 
> llJJJ 8„„ — 2«, provided m > m t , «> n,. Now consider the values 
m ^ 1, 2, 3, ... vie j of m; for each of these values of m for which 

has finite upper and lower limits a value of n can be determined such that 
Snn < Em s„„ + 2e, and s m „ > lim s„„ — 2c, for this arid all greater values 

of n; it follows that a value n,', of n, can be determined so that these 
inequalities hold for all the values 1, 2, 3, ... nt , , of in, provided the upper 
and lower limits exist. If S, be greater than both n r and n,', wc now see 
that « mll lies between lim s mn + 2t and lim s m „ — 2e, provided n> n,, 

for all values of m, with the possible exception of a finite set. Since e is 
arbitrary, the necessity of the condition has been established. 

.33. The preceding results may be applied to questions concerning 
the convergence of a double series 2 a mn , as rn and n are indefinitely 
increased. Denoting this finite sum by e m „, when tho double limit 
lim s„„ 

exists ns a finite number s, this number is said to be the sum of the double 
series, and the double series is said to be convergent, and to converge to «. 
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The terms of the rents may be arranged in rows and columns, 


which has been defined in § 20 as a series of type w-. The sum s„„ is that 
of tho finite series 

0|j + Ojj + ... + Oj, 

+ Oji + °tl + ... + Oj„ 


+ 0„i + a„ j + ... + a n „. 

If lira e„„ is + eo or - os , tho double series is said to bo divergent-; 
if Ifni fl„ n does not exist cither ns a finite number, or as + oo , or — » , 
the double series is said to oscillate. 


If wo denote by 2„, the upper and lower limits of indeterminancy 
of the ecrioe a ml + o nS +”... 4- a„ n + ... , wlueh consists of tho terms of 
the mth row of the given series when arranged in typo afl, we have 
»» lira - Sn-i.n), where « 0 ,„ = 0. 

If now tho double series be convergent, from which it follows that 
iim lim s r „ and lim lim 

exist and have equal values, it follows that 
fiin — lim s„„ 

converges to zero ns m ~ os ; it is then clear that S„ — 2 n must converge 
to zero as Hi ~ co . It follows tliat-, although it is not necessary for the 
convergence of the double series that the single rows should converge, 
it is necessary that only a finite number of the rows should diverge, or 
have infinite limits of indeterminancy. Further it is necessary that the 
difference between Oms limits of indeterminancy of the sum of the scries 
consisting of tho mth row should converge to zero as Similar 

statements may he made ns to the series a t , + a l0 + -ha„ n + ••• of 
which the terms are the constituents of the nth column, anti of which 
the upper and lower limits of indeterminancy may be denoted by S„ 
and 2/. 

If all the rows aro 


convergent, we may consider the scries 
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obtained by summation first by rows and then by col umns ; and also, in 
case the columns are convergent, we may consider the series 
E/ + 2*' + ... + 2V -r ... 

obtained by summation first by columns and then by rows. 

The series 

which is of type at, is said to be the diagonal series corresponding to the 
doable series. If this series converges, its sum is said to be the diagonal 
sum of the given doable scries. 

The convergence of the two scries 

Si + Ej + ... + E n + ... , S/ + 2/ -4* ... -r 2V -r ..., 

obtained respectively by summation first by rows and then by columns, 
and in the reverse order, does not necessarily involve the convergence of 
the double series ; the double series may in fact be oscillatory. 

If the double series be convergent, and all the rows bo convergent, 
lira lim must bo equal to s, the double sum of the series, as has been 
observed in §30; and since •«» lim (s„ n — „) it follows that, if 

lira exists, so also does lim But lim s ln exists, being equal to 

E,; hence, by induction, we see that lim s„ n exists for every value of m. 
We have clearly 2, + 2. + ... + 2 n *= Hm and therefore the series 
2,4-22+ ... + 2 m + ... converges to s. A similar result can be established 
for the series 2/ + 2 2 ' + ... + .2/ + ... in case all the series of columns 
are convergent. Tims it has been shewn that: 

If the double series be convergent, and if every row be convergent , the 
series of the sums of the rows must converge to the double sum. A similar 
etatemenl applies to the columns. 

The double sum may exist when the rows, or columns, are not all 
convergent. 

34. In accordance with a theorem in § 29, if all the terms of a double 
Writs be positive, the existence of the double sum ensures that, when all 
the terms are arranged in a single series of any type, that series converge? 
to the double sum. We have thus the theorem that: 

If all the terms of a double series are positive, and the double series be 
convergent, then the series obtained by summation first by rows and then by 
columns, or in the reverse order, and the diagonal series, are all convergent, 
and converge to the double sum. 

It follows that all the rows and all the columns must be convergent,- 
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A double series Ea„„ is said' to be absolutely convergent if the doublo 
scries of winch the terms arc | n nn | is convergent . It is clear that: the con- 
vergence of the double scries | involves tho convergence of 2a na , 
the given doubles series. For s„ B may bo expressed ns ,v^„ — whores 
,t£j a and nre both positive and monotone non-diminishing functions of 
hi and n defined by 

«£i- | £ {I (| a„ | + 11 ,.)}, 
and «2i = | S {1 (|<v|-«v)}. 

Tlic limits, os m ~ « , v ~ oo , of and must bo both finite 
ami cannot oscillate, for lim +• s«i) is finite and s™, aro both 
tuonolono and non-diminishing; therefore lim (*££ — is a definite 
number. 

In an absolutely convergent scries, both S 2 | ct m „ \ must 

be convergent, tho first for all values of m, and the second for all values 
of n , since each is less than the double sum of £ | c„„ | . It follows that all 
tho rows and all the columns of the givon scries ha.„„ are convergent. 
Therefore, in virtuo of tho theorem proved above, the series of the sums of 
tho rows, and tho series of the sums of tho columns, must convergo to tho 
doublo sum. Moreover, in virtue of a theorem proved in § 29, it follows that, 
if tho tormo he arranged in a single series of any type, it is convergent and 
its sum is independent of the typo. Tho following theorem has thus been 
established: 

If a double, series hr. absolutely convergent , it is absolutely convergent when 
summed by rows and by columns, in either order, or when arranged os a 
diagonal series, or as a single series of any type; moreover, in each case, the 
sum is equal to that of the double series. 

So far as this theorem relates to summation by rows and columns it is 
due to Cauchy. 

Moreover it can he shewn that: 

A double series is absolutely convergent if the single series is convergent, 
of which the mtk term is the sum of the absolute valves of the terms in the mth 

For, if tho scries 

js + sjo-.j+js | 

• It ha* lwn aiiKcictl by Jonl.wi that there ni-'L cr.ly absolutely ecurcrpmt double sortm; 
«e liis Court tfAnctyit, toL r, p. SOI This statement rests upon « nsnvv definition of tbs 
eenrrryeaw of such scrim. 
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is convergent, it follows that £ J a„, | is less than some fixed number, 
independent of m and », and therefore that lim | s m „ | must be finite. 

Therefore the double series £ j <t na [ is convergent, and consequently 
m.n 

£ u ron is convergent. Moreover, since £ | o„» | is absolutely convergent, 
£ a„„ is convergent, so that the rows, and similarly the columns, of 
the series £c„„ are all convergent. It then follows from the previous 
theorem that the sum of the series is Hie same whether taken in either 
order by rows and columns, or in any other manner. 

Thus, for a series in which any one of the sums 

I . J, 2, I «.,l. x t _i 1 I. 

^ {| «*i« I + 1 n s(«-D ! + ••• + ! a m i) 

is known to exist, any one of the four equations 

£ &mn — s, £ £ a mn — s, £ £ o nn ~ s, 

2 {Ui.n + Ol.fl-1 + • “ s 

implies the other three. 

35. The theorems of §§ 31, 32 can ho applied to the consideration of. 
double scries which.are not absolutely convergent. 

Since s„„ = (u n 4- o n + ... + 4- (a„ 4- a 21 4- 4- a mI ) 

+ ••• 4- (a,n 4- 0*1, 4- ... 4- n nn ), 

the sum of the infinite series 

(a„ 4- a„ H- ... + o„,) 4- («„ 4- a„ 4- ... + o„ 2 ) 4- ... 
when it exists is lim It is sufficient to consider the case in which these 
scries are all convergent, except possibly a finite set of them. We have 
then the following theorem : 

If all the series 

(«„ 4- o 2 i 4- ... 4- a„i) 4- (c™ + a„ 4- ... 4- a„ t ) 4- ... 
are convergent, except possibly for a finite set of values of'm, {he necessary 
and sufficient conditions for the convergence of the double series £o ran are 
(1), that the sum of the above series should converge to a definite number, as m 
is indefinitely increased, and (2), that all the above series except possibly a 
finite set should conferee uniformly with respect to m. 
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Tlic series when summed by rows and columns, and by columns and 
rows, may be convergent, and may have the same sum in both cases, and 
yet the double series Is not necessarily convergent. A convergent double 
series which is not absolutely convergent can he replaced by a new series 
which diverges, or oscillates, and is such that each term o mn occurs in a 
definite place in the now series, and that- no terms occur in the new series 
which do not belong to the original one. This can bo proved in a similar 
manner to the corresponding theorem for simple series. A goneral typo ot 
non-abxolutcly convergent double series has been given* by Hardy. 

36. With a view to the investigation of the diagonal series correspond- 
ing to a double series, tho following theoremf will be established: 

// [ s mn j is Jess than a fixed positive number g, for all valves of m and n, 
and if lim s m „ has a definite value s, then 



Wo have 


'sV.-r+i-**- 2T sV n -, +1 ~s}+ T 

r~l r-J r-ji+I r-n-j>+I 

whore 1 < p, and « > 2p + 1 . H t bo an arbitrarily chosen positive nuiubor, 
p mid n may bo so chosen t-hftt | s r . r -r+i — s | < e, for 
r t= p + \, p + 2 n-p\ 

thus tlio second term on tbo riglit hand sido of the equation is numerically 
less than {n - 2p) e. The sum of the first and tliird terms is numerically 
less than 2p [g + | s |}. It follows that 



Keeping p fixed, and letting n increase indefinitely, we see that tho 
expression on the right hand side converges to c; and since r is arbitrary, 
the result stated in the theorem follows. 

It is easily seen that 

g|.n + +s„, t S, + S.+ ... + S n 


wbero S„ denotes the nth partial sum of the series 

®n + (°is + °ti) + + (flj„ + ... + a n j) + ••• • 

theroforo, if the limit of one of those expressions exists, that of the other 
also exists, and their volues are identical. If now the diagonal series 
is convergent, in accordance with tho theorem of § 27 the second of 
these limits exists ond has tho value of the sum of the diagonal series. 
Since tho first of the above limits then exists, and has the samo value, 
* Pm. LmS. SttuA. See. (2), voL I (1003). p. 124. 
t S« IVinjihrim, Sitzvngtbrr. Stanch, vot xxvn p. 123. 
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it follows that the sum of the diagonal series is the samo as that of the 
double series, provided the conditions of the theorem are satisfied. If the 
diagonal series could diverge to + « , or to — k> , then (S, + 8* -t- ... -f S n )jn 
would divergo to + od or to — co , and this would be inconsistent with the 
convergence of the double sum. Thus the diagonal series cannot diverge, 
faut may oscillate between finite or infinite limits. The following theorem 
has thus been established: 

If the convergent double series X n„„, of which s is the sum, is such 
that j s„ n I is less than a fixed positive number, independent of m and n, 
then the diagonal scries cannot diverge, but must be either convergent or 
oscillating. In case it converges, its sum is the same as that of the double series. 


EXAMPLES. 

(1) Let * nB = n“*), where p >0, j>0. In tills caso liiuf m „. iims„„ 

do not exist as definite numbers, but the three limits 

lim iim - < nBI lira lira 4> mn , lim 

all exist, and are zero. In this case Um =. ~ p , lim and oscillates 

uniformly for all values of m. 

(2) Let a mn = — ^-L— p. In this east tho repealed limits both exist, and are zero; 

bat tho double limit does not exist. A similar ease arises if t n „ t= ■ 

(3) Let o„ a m jj j (~a^T ^ I have S^Onnesin^^itr, and tho series 

E is also convergent, since thegcncrnltcrniislcsstiiansj;. But each oi (he scries 

J a mn is non-convergont, and consequently thcdonblc series is not convergent Although tho 

scries convergo uniformly with respect to m, for m > i, tho series 2 o,,, 

^ (a,„ + o.„), ... do not converge uniformly. 

(4) . Let* o nB = In this case the turn of the doublo series oscillates between 

the limits § log 2-jt and J log 2+^. The repeater! sums are both equal to J (log 2— J); 
and the diagonal series oscillates between + co and - co . 

(5) Consider* tho double scries 

+ (o, + **) + fOi-W + «. + "s + «c+- 

+ (- as + 4j) + (- «i - &i) - u, - aj - a t - ... 

+ 6," -lj +0 + 0 + 0+ .. . 

+ 6j ~b, + 0 + 0 + 0 + ... 


ad Hardy, Proe. Load. Hath. Soc. (2), to!, n (lEHW), p. 175. 
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The double sum fa in any case zero; but the sums of thofirat two rows are not convergent 
if Za„ ion no! converge. The diagonal sum is lim (o„+tp„) if tills limit exists, and it wtil 

othenriM be oscillatory. The series 2 (tr ln + a„ + ... 4- o„„) arc uniformly convergent, 
when the series corresponding to m. = I is omitted, in ease that series is non-conucigent, 
ffl) Siewthattheserifs 2 -2_“ is convergent when over 2 o n ’ is convergent. This 

theorem fa dne to Hilbert. Hilbert's proof was outlined by Wcyl* ; other proofs havo been 
given by Wicncrt.SchurJ.and Ifattlyl. The lastdeduces it from tho theorem that, if 2 «„* 

is convergent, then 2 fa convergent? where *„ = a, + o s + ... + a*. 

This last theorem is ft particular case of tho more general one that, if Jt> 1, and 
2 ^ o„* fa convergent, then 5^ is convergent. 


TUT, COJ.-VEROEXCE OF THE OAUCHY -PRODUCT OF TWO SERIES. 

37. Let us consider the two series 

n, + o. + ...+c n +..., 

&, + &.+ ... + b„ + .... 

nnd let the series e, + e, 4- ... + c n + ... be formed, where 

c, = a,6„ c, Oj6, + «.6j e„ = a,b r + djb,,., +■ ... + a„b „ 

then the Inst series may ho termed the Cnnchy-product series of tho 
first two. 

It is clear that the scries E e„ is the diagonal series corresponding 
to the double series E a„„, where a m „ = a m b„. Also 

where denote the with and nth partial sums of the series to,, £ f>« 

respectively. 

In case both the series S a n , I 4, are convergent, having s and s' 
for their respective sums, we see that the double series E «„* > s 
convergent, its sum being ss', but it does not necessarily follow that the 
diagonal series is convergent. It can, however, be shewn that the diagonal 
series cannot diverge, but must either oscillate or converge. For it has 

* Xnavctiral dluertaticn. StnytlArt InlrjmlglrielnnpGt, Gtitlingen (1903), p. 83. 
t Math. At We*. voL unn <f«UO). p. 301. 

1 CrtUSt Jmrr.nl. vet ext (ISIS), p. I. 

S Mask. 7 .<Uk).t. vol w [1MOJ. p. 314; *!<•> ilrtKngcr of JfaiA. rot Itvm 


:<I9J6),p. t0<. 
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been shewn in § 36 that, S„ denoting the »th partial sum of the aeries 

Sc., we have lim + _ S8 ’- and if the series Sc„ were 

n~« » 

divergent, the limit oil the left band side would be + =o or — eo , which is 
not the case. 

Since, when Sc„ is convergent, its sum is lim — — 1 2 > 

we obtain the following theorem due to Abel : 

In cane the three series So, 26, Sc are all convergent, the sum S of the 
series Sc is equal to the product 8 s' of the sums of the series So, S b. 
Moreover it follows that: 

If Hie series So, S b are convergent, the series Sc has for its Cesaro sum 
the product as’. 


38. In a&se the series So, 26 are both absolutely convergent, the 
series Sc is also absolutely convergent, and its sum is the product of the 
sums of the two former series. This follows at once from the theorem of 
§34, that an absolutely convergent double series S a „b„ is such that, 
when arranged as the diagonal series Sc„, it is still absolutely convergent, 
the sum of the diagonal series being equal to the sum of the double 


This result, whi oh is duo to Cauchy, is included in tho following more 
general theorem due* to Merteus : 

In case one at least of the two convergent series 2 a, 26 he absolutely con- 
vergent, the Oauchy -product series Sc is convergent, and its sum is ss', the 
product of the sums of the two given series. 

To prove this theorem, we have 

<S„ - K + a* + ... + a n ) (6, + 6, +• „. + 6„) - 6,a„ - b 3 (a„ + a n _i) - ... 

- £>„ («„ + <*n-J + 

“ s„s„' — b, (s„ — — b 3 (s„ — s n _ „) — ... — b„ (s n — s,) ; 


s' I £ i s n s n ‘ - ss' ] + j 6 S I ] $„ - 


-X 1 + I I 


II* 


Let m be an integer < n, and so great that 

l | - Im | a -. | *, - | 

are all lees than a fixed positive number tj ; it is clear that n may be taken 
so large that the integer m exists, and that this holds for all greater values 
of n. We have then 

| S„ - ss' ] < | 3 n «„' - as' | + r, {| b t | + [ b 3 \ + ... + | 6„_ ra+I |} 

+ I I I &— « I + I *, ~ I | 6„-„4 8 ! 


* CrtSlit Journal, voL use (1876), p. 182. 
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Let it now be assumed that the series £6 is absolutely convergent, and 
lei E„ be the nth partial earn of the series £ ) b | . The numbers 

I I. \s«-*r.- 1 \,...\s n -* i \ 

are all less than some fixed number A, independent of n and m. "We have 
accordingly 

} <5„ — in' j < j — s*' | + v {£„-■»-, — £1) + A {£„ — £„_„ + i). 
The numbers m, n can be so chosen that | e n s'„ - ns' | < 0, and that 
j E r _ £ n _„ij | < O', where 6, O' are arbitrarily chosen positive numbers; 
if this be done, wc have 

\S n -88']<e + -nB + O' A, 

where B is some positive number independent of m and n. Since 8, tj, O' 
arc arbitrarily small, provided n is sufficiently' large, | S„ — sn’ | is less iban 
an arbitrarily chosen positive number. Therefore the aeries £c converges 
to ns'. 

When both the series £a, £6 aro non-absolutely convergent, their 
Cauchy -product docs not necessarily converge. Classes of cases in which 
the Cauchy-product o! such series la convergent have been studied by 
Pringsheim*, Vossf, and CajoriJ. 

THE CONVERGENCE OF INFINITE PROnCCTS. 

39. Let a lt a t , ... a„. ... denote a sequence of positive numbers, none of 
which are zero, and lot the product a, a....a„ be denoted by p„. If have 
a definite limit P, as n , and Pf- 0, the infinite product a,«. ... <*„ 
is said to bo convergent, and to converge to the value P. In caw limp, 
has the value zero, the infinite product is said to diverge to zero. The 
infinite product is also said to be divergent in case lim p„, or P, is -f »• 
In case lim p„ , or P, oscillates between limits of indetcrminancy, one of 
which may be -(■ », the infinite product is said to oscillate. 

Since log p„ = logo, -i- log a z -*- ... -f log a„, it is clear that in case 
p r . has a definite limit P 0), log P is the limiting sum of the series 
£ Ioga„. But if b’m p„ = 0, the series £ log a n is divergent. It thus appears 
that the question of the convergence of an infinite product is reducible to 
that of the convergence of a scries. The parallelism between the C3SC' of 
an infinite sum tvnd an infinite product is made complete by the convention 
that when lim p„ ■* 0 the infinite product is to be regarded as diverging 
to zero. 

* Amain. voL txi (1853). p. 327; »« »Uo toL zxn (1655), *fcw» PtfwW® tM 
ccati'lr nS I hr Ctuchy -product of tUo liis-onomcSrios] frrlrr. 

t Mc!h. Ar.rvJr-., rot. TUT (1851). p. 42. 

: ,V<K 1VS BvU. (5). to!. J HSSJ) *n.J Ann. Jmn. ef Math. toL it 
vol. sun, P . ISO. 


J93|. p. 333, u4 



The Convergence of Infinite Products 


59 


The theory of infinite products may however bo developed indepen- 
dently of that of infinite series; Mid this has been carried out in detail by 
Pringsheim*. A short account of this theory will be given here. 

If lim p n have a value P 0), the following two necessary and suffi- 
cient conditions are satisfied : 

(а) , | p n I > Q> 'where g is some fixed positive number, and n — 1,2, 3 

(б) , | i»#+m — Pn ! < *» where e is a prescribed positive number, provided 
n g M e , an integer dependent on e, and tn = 1,2, 3, .... 

These conditions (a) and (6) may both be inaluded under one condition 
(o). Thus: 

The necessary and sufficient condition that p„ should converge to a definite 
number P 0) is that 


(c), j 2 sis — l j < n, where rj is an arbitrarily chosen positive number, 
for w £ m, , a number dependent upon rj, and m = 1, 2, 3, ... . 

When (a) and (6) are both satisfied, it is clear that (c) is satisfied; and 
thus the condition (c) is necessary. ■ 

In order to shew that it is sufficient, we see from (c), taking tj < 1, 
that | p„ | lies between (1 + ij) ] p^ | and (1 — ij) | p n ^ | , for all values 
of m that are > m„. Thus, since | p n | is, for all values of n, with the possible 
exception of those of a finite set, greater than the fixed positive number 
(I - ij) | | , and less than tbo fixed positive number {1 + n) fib,, | » 

it follows that |j>„| is greater than some fixed positive number g, and 
less than a fixed positive number O, for all values of n. Thus the 
condition (a) is satisfied. Also, from (c) we have 

I Tn I 2>«,|» 

for all values of n > 

We have now, for m£ \ j p n — p n ^\ < (rij < if tj be chosen to be 
!«/(?- From this it follows that \p„ +m — p*\ < e, for n £ and 
m ~ 1, 2, 3, thus the condition (6) ib satisfied. Since the conditions 
(a) and (6) are both deducible from (c), it follows that the condition (c) 
is sufficient for the convergence of the product. 

Let m= 1, then the condition (c) shews that | a„ +1 — 1 | < -g, and 
thus, since tj is arbitrary, we have lim (a n — 1) = 0. Writing a„ = 1 + c„, 
we have lim c„ = 0; and it is consequently convenient to consider the 
product in the form (1 + c,) (1 + Cj) ... (1 + c„) where lim c„ = 0 ib 
a necessary condition for the convergence of the infinite product. 

* Math. Annalat, voL mm (1888), p. 119. 
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It is clear that wo may so far relax tho condition that 1 + c„ bo positive 
lor all values of a, as to admit the case in which it is negative for a finite 
sot of values of n. Those factors for which this is the case may be removed 
without affecting the convergence or divergence. 


40. If a„ S 0, for entry value of n, it is necessary and sufficient for the. 
convergence of the infinite products 

(1 + a,) {!+(«,) (l + o s )... (1 + «„)..., 

M (1 - O,) (1 - o a ) (1 - 0 3 ) ... (1 - a „) .... 
that the series £o„ should he convergent. 


Consider first the product (1 + a,) (1 + a 3 ) ... (1 + a„) .... Wo have 
p n > 1 + Oi + a t + ... + o„; and consequently Sa„ must converge to a 
value less than P, the limit of p „ ; thus the condition is necessary. 


Again '+= - (I +<■.»)(■ + «.«)••• (I + 
v» 

< 1 + IT a, + ( T + ... + ( T »,)" 

r- n+l \r-n+l / \r-n+l / 

If £ a r is convergent, n may be so chosen that £ a r < t, for all 

r-1 r»n+l 

values of n ; thus 


V . HtB — 1 < £ c i _L . £ in < 5 < 2 e 

Pn 1 - C 

provided c bo chosen to be < 1 . Sinco this holds for all sufficiently largo 
values of n, and since e is arbitrarily small, it follows that p„ converges 
ns n ~ « . 


Consider next tho product (1 — a,) (I - a s ) ... (1 — o„) .... It will ho 
assumed that o„ < X, for all values of «, for if the product bo convergent, 
tliis condition will he satisfied if o finite set of terms is removed, and if 
£«„ is convergent- this is also tho ease. 

Wo have then 

(1 -o,)(l — a,) ... (1 — a„) > {1 + + “*) ■” (1 + a "' 

> 1 + o, +a 8 + ... + a„. 

If the series £n n is divergent, wo therefore have 

Mm (1 - Q i) (1 - a ,) ... (1 - a„) » 0 , 

and tlic product diverges to zero. Therefore it is necessary for convergence 
of tho product that tho scries £a„ should be convergent. 

Next-, if Sa„ is convergent, n can bo so chosen that 
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foe m = 1, 2, 3, ; and 

(1 - a,*i) (1 - a n «) > 1 - (a n+J + «.«), 

(1 - «««) (1 - «««) (1 - « n «) > 1 - K+i + a «*t + «„«), 
and generally 

(1 - fl B+l ) (1 - a n+a ) ... (1 - d b+ „) > 1 - (a„ +J + ... + a n+m ) > 1 - e; 

and therefore 

I (1 - «„«) (1 ~ «■„> (1 - <»«+*> “ 1 I < «• 

The condition for the convergence of the product is therefore satisfied. 
The condition that 2a„ should be convergent lias thus been shewn to bo 
sufficient for the convergence of (I — <?,) (1 — a.) .... 

41. It can be shewn that if a n 5 0, for all values of n, and the order 
of the factors of the product be rearranged, in accordance with any 
prescribed law, the type of the infinite product being unaltered, then the 
new infinite product converges to P, the limit of the infinite product in 
the original order. When this is the case for any infinite product which 
converges, the product is said to converge unconditionally. 

Let p„' denote the product of n factors when the new order is taken. 
Lot the factors 1 4- a,, 1 + o„ ... 1 + a„ t all ocour in p„'\ thus 
Pn ” Pmlv.i where p n , — (1 + a,) (1 + a s ) ... (1 + a„,), 
and. q„ t denotes 

(1 + <r«,) (1 + (».,) ... (1 + G.„ t ), where a 1 < a, < ... < 
thus > 7?i . It is clear that, as w ~ ® , also ~ cc . 

Now q nt 5(1 + «.,) (l + a. 1+1 ) (1 + a. 1+ .) ... (1 + a.„ t ) 



The integer n can be chosen so large that n, is sufficiently largo for the 
inequality — 1 < * to hold, provided u! £ n t . It then follows that 
g„, £ 1 -t- e; and therefore p,' lic3 between p„, and p,, (1 + <), provided 
n is sufficiently largo. Since e is arbitrary, it follows that lim p„' = lim p„,. 
It has thus been established that: 

If a j, a ., ... a„, ... are all-5, 0, and (tie infinite product- 

(l+tt 1 )<l+ 0s )...(l+a n )... 

is convergent, which is the case i ohen 2 a B is convergent, then the convergence 
of the product is unconditional. 

42. When a lf a t , ... a„, ... are not all positive, the infinite product 
(1 + ... (1 + «„) ... is convergent if the product 

(1 + Kl) (1 +J «. |).-(1 + !«.!).* 

is convergent, that is if 2 | o„ ] is convergent. 
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The converse of this theorem docs not hold good; thus 

(1 + *,)... (l + o.)... 

may be convergent whilst (1 + | |) ... (1 + J o„ |) ... i6 divergent. 

To prove the theorem, we hove 

(1 + «„.i) (1 + «„«) - (* + *,.+-) - 1 - «n + i + «►* + *»«»„+« + - ! 

hence 

| (I + a„+]) (1 + o n+1 ) - (1 + «-«.) - 1 1 

= I | + | «.« | + 1 «m«M« | + - 
s (l + I ° B+ i I) (1 + I «n« I) ... (1 + [ a n+ n, I) - 1 
< r. 

for all values of n that are sufficiently largo, and for m = 1, 2, 3 Thus 

the condition of convergence of the product (l+o,) ... (1 + a„) ... is satis- 
fied. In particular, if a,, a., ... a n , ... are all positive and 
(l+o,) (l+o.) ... (1 + a„) ... 
is convergent, so also is 

<1 -«,)(! -a,)... (1 -#„).... 

The convergence of the product (1+ a,) (1 + a,) ... (1 + a „) ... is said 
to bo absolute, in case the product (1 + | a, |) (1 + | a, |) ... (1 + | a„ |) ... 
is convergent, which is the case if the series 2 | a„ | is convergent. 

It can be shewn that: 

An infinite product which converges absolutely is also unconditionally 
convergent, and conversely, if the convergence is unconditional it is absolute. 

Let p„, p„' denote the product of the first n factors in the original and 
the now orders. Choosing an}’ value of n, a greater value w, can be so 
chosen that all the factors in p„‘ arc contained in p „, ; we can regard n, 
ns n function of n. If p„, p„' are the corresponding products when | »„ | 
is taken in each factor instead of a„, wc see that nil tho factors in p„' arc 

contained in £„ . Since — 1 consists of the same terms as-^-”) 1, but 
. Vn 

with all the terms positive, we have 

Pn I Pn 

Since p r ' fz p„', vc have 

\P«, -Pn'\£p n , -p„'. 

On account of the absolute and unconditional convergence of 

0 +KI)0 + [«.!)... . 

we sec that ( p^ t — p n ‘ | < for all sufficiently groat values of n. Isovf p«, 
differs from p by less than c, if n lie taken sufficiently large, hence p n 
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differs from p by less than 2c, for all sufficiently large values of n, and 
tliua Iim pi —p = lim p n . The convergence of the absolutely convergent 
product has thus been shewn to be unconditional. 

Nest, let it be assumed that the product converges unconditionally. 
Let those factors for which" a n B 0 be denoted by 

1 + b lt 1 + b t , ..., 1 + b r 

and those for which o„ < 0, by 

1 -e„ 1 -Ct, .... 1 -c„ .... 

By hypothesis the product 

(1 + 6j) (1 + 6*) ... (1 + br) (1 - c,) (1 - c*) ... (1 - C.) 
converges to a definite number p, when to r and s are assigned the corre- 
sponding values r„,e n in any two divergent increasing sequences r u 

and s„ s 2 , ... ; the number p being independent of the particular sequences 
chosen. If (1 + 6 X ) (l + 6 t ) ... (1 + 6 f ) diverges as r , it 1 b clear that 
(1 — c,) (1 — Cj}.... (1 — c.) diverges to zero as n ~ m , for otherwise the 
product (1 + fij) ;.. (I + b t ) (1 — c,) ... (L — c.) could not be convergent; 
and thus both the series 26», 2c„ are divergent. When this is tho case, it 
can he shewn that sequences of values of r and s can be bo chosen that tho 
product converges to any assigned value A which may differ from p, and 
thus the given product is not unconditionally convergent. Let r x bo the 
smallest value of r such that (1 + 6,) {1 H- & 2 ) ... (1 + 6,,) > A, and a, the 
smallest value of s such that 

(1 + bO (1 + &«) ... (I + b n ) (1 - c x ) (1 - c t ) ... (1 - e„) 
is < A ; then let r, bo the Bmulicst value of r such that 

(1 + b r ) ... (1 + b r ,) (1 — c.) (1 — cA ... (1 - c„) > A, 
and s 2 the smallest value of s such that 

(1 + W) ... (1 + (1 — cj ... (I — c„) 

is < A. Proceeding in this manner we obtain a sequonce of tho numbers 
(1 + b x ) (1 + 6.) ... (1 + 6J (1 - c,) (1 - Cj) ... (1 - cj, 

where n = 1, 2, 3 

The ratio of 

(1 + 6J (1 + &*) ... (1 + bj (1 - ej (1 - c*) ... (1 - e,„) 
to A is less than 1, and greater than (1 — Since c w converges to zero 
as n ~ oa , on account of the convergence of the product, it follows that 
the ratio converges to 1; hence a sequence of products has been obtained 
which converges to the arbitrarily chosen number A. This is inconsistent 
with the assumption that the product converges to p, whatever sequences 
of values are assigned to r and s. It follows that the product 
(l + &i)(l + &t)...(l +b r )... 
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is convergent, and thus that the series 26, is convergent. Also 
<1 -*,)(! -ej... (1 -c,).„ 

must accordingly bo convergent, and consequently the series 2c, is con- 
vergent. It now follows that the product (1 + a,) (1 + a 2 ) ... is absolutely 
convergent, since 2 | a„ | = 26„ + 2c„ . It has thus been shewn that an 
unconditionally convergent product is also absolutely convergent*. This 
is the analoguo of the theorem of § 25. 

It follows from the above theorem that, if a„ is £ 0 for a U valves of n, 
and the. product <1 - a,) (1 — flj) ... (1 — a„) ... is convergent, then the con- 
vergence is unconditional. 

By a modification of the process in the above proof it can bo shewn 
that the terms of a conditionally convergent product can be so arranged 
that t.ho new product cither diverges, or so that it oscillates with assigned 
limits of indotorniinancy, os in the case of conditionally convergent series 
(see § 20). 

43. Tho following theorem will be established, which is due to Cauohyf : 

If the series 2o„ is conditionally convergent , then the product 

(* + ° I ) (1 + ° j ) ••• (1 + a,)... 

is convergent, or diverges towards zero , according as the series 2<r„* is con- 
vergent or divergent. 

Employing Maelaurin’s theorem (§ 142) wo have 

log (1 + a.) = a„ - rc where 0 < 0 n < 1. 

H ™» Slat (1 + ».) - Zm. - ! (y£fef ■ 

If «„ bo positive < a and if a„ be negative, it must, except 

possibly far a finite set of values of », be > — 1, so that 
1 + 0„a„ > 1 + a a >g, 

and thus ^ + jj ^ - < u "~ : . In case Sn„ s is convergent, it is now' clear 
that 2 * s convergent, and it then follows that 21og{l +««) 

is convergent, and thus the product (I -j- a.,) (1 + a.) ... is convergent. 

* The proof of (hi* theorem firm by Fringahoim in Jfoli. Mnnafoi.TOl. XXXtu (1889J, J*- 140, 
containa o hiolus. He orpuw that, If on unconditionally convergent product iaaplit in any manner 
into two r„ t , ir^ (urh that Urn U. vhen (!,.», diverge fo infinity independently of one 

■mother, then ] r^ir a> - t/ (<J. if u, g.V„ iijgy,. ThU nrnounte to the d»nmpfien that 
i., ( ir eonrcigca to V , not only for all poire of eeqoences of value* of «, and n, , bnt tilvtvniftmly 
for#!! such pairs of scnoence*: that this (a tho caec doca rot appear In bo immediately obvloes. 
t Co an <TAnaty<' etyflniyae (1S21 ), p. CC3. 
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We have also, when Ze, 1 is divergent if a„ is positive, 

(1tW > (1+V'^’ 

where l + a„ < O, for afl values of «. Since a„ must be positive for an 
infinite set of values of n, it follows that 2 * s divergent, and 

therefore the series Slog (1 +a„) diverges to — <r. , and the product 
(1 + «i) (1 + a t) — diverges to zero. 

It is clear that, if So„ 2 is convergent, the series S log (1 + n„), and 
therefore also the product (1 + Oj) {X + a t ) oscillates or diverges in case 
the scries S«„ oscillates or diverges. 

A proof has been given of the above theorem by Pringsheim, in which 
the series of logarithms are not employed (lee. at. p. 1 50). 

' EXAMPLE. 

If a > 0. the product + j) (l + ... (l + jjj ... and the product 

arc both divergent, since Z -it divergent. 

Tiio series S |log ^1 + 5 ^ - j-j ie convergent, as ho* been shewn above; thus 

converges as n ~ <a . Since j + g + ... + i - log n converges to a fixed number C, it 
follows that 7i-* ^1 + ^1 + ...^1 + ^ i» convergent. 

The product ^ 4. jj 2} "(n + n) “ BCC0nlin K 1 y convergent ss » ~m ; it is defined 
to be the Gnussinn function n (0). 

THE StJMMAJBIUTSr OP SERIES. 

44. ■ Various definitions have been introduced in recent years of what 
• may be termed the conventional sum of an arithmetic series. Such a con- 
ventional sum should satisfy the consistency condition, that its value for a 
convergent series coinrides with the ordinary sum of tho series, whilst the 
conventional sum should have a definite value for oscillating series 
belonging to some class wider than, but including, the class of convergent 
scries. The value of tbe introduction of such conventional sums will be 
clearly exhibited when wo consider the case of series of which the terms- 
are functions of a variable, as for example, in the case of Fourier’s 
scries, or In that of power series. 
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Assuming that (he consistency condition is satisfied by a particular 
conventional sum of «'i series, the utility o£ sucli conventional sum will be 
affected by the fact of its possessing or not possessing various simple 
properties which appertain to the ordinary sums of convergent series. 
Examples of such properties are the following: 

£n„ + S b a - S («„ + 6,) 

S ka„ 

a i + a t + ••• = n l + («s + + •••)• 

It can be seen that all these j>roperties hold good for the conventional sum 
as defined by Ccs&ro, which wfll be considered liere, but the last of them 
is not necessarily satisfied* in the case of Bond's definition (§ 40); for it 
can be seen tlmt the scries of which a, is the first term may be summable, 
but not that of which a, is the first term. None of the conventional sums 
have the property denoted by 

o, 4- a. + a 3 + ... = (a, + a,) + (a, + aj + ... ; 
which holds good for the ordinary sums of convergent series. 

The simplest definition of a conventional sum of an arithmetic scries 
is that involved in the summation by arithmetic means, which has already 
been treated in some detail in §§ 27, 28. This definition has been extended 
in two different manners by Holdcrf and by Cesaro}. Taking Holder's 
method first, let -* - * ■• ** be denoted by and let 

4- /); U -4- ... + a”’ 
be denoted by ft!? 1 ; and generally let h ( f denote 

where I: is any positive integer. In case lim h { f has a definite value, for 
some inlcgral value of k, the series E a„ is said to be summable in accord- 
ance with Holders definition, of order h, or to be summable (//, fc), and 
the value of lim h { f is said to be the sum (H, k) of the scries. 

Cesaro’s own extension of the method of arithmetic means is as follow? : 
Lot be denoted by a” 1 : let - 5 j 0) a- «j C) 4 ... 4 be denoted by ; 
generally let sf " 11 4 sf~ lt 4 - ... + be denoted by for each 
positive integral value of k. 

• Sw Hardy, Cant. Pi.il. Trent. toL nr p. 300. 
t Hash. Anr.nlai, toL 5ts (18K). p. 533. } BvfUlin d. Sc. Hat 


<.v«l.wv[ ISM). 
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Let C® = ^ )' [ s “ ,; t * len * or 801,113 P os > t 'i vo integral value of 
h, lim C { n has a definite value, the series is said to be summable [0, h), 
that is to be summable by Ces&ro’s method of order fe; the sum (C, k) of 
the scries is then taken to be the limit of iff 1 , as n ~ co . 

It can easily be shewn by means of the theorem given in § 6 that, 
when the series S a n is convergent, so that lim s„ = s, both lim Cjf J and 
lim liff 1 exist, and have the-valne s. 

For, if «, = «£’, ft, We havc 

ft, - p n -i - t)Y(^- ' l ~ )l • Thus ' if <7 " _l> OOUVGr 8 cl, > as n ~ «> , so also 

does Cn\ and the two Umits are the same; letting k have the values 
r,r— 1, ... 1, successively, we see that if Cjf' converges, so alBo does C£\ 
and both have the same limit. 

Again, if a* — TO*}?*, ft, — to, we have a„ — •» ft, — ft,., — 1 ; 

and thus, if -l) converges, as n~» , so also does hn\ and the two limits 

arc the same; letting k have the values r,r — 1 1, successively, we see 

that if hn \ or «„ , converges, so also does A®’, and the two limits are the 
same. 

It was first shewn by Knopp* that a series which is summable (H, k) 
1b necessarily summable (0, k). The converse was established by Schnecf 
and by FordJ. The simplest proof of the complete equivalence of the two 
definitions of summability of order k is that given by Sohur§; this will 
be given in a modified form in §55. A proof has also been given]] by Hahn. 
In view of this complete equivalence it is unnecessary to consider any 
further Holder’s method. The method of Cesaro, in an extended form, ill 
whicli k is not necessarily a positive integer, will be dealt with below.. 

45. Another method of Bummatioc was introduced by M. Riesz. Let 
[to] denote the greatest integer less than a positive variable to, and let A (to). 
denote a positive monotone function of », which diverges to co with ». 


then, if has a definite limit as the continuous variable to 


m Reiken bei der Annuhervng an die Con vet 


: (1909), p. 110. 
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indefinitely, the series n 0 4- «, 4- «. 4- ... is said to be summable (7?, A, r), 
or summable by Riesz’s method of order t. Tlie order r is not necessarily 
a positive integer ; but may have any value > 0. 

The simplest and most- important case of Riesz’s method is that 
which A («) = «; in this case 



if Sn rt has a definite limit ns the continuous variable n is indefinitely in- 
creased, we shall say that the series 2 «„ is summable (R, r); r denoting 
any positive number. It will hereafter be shewn (§ 68) that this method 
of Ricsz is completely equivalent, for positive values of r, to that of 
Ccs/iro, when the latter is extended to include non-integral values of 
r. Another important case of Riesz’s general method of defining a 
conventional sum is obtained by talcing A (n) «= log,7i. Riesz’s method 
has received an important application* to the case of Dirichlet’s scries 
2 or more generally to the series 2 a„e-V, where A,, A 3 , ... is a 

diverging sequence of real increasing numbers. 

46. A general modcf of defining conventional sums of a series depends 
upon a principle which may be stated as follows: 

If a repeated limit- o[ a function of two variables has a definite value X, 
but the repealed limit token in the reverse order lias no definite value, it 
may be agreed to consider A as the conventional value of the second 
repeated limit. A method which was employed by Poisson in connection 
with certain scries may be considered as an example of this method. Let 
us consider the repeated limits of 

«o + «, A + « t /d + ... 

where Off h < 1, as a function of the two variables n and h. It may happen 
that the scries u„ + i«,A + ... + v K h m + ... is convergent for Off h< l f 
and has S ( k ) for its sum ; thus 

S (A) =« lira («„ + + ... + tt.ft"). 

If A' (A) converges to a definite number n, os h ~ I, we have 
s - lim lim (u 0 -f + ... + 

It may happen that the scries u 0 + u 1 + a, + ... is not convergent, SO that 
lim Dm {k 0 + v t h + ... + ujr) 

has no definite value. In that case a may be regarded as the conventional 
Poisson sum of the series v„ 4 - u, + u t j- .... 

' See Uu> Coni) ridge (met by a H. H«dy end K. Rie»t on Thf. gmml 0/ DinMeC 1 

t Hardy, Overt*-!,, J 0UTrjU , val xxxv 


(1KH), p. 22. 
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As another example of the principle, the conventional value of 
Jim Iim J f(x, 71) dx, or lim j^f ( x , n) dx, 

rh - . . 

may be taken to be the value of Iim lim j / (*, w) dx, assuming that this 

latter repeated limit exists. 

If i (x, n) - e~ x (a 0 4- «j p + «* ^ + ••• + 

we have £«-(«. + «. ft + '* fj + - + «- S) * 

= o# + <*i + Oj + ... 4- o„ . 

Thus the conventional sum of the series £ cr„ is taken to be 
lim lim j 0 e ~ I {^* +a iY\ + +a *^l)‘ J:E ’ 

If now the scries a B 4- o t j-x + ... + a, ^ + ... converges for all values of as 
in the interval (0, A), we have (see §214(1)), since the convergenceis uniform, 





Thus the conventional sum of the series a 0 + o, 4- a- 4- ... will be taken 
to he 



where it is assumed that this integral exists. 

We have thus the method of Borel, in accordance with which the con- 
ventional sum uf the series a B 4- a x + a 3 4- ... is |* e~ x u [x)dx, provided 
this integral exists; where u (x) denotes the sum of the series 



which is assumed to be convergent for all values of x. 

It is necessary to shew that this holds good in case a B + 0,1 4- a t 4- ... 
is convergent, and that the conventional sum then agrees with the ordinary 
sum. For a general theory of this method of summation, and for its rela- 
tions with other methods, reference may be made to a treatise by Borel*, 
where, however, the question of consistency is not considered. 

* Ltpua su r la ttriu dhvgenla, Paris (1901), p. 9B. See also a memoir by G. H. Hardy ' 
and S. Chapman, Quarterly Journal, voL xm (1911), p. 181, and further, a memoir by 
G.H. Hardy and LitUewood, JW Land. Math. Sac. (2), toL xi (1911), p. I. See also Brom. 
wicVs Theory oj Infinite Series, pp. 267-273. 



70 


Sequences and Series of Numbers [oh. j 


ESTEXSIOK OF CESAltO’S THEORY OF SOiUIABILITr. 


47. The theory of summability introduced by Cesaro (see § 44) has 
been extended by S. Chapman*, and Knoppf to the case in which the 
order of summability may be any number, not Dcceasarily integral. 

It is convenient to denote the series by a t + «j +- a 2 + ... + a„ -f 
and o 0 , a „ -i- n,, ... , n 0 + c, + ... + a„, by s 0 , ... s„. 

Let S*n denote 


I-Ct VO.-. + ... + (' + r 

wliich la equivalent to 

». + ct>... + rr)— cr)< 

where denotes 


(r -i- 1) (r + S ) ... (r + s) . T(r + a+l) 

1 F(a + 1) I’ (r + 1) ’ 

Wo (hen define c£ 5 to bo equal to s'„ j{^ * ; where r may havo any 

real (or also complex) value, except that negative integral values are ex- 
cluded. In the following investigations r will in general bo confined to havo 
real vnlues > — 1. If, for any such value of r, lim has a definite value, 
(hat. value is raid to bo the Cesaro Rum, of order r, of the given series, or 
to be the sum (C, r) of that series. 

It will be seen that when r is n positive integer, this definition iB in 
agreement with that of § 44, allowance being made for the difference of 
notation. 


Aserics which is snmmabic (C, 0) is by definition convergent; and such 
a series may be Hummable (C, r) for values of r which arc negative. The con- 
sideration of such cnscs may be expected to throw light upon the nature 
of the convergence of such a convergent series. 

In case | C„| is bounded for all values of n, the series is said to be 
bounded ( C , r). 

Taking Stirling’s! asymptotic value of V (1 + x), which is 
s' 1 * 1 ' (Zva:)! (1 + €r ), 

* Proe. AW. Mali. Sor. (2). voL Jx (1910), p. 300, 

t Itinujmm! Di-vrtation, Berlin, 1907. AlroArrifc <?. ,Vart. ». 7%Wt-(3), vot, Sit 

eowplete trc-itmrot of the Crsiro method for unrestricted orders is contained in 
1 ' * Andersen H work, •S'/ctiirr orer Ceviro'* Sumnvilriti/tUntlfiodc, Copenhagen. 1021. i'tir the 
case ol ilmiMo teries we (T. X. Moore, Trow. Amrr. Hath. Sx. vot. XVl (1913), p. 73. 

, A proof nf StirluurV theorem L. given in Bromwich’s Theory of Infinite Seri", p- 401. 
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r (r + » + 1 ) 


( 11 ) r (r + 1) r (n + 1) r (r + X) ' J 
where ~ 0, as « ~ <» . It thus appears that 
oW 

<4 =T(r+I)^- (! + {.'), 


where ~ 0, as n ~ « . Accordingly, has a definite limit, when the 
series is summable (0, r) ; and it is bounded when the scries is bounded 
(' 0,r ). 


48. Since the series 



is absolutely convergent when | * | < 1, and lias the sum (1 — *) _r , if the 
series is multiplied by the finite scries s 0 + s x x + s.a? + ... + «„® n , the 
Cauchy-produot scries is absolutely convergent, and hoe for its sum the pro- 
duct of the sums of tho two series that are multiplied together. The coeffi- 
cient of x n in the product series is <Sj, r) . Hence 

(s„ + «,* + ...+ a„x") (1 - x)" 

is the sum of an absolutely convergent series, of which the first n + 1 
terms aro 

So* + s\ r> X + + ... + s?*. 

No assumption is here made as regards the convergence oi tho infinite 
series £ 

It follows that s 0 + «,* + ... + s„x n is the product of (1 - x) r into the 
sum of the series of which the first n 4- 1 terms have been stated. Therefore 

«. - S? - Q SS i, + (') «,-...+(-!)■ Q iff ! (3) 

and this holds for every value of n. In case r is a positive integer, the series 
stops after r + l terms, if n > r. In a precisely similar manner, by the 
employment of the series for (1 — x)~ (r+, >, it is found that 

«. - s?.- (' + ■) *, + ( r t ‘) e. -••.+<- «■( : ’K ,..(«) 

where the scries stops after r + 2 terms, in case r is a positive integer < » — 1. 

When [ x | < I, it lias been shewn that the sum of a certain absolutely 
convergent series of which the sum of the first n + 1 terms is 
So 1 + Si*x + ... + S^x" is (1 — x)~< {s 0 + s t x + ... + 
which is equal to 

(1 - a:)-< r -0 {(1 _ *)'•' (5, + tfj* + ... 4- e n *")}. 
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This Inst expression is the product of (1 — ar)-*"' - * into the sum of an 
absolutely convergent of which the sum of the first n + 1 terms is 

+ ST * + ...+ sr*“- 

The Cauehy-produet of this last series and the series for (l — is 

a series of which the sum of the first n + 1 terms is 

sir j h- s’px + ... + sir 5 *". 

There cannot be two different series in powers of x which converge, for 
| a; | < 1 to the same sum (see § 134); it follows that 

.5?’ - + p - 0 + p _ 'i + ’) *& + 

+ p-':-‘)*r. m 

Wc shall assume that r' < r, in this expression. In case r' > r, we have 
( f - r ~ ) - (- l)*( r ~ r ), and the formula becomes, on inter- 
change of r and r', 

s? - af* - ( r “ r ’) 8^.t + ( r ~ r ') si r i s 1)« ( r -/) 5?\ 

(0) 

where wc assume that r' < r. In case r — r' is an integer less than «, the 
expression breaks off after r — r' + 1 terms. 

If. in (l>), wo have r> 0, we may take r‘ *= 0, and the formula reduces to 
(J)in{j 47. If r> 1, we may take r" - - 1; and tince the formula 

reduces to (2). 

If, in (0), wc take r> 0. r‘ .-= 0, the formula reduces to (3) ; and if r > - 1 , 
f* = — 1, it reduces to (4). 

49. If, in (0), We write r + 1 for r, and r for r', we have 
gfr) = s (r+l) _ £<r+l> 

Taking also the relation 

cr)-( r+ : +, )-C”). 

it is seen, by employing Stolz’s theorem given in § G, that: 

7/ a series is summabk (C, r), where r> -l, it is also stimmobk 
{C,r -f- 1). 

For we have only to write a, = Sn-l\ fi B = £ + in the theorem of 
§G. ‘ ‘ 
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This theorem is only a particular ease of the more general theorem* 
that: 


If a ■ series is summable (C, r), it is also summable { O , r’), where r, r' are 
any real numbers such that r' > r > — 1; and Ike sums [C, r), (G, r') have 
one and the same value. 


In order to prove tins theorem, the following theorem, due to Cesaro, 
will he established: 

{/3„} are sequences of numbers such that ~ , % converge, respectively 
to definite limits a, p, as n ~ «o , then 

lim a lfin a iPn-l + — + _ T ( r + ^ (• + l ) -O 

*'+•« r (r + fi + 2 } 

provided r and s are numbers both > — 1. 

Let a„ = an T (1 + ij „>, /?„ « fin’ (1 + {„); then, since t] n , ?„ both con- 
verge to zero as h ~ oo , they are both bounded; thus ) 7j„ | < .4, | | < B, 
whore A and B are fixed numbers. 

Sin ” CD- rf+i ) (1 + (* D - (1 + wh ” 

< n , S„ converge to zero, and are therefore bounded for all values of n, 
wo have • 

«. - r (r .+ 1) « (1 + f t ”) . A. - r <" + ■!) A <1 + *.') (' l "), 

where S„' are bounded; and thus | c n ' | < A', | S„' | < B'. We now have 
. «i& + «»&-i + - + a«P, - T (r + 1) T (s + 1) ap 

d + ,', )ii +sv ,..) ( 7 ‘K'tn+t 1 )- 

Since S ^ ” 7+"l ’ ^ >eill S the coefficient of z" in the pro- 

duct (1 -z)-(r«>(l -*)'-(»«), or (1 .-*)-«'+•+*!, is equal to ^ + * + »+ ^ 
wo sec that the part of a '^" *" g " - 1 obtained by omitting 

tp, S'„_ m is 

r (r + 1) V (s + 1) ap ( r + 5 + * + JL- , 


which converges, as n ~ to to + *) ^ . 

. r (r + « + 2) 

Consider next the sum S c,' ^ ^ * "7+^1 *)’ wo ma y choose 

* Sco Knopp. Inaujpim! Dusertation. Berlin (1907), p. 46; also Arehtr 3. Math . «. Pkynk (3), 
vot. Xu (1907); tho theorem is also pro red by Chapman, Proa. Land. Math. Soc. (2), voL EE 
(1011), p. S7J. Seo also OltoteaghJ. Owns. BattaUgn! (3). voL juj (1911), p. 239. 



Sequences and Series of Numbers 


[cil. i 


the integer : 
greater than ; 


so that | c,' 1 < i), for t>m; and wc may take n to be 
. The part of the sum taken from l = 1 to l = m is lc?s 


when tliis is multiplied by f ^ tl , it converges to zero, as n~ce, the 
integer »i being kept fixed. The part of the sum from t ~ m \ to / « n 
is numerically less than -q £ ^ * "j 'Jl anr ^ when this is 

multiplied by it converges, as »~*>, to a fixed multiple of t;. 

The stun X + *) ( a * can be divided into two parts 

by taking m so that j S'„_, 4 , | < ij, for t 
separately the sums for ( = 1 to n 

as before, when n ~ <c , the snm when multiplied by — 
to a fixed multiple of ij. 

We have lastly to consider 

cnct-Tin 

this is numerically less than 

and this hna been shewn to converge to a fixed multiple of ij. Since 


and considering 
1, and from t ** n - m to I ««; 


— 1 has been shewn to have upper and lower limits 
which differ from — ^ ^ ^ ^ ^ qj — by a fixed multiple of the arbi- 
trarily chosen number ij, Cesaro’s theorem has been established. 

efr) 

In this theorem, let. a„ denote S„, where is assumed to converge 

e (rl 

(o the definite limit p-^— — ^ ; the series being taken to besumrnable (C, r); 
and let /?„ « T ^ n and is thus such that jjzhi convt ‘ r 8 <vs ,0 
_ — _ ■ when t‘ — r — 1 = a, and r‘ > r. 


rn ploying the expression (5), of § 48, for .9„ 
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converges to ^ ; and therefore ^ converges to «M, the 

sum. (£7, r) of the given series. 

The particular case of Ces&ro’s tlieorem winch arises when r = 0, 
s = 0 is that: 

If {«„}, {/?„} are two sequences of numbers which converge to a and ft, 
respectively, then a, ^“ + a tP*-y *** . converges to a/3. 


50. If a series is divergent (C, r), where r > — 1, it is also divergent 

(0,r + 1 ). 

By divergent ( 0 , r) is meant that the Ceskro sum [G, r) is + so , or — <» . 

flj? 

.. 2 — = +» or — eo , or 

-cry 

, Applying the theorem of § 6, it 


The condition of the theorem is that lim - 


n + r + 1' 


- .Ci* 


follows that lim 


■)-CiD 


i + r + l\ 


« + ® , or - « ; therefore the given series is 


divergent (£7, r + 1). 

Now, if r — 0, it follows that, if the given series is divergent, the sum 
(C, l) is infinite. This has already been shewn to be the case in § 27. It 
now follows, by letting r successively have the values 1, 2, 3, ..., that the 
CesiLto sums of all integral orders are infinite. By employing the theorem 
of § 40, it now follows that the series cannot be summable for any positive 
value of r, for if it were so it would also be summable of order the integer 
next, greater than r. Hence we have the theorem that: 

If a series is summable (C, r), for any positive value of r, the given series 
either converges or oscillates between finite or infinite limits, but it cannot be 
divergent. 


In case the series £® n is summable (£7, k) for k > r, but not summable 
(£7, k) for k < r, the number r may be called the index of summabiiity of 
Sa„. If the series is summable (£7, r), the index of summabiiity is said to 
be attained. Clearly the index of summabiiity of a series may be zero, 
and yet the sories may not be convergent, the index zero being in that 
case nnattained. 


51. The following multiplication theorem due to Knopp, and of which 
Chapman has given a simpler proof, is applicable to the Cauchy-product 
of two series which arc summable (£7, r) and {£7, .?) respectively. 
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// £ n* is summons (C, r), and £ &„ is summable [C, ?), irAwc r> — 1, 
f > - i, the series £ c„, ic/itre e„ = a n i 0 + a R _ l 6 [ 4- ... 4- a„b is summable 
(C,r s ~ I). in particular, if both the given series are convergent, £e„ 
is summable {C, I). The Cesaro sum (G,r + s \) of 2e„ is the product of 
(he sums (C. r) and tfj, s) of the scries £o„, £ 6 „ . 

Cesaro established. this theorem for the case in which r and s are both 
positive integers, or zero. To prove the theorem generally, we employ 
Cesaro 's theorem given in § 49. Let, a H = S^\ for the series £a„, and let 
/?, <= S'%\ for the series £&„; then since S^/n', S^fn 1 converge to 

FF+T) Jj™ C " >( HsV 1) 52, C ‘ « rt respectively-, 

-r .sy^f 1 s. ... 4. afgy 

converges to lim Cf? . lim C^jT (r ~ s 4- 2). 

The product («r„ -j- a,x 4- ... + o B *‘>) (1 — *)-<'«) is, when arranged in 
powers of x, an absolutely convergent scries, for j x | < 1, of which the 
first n 4-1 terms are So* -r 4- ... 4- ^% > x n ; and a similar statement 
applies to the product (b 0 4- h, x 4- ... 4- b n x*) (I - 

The first n 4- 1 terms of the Caucliv-producl of the two scries are 
£ 4- ... 4- fio , sU > ) the Cauchy -prod net series 

being absolutely convergent. This series has the same sum as the Cauchy* 
product scries of the two series for 

t<i 0 4-fl,z->- ... 4-o n **)(l (6 0 4-6 1 a:-i- ... + 6„a?>)(l -ar)“ i, ‘ ,) . 

and the first n 4- 1 terms of this series are the same as the first n 4- 1 terms 
of the series for (c c 4- «,* 4- ... 4- c n x t ) (1 - *)-fr+»Ml, and are thus 
g * *•**> + &{*•*” x 4- ... 4- ,? B ,+ ' +I ’ar" 
where S^ it ' ** refers to the series £ c „ . Consequently we have 

S?*"* 1 ’ = 4- 4- ... 4- 

gtf+»)+i 

It now follows that lim -- - ~ r" + g . ^ ■ = lim C ( f. lim C„; which es- 
tablishes the theorem. \ n ) 

52. if ^ a n issumniable(C,r),v;hererhasavalue> — l,lhenS^ > ‘-o' 

srhtrt r' has any value. < r. Also, if £ <z„ is bounded f C , r) then 

Tlii= general theorem was given by Andersen*, but parti,., 1 
• Lor. n't p. 11. 
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were known previously. In case r> — 1, we can take r' = — 1; and in 
caser > 0, we can take r' = 0. Wo thus have: 

If r > — 1, then a a = o {n r ), or a„ - 0 (n T ), according as Ike series 
S «„ m summable (C, r), or bounded (C, r). If r > 0, then s n = o (W), 
or — 0 (nT), according as (he series is summablc, or is bounded (C, r). 

In order to prove the general theorem, we employ the relation (0) ol 
§ 48. We have 

«f - + ... + (- ii- ('“*') sS", 

where the series stops after r ~ d + 1 terms in case r — r' is on integer < 7!.. 
When the series is bounded (C, r), with U and L ns the upper and lower 
limits of indeterminancy, we may write 

■ *yr t o ■ 1 <u * l) + * (u - 11 + 

where J 8„ j & 1, and t„ converges to zero, as n ~ » , and is accordingly 
bounded. 

The part, o£ iS^ which involves l(U + L) is 

* {B + L) {(”»')- C » r v + ■■■ +< - i>" C »')} ; 

the series in the bracket is the coefficient of x” in the product of- the series 
for (1 — (I — x)~ r , whore | x J < 1, or in the series for (1 - x)- r ', 
and it is thus equal to When multiplied by wc see that this 

part of */»' converges to zero, since Jp ^ is bounded. 

The remaining port of iS^/n'.iB 

r ynj’X [ ( - ly C p 0 (‘ -9'" +{ - ) w + •■-•>] 

If r — r' is an integer less than n the scries stops after r — r' + I terms 
and the last term docs not occur. When this is the case the expression is 
less for all values of » (> r — r' + l) than a fixed number, einco 0„~ p , 
*!.-», fn-p are bounded; and thus S^/n* is bounded. 

If TJ = L, since lim e„_p = 0, for each of the r — r' + 1 values of p, it 
is clear that S^/n' converges to zero, as n — w . 

Next let it be assumed that r — r' is not integral ; we then have to 
consider the whole of the above expression, the number of terms being 
now no longer independent of n. 
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number; hence ~ j ^ r ^ | < / j^r- ■ . which converges to zero, when 

r -t- I > 0, r — i > > 0, as it ~ to ; it thus appears that the last term in 
the above expression converges to zero; it may therefore bo omitted!. 

If r > 0, the part of jSjf 1 /**' , is, since ^1 — <1, numerically less than 


n <i + «){!((/-£)-!• 8} : 


where m (< n) and n are so chosen that | | , ( | are less than an 

arbitrarily chosen positive number 8, for p = 0, I, 2, ... m; and K' is a 
fixed number. 


The 



series S j ^ ~ j| is convergent, when r-r'>0; hence 
r j I is less, for all vnhics of m, tlian a fixed number, independent 


of n. Also m can bo chosen so large that 2 I r T ) < 8. It thus 
appears that | 5, /n r | is bounded ; and, if V — L, it is Jess, for ali suffi- 
ciently large values of «, than a fixed multiple of 8; consequently it 
converges to zero, as n ~ m . 


If o > r> — 1, wc divide the expression for S IP/n' into three parts; 
the first of these is 


rF+-i)’S [ ( “ /)(' + + 

where m is a fixed number less than in, atid n is so large that ] f„-J. 
| [ arc <8, for p = p, I, 2 , ... m. Wc have then ^1 — j-j < gyl end 

ns before, Ibis expression is seen to bo bounded; and when V = L, it is 
less than a fixed multiple of 8 ; the number m being kept fixed. 

Wc next take the summation from p ■= m + 1 to p ~ [In}, which 
denotes In or { (n — 1). The number m may be so chosen that it satisfies 
the condition 2^ j jj< 8; the part of the expression under con- 


sideration is then numerically less than a fixed multiple of 
which is < 8. The Inst part of the expression is less than a 


of S ^ > which is less than a fixed multiple of 

J_ f 1 0 -*) r . 
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and this converges to 0, as n — oo . It has now been shewn that, for r> — I, 
r—r’> 0, S^/n* is bounded, or converges to zero, when iS£*/n r is bounded, 
or is convergent. 


53. If%a„ is either sunmable (C, r), or bounded (C, r), where r > 0, and 
{«„} is a sequence of numbers, then Z a n v n is convergent provided, (1), 
v„ c= o ^ , and (2), S» r V r + 1 « n is absolutely convergent; and the sum of 
Z a„v„ is that of the series Zfijf* v r+I w», which, is absolutely convergent. If 
Ike condition (1) be replaced by (I)', v„=0 j , and (2) remains unchanged , 
the series Z a„v„ is bounded. 

The sum of the series v„ — ^ + (*" g ”»+« ~ ^ here 

denoted by V r * l v T . It is infinite when r is not integral, and it may be 
regarded as a generalization of the definition of differences of integral 
order. This series is convergent because 

HtnMrni- 

is convergent and | t» n+B1 | iR bounded. Since a„ =■• Z {— I}* "J" J j the 

finite sum Z a n v„ is equal to 


- ct v+r :>• - *♦ <- •i-at 1 ,)*-}- 

The coefficient of differs from V' +1 u„ by 


which is, in absolute value, less than 

Rv n ( 


n + i)r+* + 2Y** -*■ ”'f ’ 


or than ~~ ^ J n y+t ! where K and K' are fixed positive numbers, and 
I v vP T \< 7 lm, for all values of p £ m. When n — m, the absolute difference 
i® <- ^ 2 ^27f5+57P5+ — which is less than We now see that 

2 a„v„ differs from Z sJ*V ,+1 e, by less than 

gV( l<t.l , 1^.1 , ) , 
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where M is a fixed positive number; and this expression reduces to 
ilj x s ~ l e~ x dx, or MT (s). Tlie absolute convergence of the series 
. E » r V r+1 t>„ has now been established. From the general theorem we now 
obtain the following special theorem: 

If Ea„ is bounded (C, r), or summahle ( G , r) where r > 0, the series 

. : E , — !L rr , where s>r, is convergent, and the series E , — ;2 - r r *'» bounded. 

a (rt+lr 

The first part of this theorem and the corresponding part of the general 
theorem were established by Chapman*. 

54. It has been shewn in § 52 that, if E «„ is summable (G, r), then 
a n jn’ converges to zero, as n increases indefinitely. This may be expressed 
by the statement that the summation (G, r) is inapplicable, for all values 
of r, if | a„ | increases too rapidly with n; for example, if a„ = (— 1 )" fc", 
where I: > 1, the series E (— l)"t° is not sumraable (C, r) for any value 
of r. It can, however, also be shewn that the method of summation may 
also be inapplicable in case | o„ | diminishes too rapidly as n is increased. 
This appears from the following important theorem, which is due to Hardy f : 

// na H is boundeil, the series E a, cannot be summable { G , r), for any 
positive values of r, unless Ike series is convergent. 

In particular,' if lim na n «= 0, the series cannot be summablo (C, r) 
unless the series E n„ in convergent. We may lake r to be an integor. 

Let it be assumed that | (n + 1) tt„ | is less than a positive number k, 
for all value's of n, ond let (» + 1) a„.=> b„. We have 

c:> 

<--^ + 0^ + CiV+-+f + *"> 

where we take r to be a positive integer; this involves no loss of generality 
-cer can always be replaced by the next greater integer. We may define 

and it can easily be verified that nSj? + T % ~ 1> = (n r + 1) s£ -1> , and 
that rS? + = {n + 2 } J s£+i > - 

* Tree. LmvL Hath. So e. (2), voL ix (1011}, pp. 3B2-387. 

' -f Proe. Land. Hath. Soc. (2), voL vm (1009), p. 301. 
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which may he taken to be greater than k 1 by as 'small a difference as we 
please. 

Since > k,N r , it follows that > (£, — ik) N r \ thus 
f'n 1} > i&iK r , for S r &n£ N, where ic, is a number which we may 
suppose less than £-, by as little as we please. 

We now havo 

T’r ’ 1 A- ’i" A- -L, ; 

k-jv, + 1/ - ,-A', V + 1 

and the expression on the right hand side is 

Ji,ff ' ( r -J ) ! {(S 1 + l|(A’. + S l ...(J t 1 + r)~(A’ + 2|(A l + 3)...(A r + r+ , lj}' 
Wo have + + + "-lion! h « tea Horn 1 

by as small a difference as we please, provided A r , is sufficiently largo; also 

gmnar +"i) ' ...(fftrt -i) * »• Th ” ’C, 2 *"' 1 ' * rib " e "“ l " 

than or than & (r - 1)1 ^ - l) . The 

number £*, having been fixed, for sufficiently largo values of N, we may 
choose l\ so that kf thus, for all sufficiently large values of N, such 

that T’v -11 > kN r the value of £ f, r ~ U A r — — exceeds a fixed posilivo 
number. It is therefore impossible tlmt the series 2^ T { ’ cun 

converge; and therefore the given series cannot be summnblc (C, r). 

If lim Tn~ l) ! n ' = and the series is summablo (<7,r) it has been shown 
also to~be summnble {O.r- 1). Thus, if na„ is bounded, and the scries 
2 a„ is summable {C, r), for any integral value of r, it is also summablo 
; C.r - lb and therefore also it is summablo (C.r - 2), ...; it is fconse- 
' summable (C, 0), that is, it is convergent. 

' of Hardy which has now been established has been cx- 

which t . ' ' ~ landau* t 0 the case in which «u n js bounded on ono sido only; 
Wo have •' ’ - 

"sVs 

which is less than 
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EXAMPLES. 

(1) If 2 a n is bounded, or summable, {0, r), where r is any real number, Bhew that 
S -Sl_in8ummfthle(C,r- I). This thoorom wsb given by Chapman*; the case wheo ria a 

positive integer, and the series is sumroaMe (C, r) had been given by H. Bohrf and M. RicBtf. 

(2) If r is a positivo integer, and S a„ is bounded (C, r), shew that S 2s is summablo 
(0, r), provided s > 0, whether t bo integral or not. This theorem is due to H. Bohrf. 


(3) If I a„ is eummable { C , r), where r is a positivo integer, prove that £ -2 is 
eummablo {C, r - *), where a > 0. Tliis result was given by M. Riossf. 

(4) If 5 the series 2 <t„ is bounded (C, r), and summablo (C, r -t 1), where r £ - I, 
show that the eerios is eummablo (C. r + J), provided i > 0. 

(6) Provo that the series I* - 2* + 3* - is summablo (0, r), provided r > a. Tho 
number n may have either sign. This theorem was given by C)i apmanll. It hsd been Bhewn 
by Bromwich U that, when a is integral, tho scries is summablo <C, s+ 1); and by tho damn 
method it could bo proved that it is bounded (C, a). 

(5) If tho scries I a„ is hounded [O, r), where r >- 1, and the series 2 6„ ie bounded 


(0,'s), whoro a > - I, then tho Cauchy-produet S e„ is bounded (0, r + a + I). 


THE EQUIVALENCE OF CESlUO’s AND UOLDBlt’S METHODS OF SUMMATION. 

65. The notation of §44, in which the given aeries is taken to be 
a, -1- a t + ... + o„ + .... will be employed here, If z lt x„ x 3 , .... bo an 
infinite set of variables, and {o„ m > a set of numbers such that a„„ ■» 0, 
when m > n, and a rm =£ 0 , for in £ n, let us consider the set of equations 

i /„ - e nl x t + a„ t x t + ... + a nm x p , n = 1 , 2, 3 

Denoting tho matrix 



by ■'4, we may regard the set of variables {y„} as obtained from the set {*„} 
by means of the operation A, and this fact may be expressed by (y) = A (x). 
If, whenever lim x n lias a definite value, lim j/„ has also the same definite 
value, the operation A is said to he regular. 

The set of equations by which x lt x t , ... x„, ... may be expressed in 
terms of y, , y 3 , ... y„, ... define an operation which may he denoted by 
* Lor., ait. p. 388. $ See Andersen, loo. eft. p. 60. 

t Comptet Jitndus, vol. extra (1809), p. IS. ]| Lot. ail. p. 397. 

t Iti'd. p. 1658. More general theorems are there given. *■ Theory of Infinite Series, p. 317. 
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/!->; thus (*) = Jl' 1 * (y). If A and A~‘ are both regular, A may he termed 
a reversible operation. 

If a third set of variables z„ are obtained from the variables y„ by means 
of an operation B, or 

b u 0 0 0 

0 0 


so that z- B (if), the operation by which the variables z„ nrc obtained from 
the variables x„ may be denoted by BA ; thus (z) = BA (x). In case 
AB =» BA, the operations A and B are said to be interchangeable. 

If A and B arc two regular operations, AB is also a regular operation. 
Moreover iho operation «/C + (I~ a)B, for which the constants arc 
aa nm + (I — a) £>*„, is also regular. Also AB is reversible if A and B are 
reversible operations. 

If two operations A, B arc such that, when y = A (x), z = B (z), 
for every sequence {a: n } the sequences {?/„}, {z n } are cither both convergent, 
with one and the same limit, or both non-eonvergent, the operations A 
and B are said to be equivalent. Since (y) =• AB~ l (z), (z) = BA~ 1 (y), 
the operations A and B are equivalent only if AB~ l , BA- 1 are regular 
operations. 

The identical operation E represents the set of equations x„ = r, , 
for which a nm « 1, = 0, when m $n. 

5C. If we take a nn •» for m £ n, a„ m «= 0, for m > «, we have 
A‘« - JJf (e), A« - M {/!«)), ... AW ~ M (AW-i)), and thus = If' («), 

accordance with tlie definition of Holder's means, given in §44; whore 
.1/ denotes the operation with the matrix 

1 0 0 0 ... | 

i l 0 0 


In accordance with the definition of Cesaro’s means, given in §44, 
we have 



and therefore ^ 1 J (f? = "f “ 

and this can be written in the form 


from which we have rC^'” = fr — 1) C J, r) + n&f — In — lJC^-i- 
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It then follows that 

r + + , ( , _ „ ti?+c? + ... + <£ . „„ 

which may be written in the form 

rM (C™) = (r - l) M (CM) + (CM), 
or Hf -» 8, (CM), where >9 r denotes the operation ^ .0 -{- ^1 — ^ M. 

Since S', 1 ’ « C*, 1 ’, we have (W*>) = M (W») = If (CM) = S, (CM). Also, 
since the operations 8 tl S,, ... are clearly interchangeable with M, and 
with one another, we obtain 

(API) = M (AW) = MS, (CP)) - S,M (C<«>) = 8,8, (CM); 
anti proceeding in this manner we find that 

(AW) = 8,S, ... S r (CM) - P r (Cl')), 
where P, denotes the operation tfjSj ... /S 1 ,. 

Now M is a regular operation (see § 55), and consequently 8 t , 8„ ... 8, 
are regular operations, and therefore P r is a regular operation. Conse- 
quently, if lim 0* J exists, so also does lint A* 5 , and the values are the same ; 
thus one part of the theorem of equivalence has been established. 

In order to prove the second part of the theorem it is necessary and 
sufficient to shew that the operation P r is reversible, for every value of r; 
and in order to prove this it is sufficient to show that the operation 
8 r ^ - E + ^1 — ^ 31 is reversible. Writing a for it will be shewn* 
that, if 0 < a £ I, and the limit 

lira {«*„ + (I — a) ?’ ± ■- 

exists, as a definite number, then lim x„ exists, and the two limits have 
the same value. 

Denoting — — Xi ^ " ~ ~ hy X„, we see that, if x„ < X„, then 
X„_, >, X„; that, if x a — X„, then X„_, — X n ; and that, if x„ > X„, then 
X„_, < X„. These results follow at once from the identity 
= X„ + (n - 1) (X„ - X„.„). 

It has been shewn in § 27 that, if lim x„ = 4- m , or lim *„ — — m , 
then lim X„ = + <o , jn. the first case, and lim X n ~ — co , in the second 

* The proof of this part ot the theorem given here Is a raoditcatton of that given by Xnopp, 


88 Sequences and Series of Numbers [ ch . i 

case. It then follows that, since 1 - a 5 0, lim {ax„ + (1 - a) A'„} is -f « 
in the first case, and is — « in the second case. It has thus been shewn 
that the sequence {A*} cannot be divergent, and must therefore, unless it 
converges, oscillate between limits, either of which may be finite or infinite. 
Let it be assumed, if possible, to oscillate. Let P and Q be two numbers 
such that 

lim X n > P > Q > lira X„, 

whether the upper and lower limits be finite or infinite. If A 7 be an arbi- 
trarily chosen integer, there is an infinite set of values of n (> N) such 
that A'„ > P, and there is also an infinite set of values of n (> N) such Hint 
X„ < Q. If, for every value of n (> N), x n & X„, wo have X„_, £ A'„, 
and thus tbo sequence {A'„} is monotone non : incroa sing, for n> N, and 
it therefore converges, since it cannot diverge. Since X n , n-t, + (1 — a) A, 
both converge, as n ~ oo , it. follows that x„ converges. Similarly, if ar„ > £„ , 
for cverj’ valuo of n (> A'}, it can he shewn that x„ converges. The enso in 
which there is only a finite set of values of n (> N), for which *„ 3 A',, 
or that in which there is only a finite sot of values of n (> X) for which 

> A'„, can be reduced to the above, by proper choice of N. We have 
therefore only to consider the cose in which there is an infinite set of values 
of « (> N) for which x„ s A'„, and also an infinite set for which x„ > A'„. 
The integer m (> N) can be clioson so large that, amongst the integers 
N H- 1, A r 2, ... m, there arc values of n for which x n 6 X„, and also 
values for which x„ > X„. Lctwi be also so chosen that X„ > P;itx„> X n , 
we have x m > P and therefore ar. m + (1 - a) X a > P. If, on the other 
hand, x„ .< X m , wo have .Y m _, & X m ; let m, be tho greatest integer < m, 
and necessarily > N, for which z„ t > X mi . We havo then 
A'„, s X mi „ £ ... £ A' m , 

and x ni > X„ t > X n ; therefore x m> > P. It has thus been shewn that a 
value of w, greater than the arbitrarily chosen integer N, exists, such that 
a-„ > P, and also X„ > P, 

For this value of », ax.„ + {l - «) X„ > P. In a similar manner, 
taking x m < Q, it can be shewn that a value of n (> A 7 ) exists, for which 
ax„ -f (1 - a) x r . < Q. Since A 7 is arbitrary, the results ate incompatible 
with the convergence of <ix„ + (1 - a )X n . It follows that A"„ must he 
convergent, ns n ~ » , and therefore x n converges, as n ~ 05 - 

The reversibility of the operation P r having been established, if the 
sequence {?4, r> } converges, so also does the sequence and the two 
limits arc the same. The equivalence of the two modes of summation has 
now been completely established. 

57. It may be remarked that, in the theorem that has been proved 
above that, if ar, (1 — a) AT„ converges to a definite limit, x„ also docs 
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so, the condition 0 < « ^ 1 may be replaced by the wider condition 0 < a. 
In fact the theorem can bo very easily established in the case a> 1, and 
this, taken together with tho case 1, shews that it holds for 

0 < a. 

Let «„ = ax„ + (1 - a) X„, or ax„ = «„ + (a - 1) X „ , we then have, 
if a > 1 , a lim x„ £ lim tt, + (a — 1) lim X„ , and also 
a lim x n S lim «„ + (a — 1) lim X n . 

It follows that 

. a (Sm ® n — Inn *„) £ (lim «, — Km «„) -h (a — 1) (lim X„ — lim X n ) ; 

and wo have (seo § 27) 

lim £ lim X. & lim X„ i lim x„ , 


and thus 


limx n — lim x„ £ (lim u„ — Km u„) ; 


it then follows that, if lim «„ exists, so also' does lim x a . The thoorom if 
a particular case of the following general theorem, due to Knopp* : 

If b„ 5 0, and 2 b„ is divergent, and a > 0; then if 

. fepSj) + b x x t + — + 6„s„ 


ax„ + (1 - a) 
is convergent, so also is 


b» + hi + ... + b n 

. , and the two converge to the same number. 

The theorem oan be proved in exactly tho same manner as in the case 
6„ ^ 1, established abovo. 

In the memoir by Knopp (loc. «’(.), the following theorom is given: 

If. for a given sequence {■?„} the relation 

asBn-wiwetizt)- 

holds for a particular integer k (£ 0) and- a particular integer p (£ 0), then 
it also holds when k is replaced by a greater integer, or when p is replaced by 
any integer (S 0), or when both changes arc made. 

This theorem and the foregoing are employed by Knopp to obtain a 
new proof of the equivalence of Cesaro’s and Holder’s methods of sum- 
mation, and to obtain a new proof of Hardy’s theorem (see § 54), that if 
a series Za„ is eummable (G, r), and if na„ is bounded, then the series is 
convergent. 

• Nath. Ztiltdxr. voL xix (1924), p. 99. In the proof thore given, the possibility that Xn and 
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THE EQUIVALENCE OF CESAro’S AND RIESZ’S METHODS OF SUMMATION. 


68. If wc denote by u L (tu), where k 5 0, the sum £ a, (tu — r) 1 ; 
in accordance with Riesz’s method of summation (§ 45) the series 2 a, 

is bu mm able if Em has a definite value; where <u is a continuous 

«(t) 

variable, and not merely a sequence of infers. If Jim — It— lias a definite 

"’Ct ) 

value (§ 47), the scries £ a, is sutnmablc (C, k). It will bo shewn that, 
If cither of these limits exists, then tho other exists, and both have the 
same value; and thu9 that the two methods of summation arc equivalent. 


Throughout tho following proof, when a relation <f> («.) = o (n)} is 
employed, where <j> (»), 0 {«) involve one or more parameters besides «, 
it will be understood to mean that, if e be arbitrarily chosen, then for each 
fixed sot of values of tho parameters, n, can be so chosen that 


UJn)| 
Ip fa) I 


for n> n t ; 


but that 7ir cannot necessarily be so chosen as to be independent of the 
values of the parameters. A similar remark applies to a relation 

o() * W = 0 W fa)}- 

^ = S| ^ c h an giug a„ into a, — s, wc sec that lim = 0; 

s m “ ” w 

Bimilarly if lim exists, it is seen that, by changing the value of flo. 


tho limit becomes zero. It is therefore sufficient, in order to prove the 
theorem of equivalence, f/j shew* that, if either of tho two limits exists 
and is zero, then the other exists and is also zero. 


Some preliminary propositions, required in the proof, will be first 
established. 


(a) If As 1- , A r x* denote the differences 

~ 1 >‘* 1)* + (a - 2)* - ... -f (- 1 ) r (a - r)*, 

for r = 1, 2, S , ... , where x~r> 0, then 

A r * 1 = k (fc - 1) ... (/; _ r + i) ^-r + o (x‘-r->). 

* Th * liero given la foimdcd open that indicated by M. liiesz, Comply Jtndv. *«!. «« 
(1*1.1). p. 1051, and it has been supplemented by reference to a letter uritten liy ilicw, coirt»iiiu>» 
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It is easily seen that A r s l may be expressed in the form 
k{k~l)...(k—r+l)j ^du l j ^uf-'du,; 

where *-r>0. Thus j A'x 1 - £ (£ - 1) — r + X) x 1 -* | is expressed by 
k[k — 1)... (fc — r + 1) J du^ j dug.-.J'' 1 (x k ~ T — uf~’) du r . 

The integrand x*~ r — u r k ~ r is positive and less than x k ~ T — (x — r) t " r , 
since u, is in the interval (x — r, x) -, and this is less than 

-H-r} 

which is equal to 0 Therefore 

A'a* - k (fc - 1} ... (fc - r + 1) x*-r = 0 (as*-'- 1 ). 


( 6 ) 


r (n + k + 1) 


ti 1 


JJ-h *>=0 (»»-*). 


From Stirling’s theorem we find that 

Hm (*»»)(* + 8) -(*'+») J_ = 1 . 

to. + 

Denoting the expression on the left hand side by / {»), we have 

/w-yc+ 1) - + {i - (i + if] 

-o ( i, ^-*±^[1-4 + 0^)]} 

It follows that 

/( ” )_ ri5Ti) - J. </< ”* ) -/< m+ >»! 

and this is less than a fixed multiple of X or of — - — ; hence 


/(»>- 


T(fc+ 1) 


■<)■ 


r (re + k + 1) 


• w * = 0 («*-*). 

(c) If i is an integer, jS® can be expressed as a linear function of 
oi («), <t,_, (n), or,-., (»), ... a, (n). 
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We have S» -g ~ r ■ 1 > <» - 1 . j 2 > - <“ ~ r + „a ft. 
numerator o f the coefficient is of the form {» — t) { -f A, (ti — r)' -1 +... + »!; 
where A, , A. , ... are integers dependent only on f . Thus we have 

8? - ~ {*,- («) + A,<7 { _, («) + ... + * ! °o («)}. 

(d) a k (ai) can he expressed as a linear fund ion of \ ... S« K! , 

where K is the integer next less than k, and n <at£n+ 1. 

We have a ,- SfF - ( K * + ... + (-l) r ( K ^ 1 )5#°; where 

the series stops after K + 2 terms, or after r -V- 1 terms, whichever is the 
smaller of those numbers. Substituting tliis value of a r in the expression 
2(i f {w — r)“, we have 

o* («) ^ A K+l (« - r) fc 4- S S' K) 

x {(<u - r)' {K + 1) {w - r - 1)* + ...>, 
where the number of terms in the bracket is, for every value of r, 


69. lit order to prove the equivalence theorem, three lemmas will be 
required. Lemma I: 

If lim -tt *■ 0, then lim — — «= 0, where k' < k. 

o-*. Jl n~t> 11 

This has already been proved in § 52. 

We proceed to the proof of Lemma II: (() 

If lim = 0, and i be any integer less than k, then lim =• 0. 

The lemma will be first proved in the case in which k is an integer, so 
that i lias any one of the values k — \, k — 2 , ... 0. Let n be the integer 
next less than <o, so that *<«S»+L 


?*(«) - (k ~ ]>) »„ (» + j) + 


1\ . (fc - p) (fc - p - 1) 


2: 




, k~p\ 


+ (~ 1)*- 

where p may have the values 0, 1,2, ... it — 1. 

The coefficient of a r in this expression is 

<, _ 0 . - e _ ,)» + » ■ -»> »-r= i i (.+t-r)‘- ■■■ ; 

and this is the coefficient of ^ in — {k — p) e^ BT * ^ + ••• or ’ n 

(— l)*-'e , *' r >*(cS — I)*-* 1 . It follows that the coefficient of a, is of the 
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form A a ( n — r) r + A t (n — r ) f ~ i + ... + A P , where A 0 , A it ... A P depend 
only on fc and p. It then follows that 

Ojt (») - (k - p) o'* (n + + ... + (- I) 1 -' a* 

- has tho form A ( a B {») + A t <r p ~, (») + ... + A„cr B (n). 

Letp = 0, this expression then becomes ^l 0 cr 0 (n); thus o 0 (w) is expressed 
as a linear function of a t («.), <7* (n. + ^ a k (n + 1). Next let p = 1, 
we have then the form -4 0 c-, (») + A-ytr,, (n), hence o-j (n) can he expressed 

as a linear function of <7* (ft), o>f» + jg) Letting p have the values 

2, 8, ... k — 1, we seo that <r 0 {«), a t (n ), ... o*_ l (n) are all expressible as 
linear functions of a k (n), o’* /» + 0 , ... °k ( ft + 1). 

Now Sjf* has been shetvn in theorem (c), of § 68, to bo a linear function 
of <r 0 (ft), o* (ft), ... a t (ft); therefore Sjf’ is a linear function of 

<*k (»). *k (« + i o* { n 4- 1). 

If converges to zero, ^ , ... ^ all converge 


to zero, since n < tu £ n + 1 ; it then follows that — ^ converges to zoro; 

honee also, using Lemma I, converges to zero, where i is an integer 
less than k. 

Next let k not be an integer, and let K be the integer next les3 than k. 
It will be proved that 

", (-> - * - K) fa m (» - o *~ g - 1 a. 

Integrating by parts, we have 

J> w <" - *-[-■* «> tt]; + />• <•> tStP * 

Proceeding in this manner, we have, since ojj* (f) = X! £ a r , 

/“ wjx (*) («> — 


' (fc-X)(*-X + 1)... (i- 1)J 
if! 

" *, ^ - s 


XI 2 a r (w - t)*-i dl 



94 


Sequences and Series of Numbers [cm. i 

Thus o t (<u) is a fixed multiple of j ck (0 (o> — dl. Dividing the 
integral in two parts, in which (0, n), (n, tii) are the intervals of integration, 
respectively, we shall consider first j (1) (to — dl. 

It can he shewn that ok (0 = N cr,.' («) (l — du ; for 

Ok («) = k So, (u - r) k ~\ 

anti J Ok («) (t — du = k I a, J (u — r) i_I (t — «)-<*-S| du. 

Changing tho variable in the integral on the right hand side to w, whore 
l — i/ (t — r) 70, tho expression becomes 

h £ a r J^ (I — r) s {1 — to)* -1 «r'* _E 5 dm 

which is a fixed multiple ^ of or (f). 

We now have 

J o <*k (0 (« ~ I) 1- *''" 1 dl * M I (ai — <)*-*-'-> dlj o/ (it) (( - i du 

= Nj\' («) du J n (l - wJ-io-E) (to - dl; 

tho validity of the inversion of the order of integration following from the 
fact that the repeated integral exists when tho integrand is changed info 
its absolute value (see i, § 429). 

Lot j (t — u)-< fc “*l (<o — fa ije denoted by ft (w); thus 
1^ OR (I) (tu — dt — M j o - ,.' (u) ft (u) du. 

The function ft (t<) diminishes as u increases, for it is the difference of 

fa ~ - 'J *" 5 " 1 dl and /**(« ~ «)" ( ‘- E) (w ~ 0 t ' K ' 1 dl ’ 

and the latter integral increases with it, whereas the former reduces, 
by substituting the new variable w, given by (t — u) - (o> — u) iv, to « 
constant. 

Employing the second mean value theorem, wo have 
j n oR (I) (to - t)*-*- 1 dt = M ft (0) <7* (t) 
where t is in the interval (0, «). To express ft (0), we have 
ft (0) =J n t-U-K) dt. 
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Let t = »(', we have then 

0(0) « J jjMfc-fiJt'-lfc-K) (X _ f)i.-s-i 0 
Thus 0 (0) is hounded for all values of n; or 

| J V It) («. - dt | < An (t), 
where t is in the interval (0, n), and A is independent of n and a>. 

Let it now bo assumed that lim °* ^ = 0 ; if ^ 

v~at <o 

I j > 0, it is possible to choose a positive number tj, and a sequence 

{id„}, of values of «o, so that | — | > Tj.for all values of m, where t„ is the 

value of r that corresponds to Now j j < tj, if r is greater than somo 

fixed number /3; and it thus follows tliat r„S /5, for all values of m; and 
then lim ~ — 0, from which it follows tliat lim — 0 ; contrary to the 

hypothesis. Honoo lim | | must be zero, and therefore 

~ dt “ °- 

Next, let us consider J a R (<) (w — l)’‘- K ~ 1 di ; on successive integration 
by parts, tliis is equal to 

I** w + {<) W^Wtt-K+T) + ; " + 0 


(<» ~ t) 1 


os tn) 


(“> - *) k - K 
k - K 


'K (»)•; 


(oj - n) k ~ K+1 


'(i-/f)(fc-/i: + i) + , " + ''K (* _ K) .. 
and this is a linear function of ok (n), ag.-i («•), v„ (n). 

If we assign to <o, K + I different values cu lt tu, , ... cuje + 1 , all within 
the interval (», n h- 1), we obtain K + 1 such linear functions. As the 
determinant of these linear functions is a multiple of 


K (k-K)...kj 
(<-> ~ »)*•' 


1 

£ 

3 

... (cui - «)* 

1, eig ~n, (o» 5 - »)’, 

... («, 5 - w)* 

f. “S+, - n, 

(<*>k+i — «) c 


which is a multiple of the product of tire differences of pairs of 
«U««* — *>K+1. 
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the determinant- does not vanish, and therefore the linear functions are 
independent. Therefore ok («), ok-i (»),■•■ <rn(«) mc all expressible as 
linear functions of the A' + 1 expressions |" 'c K (f) (ui r - 0*'*"**. 

From theorem (c), 5™ is expressible as a linear function of 
<*o(*)» °i (”•)• ••• <r, (n); 

and it follows that for nil integers i 2 JC < k is expressible as n linear 
function of the K -r 1 expression j 'o K {l) (os, — If now ivc 

assume that Jim ~ • = 0, since Um -^r I ok (0 — <)*-£-> rf/ =, o, we 

«.~o or &> Jo 

havo lim ~j. ok (<) (<o — dt = 0. 


If, as » increases, tu,, ai t , ... x so increase that tlio differences 
o > | - eij — n, ... oik+i - n remain constant, wo see that lim — * « 0, 
for all integers i < A; thus the Lemma lias been proved. 


60. It remains to investigate Lemma III: 
s lO 

1/ lirn — •» 0,/or every inla/er i, less than A, ihen 

“2 - Iji) - 0, Whore . yaffil . 

S (K) 

On account of Lemma I it follows that lim -1- = 0, where K is the in- 
teger next less than k. 

Let S 1 *' denote the maximum of | iS'J.*’ | for rS»; it can be shown 

S (K) re(C) 

that, if lim = 0, then lim ~~ = 0. A number v can be so fixed that 

I jS^ i I I 

— {-j— < «, for r > p; there exists a number M such that ' — ^ — < A/» 

r r* I, 2, 3, ... v. Wo have then, taking n > v, 

§t KI .. r fc maximum of | <s£ K) f,/orr£» 

'»* “ »* ' r 1 

£ greater of the numbers c, M ; 
v can be so chosen that il < «, and therefore 
g(K) T.(S* 

° ( < t; and thus lim -j- = 0. 
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We have now 

!»,(») i_|oi,M-«?r(t+i)| . :„m/r(i+ i) 11 

h?~ "?r s* + i ■ vs? js, 


* | «f r (i + i) (i - if) | + 1 S” (t£+ il - ^)| 

»3 is seen by employing theorem (6), and remembering that 

(k) r(fc + w + l) 

r ' " r<t + i)»i - 

Employing (5), of § 48, we have 

S l f 1 IfJK) . p y n (ff-K + J>-l\ / JX)\. 

+ „M v ) S "i' 

and therefore ^ ( & “ * + w ) Sf' 

i t> fK> 

It has now been shown that 



Next, we consider 1 — — - — — fc - ^ + ^ ^ . Employing theorem (d) 

and the formula (5) of § 48, we see that thiB is not greater than 

~!"‘f’ 1 4 f:, {A E +' («, ~ rp - r (k + 1) c*-*- 1 ’} | 

. + Wf 1 ® (1) + 0 (1) + ... + SfJgO (1)] 1 . 

8^ 8^^ q(k) 

Since lim — 0, each of the K + 1 expressions -—I , ... ° n ~ s 

is o (1). In accordance with theorem (a), we have 

A K+1 (a. - r) fc = fc (fc - i) ... (fc - K) (to - + O {(a. - r)*-*- 2 } 

= k (b — 1) ... (i — K)(n — rp-K- 1 + O {n — r)*-^- 2 }. 
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Also 

r [L + 1) «?-*-» = i(£- 1) ... (* - K) — ~ r - ; 

and | A K+1 (« - r)‘ - T <fr + 1) <£:?-' J «= 0 {(» - 
for rSw-K-l, from theorem (ft). Thus we have 

la S i &?• 1!^. + . (L) 

So(l)+«-*sf , 0(l) 

-0(1); 

where A denotes some fixed number. 

The Lemma lma now been established. 

The equivalence theorem can be at once deduced from the three 
Lemmas. For, ifitbe assumed that lim 0, we have, from Lemma II, 

nCO n ~" W /) 

lim ■— 0, {/ < k), and then, by Lemma JD, lim = 0. If it he ns- 

ott) s «) 

eumed that lim = 0, by Lemma I we havo lim = 0, »' < k, and 

then, by Lemma III, lim = 0. 



CHAPTER II 

FUNCTIONS DEFINED BY SEQUENCES OR SERIES 

61. Lot a l (x), (as), s s (as), ... (as), ... be a sequence of functions 

defined for tlie values of x in some given set of points E. All the functions 
s n (as) will, in the firet instance, be taken to be 6ingle- valued functions of a;, 
in tho sense that, at each point of E, s„ (x) has a single finite value, either 
finite, or + ® , or — oo . The function s„ (a:), when everywhere finite, is not 
necessarily bounded in the set E. The set E may be a linear set, or a 
p-dimensional set, in which case x symbolizes a point (x 1 , x z , ... x p ), of 
the set. The sot E is said to be the field, or domain, of the variable x, 
for which the functions are defined. It need not be assumed in the first 
instance to be restricted in any special manner; thus it is not necessarily 
bounded or closed. 

At any point £, of the domain of the functions, the sequence of numbers 
5, (£), s t (£), ... B n ((), ... may either (1), have a single finite limiting point, 
in which case the sequence {«„ (x)} is said to be convergent at the point f; 
or (2), it may have a single improper limiting point ®, or - ®, but no 
further limiting point, in which case the sequence {s„{x)} is said to be 
divergent at the point £; or (3), it may have a set of limiting points, oithcr 
finite hut containing more than one point, or infinite, which may include 
either, or both, of tho improper points +»,—«; in this last case the 
sequence is said to oscillate at the point £. 

Let the function s (as) be defined in the field E, for which the functions 
of the sequence are defined, by the rules that, at any point £ at which the 
sequence {«„ (x)} is convergent, s (f) is the number to which the sequence 
converges; at any point at which the sequence diverges, « (i) has the value 
+ « , or — co , as the case may be; and at any point f, at which the sequence 
oscillates, s (f) is multiple- valued, having for its stock of values those 
defined by tho limiting points, finite or infinite, of the sequence {s„ (£)}. 

If U {f), h (|) are respectively , the upper and the lower boundaries of 
all tho numbers s n (£), the two functions U (x), L (x) are single-valued 
functions which may be termed the i upper boundary function and the lower 
boundary function of the sequence {«„ (x)}. Either or both of the numbers 
V (f), L (|) may be infinite. 

The set of values of s (x) at any point f, when it does not consist of a 
single point, necessarily consists of a closed linear set of points, the term 
closed set being extended, when necessary, to include cases in which one 
or both of the points ’ + ®, — w belong to the set. It should be re- 
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me m bored that if, for an infinite, set of values of v, the values of #,({( 
are all identical, their common value must be reckoned as belonging to 
the closed linear set of values of s (?). 

The upper and lower boundaries of this closed set, of values of * g}, 
may ho denoted by s {£), s (£), where either, or both, of these may he either 
finite or infinite. The single-valued functions s (x), s (x) defined in the 
field Ii, ns having at each point f, the values respectively of s (£), a (£] 
arc termed the tipper limiting junction and the forcer limiting function, 
respectively, or simply the upper and lower functions, defined by the 
sequence {«„ (x)J. 

At a point (, of convergence, or divergence of {s n (a:)}, we have 

S® = *<£)■ 

If c bo an arbitrarily chosen positive number, and if 5 (f), * {£) nro both 
finite, s, (£) must lie in the interval (s (f) — e,5 (f) + c), for every value of ji, 
with the possible exception of a finite number of such values. If » (f) - ® , 
and s (f) is finite, only a finifo set of tlio numbers s„ (£) can be less than 
S (?) - <• 

It is clear that, at overy point x , the relations U {*) £ 5 (a) £ § (a:) S L (a), 
arc satisfied. 

In case, at each point of E, the sequence {«„ (x)} is convergent, 
«(*)=£ (x), and the limiting function s (x) is single-valued and finite. If, 
at each point of E, the sequence {s n (x)} is either convergent or divergent, 
s(x) is also single-valued, but at each point of divergence of tho scqucnco 
it lias for its value either a > , or - eo , as the case may be. 

II (Vi> V:< • •• Pn> •••) be a sequence of increasing positive integers, tile 
scqucnco {s p „ (x)} may bo said to be a subsequence of the sequence {«„ (*))• 
Such a sub-sequence will have nn upper function that is 2 $ (x), and a 
lower function that is £* (x). If a sub-scqucnce be convergent, it may 
have for its limiting function either s (x) or §(x) or some function whose 
value at each point is a limiting point of {«„ (x)} in the interval bounded 
by S (x) and « (*). When all possible sub-sequences of {s„ (x)} arc token 
into account, the totality of their upper functions may bo spoken o( as 
the set of upper functions of the sequence {«„ (x)}. Similarly the set of 
lower functions of (lie scqucnco is defined as tho totality of the lower 
functions of all sub-sequences. 


62. If tho method of transformation given in I, § 219 bo applied to the 
functions of the sequence {ff„ (x)}, defining the function v„ (x) by 


i + !»(*) i 1 


- «»<«) 

■ r+j #. (x)i’ 

we observe the fact that, for any’ poinf 


and <r (x) by <t (x) 
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!, corresponding to the set of values of a (!) in (~ o> , » ), which is closed 
cither in the ordinary sense, or in the extended sense in which + « and 
— ■» are admissible points of the set, there exists a dosed set of values of 
a (!) in the interval (—1, 1); moreover the converse of this holds good. 
Divergence of {«„ (!)} to + » implies convergence of {a„ (!)} to the 
point 1, and divergence of {«,(!)} to — °° implies convergence of {<r„ (!)} 
to the value — 1. 

From this point of view, the distinction between convergonce and 
divergence of a sequence, at a point, is unessential, whereas oscillation is 
essentially distinct from either. Thus, for example, if {«„ (re)} -be at nU 
points of E, either convergent or divergent, the sequence {a„ (a:)} is, at all 
points of E, convergent. 

In case + <» , or — «> , is the value of «„ (rr) at a particular point !, the 
corresponding value of tr„ (*) is 1, or — 1, as the case may be. 

It is sometimes convenient to modify the transformation just employed. 
If {a n (*)} be a sequence of functions of which the values aU lie in the 
intoral (-1,1),™ m»J take .„(«>- , | ' * <*> “ ' 

where {k n } is a monotone increasing sequence of positive numbers con- 
verging to 1, as limit. The advantage which this transformation has, 
over the one above which corresponds to tho case &„=» 1, is that S„ (ar) is 
necessarily bounded, for each value of n, being numerically S y— ^ • 

63. If (as), tij (as), ... u„ (as), ... be a sequence of functions defined in 
a given linear, or p- dimensional, set of points E, let 

»» (*) = «! (*) + (*) + ... + U„ (as) ; 

then the sequence {«„ (*)} defines, as explained above, the limiting function 
s {x). This function may be termed the sum-function of the infinite series 
«t (*) 4- «, (ar) + ... + u„ ( x ) + .... 

It thus appears that the theory relating to the sum-function defined 
by an infinite series, each term of which is a function of one or more variables, 
is identical with the theory of the limiting functions of a sequence of 
functions defined in the given domain E. Thus any theorem relating to the 
theory of. infinite series of functions of one or more variables can be stated, 
as a theorem relating to sequences of functions. The functions s (x), s (*) 
may bo termed the upper sum-fwnctirm, and the lower sum-funclion of the 
given series. At a point !, of convergence or of divergence of the series, 
we have s (!) = a (!) = s (!), the number s (!) being finite at a point of 
convergence, and either <x> or — oo , as the case may be, at a point of 
divergence of the series. 
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FUNCTIONS RELATED WITH A GIVEN FUNCTION. 

64. In I, § 220, the maximal and minimal functions at a point*, of flic 
domain of a single-valued function of a single variable, have been defined. 
These definitions can be extended to the case of a function s («), of any 
number of variables, when the function is not necessarily single-valued, 
but may have, at each point x, upper and lower boundaries V (*), L (x). 
and upper and lower limits it (a,), l (x), each of which may be finite or 
infinite. The values of a (*), for each x, form a closed set, when s (r) is 
defined, as in § Cl, by means of a sequence (s n (*)} ; but in case s (*) is not 
defined in that manner it need not be assumed that the set of values of 
s (x), at x, is closed. 

Let E denote the domain of the function s (x), and let £ be a limiting 
point of E whioh belongs to the set. The upper boundary of the numbers 
U (*), for nil points x, of E, in a neighbourhood A, of £, converges ns the 
span of A converges to zoro, to a number 31 (£) which is the value, ot f, 
of the maximal function 31 (x), associated with s {x). Similarly, the lower 
boundary of the numbers L far), for all points x, of E, in the neighbour- 
lined A, of £, converges, as the span of A converges to zero, to a number 
m (£), which is the value, at £, of the minimal function m (*) associated 
with s (*). 

In these definitions, the values of * include £ itself; hut if the value £ 
ho excluded from the permissible values of x, so that the values of s ({) 
are irrelevant, we obtain, instead of J\f (£), and to (£), numbers A (£), a (f), 
the values of which are termed res|>ectively thoso of the upper associated 
function A {*), and the lower associated function a (*). The number ilf ({) 
is clearly the greater of the numbers U {£), A (£} ; and the number m (£) 
is the lesser of tho two numbers L (f), a (£). The definitions arc applicable 
also to a point £, of E', which docs not belong to E, and at such a point 
31 (£} m A (£), and m (£) = a (f). At an isolated point £, of E, the asso- 
eiafed functions do not exist, but M {£) = V (£), and m{£) = L (f)- 

Thc above definitions may be stated more explicitly in the following 
form ; 

If £ hr- a limiting point of the set E in which the single or multiple valued 
function s {x) is defined, and if {A„} (tea sequence of neighbourhoods of £, each of 
which contains the next, and which converge to the point £, then if'U (A„) denote 
the upper boundary of U ( x),for all points x, of E, in A m ,the non-increasing 
sequence {U (A ra )} lias a loiccr limit 31 (£), as m ~ go , which if taken to be 
the value, at £, of the maximal function 31 (*). Similarly, if Ij (A m ) denote 
the lower boundary of L (x),for all points x, of E, in A„„ the non -diminishing 
sequence {L (A„» has an upper limit m (0. which is taken to be the vatuc, 
at £, of the minimal function m (x). 
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If U (A m ) denote the upper boundary of U (x), for all points x, of E, 
.accept in A m ; and L (A m ) denote the lower boundary of L (x),for all points x, 
ofJS, except_£, in A m , the limits A (£), a (£) of the two monotone sequences 
(U (An,)}, {L (A m )}, define the values, at £, of the upper and lower associated 
functions A (x), a (x). 

It Is easily seen that the font numbers defined are independent of the 
particular sequence, {A m }, of neighbourhoods employed. For, if {A' w } be 
any other such sequence, and m bo sufficiently large, A' m is contained in 
a neighbourhood A m -; and also A'„ oontains A m -, if m" be sufficiently 
large; so that V (A' m ) lies between U (A m ) and U (A m -). A similar argu- 
ment applies to all four numbers. 

It is seen from the definitions of the maximal, minimal, and associated 
functions that, at every point, they satisfy the conditions 
ilf (*) £ A (x) &a(x)Ztn (x). 

65. In accordance with the definition of M (£), having given an arbi- 
trarily clioson positive number e, a neighbourhood A, of f, can be so deter- 
mined that the upper boundary U (A), of s(x), for all points of E, in A, is 
< M (£ ) + t, and that there exists one point x of E, at least, in A, at which 
V(x)>M (£)--*. 

' Similarly A can be so determined that the lower boundary L (A), of 
six), in A, is > m (() — e, and which contains at least one point at which 
L(z)<m(fi+ C . 

It is clear that M (() — m (f) is tho necessary and sufficient condition 
that « (x) should be continuous at tho point f . 'I'his condition may also 
be expressed by s (f) = A (f) — a [£). It is also clear that the necessary 
and sufficient condition' that s (x) should bo upper semi-continuous at £ 
is that M (£) = s (f), and that m (£) «» s {() is the necessary and sufficient 
condition that s (x) should be lower semi-continuous at £. It is here 
assumed that s (f) has a single value. 

For tho case of a single-valued function it has boon shewn by W. H. 
Young* that the relation A (x) S s (x) 6 a (x) holds, except possibly at 
points of an enumerable set. 

It can. be shewn that: , 

The functions M (x), A (x) are both upper semi-continuous, and the 
functions m (x), a (x) are both lower eemi-continuous. 

For if, in every neighbourhood of there are points at which 
Mlx)>M{t) + e, 

for some fixed value of e, there must be points at which U (x) > M {£) + t, 

* Quart. Joitrn, vot xxxix (IMS), p. 82, endProc. Loud. Hath. Boc. (2), vol. W(1910), p. 119. 
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point of a given linear or ^dimensional domain, the definition of uniform 
convergence of the series may be stated as follows : 

If, corresponding to each arbitrarily assigned positive number e, a value 
of n, independent of x, can be so determined that 

IJ^iWI. | 

are all less than e, for every value of x, the series u, (a:) + u 2 (*) + ... is said 
to converge uniformly in the given domain. 

In case the convergence of the series at each point of the given domain 
is assumed, the condition of uniform convergence may be stated thus: 

If the series u x {*) + « 4 (*) + ... + «„(*) + ... converge, for each valve 
of x, in a given linear, or p-dimevsional, domain, the series is said, to converge 
uniformly in that domain provided that , corresponding to each arbitrarily 
assigned, positive number c, a number n, independent of x, can be determined 
such that all the remainders R„ {*), 2i n+ , (*), ... are, in absolute value, less 
than c, for every value of x in the.given domain. 

In case a scqucnco {«„ (*)} converges uniformly in a set E, it is oloar 
that the sequence also converges uniformly in any part E x , of E. But if 
(2U,, E t , ... E r , ...) bo a sequence of sets, each one of which is contained 
in the next, and of which E i9 the outer limiting set, a sequence {«„ (a:)}, 
defined in E, may converge uniformly in each of the sets E r , and yet may 
not oonvergo uniformly in E. If n (r, t) bo the least integer such that, at 
every point'of E r , | s {*) — s„ (*) | < e, provided n S n (r, g), it may happen 
that, for somo value of e, n (r, e) has no upper boundary for r = 1,2, 3,...; 
in that case there exists no integer n («) such that | s (») — s„ (x) | < e, for 
n £».(<}, and for all points of E; the convergence is in that case not 
uniform in E. For example, let s (a) -«„(*)•»?, in the infinitely groat 
semi-eloBed linear interval (OS*). In any interval (0, A), whore h > 0, 
1 8 (*)—«„(*) | < e, if n > k/t ; but. there is no value of n for which 
| S (*) — 8 n (*) | < e in the whole interval OS*. Thus, although the se- 
quence converges uniformly in every finite interval (0, h ), it does not 
converge uniformLy in the infinite interval (0 S x). 

SIMrr,Y UNIFORM CONVERGENCE. 

67. A mode of convergence of a series, or sequence, in a given domain, 
less stringent in character than that of uniform convergence, has been 
considered by Dini and by other writers. This mode of convergence lias 
been termed by Dini “simple uniform convergence,” and has been defined 
by liim* as follows : 

The series % (*) + + u 3 (*) + ,. : which converges at each point x, 

of a given domain, to the value s (*), is said to be simply-unifortnly convergent 
“ Sea Kni's Orundhgn, by LSmth and Schopp, p. IS7. 



10<> Functions Defined by Sequences or Series [ ch . tj 

in the domain if, corresponding to each arbitrarily assigned gnsitive number i, 
and to each arbitrarily assigned integer in', at least one integer m, not lets 
than m', can be so determined that, for all valves of x in the domain, 

I JL (*) | < *• 

The condition of simple-oniform convergence is less stringent than 
that of uniform convergence, in that, in the latter case, nil the remainders 
after n certain one are numerically less than e, whereas in the former caw, 
not necessarily all the remainders arc, for all the values of x, numerically 
less than t. 

As regards the above definition, it should be remarked that, if there is 
one integer m (3 1»') such that | R,„ (a:) | < e, for all the values of x, there 
must bo an infinite 6et of such integers. For -we have only to ascribe to m' 
successively values which increase indefinitely, and for each of theso there 
exists a corresponding value of in. 

Let <■, , <j, «j, ... ho a sequence of diminisliing positive numbers which 
converges to zero. If Em ( x ) be a simply-uniforraly convergent scries, 
«, can be determined so that | JR r , ( x ) | < for all the values of x\ then 
an integer n. (> «j) can be so determined that j R„, (x) | < t-; then 
n, (> n.) so that [ I?„, (x) | < e 3 ; and so on. 

It follows that the sequence s„, (x), s„, ( x ), (x), ... converges uni- 
formly to s (x). If now the first n, terms of the series be amalgamated into 
one torn), then those after the first n l up to, and including «„,(*), mid so 
on, the series is transformed into 

»«, <*) + l«n, (*) - s„, (x)] + [$„, (x) - s„, (x)] ... ; 
and in this form the series is uniformly convergent. . 

Tt, has thus been shown that: 

A simply -iiniformly convergent series can be changed into one which »* 
uniformly convergent, by bracketing the terms suitably, in accordance wm 
some norm, and taking each bracket to constitute a term of the new series. 

It thus appcni-s that, if {s„ (x)} is a convergent sequence, it is simply - 
unifonnly convergent provided it contains {«„ (x)}, (p=* 1, 2, 3, ...)> n 
sub-sequence which js uniformly convergent in the domain. 

It should be observed that, when the sequence {s„ (x)} does not con- 
verge everywhere in the domain of x, it may still be possible to determine 
a snb-sequonce (x)}, p -= 1, 2, 3, ... which converges uniformly in flic 
domain of x. 

If each term «„ (x) of a uniformly convergent series be replaced, 1,1 
accordance with some norm, by the sum of r„ functions, such that 
m„ (x) - (x) + V„. 2 (x) -}- ... + (*), 
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(hen the new series 

U 1A (ar) + V llt ( x ) + ... + U Utl (x) + V Z1 (a:) + ... 
is not necessarily convergent, but may at any point of the domain be 
oscillatory. If, however, the series he convergent in the domain of x, it 
converges at least simply-uniformly. In any case the series is reducible 
to a uniformly convergent series by introducing a suitable set of brackets 
and amalgamating the terms in each bracket. It thus appears* that the 
distinction between uniform convergence and simply-uniform convergence 
is less fundamental than might at first sight have been supposed. 

68. A series which converges for every value of a: in a given domain is 
certainly simply-uniformly convergent in that domain in case there exist 
an infinite set of values of n such that R. (ar) = 0 for all the values of x. 

Let U6 next suppose that there are at most a finite set of values of n 
such that B n (») — 0 for all these values of n, and for all values of x, in E. 
It will be shewn that the definition of simply-uniform convergence can, 
in this case, bo reduced to a simpler form, viz. that, for each c, a number n 
can bo determined so that | i?„ (*) | < «, for every value of x, and snoh that 
R« (x) does not vanish everywhere. Let us denote by 3f n the upper boundary 
of [ R„ (ar) | in the domain of ar; H„ may be either infinite or finite. Let it 
bo assumed that thore exists one value of », such that J Jt„ (ar) | < c, and 
suoh that R„ (ar) does not vanish for all values of X in the domain ; wo have 
then j?„S «. Let us take a_positive number less than if„, and also less 
than nil of those numbers R,, S it ... which do not vanish. By hypo- 
thesis there exists an integer n,, snoh that | Ii„, (a:) | < e, < e, and such 
that J? ni (ar) does not everywhere vanish. This number n, cannot be one of 
the numbers 1, 2, 3, ... n; for it is always possible to determine a value 
of x lor which | R„ (x) [ is arbitrarily near its upper boundary, and is 
thus > t, . Similarly it may be shewn that an integer v 7 (> 71,) exists which 
has the same property such that ] R„, ( x ) | < «. Thus an indefinitely great 
set of values of n can he so determined, for which | R„ (z) \ < e, for every x ; 
and the condition in' Dini’s definition is satisfied. We have accordingly 
the following modified form of Dini’s definition: 

A scries which converges for every value of x in a given linear, or p-dimen- 
sionol, domain is said to converge simply-uniformly either, (1) if there are 
at most a finite set of values of n for which R„ (z) — 0, for all the values of x, 
and if, corresponding to each arbitrarily assigned positive number e, an integer 
n, independent of x, can be so determined that | R„ (x) ] < «, for all the values 
of x, whilst R n (x) does not vanish for all the values of x, or (2) if there be an 
indefinitely great set of values of nfor which J?„ (z) = 0 for all the values of x. 

• Sc® Atzelt, Bolojna Eendiamli (S), vol Tin {1860); also Hotson, Prat. Iwl. MaOi. Soc. 
(3), vol. I (1904), p. 370. 
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A scries which is uniformly convergent is also simply-uniformly con- 
vergent, hat the converse does not hold. 

If the scries be simply-uniformly convergent, but be not uniformly 
convergent, there must, corresponding to each sufficiently small t, be an 
indefinitely great set of values of n for which the condition | (x) | < t, 

for all the values of x, is not satisfied; for if there were only a finite set of 
such values, n could be taken greater than the greatest of these, and thus 
the condition for uniform convergence would be satisfied, which is con- 
trary to hypothesis. 

If all the terms of a series £«„ (x) be non-negative for all values of x 
in the domain of the variable, and if the series (x) is simply-uniformly 
convergent, then it is necessarily uniformly convergent. For in this case 
{«„ (*)} is a monotone non-diminishing sequence, for each value of x. If 
1 s (k) - s, (x) | < e, 

for any value of n, and for all the values of x,*it follows that tho inequality 
holds good for all greater values of n, and therefore the convergence is 
uniform. 


UNIFORM DIVERGENCE AND UNIFORM APPROACH. 

09. Let it lie assumed that, in a set E t , the sequence {s„ (*)} diverges 
nt each point, cither to +» or to — oo . 

If, corresponding to caoh arbitrarily assigned positive nurabor N, an 
integer n.v can be so determined that, at each point of E, , one or other of 
the conditions $„ far) > N, s n (x) < - N, according ns the divergence is to 
+ “ or to — co , is satisfied provided ngn.v, the number «*• being inde- 
pendent of x, whatever point x may be, in B t , the sequence is said 10 
diverge -uniformly in B x . 

If E t be a part of a domain E, for which the functions of the sequence 
l*.M| arc defined, and that sequence converges uniformly iu E-E it 
whilst it diverges uniformly in E, , then the sequence is said to approach 
« (z.) uniformly in E. The term uniform approach may be taken to include 
uniform divergence and uniform convergence. 

The definition of uniform approach may be stated as follows: 

If, corresponding to each arbitrarily assigned pair of positive timbers 
A, e, an integer n (A , e), independent of x, can. be so determined that, at each 
point of convergence of {«„ (x)}, | s (x) - s„ (x) [ < c and at each point of 
divergence s„ [x)> A, or s n {*) <-A, according as the divergence is to *■ or 
to — at, provided in each case n S n (A, <), the sequence is said to approach 
s (x) uniformly in E, it being assumed that the sequence is not oscillatory at 
any point of E. 
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Tlie justification for this terminology is to be found in the fact that, 
if tho transformation a a (x) = ^ ^j* | be employed, the sequence 

■fa (*)} > s uniformly convergent in E, in accordance with the definition 
of § 08, provided {«„ (#)} approaches e (x) uniformly in B. 


To prove tho theorem, lot ij be an arbitrarily chosen positive number, 
and let A and e be such that (1 +A)~ 1 '<- 9, e< Jij- At a point at. which 
s n (x) > A, for n £ jb we have 


1 1 - ’- <*) I - 1 ‘ ~ m < ,: 


and similarly, at a point at which s a (x)< — A, we have | — 1 — a„ (x) | < tj, 
for tiSm. At a point at which | s (x) — e n (a) | < c, for n Z m, we have 
| a (x) -<»„(*)[< | s (x) — s„ (x)\<e <■>), provided | s (x) | > e, in whioh 
case s (x) and «„'(*) have the same sign. If, however, j s (x) | £ «, we 
have | cr'(x) - a„ (x) | < 1 1, (x) | •)• | s (x) | < 3e < ij. It thus appears that 
{a n (a)} convorges uniformly to a (x) in the set E, since, for the arbitrarily 
clioson number if, ( ® (x) — u„ (x) | < if, lor nZ-m, and for all points x, in E. 


The convorso of this theorem doee not hold good. If it bo assumed 
that {<7. (a)} converges uniformly to or(x), although it can be inferred 
(see i, § 219) that {s„ (x)} converges or diverges, at every point x, to s («), 
the approach of the sequence to tho limiting function is not necessarily 
uniform. 


, Uniform approach of the sequence (s. (a)} to s(x) has been defined* 
otherwise by Hahn, as subsisting whenever (o„ (x)} converges uniformly to 
a (x). There is however a certain arbitrariness in this definition, as it 
depends upon the employment of a special transformation. 


POINTS OF UNIFORM AND OF NON-UNIFORM CONVERGENCE. 

70. Lot the sequence {s„ (x)} converge at each point of a domain E, 
of one or more dimensions, to the value of « (x). Let n (r, x) denote the 
least value which n can have, for a particular point x, such that 

I •’» <«) - » (*) |, | (*) -«{*)|, | «„+, (x) - s (*) |, - 

are all < « ; thus n (e, x) has a definite value for each value of e, and for 
each point x, of E. For a fixed value of e that is sufficiently small, it may 
happen that n (c, x) has no npper boundary in E ; this will be tho oase 
when the convergence of the sequence is non-uniform in E. 

In accordance with tho theorem of i, § 218, there must be at least one 
point i, of E, in case E be closed, such that, in an arbitrarily small neigh- 
bourhood of $, n (e, x) has no upper boundary. There may be a finite, 
or an infinite, set of such points £; and in an. arbitrary neighbourhood of 
any point of this set, n (c, x) has no upper boundary, and thus has values 
* Throne der reeUcn Foaktionm, raL U p. 247. 
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greater than an arbitrarily chosen positive number A. Nevertheless 
n (t, x) has a finite valne at each point of E, for otherwise the sequence 
svouhl not converge at the point. 

A qnint for which, for each value of t (> 0), there is some neighbourhood, 
dependent in general on e, in which n («, ar) has a finite upper boundary, is 
said to be a qioint of uniform convergence of the sequence. 

A q mint, in the neighbourhood of which n (e, x) has no finite vpjxr 
boundary, provided c be fixed sufficiently small, is said to be a point of 
non-uniform convergence of the sequence. 

If t hedomnin E be not closed, the point f in ( he neighbourhood of which 
n ( t , x) lias infinity for its upper boundary, need not belong to E, although 
it must then be a limiting point of E, and would thus belong to the closed 
set />„ k ill (13, E’), obtained by adjoining to E those of its limiting points 
which do not belong to the set. Thus we should have to consider points 
of noii-uuiform convergence which belong to E„ but not- to E. Although 
the most important case is that in which the domain E, for wlifnh the 
functions of the sequence {«„ (x)} are defined, is closed, being a closed linear 
Interval, or ft closed continuous domain of an)' number of dimensions, we 
shall, for generality, consider the case of any domain E which is not 
necessarily closed. 

The above definitions are equivalent to the following: 

If, for a point of E, or of A”, there exists, for each positive value of t, 
a neighbourhood (f — rf, , f-i-rf,) (linear or p-dimcnsional ) such that, for 
n ft n < , a number dependent on «, | s (ar) — s„ (z) | < c, for all points x in 
that neighbourhood, the jioint ( is said to be a point of uniform convergence 
of the sequence {«„ (x)). 

if, for a sufficiently small rahie of «, no such neighbourhood exists, ( is 
said to be a point of non-uniform convergence of the sequence {«„ (*)}. A point 
€, of E', which docs not belong to E. may be a point of non-uniform convergence. 

The definitions may also be stated in the following form: 

At a point £, of E, or of A", the convergence is uniform or non-vnjform 
according as | f?„ (x) | has, or has not, the unique double limit zero, as x ~£, 

71. It is convenient in this definition to take a neighbourhood 
{£ — d, , £ -f d,), of which f is the middle point, in the case of functions of 
a single variable; and it is convenient to take a square or cubic neighbour- 
hood in the case of functions of two, or of three, variables. Jn general a 
neighbourhood 

(f ro - <!<> f 2 ’ ~ d„ ... f’l - dr, + d,, f>) + d„ ... f’ 1 + A), 
represented also by (( — d,, f + d,), can be taken in the case in which 
f is a point £ l!) , ... £<»>) of a ;>-dimensional set. If | s (r) — s„ (f) | < f > 
for n H n,, in a neighbourhood (f — d, , £ -p rf f ), there will be an infinite set 
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of values of d, for which the condition is satisfied. This sot will have a 
maximum value <h, such that, at any point within the neighbourhood 
(f - At, £ + it), tho condition | s n (x) — s (*) | < c is satisfied for n £ n t . 
If we give to dt the value idt, for example, we have a rule for determining 
a neighbourhood, definite for each point in which (including its boundary) 
the condition is satisfied. 

At a point of uniform convergence, the. number d, will ill general 
depend upon the value of «; und if t — 0, and n, increases indefinitely, the 
. numbers Ac will converge to a number which is either positive (say = d') 
or is zero. In the former case there exists a neighbourhood (f — A", £ + A“), 
where d",< d', In which the convergence is uniform; points of con- 
vergence for which this is the case were considered by Weiers trass*, 
and spoken of as points in the neighbourhood of which the sequence 
. converges uniformly. He proved that, for a closed domain E, if every point 
has tills property, the sequence converges uniformly in E. In case A, 
converges to zero with «, the point f, of uniform convergence, lias no 
neighbourhood in which the sequence converges uniformly ; such a point 
has been termed by Pringshcimt a singular point of uniform convergence. 
Such a point is in general a limiting point of a sot of points of non-uniform 
convergence. When the functions s„ (*) arc discontinuous, a point of 
uniform convergence may even be an isolated point of the set of all points 
of uniform convergencef (see § 95). The definition of a point of uni- 
form convergence was given explicitly by W. H. Young§, and later by 
Van Yleck||. It was given implicitly by other writers, for example, in the 
first edition of this work- 

In the case in which the domain E is linear, a distinction may be made 
between uniform continuity, at a point f, on the right and on the left. 
If the condition |.a (*} — a„ (*) | < «, for n 3 n„ is satisfied for all points x 
in an interval (f, £ + dt), and for all values of t, the point (■ is one of 
uniform continuity on the right. By employing intervals (f — d t , £), 
uniform continuity on the loft is defined. A point is of uniform con- 
vergence if it is uniformly convergent both on the right and on the left. 
A similar distinction might be made when the domain has two or more 
dimensions. 

72. It has been shewn that if, -for somo sufficiently small value of e, 
n ( e . *) has no upper boundary in a closed set E, there must be at least 
one point of non-uniform convergence, which belongs to E. It follows 

* See Waki, vol. n, p. 202; also Do Boin-Iicymond. CrdU't Jmrnal. to], c (1887), p. 335. 

f J fait*. Sibmfri a. for 1919, p. 419, where some ismsrlts of e historical kind will be found. 

t_s«c W. H. Young, Proc. I/md. Hath. Hoc. (2), vol. I (1903). p. 90, but it is in agreement with 
30u Hoip-Keyraoml'fl definition of “etotSgc Convergent" at e, point. 

5 Proc. Loud. Moth. Sec. (2), vol I (1003), p. 89; see aho (2) roL vr (1008), p. 3fi. 

|| Tran,. Amo. Hath. Sec. vol. vjn (1907), p. 2M footnote. 
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greater than an arbitrarily chosen positive number A. Nevertheless 
11 (c, x.) has a finite value at each point of E, for otherwise the sequence 
would not convene at the point. 

A point for which, for each valve of t (> 0), there is soinc neighbourhood, 
dependent in general on c, in which n (e, x) has a finite upper boundary, it 
Said to be a point of uniform convergence of the. sequence. 

A point, in the neighbourhood of which n (e, x) has no finite upper 
boundary, provided e be fixed sufficiently small, is said to be a point of 
non -uniform convergence of the sequence. 

If the domain E be not closed, the point £ in the neighbourhood of which 
m («, r) has infinity for its upper boundary, need not belong t oE, although 
it must then be a limiting point of E, and would thus Irclong to the dosed 
set E 0 S3 M (E, E'), obtained by adjoining to E those of its limiting points 
which do not belong to the set. Thus we should havo to consider points 
of non-uniform convergence! which belong to E 0 but not to E. Although 
the most important case is that in which the domain K, for which the 
functions of tlio sequence {s„ (*)} arc defined, is closed, being a closed linear 
interval, or a closed continuous domain of any number of dimensions, we 
shall, for generality, consider the case of any domain E which is not 
necessarily closed. 

Tim above definitions are equivalent to the following: 

If, for a point £, of E, or of E', there exists, for each positive valve of c, 
a neighbourhood (£ — d,, £ -f- d<) ( linear or p-dimcnsional) such that, for 
n s n, , a number dependent on e, \ a (x) — s„ (x) J < c, for all jmints x in 
that neighbourhood, the point £ is said to be a point of uniform convergence 
of the sequence {s„ (*)}, 

If, for a sufficiently small value of <, no such neighbourhood exists, £ it 
said to be a point of non-uniform convergence of the sequence {j„ (*)}■ A point 
£, of E', which does not belong to E, maybe a point of non-uniform convergence. 

The definitions may also be stated in the following form: 

At a point £, of E, or of E', the convergence is uniform or non-uniform 
according as \ li„ (z) [ has, or has not, the unique double limit zero, as z~f, 

71. It is convenient in Ibis definition to take ft neighbourhood 
(£ “ £ + d,), of which £ is the middle point, in the case of functions of 

a single variable; and it is convenient to take a square or cubic neighbour- 
hood in the case of functions of two, or of threo, variables. In general a 
neighbourhood 

{fi'» - d,, £« - dt , ... £*>•»-< f,; £'» + d, , £» + d , , ... £ w + <?•}, 
represented also by (£ -d,, £ + d,), can be taken in the ease in whirls 
£ is a point (£**', £**>, ... £*»>) of a p -dimensional set. If | s (x) — tf) I < f ' 
for n £ n„ in a neighbourhood (£ - tf , , £ -f d,), there will be an infinite set 



112 Functions Defined by Sequences or Series [on. n 

that, if every point of the closed domain E is a point of uniform con- 
vergence of the convergent sequence (s„ (a:)}, the sequence is uniformly 
convergent in R. This does not hold good if E is not closed. 

If a point f, of E, or of E‘, he such that a sequence n 2 , ;i 2 , of 
increasing integers exists such that $ is a point of uniform convergence of 

the sequence s„, (*), s nt far), s„, (k) without necessarily being a point 

of uniform convergence of the convergent sequence {&■„ (a;)}, the point f is 
said to be a point of simply uniform convergence of the sequence {s„ (a)}. 

It is clear that, if the sequence {«„ (a;)} is simply-uniformly convergent 
in ft closed domain E, every point of E is one of simply uniform convergence 
of the sequence. For we hove only to apply the fact that, if {s„ r (*)} con- 
verges uniformly in E, every point of E is a point of uniform convergence 
of that sequence. 

The converso theorem that, if every point of E is a point of simply 
uniform convergence, then the sequence convorges simply uniformly in 
E, does not hold. For the datum only ensures the existence of an integer 
sequence n t , n t , n 3 , .... as in tho definition, for each point of E, but thero 
may exist no one such sequence which applies to all the points of R. 

73. If {s n (£)} is divergent, say to + oo , and the condition is satisfied 

that, for each positive number A, a neighbourhood of tho point f, dependent 
in gonoral on A, exists, such that at every point x in that neighbourhood, 
$„ (z) > A, for m2 n A , the point £ is said to be a point of uniform divergence 
of tho sequence {«„ (a:)). It is seen at once that, when the transformation 
o„ (x) •= )g applied, a point of uniform divergence of {s„ (*)) 

is a point of uniform convergence of {<?„ (a:)}. 

It now follows that, if every point of the closed set E is either a point 
of uniform convergence, or a point of uniform divergence, of {«„ (*)}, t' 10 
scqncncc {<r„ (*)} converges uniformly in E. 

74. Tho definition of uniform convergence of a sequence {«„ (*)) n *' 
a point £ may be stated in the following form, in which the convergence 
of the sequence is not. presupposed: 

If the functions of a sequence {«„ (a;)} are defined in a domain E,^ tm 
sequence is said (o be uniformly convergent at a poinl <?, of E, or of E , y» 
corresponding to each arbitrarily assigned positive number e, a, nr.ighbourliooa 
(£ — di , $ + d,) can be so determined that, for every point x, of E, <" diet 
neighbourhood, the condition | s„ (a?) — s„. (a:) | < e, foe #5 He, n' Stir, 
satisfied ; where n< is some integer dependent on e. 

That the. definition*, in this form, implies the convergence of * ^ 
sequence at the point f, in case f belongs to E, is seen by tnldng x = £ 
in the condition that is satisfied. It is, however, not necessarily the cfL ° 

* This definition is given in Hahn's Thioric ier rallen Fuxhlimen. vol. I. p. 
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that, when the condition is satisfied, the sequence should converge at any 
point in a neighbourhood of except at the point £ itself. This definition 
is accordingly applicable to any sequence {s„ (x)} not assumed to be con- 
vergent in E. It is thus more general than in the form, given in § 70, that 
the double limit of | B n (x) j at the point (£, <» ) should exist and have the 
.value zero. For JR„ (x) need not exist except at £, in case £ belongs to E. 

This definition may be expressed in the following equivalent form : 

If the functions of a sequence {«„ (x)} are defined in the domain E, the 
sequence is said to be uniformly convergent at a -point £, of E, or of E', if, 
' corresponding to each arbitrarily assigned positive number ,, a. neighbourhood 
A, of £, can be so determined that, for every point x, of E, in A, the conditions 
J s„ (*) - « (x) | < e, | s„ (x) - s (x) j < e are satisfied, for n > n t , where 
3 (*), s (a) are the upper and lower limits of s„ (x), asn~ a> . 

To prove that this form follows from the first, choose A so that, in A, 

! s„ (x) - s n . (x)\<l e, 

for ssii„ h'Sm*. By giving to n' the values in a properly chosen 
sequence, s n - (z) converges to s (z), and by a different sequence it converges 
to s (z) ; honoe | a, (z) — S (z) | < *, [ s„ (z) — s (z) | < «. To prove that the 
first form of the definition follows from the second, choose A so that 
| 4, (z) ~ a (x) | < ic, | *„(*)-£(*) | <i«, 
for n £ n, . It now follows that, if n £ n,, n' i n t , j s„ (z) - «„• (*) | < e. 

75. A more stringent condition than the one contained in the above 
definition would be obtained by assumiug that | s„ (x) - v (z') J < c, 
for n £ n,, n' in,, and for every pair of points in the neighbourhood 
(f - d * . £ -i- d t ) of the point £. When this condition is satisfied the sequence 
is said to be continuously convergent at the point £. This condition may bo 
slated in the form that «„ (z) should be continuous with respect to (z, n) 
at the point (f, do ), so that s„ (z) has a unique double limit, as x~£, 

It is clear that, if the sequence is continuously convergent nt the point £, 
it is also uniformly convergent at that point, but the converse doos not 
in general hold good. 

. Consider, for example, the case of a discontinuous function s„ (z) defined 
for a finite linear interval containing the point x = ] , by «„(!) = i, s„ (z) = 
for xfil. We have then s (1) = 1, s (z) = 0, for xfi 1. The condition of 
uniform 'convergence, that, in a sufficiently small neighbourhood of the 
point 1, 1 «„■ (z) — s„ (x) ) < E> for n £ n,, n’ in,, is satisfied, but the 
condition [ s„ (z') — s„ (z) | < e, is not satisfied, as ib seen by taking z = I. 
Thus the sequence converges uniformly, but not continuously, at the 
point 1. In fact the double limit of (x), at (1, oo ) is zero, but that of 
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that, if every point of the dosed domain £ is a point of uniform con- 
vergence of the convergent sequence {s„ (x)}, the sequence is uniformly 
convergent in B. This does not hold good if E is not closed. 

If « point f, of E, or of E\ be such that a sequence n lt n s , n s . ... oi 
increasing integers exists such that £ is a point of uniform convergence of 

the ecquence (*), s„, (*}, s„, (*) without necessarily being a point- 

of uniform convergence of the convergent sequence {s„ (rc)} , the point! is 
said to lie a point of simply uniform convergence of the sequence {s„ (*)). 

It is clear that, if the sequence {*„ (*)} is simply-uniformly convergent 
in a closed domain E, every point of E is ono of simply uniform convergence 
of the sequence. For wo have only to apply the fact that, if {s njI (s)} con- 
verges uniformly in E, every point of E is a point of uniform convergence 
of that sequence. 

TEio converse theorem that, if every point of E is a point of simply 
uniform convergence, then the sequence converges simply uniformly in 
E, does not hold. For the datum only ensures the existence of an integer 
Bcqucnoo n,, n., n a , ..., as in the definition, for each point, of E, but there 
may exist no one suoh sequence which applies to all the points of E. 

73. If {«„(!)} is divergent, say to + « , and the condition is satisfied 
that , for each positive number A , a neighbourhood of the point f, dependent 
in general on A, exists, such that at every point x in that neighbourhood, 
s n (x) > A, for 7i S n A , the point £ is said to be a point of uniform divergence 
of the soqucnce {s n (*)}. It is seen at once that, when the transformation 
o„ (*) *» , + ' S j' l T \x) | is a l > P iie d. a point of uniform divergence of {«„ {*)} 
is a point of uniform convergence of {<r„ (*)}. 

It now follows that, if every point of the closed set E is either a point 
of uniform convergence, or a point of uniform divergence, of {«„ (*)}r the 
sequence {<r„ (x)} converges uniformly in E. 

74. The definition of uniform convergence of a sequence (*)5 ** 
a point £ may be stated in the following form, in which the convergence 
of the sequence is not presupposed: 

If the functions of a sequence {s„ (x)} are defined in a domain F, m* 
sequence is said to be uniformly convergent at a point £, of E, or of B‘, tfi 
corrcsjmnding to each arbitrarily assigned positive number e, a ncigldioinhoo't 
(£ ~(h, £ + d f ) can be so determined that, for every point x , of E. in that 
ncigWioiir/ioocf, the condition | $„ (x) — (x) | < e, for 7i%n t , n' £ u«, w 

satisfied; where n f is some integer dependent on c. 

That the definition*, in this form, implies the convergence of <ho 
sequence at Ihe point £, in case f belongs to E, is seen by' taking x" 5 
in the condition that is satisfied. It is, however, not necessarily the case 
* This definition is given in H.hn’s Titorle dcr rotSfrt ftcnMon™, »°t. >. !'• 
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that, when the condition is satisfied, the sequence should converge at any 
point in a neighbourhood of £ except at the point f- itself. This definition 
is accordingly applicable to any sequence {«„ (*)> not assumed to be con- 
vergent in E. It is thus more general than in the form, given in § 70, that 
the double limit of | R n (a) | at the point (f, °o ) should exist and have the 
value aero. For -R„ (a:) need not exist except at $ , in case f belongs to E. 
This definition may be expressed in the following equivalent form : 

// the functions of a sequence {*„ (a:)} are defined in the domain E, the 
sequence is said to be uniformly convergent at a point f, of E, or of E', if, 
corresponding to each arbitrarily assigned positive number e, a neighbourhood 
A , o/f, cols be so determined (hat, for every point x, of E, in A, the conditions 
| .t„ (z) - S (x) | < e, | s n (x) — s (z) j < « are satisfied, for n> n,, where 
S (z), 8 (z) art the tipper and lower limits of s n (x), as n ~ «° . 

To prove that this form follows from the first, choose A so that, in A, 

. | 8* (*) -* V (*) | < { e, 

for n £ n, , n' £ ft*. By giving to n the values in a properly chosen 
sequence, «„• (x) converges to s (x), and by a different sequence it converges 
to $ (s); hence | s„ (z) - S (*) | < «, | s„ (z) - s (z) | < t. To prove that the 
first form of the definition follows from the second, choose A so that 
' | | <{e, |«„(x ) -$ (*)|'<Je, 

for 7i £ lit . It now follows that, if nin,,n‘i n , , | s„ (z) — s„. (x) | < e. ’ 
75, A more stringent condition than the one contained in the above 
definition would be obtained by assuming that [ s„ (z) — s„- (z') | < «, 
for «£«,, 7t' £7i,, and for every pair of points in the neighbourhood 
(f — d t , f + dt) of the point £. When this condition is satisfied the sequence 
is said to be continuously convergent at tho point f. This condition may be 
Btntcd in the form that s„ (z) should bo continuous with respect to (z, n) 
ut the point (£, co }, so that «„ (z) has a unique double limit, as z ~ f, 


It is clear that, if the sequence is continuously convergent at the point f, 
it is also uniformly convergent at that point, but the converse docs not 
in general hold good. 


Consider, for example, the cose of a discontinuous function s„ (z) defined 

for a finite linear interval containing the point z*= I,byc B (l) «= 1, s„ (z) — 

for z fi 1. We have then a (1) = 1, 4 {*) = o, for z # I. The condition of 
uniform convergence, that, in a sufficiently small neighbourhood of the 
point I, | -V <*)-«„ (z) j <e, for »Sn„ n'S,n„ is satisfied, but the 
condition | s„. (*') - (z) | < c, i 8 not satisfied, as is seen by taking z = 1. 


Tims the sequence converges uniformly, but not continuously, at the 
point 1. In fact the double limit of B n (z), at (i, «, ) is zero, but that of 
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s„ (x) is not a (1). It can, however, be shewn that, if an infinite number oi 
the functions s„ (*) are continnons at the point i, and the convergence at 
that point is uniform, it is then also continuous. Prom the condition 
of uniform convergence it is seen that s (£) exists and lias a finite value. 

A neighbourhood A', of f, and an integer can ho so chosen that both 
the inequalities | a„ (x) — s„- (x) | < <?, | s„ (£) — s (£) J < e, hold for n S v,, 
«' £ ft,, provided x is in A’. Let n (2 n,) have a fixed value such that 
s n (x) is continuous at (, then a neighbourhood A', of f, contained in A', 
can bo so chosen that, if * is in A", for the fixed value of n, we hew 
| $„ (z) — s„ (f) | < t. From tho three inequalities it, is seen that., in A', 

! -V (x) — a (f) | < 3<r, for n' S n,; and therefore | s„- (x) — s n ~ (a - ') | < <h, 
for every pair of points x, x', belonging to E, and in A', and for all values 
of ft', ft' that arc S ru. Sinco e is arbitrary it follows that the convergence 
of the sequence is continuous. 

If (he sequence {s„ (a)} is continuously convergent at the point (, the 
functions 5 (a), a (*) are both continuous at the point £, where they both have 
the value a (f), in case £ is a point of E. 

Since, in a certain neighbourhood A, of | s n {£) — s n (x) j < e, for nf, n<, 
by giving to w a sequence of values such that s„ (r) converges to 8 (*), 
ft has tho values in the sequence, wo have | s <f) — s (*) | & e; thus «(*) 
is continuous at f ; and in a similar manner it is seen that g (*) is continuous 
at f ; in fact S (x) — s (m) converges to zero, as * ~ f. 

76. If tiie terms of a convergent 6erics L«„ ( x ) arc all continuous at 
a point f, and consequently all the terms of tho sequence {s„ (s)l M® 
continuous at that point, and if s (*) he discontinuous at £, that point is 
one of non-uniform convergence of tho series (see § 8G), and mny he said to 
bo a visible* point of non-uniform convergence. But if s (x) is continuous 
at £, that point may still be a point of non-uniform convergence, and may 
be said to bo un invisible point of non-uniform convergence. At eve O' 
invisible point f, of non-uniform convergence, R„ (x) is, for each value 
of ft, continuous with respect to x, but R n (x), considered as a fund ion of 
x and n, is discontinuous at (£, v > ) with respect to (sc, ft). 

When some, or all of the functions u„ {x) are discontinuous, there ore 
still two classes of points of non-uniform convergence, tho visible one?, 
at which one or more of the functions s (z), u x (z), « £ (z), ... are discon- 
tinuous, and invisible ones at which they are all continuous. That the 
discontinuity of it single function u r (z), at {, ■Hull entail the existence of 
a point of non-uniform convergence at f, if all the other functions are 
continuous, is seen from the consideration that — u, (z) is the sum-function 
of tho series *t t (z) + ... + w r _, (z) — « (z) + « r+l (z) + .... 

* Seo W H. Young. Pm, Umi, Hath. Soc. (2), voL I, p. 03. 
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. TESTS OF UNIFORM CONVERGENCE. 

77. The following test, known as Weierstrass’ test, is frequently suffi- 
cient to establish the fact that a series is uniformly convergent in a given 
domain of the variable. The domain may bo of any number of dimensions. 

If Ett„ (a:) denote a series of functions defined in a given domain of x, 
and if it, denote the upper boundary of \ tt„ (a;) [ in the domain, then if the 
series u, + ft a + ... + «„ + ... is convergent, the seiies S«„ (*) is uniformly 
convergent in the domain, and is absolutely convergent for each point x. 
Moreover E | it, (x) | is uniformly convergent. 

We have 

1 «'n+t {*) + «*»+* (*) + ... + « n+ » (®) I ^ “n +1 + 

for all values of a: in the given domain. JFrom the condition of oonvorgonco 
of Es„, it follows that, if < be an arbitrarily prescribed positive number, 
n may be so ohoson that the sum i7, +1 H- u ni . 2 + ••• + “n+m < € > for all 
values 1, 2, 3, .... of to. Thus, with this value of n, | R„, m (is) j < e, for 
all values of x in the given domain, and for to = 1, 2, 3, .... Therefore, 
in accordance with the definition of § 06, the series Eit, (x) is uniformly 
convergent in the given domain. 

Since 

I («)[+| {*) | -I- ...'-I- 1 « ntm (x) | S tf n+I + i2„ +a + ... + *„ +w 

the uniform convergence of the scries E | u„ (x) | can be established in the 
same manner. 

78. If all the terms of the series E *<„ (*) are i 0, for all values of x in a 
given domain, of one or more dimensions, and if the serins converge uniformly 
in that domain, then any series of type <«, obtained by rearranging the order 
of the terms, is also uniformly convergent in the domain of x. 

That the new series, obtained by the rearrangement of the order of 
the terms, is convergent at each point of the given domain, and has the 
same- sum as the original series, has been proved in § 8. Considering the 
first n terms of tho given series, and the remainder i2„ (a;), there exists, 
corresponding to n, an integer n' such that the first n terms of the given 
series all occur amongst the first n' terms of the new series. If R'„- (x) 
denote the remainder after n' terms, of the new series, we have 
OjSBVJaO Sit, [x)<e, 

provided n is so chosen that R„ (*) < e , for all values of x in the given 
domain. It is clear that, if R'„- (*) '< c , then also !?„•+„ (») < e, for m — 1, 

'2, 3 since the remainders clearly cannot increase as the index increases. 

It follows that the new series converges uniformly. 
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If the scries | Wj (*) | + J «i {*) ]+...+! v„ ( x ) | + ... converges uniformly 
in a given domain of x , then- the series v t (*) +- u 2 (*) + ... + «„ (*) + 
also converges uniformly in the same domain. Moreover any other scries of 
type o>, obtained by rearranging the order of terms of the latter series, is 
uniformly convergent. 

In accordance with the theorem of § 26, the second series converges 
at caeli point of the domain of x. If n be so chosen that the remainder, 
after n terms, of the first scries is < t, the absolute value of the remainder, 
after js terms, of the second series is also less than c. Therefore the second 
series is uniformly convergent. Since, from the last theorem, a rearrange- 
ment of the order of the terms of the first series does not affect its uniform 
convergence, it follows that a corresponding rearrangement of the terms 
of the second series does not affect its uniform convergence. 

The converse of this theorem has been established by Birlthoff*, and 
may be stated as follows: 

If the series (a:) be uniformly convergent in the domain of x, and if 
all. the scries obtained try systematic rearrangement of the order of the terms 
be also uniformly convergent, then the series L | u n (x) \ is uniformly convergent 
in the domain. 

79. It may be shewn that: If Sr/ n (a:) is uniformly convergent in a given 
domain, the terms of the scries may be so bracketed that the resulting series is 
absolutely convergent for all values of x in the domain. 

It is easily seen that a sequence n,, n 2 , ... n T , ... of increasing integers 
may be so determined that 

forr = 1,2, 3, .... and for all the values of*. It then follows that the series 
«n, <*) + {*„, (*) - (*)} + ... + {s n , (x) - (*)} + ... 

is absolutely convergent, for all the values of *. 

The following theorem is sometimes useful: 

// the terms of the series u ( (x) + tu (*) + . , . be continuous in a perfect 
domain of x, either linear, or in any number of dimensions, and if the terms 
are all £ 0, for all the values of x, then if the scries converge throughout the 
perfect domain to a continuous sum-function s (*), the scries converges uni- 
formly in the domain. 

Let * 2 bo any point of the domain, then 

s{x)-s (x,) = K <*) - (*.)) + IK (*) - K (*.)!- 

The point x t being fixed, corresponding to an arbitrarily assigned positive 
number c, n can be so determined t hat R„ (*,) < Jt. This value of n being 
" Sec Annah of Jfoih. (2), rol. vr (1905). p. SO. 
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fixed, a neighbourhood (x, — B,x 1 + 8), of x t can be bo determined that, 
if a: be in tins neighbourhood, both | a (x) — s (a^) | and | s„ (a;) — s„ (x,) J 
are < Je; this follows from the continuity of s (a) and s n (z) at x t . Wc 
now see that, if k is in this neighbourhood, the condition i?„ (a;) < e is 
satisfied; and since the terms of tho series are never negative, it follows 
that (*) < «, for TTi—l, 2, 3, .... It has thus been Bhewn that ar, 
is a point of uniform continuity of the series ; and since ar L may be any 
point whatever of the given perfect domain, the convergence of the series 
is uniform in (a, b). 

It is clear that, if the sequence {s„ (a;)} of partial sums is monotone 
non-diminishing, s (*) is the sum-function of a series of which all tho terms 
arc £ 0. Thus the theorem may be stated as follows : 

A sequence of functions {s„ (*)} which arc all continuous in a perfect 
domain, and which sequence is monotone non-diminishing (or non-increasing), 
and converges to a continuous fiaiclion s (x), converges uniformly in the 
perfect domain to s (x). ■ 

80. The following theorem* provides a test of uniform convergence 
which can he frequently employed : 

Let M, (x), it, (z), ... w„ (a), ... be defined in a given perfect domain, of 
one. or more dimensions, and u„ (x) S 0, /or all values of n and x, and further 
u„ (a) S «„ + j (x), for all values of n and x. Also let it be assumed that u t ( x ), 
and consequently «„ far), is bounded in the given domain. Then, if £ a„ 
be any convergent numerical series, the series £ a„u K (x) is uniformly con- 
vergent in the given' domain. 

Moreover, if £ a n do not converge, but oscillate finitely, then, provided 
the additional condition is satisfied that the functions u„ {*) are all continuous, 
and that liui u„ (a;) = 0, for each value of x in the domain, the series £a„w„ (x) 
is uniformly convergent in the perfect domain, and its sum is consequently 
continuous (see § 86). 

. In tho usual statement . of the second part of the theorem it is 
unnecessarily presupposed that u„ (x) converges uniformly to zero in the 
, domain. It will be seen that this uniform convergence is a consequence 
of the conditions stated. 

When the domain of x contains one point only, the theorem reduces 
to a theorem given in §24, of which one part is duc'|' to Abel . and the 
other to Dirighiet. 

* Sec Hardy, Free. Land. Mall. Sec. (2). vol. it (1907), pp. 250, 251. 
t Sec Wbittafccr and Watson’s Coarse oj Jfoiern Xiioiysfe, 3rd ed. (1910), pp. 17, 50. 
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If the scries | % (a?) ] + ( «.(*) | + ... + 1 «„ (*) ] + ... converges uniformly 
in a given domain of x, then the series «, (*) + «. (z) + ... + «„ (?) + ... 
also converges uniformly in the same domain. Moreover any other series of 
type w, obtained by rearranging the order of terms of the latter scries, ij 
uniformly convergent. 

In accordance with the theorem of § 20, the second series converges 
at each point, of the domain of x. If n be so chosen that the remainder, 
after n terras, of tho first series is < e, the absolute value of the remnindcr, 
after n terms, of toe second Beries is also less than e. Therefore tho second 
series is uniformly convergent. Since, from the Inst theorem, a rearrange- 
ment of tho order of the terms of tho first series docs not affect its uniform 
convergence, it follows that a corresponding rearrangement of the tenns 
of tho second series does not affect its uniform convergence. 

The converse of tliis theorem has been established by Birhhoff*, and 
may be stated as follows: 

If the series Z«„ (a;) be uniformly convergent in the domain of x, and if 
all the series obtained by systematic rearrangement of the order of the terms 
he also uniformly convergent, then the scries £ | u„ (x) \ is uniformly convergent 
in the domain. 

79. It may bo shown that: If Ew„ (x) is uniformly convergent in a given 
domain, the terms of the series may be so bracketed that the resulting series is 
absolutely convergent for all mines of x in the domain. 

It is easily seen that a sequence n lt v t , ... n r , ... of increasing integers 
may be so determined that 

for r = 1, 2, 3, .... and for all tho values of x. It then follows that the series 
(*) + {*n, (*) - s„ v vt)} + ... + {*„, (z) - s rr _, (a)} + ... 
is absolutely convergent for all the values of x. 

The following thcorom is sometimes useful : 

If the terms of the series u, (z) +«, (*) + ... be continuous in a perfect 
domain of x, cither linear, or in any number of dimensions, and if the terns 
are all £ 0, for all the values of x, then if the series converge throughout the 
perfect domain to a continuous sum-function $ (z), the series converges uni- 
formly in the domain. 

Let *j be any point of the domain, then 

«(*)-* (z,) = {s B (z) - (zj)} + {#„ (?) _ i?„ <*,)}. 

The point z, being fixed, corresponding to an arbitrarily assigned positive 
number e, n can be so determined that lt„ (z,) < J e. This value of n being 
* See Annals o/ JfalA. (2), rol. vz (1905), p. 00. 
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in every neighbourhood of x = 0, since arbitrarily largo values of | R„ (a;) | exist in such 
neighbourhood; hut the snm-fnnotion is continuous at x = 0. 

N) Let* *» (*) = <M*) + s\ 4<n (2 ! t) + ... + ^ <*>» (*! x) + ... 

where (ar) = v'2«.ti *in , trs.e" B,r '* n,M '. The series which defines s„(x) converges uni* 
formly, since j (i ! z) | gs 1; and thus #„ (r) is a continuous fiuiction of x, The sum-funo 1 
tion « (x) is also a continuous function ol e; but the convergence of the ftiuclions >„ {?) to 
5 (x) is non-uniform in every sab-in tore nl of the interval (0. 1}. 

(5) Lett it-n-i (*) = x' +1 , tu. (x) = - X"*' { 1 - — _L.~\ . where 0 < x < 1, and 
' l (tt + 1):J 



The series Sic (x) is simply-uniforuily convergent in (0, 1), but it in not uniformly oon-. 
Tcrgcmf. 

(0) Consider^ tho series 

J_+fa xf x + xfrt - *)n + I - x 

2 (fTxj ' T - tT(n + 1) «» - lyrnjTax+ir " ' 

Here u n (*) . ^ 1)»+ j] “ [jTTI + nx +“l] : ,h ' ,s * (l) “ 8 > u,,lcs9 r = 0 ' wl,e “ 

* (0) = 1 ; and the sum-function is therefore discontinuous at the point 0. 

Since R„ (x) m ~~j-+ we find on equating this to «■, and nolving for «, 

n ='{x + 2 - r (x + 1) + V[{* + 2 - <■ (* + 1))* -t 4.x (3 - x)J)/2<x; 
thus, for n fixed <. tho value of n increases indefinitely as x approaches iho vnluo 0. 


(7) Tlic scrics§ 

** ~ ** + FTP ~ m> + (1 +Fj* ■ (I Vrf + (TT**? " 

Is uniformly and absolutely convergent in any interval <- J, Ji). For (x) = 0, 
f tn+i (*) r 3 (| nn ^ ,u:MOC *srtiM< therefore tho series converges uniformly to 

the sum zero. Tho series 


I + * s + (1 + x 3 )* ” 1 + x 5 + (i + x 5 ) 3 + (1 + F)' ' (1 + x--)- 
obtained by rearranging tiio terms of tho given series. i» however non-nnlformly con- 
vergent in (- A, B), the point 0 being a point of non-uniform convergence. For 




not satisfy tho condition stated in the neeond tiler 


* Osgood, Bulletin 6/ the American Math. Hoc. (2), volm (18DG), p. 70. 
t Volterrs, Cfor. tli it at. voL xix (1RBI). p. 79. 
t Stokes, jlffllA. and J'iys. Papert, vol. t. p, 260. 

$ B Ocher, Animh of ifnt/i. (2), vol. rv (lgw), p. 159. 
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In case the series £«„ is convergent, the partial remainder R Kn (r) 
of the series S<r„w„ (*) being 

+ — + «■+-*) (*) 

+ T (o„ +I + a n+! + ... + 0„ +r ) K +f (*) - « s+r+t (1)1, 

wo see that, by choosing m so great that all the partial remainders of tho 
series £a„, after the Jith term, are numerically less than the arbitrarily 
prescribed positive number e, the condition | i?„ im (z) | < cit n1l (x) is 
satisfied. Therefore, since all the differences t(„ +r (x) — it n+Til (e) nrcSO, 
for every value of x in the domain, we have 

! K. m ( e ) | < <u, 

whore U is tlio upper boundary of «j (*) in the domain. Since <U is arbi- 
trarily small, the condition of uniform convergence of «„ (z) is snfisfied. 

When 2a„ oscillates between finite limits, K can be so determined that 
1 n + a„ + . + ... + a n+r | < E, for all values of n and r. Then we have 
| R„.„ (*) | < K | w* +l (*) | . 

Since the sequence {«„ (*)} is monotono, non-increasing, and converges (o 
the continuous limit zero, in the perfect domain of z, and v„ (x) is con- 
tinuous, it follows from the third theorem of § 73 that the convergence 
of the sequence to zero is uniform ; and thus, if n be sufficiently large, 

for nil tho values of a:; and therefore | R„, m ( x ) | < e. The uniform con- 
vergence of the series has thus been established. 

The first part of the theorem can be extended to tho case in which 
a,, a 2 , ... a„, ... arc functions of x, provided 2a„ converges uniformly in 
tho given domain.^ The second part can also be extended to the case in 
which o,, a,, ... r?„, ... are functions of x, provided the partial sum ' s 
numerically leas than some fixed number K, for all values of n and z. 

EXAMPLES. 

(1) Let* «„ {*) = 2 " (1 -i), 05 t<l. Li tins casoe <z) = r.SorO < K 1 ; but* (r) = 
for z — 1; and tho ecriea converges non .uniformly in tho neighbourhood of tho point x - 

(2) L «„ <*) = *"{1 - sp). If| z[ < 1, wo find * (*) = also * (1) = whm * 

lini » (r) = <». Tlio 6erics converges non-vmiformly in the neighbourhood of the point L 
nnd its Bum-funetion has an infinite discontinuity at that point. 

(3) Let i<„ <r) = - 2 (» — IJ= art-t-ir- +. 2nh:c--'‘'. Here s {*) = 0, for every value of 

*: «»W= - 2a »«-»**; and at * l,}{„ Q = _ I?. Tho series converges non-nniformb' 

* AneW, Jfrmerie ii Bdogxa (5), voi, vicr, p. 139. 
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Tests of Uniform Convergence 

Let (r) = ; «. M = $u<*l + + gj <fa i (*) + ■•« = 2 ^ tfr„ (*). 

Tbo serif# which define# *„(*) converge* uniformly, and thus r„ (r) in ti continuous function 
ol ar. In (he neighbourhood ol any rational point * «= piq, (ho curve yr>*„ (z) ha# peaks 
arising from the term vj^iftr}, where Jr is (lie smallest integer such that il in divisible 
by q. The series converges to the limit « (i) = 0, non-uniforroly in any interval whatever 
(a, 6), (nken in the interval (0, )). 



81, Tho following special theorem, which follows from the general 
theory given in § 85, can sometimes ho usefully employed': 

If 2 «„ (m) he a series which converges uniformly tof [m),for all q>osilivc 
integral values of m [or for all continuously varying -positive wives of m) 
and if each limit lim u„ [m) exists, then lim / (m) rxisls, and the scries 
2^ liin it„ (mi) is convergent, and has lim / (mi) for its limiting sumi 
For, if t he an arbitrarily chosen positive number, we have 

|/m -JE 

provided the integer N is large cnougii. It follows that 

J Rm/ (tn) - J si r, | lim/ (nt) - X t>„ J f. r., 

where t>„ denotes lim « n (mi). It is then seen tiiat 
j lim / (m) - lim / (mi) j 5 2c ; 

and Biricc c is arbitraty, lira/ (mi) = lim/ (mi); or lim /(mi) exists as a 
definite number. 

* See Osgood, Lthbveh der Funilionenlhwle, vet I, p. S21, 
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that the series whose terms are the absolute values of those of tho given series *boo!H. 
uniformly convergent. Foe the scries 

. - X 1 *» it" 

+ + 1 + ** 1 + ** <1 + **)* 

has its sum discontinuous at the point x= 0, and therefore does not converge nnifondrU 
an interval (- A, B). 

(8) Let* M - r *■* W - 

In this case, the series converges for all values of x, and 

J + (L- g) » ; M = (*>-««"-! » 

In an interval (a, /3), which contains the point z = 0, the series converges simply-uniicnsir, 
hut it docs not oonverge uniformly, eince JJ*,-., ^ = 1, however great a may be, audita 
R„ (x) has not tho unique double limit zero, «tz=0, and that point is accordingly oonl 
non-uniform convergence. 



<0) Leif «„ (z) a , ’ (*) = 0, for 0 g * £ 1. This scries converges norMinifoml' 

in the neighbourhood of tile point x = 0. The approximation curves y = *n ( z ) !*»** I”* 1 
of height which increnso indefinitely in height as n is increased. At the same lirif.tt- 
point -j, at which tho ordinate is a maximum, continually approaches tho point 0,» 

thus, in any neighbourhood of the point 0, z end n moy be so chosen that l, M 0 
arbitrarily great. At the point X = 0, we have s„ (z) = O, for every «. 

(10) Let e„ (*) = r ~ ip , « <*) = O, 0 £ x £ I. The curves y = *,<*) hove peat* * Brf 
tho samo height*, at tho points x = -. As in the last example the point x = jj> helo» l - 
peafc, continually approaches the origin as n is increased. Tho convergence is oon-naif* 51 
in the neighbonrhood of x = 0. 

* Tannery, TAtorieda Janet fens, p. 134. . 

t Osgood, rimer. Jornta! „f Mall*. r0 L xix (1807). n. 1EG; also G. Cantor, Jf«A. ri««- ' 
vol. xvi (1880), p. 200, 
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lot fa (*) = x + *»(*) = + ^ *u(®) + <£»>(*) + ••• = | vjd»i (*!■ 

Thu aeries which defines «„ (as) converges uniformly. and thus >„ [z] is a continuous function 
of x. In tho neighbourhood of any rational point x = pjq, the curve y = t„(x) has peats 
arising from the term ^fa,(x), ■whore k ia tho smallest integer auoh that fc! is divisible 
by q. Tha series converges to tho limit s (*) = 0, non-uniformly in any interval whatever 
(o, b), taken in the interval (0, 1). 



81. The following special theorem, whioh follows from the general 
theory given in § 85, can sometimes be usefully employed* : 

If £ u n (m) be a series which converges uniformly tof (m), for all positive 
integral values of m (or for all conlinuoudy varying positive values of m) 
and if each limit lim u„(»n) exists, then lim/'(wt) exists, and the series 
£ lim u„ (m) is convergent, and has lim / (m) for its limiting sum. 

For, if e be an arbitrarily chosen positive number, we have 

]/(«») -J?, “a (»)[•<«. 

provided the integer N is largo enough. It follows that 

where v„ denotes lim u, (m). It is then seen that 
lim / (r») — Urn f (nt) ]£2<; 

and since e is arbitrary, Em/ (m) = lim/ (m); or lim/(tn) exist® as a 
definite number. 

* See Osgood, Lehrtmch der Fvnktitmmihtorie, vaL I, p. 521. 
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Farther, since | lim / (w) — E v„ | & e, lor all values of N greater than 
on integer Nt, dependent on t, it is seen that 2 v„ is convergent, and has 
31m / {*#) for its limiting sum. 

In applying the theorem, in case m has positive integral values only*, 
it frequently happens that, for each value of in, the series 2 «„ (in) has 
only a finite number of terms, that number being dependent on m, and 
increasing indefinitely as m does so. Such a finite series is, ol course, a 
particular case of on infinite scries, which arises when all tho terms after 
a fixed one are zero. 

EXAMPLES. 


(I) H x be nay fixed real number, nnd m a positivo integer, wo 


tin- 




ifL_ 


For n fixed value of r, the (r + ) )lh term of the series is numerically loss than ~j | r\', 
and this is tho (r + I)th term of a convergent series. Thus tho condition of uniform con- 
vergence in tho above theorem is satisfied. 'Dio series formed by taking tho limit, aim ~ 
of each term of tho above scries, is the convergent series 


14 


It follows that lim 


i m »( 1+ 3" 


+ F< + 


exists, and is (he sum of the convergent series 


(2) It can be shown by an elementary process (lint 




/sin j/m* i 
\ */»» ) 


*©* 


where til is a positive Integer, Rnd the scries stops after a finite number of terms, so that 
2r - 1 < in. Die genera] term of tho series is numerically leas than jn^]> which, for cadi 
fixed value of m, to the general term of a convergent scries of posit ivo terms. Assuming the 


-© = '■ 


and tho theorem that li: 


nee, by applying the above theorem, tho result that, for each value of r. 


iv be obtained in s similar manner. 


by Tannery, 
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TIIE CONTINUITY OF A SUM-FUNCTION AT A POINT. 

82. Let the series E «„ (*) converge in a domain E, of one or more 
dimensions, to the sum-function a (x). Let g he a point of E at which all 
the functions »<„ (x) are continuous; a sufficient condition will he obtained 
that s (x) may be continuous at the point g. We have, since 
« (*) = *« (*> + (x), 

at evory point of E, 

| « (ar) - a (f) | £ 1 * (*) - (g) | + | S„ (x) - E„ (£) | 

*}* (*)-»„ tf)| + I E„ (x)\ + |*.<fl|. 

Let it bo assumed that an integer n exists such that a neighbourhood!),, 
of g, can bo so determined that, at every point of it. that belongs to E, 
| !?„ («) [ < Jr.. Since s n (x) is continuous at g, a neighbourhood D a , of g, 
con be so determined that, in it, at every point that belongs to E, 

I *»(*)“*» (£) I < $«• 

A neighbourhood D, of g, can be determined, all the points of which 
belong both to D t and to D t . It follows that, at every point x of E, that 
is in D, the condition | s (x) — a (g) \ < c, is satisfied. If D can be deter- 
mined, corresponding to nny value of e <> 0) whatever, s (x) is continuous 
at g. The following theorem has thus been established : 

If a aeries E u n (x) converge. to a function s (x) at the points of a domain 
E, of one or more dimensions, and the point g, of E, be a point of continuity 
of all the functions u„ (a:), it is a sufficient condition for the continuity of s (*) 
at the point g, that, corresponding to any arbitrary 13, an integer n should exist 
and also a neighbourhood of g, such, that 

I <«(*)-<(*) I < V> 

at every point x, of E, in that neighbourhood. 

It will be observed that the neighbourhood depends upon both n and ij. 

It should bo noticed that the condition in the theorem is satisfied when 
g is a point of uniform convergence of the series, and also when it is a point 
of simply uniform convergence; but either of these latter conditions is 
more stringent than that in the theorem. 

When i) is prescribed, the condition in the theorem asserts that it is 
sufficient for one value of n and a neighbourhood A, dependent on ij, to 
exist, in which | (s) — s (a:) | < tj. But when the point g is one of uniform 

convergence, n neighbourhood A (tj), dependent on ij, exists in which 
|6„(*)-s {ar)| <y. 

Tor every value of n greater than some integer ?i,, dependent only on jj. 

When the point g is a point of simply uniform convergence, a neigh- 
bourhood' A (ij), dependent on ij, exists in which | s n (a:) — s (x) J < q, for 
a divergent sequence n„ ... of values of n, only. 



124 Functions Defined by Sequences or Series (cir. n 

It finis appears that the following criterion is sufficient for the 
continuity of a sum-function at a point: 

If a series 2 «„ (x) converge to a function s { x ) at the points of a domain E, 
of one or more dimensions, and the point f, of E, be a point of continuity of 
ail the functions (x), it is a sufficient condition for the continuity of s (z) 
at the paint £, that the paint £bea point of simply uniform convergence of the 
series. A fortiori, it is sufficient that £ be a point of uniform convergence of 
the. series. 


83. In order to determine necessary conditions for the continuity of 
s(x) at £, wo sec that, since (s„ (£)} converges to s (£), an integer N crista 
such that | e [£) — s t (£) | < Jc, for every value of n that ia > N. Taking 
any one such valuo of ?/, a neighbourhood of £ can be determined for which 
| s„ (*) - s„ (£) | < i e, wliere x is any point of E, in that neighbourhood. 
If s (a:) ia continuous at £, a neighbourhood of £ can bo determined such 
that !«(*)- a (£) | < Jr, for all points of E in that neighbourhood. It 
follows that a neighbourhood of £ can he determined, in which both 
[ s (.r) — s (f } | and [ s„ (*) — «„ (£) [ are < Je, for all points of E in that 
neighbourhood. It now follows from the three inequalities that 

i * (*) - (*) | < *. 

in that neighbourhood. Taking this result, in conjunction with the first, 
theorem of § 82, we hnvo the following: 

If a series S« n (z) converges to a (a) in a domain E, of one or more dimen- 
sions, the necessary and sufficient condition that s (a;) should be continuous ot 
a point £, of E, at which the functions u„(x) are all continuous, is that, having 
assigned an arbitrarily chosen positive number e, an integer N< should exist, 
suck that, for each value of n that is > N., a neighbourhood (£ —d„., , £ + d r ,,) 
of £ exists so that at every point of it that is in E, the condition 


is satisfied. 


!«(*)- s„ (x) | < e 


It will be observed thnt the neighbourhood of £ depends not only upon 
the valuo of c, but also upon that of n; it may accordingly be denoted 
by A (<f. c, n), where n > N,. This mode of convergence is accordingly 
less stringent than that in -winch the point £ is a point of uniform 
convergence, and in wliich the neighbourhood depends only upon c, pro- 
vided n be > Nt, and may be denoted by A {£, c). 

Another formulation of necessary and sufficient conditions for flic 
continuity of s (z) at £ is the following: 

It is necessary and sufficient for the continuity of s (x) at the point £ (hat, 
if A T , be an arbitrarily chosen integer, and e an arbitrarily chosen podtir' 
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number, an integer % (f, e, Nff {> iVi) can be determined, and also a 
neighbourhood of £, A (f, «, 2/J, such that 

1 * (*) - ««, (*> I < 

for all points of E in. that neighbourhood. 

Since the neighbourhood depends not only upon e but also upon N,, 
and may thus be denoted by A (f, «, NJ, this mode of convergence is less 
stringent than that in which the point f is a point of simply uniform 
• convergence of the series, and in which accordingly the neighbourhood 
depends only on e, and may thus be denoted by A (f, «), and can be 
taken to he the same for all values of n in some infinite sequence. 

The sufficiency of the condition follows from the first theorem of § 82. 
Its necessity follows from the Inst theorem. 

Conditions of continuity substantially identical with those formulated 
above were given* by Dini. It may be remarked that the term simply 
uniform convergence is, by some writersf, applied to the mode of conver- 
gence indicated in this theorem. 

84. It is frequently convenient to transform the fnnctioD R„ (x), of 
(», x), into the function R (*, y), of (a, y), where y — 1/a. In R {x, y), the 
field of y consists then of the set of reciprocals of the positive integers. 
At a point of convergence of the sequence or series to which R (x, y) is 
related, wo have lim R (x, y) ** 0. For a prescribed e, there is, for a point 
x, of convergence, a certain range of values of y. for all of which, without 
ft gap, | R (x, y) | < c; and the upper boundary of these values of y may 
be denoted by but there may be other greater valucB .of y 

separated from if, (x) by values of y for whjch the condition is not 
satisfied, for which the condition j R (x,y) | < e, is also satisfied. At a 
point x x of non-uniform convergence of the series, the lower limit of f>, (x), 
for the values of x in any neighbourhood of x,, is zero, provided e be 
chosen sufficiently small; whereas, for a point x, of uniform convergence, 
a neighbourhood of Xj, in general dependent on e, can be found for which 
the lower limit of <f, (x) is greater than zero. 

The distinction between the three classes of points in the interval (a, b), 
viz. ( 1 ), those at which the series is uniformly convergent, (2), those at 
which the series is non-uniformly convergent, but at which the sum- 
function is continuous, and (3), those points at- which the sum-function is 
discontinuous, may be illustrated by means of figures^ which indicate the' 
regions of (x,y) in the neighbourhood of (x,, 0), at which [ R (x, y) | is 
leas than an arbitrarily chosen e. 

■ See Grwilajar, pp. 143-146. 

t Ilahn’s TAeorit <ter radian Fanktioncn, pp. 282. 233. 

t See Holwon, "On modes of co nv erg e nc e of »n infinite scries of functions of a real variable," 
Prae. Xxmi. Math. Sec. (2). vol r (1WM), p. 378. 
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Fig. 3 represents the neighbourhood of a point P at which the con- 
vergence of the scries is uniform. The blackened lines represent those 
portions of the lines whose ordinates are 1/a, l/(n -f- 1), l/(n 4- 2), ... at 
which | i?„ (x) |, | (x) j ... are *. t. These portions consist of aJJ tho“ 

parts of the lines which arc hounded by the curve y =■ fa (z), there being 
also possibly such pieces outside the curve. An area, for example semi- 
circular, can be drawn, hounded by a portion of the a: -axis containing f, 
and such t hat for every point within it I B (z, y) | < t; and that this should 
be possible for every value of < is the condition that li (x, y) be continuous 
at the point P with regard to the domain of {x, y). 



fig. 3. 


Fig. -I represents the neighbourhood of a point P at which the function 
« (r) is continuous, but at which the scries is ncn-uniformly convergent. In 
this cucc the function fa (*) is for all values of e, Jess than some number r„ 
discontinuous at P. The value of fa (x) at P is itself finite; but the func- 
tional limits fa (r, + 0), fa {x, - 0) at P are both zero. The breadth of 
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' the blackened portions of the straight lines parallel to the z-asis, which 
represent the portions of those lines at which | R n (z) | £ e, diminishes 
indefinitely as y approaches the value zero at P. In this case no semi-circle 
can be drawn with P as centre, for all internal points of which j R (z, y) j < e ; 
and thus the point P is one of non-uniform continuity. In the figure, the 
convergence is non-uniform on both sides of P; it is clear however in what 
manner the figure must be modified for the case in wliich the convergence 
is non-uniform on one side only of P. In ease the measure of non-uniform 
convergence (see § SO) be indefinitely great the figure will be essentially 
similar to the above figure, whatever value of e be chosen ; otherwise the 
figure applies to an e which is less than the measure e 0 of non-uniform 
convergence, viz. the salt us at P of | R (z, y) | in the two-dimensional 
continuum. 



Fig. 5 represents the neighbourhood of a point P at which e (z) is 
discontinuous, the value of s being less than the measure of non-nniform 
convergence of the series at P (see § 90). In this case, as before, <f>, (x) is 
finite at P, and tj>r (Zj + 0), rf>r (z — 0) are zero; but, on the parallels to 
Ox intersecting the ordinate at P, there are no intervals near P inter- 
secting the ordinate, at which | It (x, y) | < e. but only points on the 
ordinate through P itself. 

EXAMPLE. 

An an example we may take the case in § 80, Er. 10, /?„ (x) , and thus 

and wo may suppose the domain of x to bo the interval {0, 1). In this case, the point 
x = 0 is a point of discontinuity of R (z, y), and we End that if « < J, the condition 

is satisfied for the apace bounded by the x-axis, and by the straight line 
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T!ic Biimi! condition i* ol?o satisfied for the space between the y-nxia and the straight liw 



and thus the point r = (Ms a point of continuity of llio function s (s), Although the era. 
vcrgenco is non-uniform at that point. If < > j, then | R (a, y) \ < «, for tho whole »ps« 
licttvcrn the uses) and thus tho measure of non-uniform convergence At tho point i Oh J, 
tho npper double limit of It (x, y] having tho value J (see § flO). 

85. In case the domain E is linear, the two sides of a point $ may Iw 
considered separately, the neighbourhoods of tho point being taken on the 
two sides separately. It is sufficient to consider the ease of a point, f which 
is n limiting point of the domain on its right, and to assume that flic 
functions s„ (f) are continuous on the right, Further wo may consider (he 
functions *•„ (£ + 0) instead of s„ (f), it being assumed that the point { is 
excluded from the domain of which it is a limiting point on tho right. 

Wo thus obtain necessary and sufficient conditions that s {£ + 0) may 
exist, and that the series E«„ {$ h- 0) may converge to s (f + 0). Thu 
following theorem contains these conditions: 

A necessary and sufficient condition that the sum s (at) of the convergent 
series Ett (») may have a definite limit s ($ + 0) at the limiting point f of 
the. linear domain of x to which the series Eu„ (£ + 0) may converge, the term* 
of this series being assumed, to have definite values, is that, correspondin'? to 
each arbitrarily chosen -positive number e, and to each integer n, t vhiclt it 
greater than some fixed integer dependent on t, a positive number 0 (f, t, n) 
can be determined , such that, for every value of x in the domain and in the 
interval (?, | + 6), the condition | JR n (z) | < e is satisfied; the number 0 king 
dejmdent in general upon n as ioe?l as e. 

In ease 0 is, for each value of e, independent of n (> Nt), the point ( is 
a point of uniform convergence on the right, therefore uniform convergence 
at £ on the. right is a sufficient condition that s (a 4- 0) may have a definite 
value anrl that the scries Ew„ (a + 0) may converge to s (a -j- 0). 

This theorem is a particular enso of the first theorem of 5 83, hut 
it may also bo obtained from that of I, § 305. For, let n ~ 1 ly, " icn 
s n (.t) becomes a function s (*, y) of the two variables x and j/, and fl» 
condition in tho theorem is equivalent to the condition that the repented 
limits 

fitu Jim s (a;, y), lim lim s (x, y) 
should both exist and have the same value. 

By employing the last theorem ol § 83, or that of I, § 300, we obtain 
the following theorem: 

Necessary and sufficient conditions that the sum s (*) of the convergent 
series Ek [x) may have a definite limit s (f + 0) at the limiting point £ of its 
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linear domain are (1), that s„ (£ + 0) should converge to a definite limit as 
n~o> and (2), that, corresponding to each arbitrarily chosen positive number c, 
and to each arbitrarily chosen integer N lt there should exist a value of n {> Nf), 
and also a positive number 6 (£, e, n), such that | -ft n (z) | < c for every value 

■ of x belonging to the domain which is in the interval {£, £ + 6). 

In this formulation the condition (l) is not included in (2), and must 

■ therefore he stated separately. In case the number 9 depends only on e, 
and not also on n, the point £ would he one of simply uniform convergence. 
However, in general 6 will depend upon the value of n as well as upon e, 
and thus the Condition is less stringent than that of simply uniform con- 
vergence at the point. 


THE CONTINUITY OF A fiOW-TWSOTION IN A DOMAIN 

86. It will now be assumed that the functions % (z), « 2 (x), u, (x ), .... 
of one or more variables, are all continuous in B. The following theorem 
will he established: 

If the series £« (z) converge simply-uniformly in the domain E, the sum- 
function s (x) is continuous in E. A fortiori, the condition that the scries 
converges uniformly in E is sufficient to secure that the sum-function may be 
continuous in E. 

It should be observed that the condition in the theorem is sufficient, 
but not necessary, for the continuity of the sum-function. 

Since the convergence of the series is simply-unifotm, a value n, of n, 
corresponding to an arbitrarily chosen positive number «, can be so deter- 
mined that j It„' lx) j < l e, for all points x, in E. Consider a point £, of Ej 
a neighbourhood (£ — S, £ + b) of £, can be so determined that for every 
point x, of H, in that neighbourhood, | s n< (z) — s B , (£1 1 < \ e, since s„, (x) 
is continuous at £. 

I»(£) -«(*)| £)«„,<£)- *«, (*)! + ! K (O I + 1 K (*) i < 

provided x is in (£ — 8, £ -j- 8). Since e is arbitrary, it follows that s [x) is 
continuous at £. 

The above proof suffices to establish the following more general 
theorem: 

If the functions u„ (x) be aU continuous at ike point £, but not necessarily 
elsewhere, the condition, of simply uniform convergence of the series in some 
neighbourhood of £ is sufficient to ensure that s (z) is continuous at £. 

It has already been proved, in § 82, that, if the sum-function is any- 
where discontinuous, the convergence cannot be either uniform or simply 
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uniform, but. the following additional proof of this important fact may be 
given. 

If the function s (x) be discontinuous at the point £, there exist; a 
positive number a snch that points a exist in every neighbourhood ol f, 
however small, for which | s (i) - s (£) \ > a, or 

| R„ (a-) - R n (£) + (*) - (0 I > <r. 

It is impossible to choose « so that | R n (x) \ < Je, for all values of i, 
consisting of ail points of E in some neighbourhood of provided e 
is sufficiently email; for we should then have 

*«> l Rn (*) -■»„(£> I >« - K (*) - tf)|. 

For ony value of n tlmt might be chosen, £ could be so taken that 

I 9, (*> - (?) I < K 

and thug on. Since c can bo chosen to bo < a, the impossibility of choosing 
n so that j R„ (a:) | < Je, for all points x in a neighbourhood of (, is demon- 
strated. Therefore, in this case, the convergence of the series is neither 
uniform nor simply uniform, and the point f is not a point of uniform 
convergence. 

87. It has long been known that the sum of a convergent series of 
which all the terms are continuous is not necessarily itself continuous. 
The statement has often been made that the important discovery that 
discontinuity, when it occurs, is due to non-uniform convergence of the 
series was made by Stokes*, Seidelf, and Wcierstrassf, independently of 
ono another. A critical discussion has been given by Hardy§ of the treat- 
ment of the matter, undoubtedly independently of one another, by these 
three Sin them at i clans. Hardy shows that the above statement, requires 
considerable modification; he points out that the conception defined by 
Seidel, in IMS, is that winch has been called in § 71, uniform convergence 
in the neighbourhood of a particular point, whoreas Stokes.in 1 847, defined 
ft modo of conv . encc equivalent to what is here described ns simply 

' Cam’’. Pin. Tran,. rot VUI (1647), pp. 533-583; nlso Mathematical and Phytieal Pap>”- 
vol. I, pp. 235-313. 

f itSnrh. Abha-ut. rot nr(l&!8), pp. 38I-3W; also Oalwuld’s Khaiitriir emclia Kiw 
nJia/im. no. Ufl. 

t Abhuttfltinyfi an dtr Funitimaitebre, pp. 09-10). 

5 Free. Comb. PiU. Sec. vol. xix (1918). p. 146. It should bo observed that, »ttlio«6h 

siapirbuUom qU “ IUm0mCnnt "^ n ” m “ aml ^ 0, “ ,d0nt '" ™ ” 

the nelghbonrl 
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uniform convergence in a fixed neighbourhood of the particular point. 
Stokes gave a valid demonstration that his condition is sufficient to ensure 
continuity of the sum-function at the point, but his attempted proof that 
the condition is necessary for continuity is invalid because he failed to dis- 
tinguish his condition from that given in the second statement of necessary 
and sufficient conditions in § 83. Both Stokes and Seidel confined their 
attention to a- fixed neighbourhood of a particular point, whereas Weier- 
6 trass was fa mili ar with the conceptions of uniform convergence in a linear 
interval and of uniform convergence in the neighbourhood of a point, as 
early as 1841 or 1842. That uniform convergence in the neighbourhood of 
every point of a linear interval involves uniform convergence in the interval 
was first proved* by Weieretrass in 1880. Under the influence of Weier- 
6 trass, the great importance of the notion of uniform convergence in the 
Theory of Functions became fully recognized. 

The question whether non-uniform convergence necessarily implies 
discontinuity in the sum-function remained for some time an open one. 
It was decided in the negative sense when Darboux and Du Bois-Royznohd 
constructed examples in which the series are non-uniformiy convergent, 
and yet nevertheless have continuous sum-functions. 

88. In order, to determine necessary and sufficient conditions for the 
continuity of the sum-function of a series of continuous functions in the 
whole domain J$ of the convergent series, it is sufficient to consider the 
case in which E f consists of a closed set. Let < be an arbitrarily chosen 
positive number, then, if n be sufficiently large, there exist points of E 
at which [ R„ (x) [ < e. If we assume that a (x) is continuous in E, since 
(z) is by hypothesis continuous in E, it follows that | B„ (*) | is con- 
tinuous in S, - and therefore the set of points at which j (x) ( fe e is 
closed relatively to E, and- the ret at which j R„ (z) ) < e is consequently 
open relatively to E; let tlu's set be denoted by O n . Each point of E belongs 
to all the sets of the sequence {(?„}, from andafter some value of n dependent 
on the particular point, since lt„ (x) converges to zero, as n~ « ,for each 
value of x. If m be an integer chosen arbitrarily, employing de la Vallee 
Poussin’s extension of the Heine-Borel theorem (i, § 75), a finite set of the 
open sets O m , 0 M+I , ... exists such that every point of E belongs to one 
at least of these open sets, which we may denote by 0 m+/: , O mJ . u , ... 0 m+ ^. 
On the assumption that s (x) is continuous in E, it thus appears that 
i ^* (*) 1 < e at every point of E, provided that s has one of the values 
m + i 1( m -f- »j, ... m 4- i T , that value being dependent on the particular 

Conversely, if it be assumed that this last condition is satisfied for 
every value of s, then, remembering that m is arbitrary, any particular 
* Uk. til. pp. 71, 72. 
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point x, ot E, is such as to belong to each of the open sets 0„ , 0„ , ... where 
g it s t , ... is some increasing sequence of integers, dependent on the 
particular point £. A neighbourhood of i can be so determined that all 
points of E contained in it arc points of 0, p \ and this for each value of ji; 
and, in this neighbourhood, | R, p (s) | < e. This is the condition of 5 82, 
that s (*) should be continuous at $. Hence the condition is sufficient for 
the continuity of s (x) at every point of the closed set E. 

The following theorem has now been established: 

The necessary and sufficient condition for the continuity in a closed set E, 
of any number of dimensions, of the sum s (x) of a series (*), each term 
of which is continuous in E, and which converges throughout E, is that, 
corresponding to each arbitrarily chosen positive number e, and to each 
arbitrarily chosen integer m, the condition \ R, {x) [ < < is satisfied for every 
point x in E, provided $ has one of a finite set of values, all S m, the tuition/ 
s being dependent in general upon x, but being constant for all points x which 
arc in one of a finite set of sets of points all of which are open in E. 

89. Tho particular case of the above theorem which arises wlion the 
set E consists of a linear closed interval (a, b) was first established* otherwise 
by Arzclft,. 

In this ease the mode of convergence in the interval { a , b) is charac- 
terized by the condition that | R, (*) j < e, for every point of (a, b), where « 
has one of a finite set of values all S n, the value of s being constant in 
each of a set of open intervals, two of which however may be half closed 
by tho addition of the end-points a and 6; where t is an arbitrarily chosen 
positive number, and n is an arbitrarily chosen integer. This mode of con- 
vergence has been denoted by Arzeli. by the term convergema uniforms a 
Iratli (uniform convergence by segments). This term would not appear to 
bo appropriate, because the intervals are dependent in number and length 
upon e, and there docs not necessarily exist any interval in which the 
convergence is uniform. Uniform convergence, and simply uniform con- 
vergence are special coses of tliis mode of convergence; for in these cases 
tho finite set of intervals which corresponds to given e and n reduce to 
a single interval, viz. tho whole interval (o, 6). 


(1) Tho series 


EXAMPLES 


1 ^ a? 

+ * + 2! + 3! + 


is convergent in any finite interval (a, b ) whatever. It is shown in elementary treatises 
thnt tho scries converges to e*, fra- all rational values of x. In order to extend the proof 
of tho exponential theorem to the caao of an irrational value of x, we observo that the above 


* Jlfo/t. dtUa It. Acead. d. Sci. it Bclojna, *er. 5, to], vm (1900). A proof very simihr to 
that in the text was published by Hobson in the Pm. Bond. Math. Soc. (2), sol I (MW)» P- 150 
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series converges unif ormly in the interval (a, 6), since j ^ j < where k is a filed number 
greater that! j a | , and | b [ ; and hence, in accordance with the theorem of § 77, since 
2 — -is convergent, the given series converges uniformly in {a, b). It follows that the sum- 
function » (*) of the series is continuous in (a, 6). Further, the function e 1 has been defined 
for an irrational value of x, by extension (see r, § 38) of the function as defined for rallonnl 
values of x; and it was shewn that the function f, so defined for tho whole domain, 
ia single-valncd at the irrational points, and therefore it is continuous. The two functions 
e>, a ( x ) are hath conrinnons in ( a , b), and have identical values at the rational points; there- 
fore, in accordance with the theorem of I, J215, they ore identical everywhere in (a, b). 
Therefore e* is the sum-function of the series in any finite interval (a, b). 

(2) It ia proved in elementary treatises that, for a value of x which ia numerically Ices 
than onity, the bino mia l scrica 

1 4 - V ~ ' » ^t., , 

converges to a suitable value of ( 1 + *)■, when n lea rational number. To extend the theorem 
to the case in which n may have an irrational value, consider on interval («,, rtj) of n, 
where n, and n, are rational numbers. 

W.W. | - [■ - 1) j- - ' * » | < S (S - II •••<* ♦ r - ,1) , . 


where N fa the greater of the numbers j it, | and | n, |. The number x remaining fixed, we 
thus see that, for all values of n in the interval (n, t «.), each term of tbo series ia numeri- 
cally less than the corresponding term oi the convergent scries 


therefore the series converges uniformly for all valnes of n in the interval (n, , n,). Hence 
the sum-function of the series, for a fixed value of x. is a continuous function of n in the 
interval (r,,r 3 ). The function (I + xj* of n, wae defined in I, g 38, for Irrational ralues 
of n, by extension of the function considered as defined only for rational values of n; 
and it was shewn that the fnnetion so obtained by extension is single.valued, and it is 
therefore continuous. As in example (1), It now follows that, for the fixed value of X, 
numerically < I, the sum of the aeries is for all values of n in (n, , v,) represented by the 
suitable value of (1 + x)". The interval («,, n,) is arbitrary. 


THE AIEASUHE OF NON -UNIFORM CONVERGENCE 
90. If a series E u„ (*) converge at all points of a set E, of one or 
more dimensions, to the function s (x), finite at every point, it is convenient 
to employ the functions s (x, y), R (x, y) obtained from s„ { x ), R„ (x) by 
changing the variable integer n into 1/y. These functions s (z, y), R (x, y) 
defined for x in E, and y the reciprocal of a positive integer, or zero, may 
be termed* the transformed sum-function and the transformed remainder- 
function respectively ; we may define e (x, 0) to be e (z), and R (x, 0) to be 0. 
The function R tx, y) is continuous with respect to x in E, for y ~ 0, sinco 

* Sco Hobson, Prec.Zmd. Hath. See. (1), voL 


xrxrv (1902), p. 247. 
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it is everywhere zero, and it i3 continuous with respect to y, for x~t_, 
but it is not necessarily continuous at (f , 0) with respect to (x, y). 

In accordance with the definition in § 70, the sequence {«„ (r)) is 
uniformly convergent at the point £, if, corresponding to each arbitrarily 
chosen positive number e, a neighbourhood of the point (£, 0) exists defined 
by the two-dimensional, or (p + 1) -dimensional, cell 
i + d„y,) 

exists such that | if (*, y) J < e, for every point (x, y) in this neighbourhood. 
If wc denote by V (£, d, y) the upper boundary of | if (x , »/) [ in the 
neighbourhood (£ - d, 0; £ + d, y) of (£, 0) this function' V is monotone 
non-increasing us the number d is diminished, and also as the number y 
is diminished. Consequently it has a lower limit as d,y converge to zero 
in nny mnnnor, independent of the particular mode in which the con- 
vergence takes place. In case tho point ( is one of uniform convergence, 
this limit is zero. When the limit is not zero, the point is one of non-uniform 
convergence. 

Tho limit lim U {(, d, y) which may have a finite value, or may be « , 

when it is not zero, is said to be tho measure of non-uniform convergence of 
the sequence {«„ (a:)} at the point f. Denoting this measure by /? (£), the 
function /J (*) is a function of * which may be termed tho convergence- 
function. 

The definition of ft (£ ) may be stated as follows : 

If the scries Elf, (a:) converge to s (*) in the linear, or p-dmensional, 
domain E, and the upper boundary of | R n (x) |, for all values of ni m, in a 
neighbourhood (£ — d, £ + d) of the point £ be determined, the limit of this 
upper boundary , as the numbers d converge to zero, and m~a>, defines the 
measure f} (£), of non-uniform convergence of the sequence at the point f. 
In fact /? f£) ■= lim ^ | i?„ (*} |. 

In case ft (£) is finite, a neighbourhood (£ — d, £ + d) of £, can 1 bo 
determined, and an integer such that, in that neighbourhood, 
| s (k) - «„ {*) | < p {£} c. for all points * in (£ — 5, £ + 5), and for al! 
values of n > ru , whore c is an arbitrary positive number. 

Moreover there must, exist in every neighbourhood of £, points at which 
| s (x) —««(*>(> /?{£) — e, for some value of n (> ««), whatever positive 
number < may be. Jn case /? (£) is infinite, corresponding to an arbitrarily 
chosen positive number N, a neighbourhood (£ - rf, £ - f d), and an integer 
fix, can be so determined that there exist in that neighbourhood points 
at- which j !?„ (ar) [ > N, for values of n that are > n K - 
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91, In the ease of a linear domain tho measure of non-uniform con- 
vergence may be defined separately for llie rigli I, and tlm loft of tho point £. 
The neighbourhoods employed in tho definition will bo taken to be neigh- 
bourhoods (f, £ + d), (£ — d, £) on the right and left respectively. Thus 
two functions P* (*), J3~ (*) will be defined, which have the values, at any 

■ point f, of the measures of non-uniform convergence at £, on the right 
and on the left respectively. If /5 + ff) = 0, p~ (£) > 0, tho point is one of 
uniform convergence on the right; a corresponding definition holds for 
the left. Tho measure p (£) is the greater of tho two numbers ft* (£), p- (f) ; 
and at a point of uniform convergence, p* (£) = fi~ {£) *= 0. 

The earliest definition of the measure of non-uniform convergence 
was given by Osgood* for the oase of a linear interval. Tho term “Grad 
dcr unglcichmfissigCn Convcrgenz” was employed by Schocnfliesf who 
uses Osgood’s -definition. The term “Convergence function” was also 
employed by Sehoenflies. 

TILE DISTRIBUTION OF POINTS OF NON-UNIFORM CONVT5ROF.NOB 

92. Assuming that {a„ (sc)} is convergent in a domain E, it will first 
be shewn that: 

The convergence function is upper semi-continuous in the domain of 
convergence of the series. 

It must be .shewn that a neighbourhood of a point £ exists such tlmt, 
at every point in it that belongs to the domain E, p {x) < P {£) -f- q, 
where ij is an arbitrarily chosen positive number, and (3 (£) is supposed to be 
finite. For, lot it bo supposed that in every such neighbourhood there 
exists a point at which p (*) £ (3 (f) + tj. In an arbitrarily small neigh-- 
bourhood of such a point there are points at which | lt„ (*) | £ {1 (£) -1- ij, 
for sufficiently large values of n, and such neighbourhood can bo ohoson 
so as to be interior to any assigned neighbourhood of the point £. Thoreforo 
in an arbitrarily small neighbourhood of £ there are points at wliich 
| R„ [%) | g p (£} + tj, for sufficiently large values of n, and this is incon- 
sistent with the fact that. the measure of non-uniform . convergence at £ is 
. p (£). Incase p (£) is infinite, £ is certainly a point of upper semi-continuity. 

Employing a theorem given in I, § 230, which is applicable to any closed 
domain of any number of dimensions, wo have tho following theorem : 

If the domain E, of the functions be a closed set of points, and o be' any 
positive number, the set of points of E at which p (se) a a is closed, relatively 
to E, and therefore absolutely. 

* Avar. Journal of ItaOi. -vol. xix (1897), p. 160. ' 

• f Sec Brriehl, vol. i. p. 2211. 
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If we denote this closed set by (?», and assign to cr the values in a 
diminishing sequence {<r„} ■which converges to zero, each point of non- 
uniform convergence belongs to all the sets C„ n , from and after some value 
of V-. Thus the set of all points of non-uniform convergence of the scries 
is the outer limiting set 6, of the sequence {Gv„} of closed sets relatively 
to E. The set (?. may be non-dense in E, or it may bo dense in the whole, 
or, in a part, of E. Therefore the points of non-uniform convergence may 
be either non-dense in E, or may he dense in the whole, or in a part, of E. 
It will, however, he shewn that in case all the terms of the series or sequence 
are continuous in E, the set G, is necessarily non-dense in E. This is 
formulated in the following theorem : 

//, in the closed domain E, of any number of dimensions, the functions 
s„ (x) which converge in E to s (*) are all continuous in E, the closed eel of 
•points G,, for which the measure of non-uniform convergence is £ cr, a pottYfre 
number, is non-dense in E. 

Let it ho supposed that, if possible, G. is not non-dense in E\ there 
must then exist a closed part E x , of E, such that every point of E, belongs 
to G.. The set E x can contain no isolated points, because an isolated point 
is one of uniform convergence; thus E, must be a perfect set. Let $ be a 
point of f?i ; wc take a neighbourhood D, of {, sucli that every point of E, 
in D, belongs to E it and also on arbitrarily' chosen integer jY. If o' be a 
positive number < cr, there exists in Da points, of E x , such that 

I * <f) -«■,(**) I >**. 

for some value of n, that is > N. Since the sequence {*„ (£')} is convergent 
at an integer n, > n, exists such that | (£') — s„, (f) | > o'. 

On account of the continuity of s„, ( x }, (*) atf', a neighbourhood D x 
contained in D, can be determined so that, at every point of E t in D s we 
have | a„. (x) - s.. (x) 1 > o’. 
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is of the first category in E, and consequently (i, §96) that- tic set of 
points of tin if firm continuity is everywhere dense in E. We hare thus 
established the theorem that : 

If (he functions of a sequence. {?„ (x)} which converges everywhere fa a 
dosed set E to the function s (x). are all continuous in E, the set of -points of 
• non-uniform convergence is of the first category in E. and the convergence is 
accordingly uniform- at points of a set which is everywhere-dense in E. 

This theorem teas first established hy Osgood*, for the case in which 
s (z) is continnou3. 

Since s (z) is certainly continuousatevery point of uniform convergence, 
it- follows thatf : 

If {«„ {*)} converges, in a closed set E, to s (i), and the functions e,_ (a:) 
are all continuous in E, the function s (x) is at most point-wise discontinuous 
(i, § 238) with respect to E, and the points of continuity are accordingly every- 
wkere-dense in E, 

94. Those points of the closed domain E at which the measure of non- 
uniform convergence is' infinite, when such points exist, are of special 
importance in some parts of the theory of series. It can be shewn that: 

IV hen the convergence function, fi (*) is unbounded in the closed domain E, 
there exists at least one point, at which fi (a:) is infinite. 

Tot, in accordance with J, § 213, there must be at least- one point 
of E, in whose arbitrarily small neighbourhood /? (x) is unbounded. The 
value of f} (f) cannot be finite, because this would be inconsistent with the 
fact that f} (x) is upper semi-continuous. 

It can now be shewn that: 

The set of points of infinite measure of non-uniform convergence is closed. 

For, let «7„ <r„ ... <r„, ... denote a divergent sequence of increasing 
positive numbers, and let e„ denote the closed set of points at which 
fi (z) ~ o„ . The set of points at which the measure of non-uniform con- 
vergence is infinite is the inner limiting set of the sequence {e,,} of closed 
sets each of which contains the next; and in accordance with i, § 67, this 
inner limiting set is closed. 

It is necessary and sufficient in order that there may be no paints, in the 
closed set E, at which the measure of non-uniform convergence is infinite, 
that, from and after some fixed value of n, j E r _ ( x ) j should be bounded as a 
function of (n, x) for all such values of n, and/or all points x, in E. 

* Atm?. Joarrjd cf Hath. toL xrx (1S97J- A proof, fro* from liis restrictfiin, ires ghva bj 
Hofcron, Pnc. W. I'dh. E-x. fl). Toi mir (1902). OOitr prools irero gbea bjW. H. Yoi" g , 
Pax.LoKd. Math. Stk. (2), to! i (I9CH) and bj- D-T Arnois, Bcr-i. Lir.cri, to! xri (tSIOj. 

f This tbrororo ires issi established in * different rosmsr, br Ssirp, Ann. di zaet (3),’ 
rol. m (3899). For another proof we TV. K. Toonp, Jfter. c< Moth. 12), vol ttt .-h (1937); 
*** »1k> Doff Are of a, Jfesi lorti. -roL Its (3905). 
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That the condition is sufficient is clear, since if | i? r (x) j is bounded, 
so also is p (*). To shew that the condition is necessary, we observe that, 
in the {jt 4- l)-dimensional domain, a neighbourhood of each point x, of 
E, can be determined such that [ If (*, y) | < p (a;) + e, in that neighbour- 
hood. These neighbourhoods form an infinite set of cells, each of which 
contains one or more of the points of the closed set E, in its interior. 
Employing the Heinc-Borcl theorem in its generalized form (i, J 74) 
a finite set of these neighbourhoods exists, such that every point of K is 
interior to one or more of them. It follows that there exists a value y, of 
y, the least linear dimension in y of the cells o£ the finite set, such that 
j R (x, y) | is bounded, provided y < y,. Hence there exists a value n,, 
of n such that j B n (*) | is bounded as a function of (n, x) f or n S n, , and 
for all values of x in E. 


EXAMPLE 

Let* u, (x) m 0, at all points of the interval (0, 1 ), except nt the point ), where ti, (r) - 1. 
Let ir. (r) — - 1, at x = J, and «. (x) ■» 1 at i » ), j, and a, (r) m 0, everywhere el»; 
let I/, (x) - - l,alr=J, j. and u, (r) m 1 at), j, '. and o, (r)*= 0 at all other point* rf 
the interval; and to on. Thus a, (z) b zero, except at r *> ). where e, ()) — 1 ; r, (x) b rrre. 
excfept that » t (J) = »,()) = 1; *, (*) is zero, except that a, ()) = «, (J) = f, ({) = 1; and 
to on- The function a (x) b everywhere zero, and therefore b continuous in (0, 1); bat tbs 
scriea converges non-unifomly at ereiy point of the interval, since, in the neighbourhood 
of every assigned point, there are discontinuities of of measure I. 

It has hitherto been assumed that s (x) is everywhere finite; this 
restriction may be removed by employing the transformation 
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It has been shewn by W. H. Young* that, for the ease in which E is 
a linear interval, when the functions u n (x) are point-wise discontinuous 
functions, the visible points of non-uniform convergence may bo densoin the 
whole orin a part of E, and the invisible points of non-uniform convergence 
form a set of the first category relative to E. Ho has shewn how to construct 
a series of point-wise discontinuous functions, for a given linear interval, 
which have an assigned inner limiting set F for the set of its points of uni- 
form convergence of the sum-function, and such that the sum-function 
is non-uni form ly convergent at all points of 0 (>’). 

■ 96. Tho following general theorem has been established by Habnf: 

If E be a set in any number of dimensions it is necessary anti sufficient 
in order that a sequence {a„ {»)}, convergent in E, may. exist which converges 
ton-uniformly at all .points of E lt a part of E, and uniformly at all points 
of E — Ei, that should be the outer limiting set of a sequence of sets which 
are closed relatively to E. 

The proof of this theorem inquires the theorem or assumption} that 
every set of points which is dense in itself can be normally ordered. With- 
out assuming this, the following less goncral theorem, also given by Hahn, 
can be established: 

If E be a set of points in any number of dimensions, and F be a part 
of E which is of the first category relatively to E, a sequence {fn ( x )) °f 
functions such that 0l/„ (x) s 1 can be defined, which converges everywhere 
in E to the limit zero, the convergence being non-uniform at every point of F, 
and uniform at every point ofE — F. 

A part E 1 of a set E, of points in any number of dimensions is said to 
be closed, relatively to E, if every limiting point of E i that is in F, is a point 
of E 1 itself. This is a generalization of the definition in 1, § 55. The set E, 
is closed in the absolute senso in case E is closed. 

The complement E — E l? rolatively to E, of a set E it closed relatively 
to E, is said to be open relatively to E. If F is a part of E which is the outer 
limiting set of a sequence of sets, each of which is closed relatively to E, 
and non-dense in jB. the set F is said to be of thej'irsf category relatively to E. 
This is a generalization of the definition given in r, § 03. 

First, let F be closed relatively to E, and non-dense in F. ’ Let the 
continuous function Xn (t) be defined for all non-negative values of the 
continuous variable f, by. the prescriptions, x* (0 = 0, when t =-- 0, and 
when t S Xn (0 » 1, when t = ~; x« (0 — nt in the interval ^0, 

Xn (0 = — nt + 2, in the interval ^ . 

* Xoc. ell.; see olio Proe. limd. tfttth. See. (2), vol. 1 {100*1, p. 330. 

■t See Theorie der rtdlai Pmttionen, vol. I, p. 274. t tbid. p. 200. 
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If x I>c any point of E, and d (*, F) be its distance from F (see r, 5 104), 
then «„ ( x ) is defined to be {d (x, F)}. The function s„ (a) is continuous 
wifh respect to E, and vanishes at all points of F ; also 0£s„ (*) -£ 1, 
and lim s„ {*) =» 0. 

Let f bo a point of E tint does not belong to F, then d (£, F) > 0; a 
neighbourhood A, of £, can be so determined that, for nil points of E in that 
neighbourhood, d (x, F) > a, where a is some fixed positive number. 
In A, we have s„ (*} a x« {<f ( x , F)} = 0, provided d (x, F) > -, which 
condition is satisfied if n 3 therefore the convergeneo of s„ (sc) to zero 
is uniform at the point £. 

If £ bo a point of F, in any neighbourhood A, of £, there are points x, 
of E, which do not belong to F, for which d {x, F) has some value /? (> 0), 
and for each such point there is a value of n for which s„ {*) > $ ; for there 
is at least one value of n, such that 

fi be sufficiently small. Such a value of n increases indefinitely as the 
distance of r. from £ is diminished. It. follows that the oonvergenco of 
($„ (a:)} at tho point £ is non-uniform. Thus the theorem has been estab- 
lished for the case in which F is closed relatively to E, and non-donso in E. 

Next lot F be the outer limiting set of a sequence {F„} of sets F„, cnoh 
of which is closed relatively to E, and non-dense. Let s mn (2), whom 
« ■= 1, 2, 3, ..., is the sequence, defined as above, corresponding to F„\ 
and lot us consider the double sequence of functions — (»), where 

m. and n have all integral values. This double sequence can bo arranged 
as a single sequence {/„ (2)} ; and it will be shown that tins single sequence 
has the required properties. If e bo any prescribed positive number, it is 
impossible that, at any point £, f p (£) 3 c for an infinite set of values of p. 
For wo have 0 < (£) < «, if m>-, and for all values of n; if u 

be the greatest Integer which does not exceed - , the only values of m for 
which — $„„ (f) 3 c, are 1, 2, 3, ... a; for each of these values there arc only 
a finite number of values of n for which ~ s an (£) 5 «, and therefore only 

a finite number of values of n for which this condition is satisfied for any 
of the values 1, 3, ... a, of m. It follows that, except for a finite set of 
values of j>, we have/, (£) < c. Since c is arbitrary, {/„ {£)} converges to 
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Since the sequence i (s), ^ ... is a part of the sequence 
{/j, (*)}, the upper boundary of/ p (*), in the neighbourhood A of a point £, 
of E, cannot be less than the upper boundary of the first sequence. ‘When £ 
is a point of F m this upper boundary converges, as A ~ 0, to a valne greater 
than zero, hence the same must hold for the sequence {/„ (x)} ; and this 
must he the case for each value of m. It is therefore the case for any 
point $, of F‘, the convergence of {/ p (a:)} at f is therefore non-uniform. 

If £ be a point of E — F, in a properly chosen neighbourhood A, of f, 
we have / P (x) < e, for all values of p greater than some fixed number 
dependent on «. Since i s mn {*) < «, for all values of n, provided m > 
we need only consider those values 1, 2, 3, ... a, of m, for which itS-. For 
enoh of tlieso values r, of m, i (a:) < c, for n > n ( f\ provided A is 
proporly chosen. 

Hence if n, be the greatest of the numbers rff, we have — s m „ {*) < t, 
for m «= 1, 2, ... a, and for n> n,. Thus /„ (*) < «, in A, for all values of ji, 
except a finite number; therefore ( is a point of uniform convergence of 
the sequence. The theorem has now been completely established. 


FUNCTIONS INVOLVING A PARAMETER 

97. The theory of uniform and non-uniform convergence of sequences, 
or scries, may he extended, by a slight modification, to apply to the case 
of a function / (x, a), defined in a domain of x, of any number of dimen- 
sions, for each value of the parameter a which 16 in an assigned linear 
interval, closed or open. Let it be assumed that / [x, a) is defined for 
. values of a such that aj<aSo 0 + e. If at a point f, of the domain of x, 
there is a definite value of lim f (£, a), a varying continuously, the function 
/ (x, a) is Baid to be convergent at the point f , as a converges to a „. 

In case a diverges to a> , we Bhall suppose / (z, c) to be defined for all 
values of a greater than, or equal to, some fixed number G. 

The following definitions of uniform convergence in the domain E, 
of x, are precisely similar to those in which a is confined to have values in 
a sequence, given in § 66. 

If, as a — a^, f(x, <z) converges to a definite number rf> (x), ike convergence 
is said to be uniform in E, provided that, if c be any arbitrarily chosen positive 
number, a number h, can be so determined that | / (x, a) — ' <j> (x) [ < e,for all 
values of x, in E, provided a lies in the interval (do, + k,). 
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For 

I {1 + »„ + i (*» (1 + «„+, (a:)} ... {1 + «„ +m (*)} - 1 1 

£- (1 + »»«) (1 + »-«) ... {1 + Vn*m) - i. 

Since n, can be bo chosen that, for n > n , , the expression on the right 
hand aide is < e, it is seen that the condition for the uniform convergence 
q! the infinite product n {1 + «„ ( x )} is satisfied. 

It is easily seen, as in § 78, that: 

// the infinite product fl {1 + | u„ (x) | } converges uniformly in a 
■domain of x, so also does the infinite product II {1 + u„ (a:)}. 

The definition of a point of uniform convergence of a product 

jnp +«.(*» 

at a point £ of a dosed domain B is similar to that of § 70 for the oase 
of a series : 

If, for a point £ of the closed domain E, linear or p-dimensional, a neigh- 
bourhood (f — d r , £ + dt) {linear or p-dimensional) exists such that, for 
n in,, a number dependent on e, 

I {1 + «» (®)1 (1 + ««+i (*)} ••• 0 + «»4. n (*)} - 1 1 < f 
for aU values of .m, for all points x in {£ — d,, £ f- dt), the point £ is said 
to be a point of uniform convergence of the infinite product IT^l + (as)}. 

. The following theorem corresponds to the theorem of § 81 : 

If the infinite product li {1 + u„ (m)} is uniformly convergent for all 
positive integral values of m {or for all positive continuously varying values 
of m), and if lim w. (m) has a definite value v„,for each value of n, then if 
f (m) demies the limiting value of II (1 4- te„ (m)}, lim f (?»•) has a definite 
value, and the infinite product II (1 + v„) is convergent and has lim f {m) 
for its value. 

We have, for all the values of m, | / (m) — IT^ {1+ u„ (m)} j < e, 
provided N is not less than some fixed integer Nr, dependent bn e. It 
follows that j Jim/ (»») — fl (1 + v„) | S e, from whence we deduce that 
jlim/(m).— Km/(m)|S2f, Since e is arbitrary, it follows that lim/(w.) 
exists. Again we see that | lim / (m) - fl (1 + »„) j S e, for N & N , ; hence 
41^(1 4- »„) converges to lim / (»»). 
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a died integer < r. Wo 




Since diminishes os 8 increases iron! 0 to =. < -1-5. where a -t- 1 £ J> £ t. 

0 2 sin’2£ ^ 

Keeping * and a fixed, the product on the right hand side is less than the convergent product 

(’ * irrirp) (* ’ tttso ) - (■♦£•)-• 

Thus, for the fixed valuo of x, the nboi-e theorem is applicable; henco the infinite product 
( J ' (#"+ l)»e») ( J " (» + 2 >m) - 

converges to the limit, as m -» <n, of the expression on the left hand ado, which is 

A)- 

Therefore the infinite product z ^1 - ( 1 - ... converges to sin *. 

In a rimilnr manner it can be eheirn that ^1 - - ^ryj — converges to cosx. 


THE CONVEBOENCE OF A SEQUENCE IN A jrEASUBAIH.E DOMAIN 
33. If the domain E, of any number of dimensions, be measurable, 
and have its measure finite, and the functions of the sequence {*„ (x)) be 
all measurable, the following theorem expresses the condition that {«„ (*)} 
should converge to a function s (z) almost everywhere in E, that is, at c very 
point with the possible exception of the points of a set of which the measure 

If E be a measurable sit (in any number of dimensions) of finite measure l, 
tie necessary and sufficient condition that a sequence fs„ (*)}, of measurable 
finite functions, should converge to a finite function, s (x), almost cveryicherc 
in E, w that a set //;, contained in E, and of measure greater than l — {< 
where £ is an arbitrarily chosen positive number, exists, stick that {s n {*)) 
ronvtTgcs uniformly in II ( to s (x). 
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This theorem was given by Egor off*. That the condition is sufficient 
is clear, for if, however small f may bo chosen, there is a set of measure 
> l — £ in which the sequence converges, tho set of all points of convergence 
has its measure >1 — 1, for all positive values of £, and therefore its 
measure is l. 

To prove that the condition is necessary, let {«,} be a monotone sequence 
of positive numbers which converges to zero. Let e„ denote the set of 

points of E, at each of which j s (*) — «„ + , (a;) [ < e r , for s = 0, 1, 2, 3 

Considering tho sets e„, e n+ i,..., it is clear that each of these sets is 
contained in the next. Each point of E, with the exception of a set 
of measure zero, belongs to all the sets of the sequence {c„}, from and 
after some value of n dependent on the particular point. The set of 
all such points of E, of measure 2, is the outer limiting set of tho 
sequence {e„}. Let p,, ... bo a diminishing sequence of positive 

numbers whose sum converges to tho arbitrarily chosen number £. 
There exists a least value of n such that m («„) > l — 17, (see 1, § 131); and 
let this set c„ bo denoted by F r . Tho sets F t , F Sl ... denote the sets 
F r which correspond to ij t , ij„ ... respectively. We have m (F,) > l — tj,; 
m (F 2 ) > l - jj s , m (F 3 ) > l -tjj, .... There exists a Bet of measure 

> 1 r ’ll — Vt - Va — •“» 

or >1 — of points each of which bolongs to oil the sets F lt Ft In 

this set H { , of measure > l — £, we have | s («) ~ e n (x) \< e,, for each 
value of r, provided m is not less than some integer despondent on tho value 
of <r r . Therefore the sequence converges uniformly in the set H ( ; and thus 
tho necessity of the condition in the theorem has been established. 

100. In tho above theorem it lias been established that, if {£„} bo a 
diminishing sequence of positive numbers which converges to zero, there 
exists a sequence {#{„} of sets, such that m > l — C „ , so that 
hm m (£t (m ) - 1, 

in each of which sots the convergence of tho sequence is uniform. This 
mode of convergence has been termed by Weylf, essentially uniform 
convergence (wesentiich gleichmassige Convergent). Thus the theorem of 
Egoroff establishes the equivalence of the convergence of the sequence 
almost everywhere in tho measurable set with essentially uniform con- 
vergence in that set. It can be shewn that the sets can be so deter- 
mined that each ono is contained in the next. For let £„ = („ — J B+1 , 
for all values of n, and consider a sequence of sets, such that 
m Wn) > i — 1 and such that the convergence is uniform in &(„ , Let H Sn 

* Comptcs Jlcn&m, voL oux (1911), p. 244. 

t Hath. Annakn, voL Lxnr (1909], p. 3SS. 
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lie the set of points common to all the sets K(„, K( ntt It is then clear 

that flic convergence of the sequence is uniform in U {n ; also 
m {H (n ) > 1 - £„ - - ... > 7 - 

and H tll is contained in Thus the sequence {!!(„} has the required 
property. 

EgorofT’s theorem cannot be applied when the domain is mensurable hut 
of infinite measure. To sec this, let such a domain E be the outer limiting 
set of a sequence {£’,}, where in (E„) is finite, and E„ is contained in E n n . 
Let s„ (*) " 1 in the set E nJ . , — E n , and s„ (x) = 0 for all points not in 
that set. The function s (ar) exists at every point of E, and has the value 
zero, but it docs not converge uniformly in any set of infinite measure 
contained in E. 

KgorolT's theorem has been extended by W. IT. Young* to the case in 
which the sequence {s„ (x)) is non-convcrgent in the measurable set R of 
finite measure. The main results of liis investigations, may bo stated ns 
follows; 

If {$„ (*)} be a sequence of functions defined for all points of a measurable 
set E, of finite measure, and the upper (loiter) function of the sequence is 
finite ut at mod alt points of E, then (1), there exists in E, a set. E, of measure. 
> m (/?) — C, so that in E, the sequence {.?„ (a:)} has uniform oscillations of the 
first kind (§ 1 14) ; and (2), there exists in E a set E t , of measure > m (E) - (, 
fn which the sequence has uniform oscillations of the second hind; also (3), there 
exists a set E : , of measure > m (E) - £, in which the sequence has uniform 
oscillations both of the first and of the second hinds. 


101. Egorofl’s theorem may bo npplied to obtain the following pro- 
perty f of double sequences: 

If E be a measurable scl of points, of finite, or of infinite, measure, and 
fani (*)} a double sequence such that lim s„ n ( x ) exists and has a twine s n (*) 
almost everywhere in E, for each value of m, and such that lim s m (x) exists, 


and has a value s (sc), almost everywhere in E, then two increasing sequences 
{«!,}, {it,} of integers can be so determined that {«„,„( ( 2 )} has the unique lunif 
* (?), almost everywhere in E, as i is indefinitely increased. 

Bv employing, when necessary, the transformation 

Vnn(x) ~T+T^W\' 

the theorem can be reduced to the case in which all the functions s„ (*), 
( 2 ) are bounded; thus it will bo sufficient to assume this to be the case. 

• QW.Jovn. Hath. vol. xuv (1813). p. 129; and Pm. Lor*. Utah. See. (2). vnl. *n (»»J, 

p. 303. 


t S«* Frfehet, Unit, iti Palermo, rol. ixit (!90C), p. 15, where the theorem is MtitlWivJ 
for the cok in w Web £'i*a finite linear interval. 



loo, ioi ] Convergence of a Sequence in a Measurable Domain 147 

Jjct, E be tbe outer limiting set ol a sequence {£,}, of measurable sets, 
each of which is contained in the nest, and each of which is of finite 
measure. If E has finite measure, we may take all the sets E t to be 
identical with B. 

In E( there exists a set K, of measure > m (E t ) — where c, is arbi- 
trarily fixed, in which (z)} conTerges uniformly; thus there exists a 
least integer wi ( , such that | s (z) — s„, ( z ) [ < c, t in the set K,; where 
{«,} is a diminishing sequence converging to zero. 

The integer m { being fixed, there exists a set £,, in K,, of measure 
> m (B,) — 2(i, and a least integer n, (> Uj-J, such that 
| (x) - 8^ (x) | < 

in L,. Therefore, in the set L„ we have \s{x) - s m „, (z) ] < 2 1,. Xow let 
the sequence {J r } be so chosen tliat S £, < £, where ? is an arbitrarily 
chosen positive number. The part D {L,-, E v ) of the set L, that is in 
E„, where and ij is chosen arbitrarily, has its measure 

>m (F,) - 2£ f ; and all these sets have, for a fixed value of i„ a common 
part, of measure > m (E t ) — 2 S £,. In this set, contained in E v , we 
have j e (z) — (z) | < 2*,, for i £ t\; the measure of this set is less than 

m (£„) by an amount which can be made arbitrarily small by taking i, 
sufficiently large. It follows that, in E,, the sequence {s^„, (z)} converges 
to s (z) almost everywhere. Since this is the case for each value of p, it 
follows that {«^ n( (z)} converges to s (z) almost- everywhere, in E. 

The following theorem for double sequences is a simplification of the 
above theorem, of less generality: 

If <s„.„ (z)} be a double sequence, defined in a eel E, of any number of 
dimensions, then ij, for each value of m, the sequence lx)} converges 
uniformly in E io a function s„ (z), and Ike sequence {s„ (z)) converges 
uniformly in. E lo a Junction s (z), sequences {«,}, {ft,}, can be so determined 
thal the single sequence {s„ ( „. (z)} converges uniformly in E to 3 (z). 

If {<() denote a diminishing sequence of positive numbers which con- 
verges to zero, a least- integer m,- can be determined, such that 


at all points of E. 


]s{x)-- Bk ,Ix)\<C', 


Again, when »i, has been fixed, a least integer n, can be determined, 
such that [ (z) — Sn, ni (z) ( < at all points of E. We have then 

! * (*) — *«,*,- ( x ) i < e { , at all points of E; and since | a (z) — s njr . s (x) j < e„ 
lorj £ i, at all points of E, it follows that tbe sequence (z)} converges 
uniformly in E, to the value s (z). 
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MONOTONE SEQUENCES OF FUNCTIONS 

102. A monotone sequence of functions {s„ (ar)} defined for a domain E, 
of anv number of dimensions, is such that, for every point x, of E, 

-V.-i {*) ^ S T- (*) 

for even - value of n : or else such that s„ + , (a:) S s„ (ar) for every value of ». 
In the former case the sequence is said to be monotone non-diminishing, 
.and in the second ease it is said to be monotone non-increasing. It is clear 
that, at every point £, there is a single-valued sum-function, since, the 
sequence {s„ (£)), being monotone, either converges to a definite limit, 
ns ji—.*, or diverges. Tims the sequence cannot oscillate at any point 
of E. Wc need only consider the case in which the set E is dense in itself, 
so that every point is a limiting point. We shall here consider monotone 
sequences of functions which are either continuous, or semi -continuous, 
functions in the set E, and also certain less simple types of functions which 
occur in tin's connection. The following preliminary proposition* is of 
fundamental importance in this theory: 

A monotone non-increasing sequence {«„ (x)} of functions which an all 
upper sem i-eontinuous at the point £, of the domain E, dense in itself, is such 
that # (z) is upper scmi-continuous at £. 

In case s (£) is finite, n can be so determined that «„ (f) < s (f) + 1 <; 
and since e„ (z) is upper scmi-continuous at £, a neighbourhood D, of f, 
con be so determined that, for every point x, of E, that is in D, the condition 
f* (z) < s K (|) + lc < 8 {£) + e is satisfied. Since, s (z) £ s„ (z), wc have 
s(z)<s g) -r c, for all points x, of E, in D. Therefore a (z) is upper semi- 
continuous at £. 

In case j (() = - co, for n sufficiently large value of n wc hove 
e n (f) < — F, and a neighbourhood of £ can be so determined that, in that 
neighbourhood, s„ (x) < s„ (£) + ij < — N -f if, where ij is arbitrarily 
chosen. It follows that, in that neighbourhood, s (z) < — A r -f 17 ; and since 
A and q are both arbitrary, s (x) is upper scmi-continuous at £- 

If s (£) = « t rvhich involves s„ (£) = 02 , for all values of n, the point 
£ is regarded as one of upper semi -continuity of s (z). 

If we consider the sequence {— •?„ (z)}, we observe that it is a non- 
diminishing sequence of functions all of which are lower semi-continuous 
at the point £, and its sum-function — s (£) is lower semi-continuous at £’, 
we thus deduce the theorem that: 

A monotone non-diminishing sequence {s„ (z)} of functions which arc oil 
lower scmi-continuous at the point £ is such that s (z) is lower semi-continuous 
al£. 

• S« Efj.f , BvS. StK. Hoik, it France, rot lira (ISO*), p. J25; ■!» W. H. Vo on?, itei’. <■/ 
-Voii. rot nra (1905). p. ns. 
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103. If the functions s„ {#) be all continuous at the point £, we deduce 
from the above theorems, since a continuous function is both upper semi- 
continuous and lower semi-continuous, that: 

If the functions of the monotone non-increasing sequence {s„ (*)} be oil 
continuous at the point £, the function s (x) is upper semi-continuous at f . 
If the sequence be monotone non-diminishing, and all the functions s„ (x) 
are continuous at £, s (x) is lower semi-continuous at £. 

From the theorems that have been established, the following at once 
.follow: 

. If the sequence {s n (x)} be monotone non-increasing, and the functions 
S„ (x) are all upper semi -continuous in their domain E, which is dense in 
itself, tlte, limiting function is upper semi-cemlinuous. 

If the sequence be monotone non-diminishing , and the functions s„ (x) 
are all lower semi-conlinvaas in their domain, the limiting function is lower 
semi-continuous. 

The limiting function of a. ■non-increasing monotone sequence of con- 
tinuous functions is upper semi-continuous, and that, of a non-diminishing 
monotone sequence of continuous functions is a lower semi-continuous function. 

104. If the domain E be perfect, the following theorem may be 
established; 

If a monotone non-increasing sequence of upper scnii-continnous functions 
converges in the perfect domain E ( of any number of dimensions ) to a con- 
tinuous function, the convergence is uniform in E. ' 

The corresponding result holds for a non-diminishing sequence of lower 
scmi-coniimioiis functions, if the limiting function be continuous. 

Let a (x) be continuous, and suppose the sequence to consist of upper 
serai-continuous functions, and to be non-increosing. If £ be any point of 
E, an integer n can be so chosen that s n {£) —•?(£)<!<■; and a neighbour- 
hood /Jj of £ can be so determined, that «„ (x) < s„ (£) + for all points of 
E that are in D„ where e is an arbitrarily chosen positive number. Again, 
a neighbourhood Z>,, of £, can be so determined that $ (x> > s {£) — Jc, 
for all points of E in D 2 , since s (x) is continuous at £. If a neighbour- 
hood D, of £, bo chosen that is interior both to D, and D 2 ; we have 
x n {*) < « n (£) + je, and s (*) > a (£) — for all points x, of E, that ace 
inD s ; lienee s„ (x) — s(x)< s n {£) —«(£)+ je < c > far all points of E that 
are ini): and this must hold for all greater values of n. Thus the point 
f is a point of uniform convergence of the sequence {s„ (x)}, and since it 
is an arbitrary point of E, tbo sequence is uniformly convergent in E. 
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105, The converse of the theorem that a monotone sequence of con- 
(inuous functions has for its limiting function a semi-continuous function 
mnj' be stated as follows: 

Every function defined for a set E. of one or more dimensions, which it 
lenrer semi -continuous in E, in the limit of a non-diminishing sequence of 
continuous functions. If the function is upper semi -continuous, it is the 
limit of a monotone non -increasing sequence of continuous functions. 

This theorem was first established by Baire*. Proofs haw also been 
given by W. H. Yonngt, Tietze}, and Haling and by CaralModory|(, The 
proof here given is essentially that which has been given by HausdorU^. 

It is sufficient to prove the first part of the theorem, as the second part 
is then immediately deducible. 

It will in the first instance be assumed that the lower semi-continuous 
function s (x) is bounded in E. At a point x, of E, let s„ (x) be defined ns 
the lower boundary of the function s [x‘) + nD (a:, x'), with respect to 
x‘, for all points in E, where D (x, x’) donotes the distance between the 
points x mid x'. It will be shewn that the function s„ (x) is continuous in 
E. Let r, be a point so chosen that D {r, x,) < h. 

We have then f>„ (z,) S. s (z'J -|- nD (x l: x'), for every point x', in E: 
also I) (x, , x’) < D (x, x') + D (x, x,) <h + D (r, x'). Thus 
«„ (x,) < nh + {« (x') + nD (x, x')) ; 

and since x! may be so chosen that e (*') + nD (z, x') < e„ (x) + h, wo have 
s n (x,) < s„ (x) + <n + 1) h. Since it may be shewn in the same way that 
(x) < s„ (x,) + {» + 1) h, wo see that | s„ ( x ,) — *„ (x) J < (n + 1) h, 
provided D (r, x,) < h. Since h is arbitrary, the continuity of s„ (r) at 
the point x has l>ccn proved. 

It is clear from the definition of s„ (x) that s„ (x) £ s nAi (x), and that 
*'» (x) cannot, be leas than the lower boundary of a (x) in E. Thus {»„ (*)} 
forms a non-diminishing monotone sequence, and it has a limiting function 
>/i (x). Also, since s„ (x) £ s (x‘) 4- nD (x, x'), we have (x) £ a (x). 

If a point z„ satisfies the condition s (x„) -f nD (x, x„) < (x) + - > 

wc have D (x, x n ) < — ^ - + « (x) — where I is the lower boundary of 
* (x) in E. It follows that D (x, x„) converges to zero as n -» to , or the 
sequence {x,.} converges to x. Since s (x) is lower semi-continuous, we 

• Bull. JSoc. Moth, dc Franrr, vol sxxn (100J). p. 125. 
f Prv. CoMti. Phil. So c. voL xiv (190S), p. 523. 
t fiW/f’r Journal, vol. exsv (1914;, p. 9, 
f ITinu SibKPyiisr. vol cun <1917), p. 100. 

'i Vortreumjen Gltr rtrfft Funktwnen, p. 401. 
r -WaS*. ZiiOehr. vol v (1919), p. 293. 



105, ice] Monotone Sequences of Functions 151 


have s (z) £ Km s (x„) £ lim js„ (a:) + ij S $ (a) ; but since s„ (z) £ s (z), 

we have r/i (a:) fi s (x) ; and from the two inequalities we have s(x)=<j> (x), 
and thus {s n (x)} converges to a (x). If a: is an isolated point of E, x„ will 
coincide with x, from and after some value of n, and a (x) < s„ (x) + 
and then, as before, a (x) £ s„ (x). 


The above proof is appUcable even if a (a;) have no upper boundary, 
provided it have a finite lower boundary. In order to remove this restriction 
we employ the transformation o ( x ) «• y j ; then u (x) is in the 

interval {— 1, 1), and is lower Bcmi-contimious provided s (x) be so. 
Applying the result already obtained, o (x) is the limit of a sequence of 
continuous functions cr n (z), where ] u- n (z) | & 1 in the set E. The functions 
’*<*) 


«» (a) = 


, wliich are all eonlinuous, at least, in the extended 


sense, converge as n , to a (x). 

If the function s (z) be finite, although unbounded, it is possible to 
determine s„ (z) so that it is finite for each value of n, und consequently 
crmlimious in the ordinary sense; whereas when a„ (z) has one of the 
values 1, — 1, s„ (z) has the value os or — » , and is therefore continuous 
only in the extended sense. 

If any of, the functions a„ (z) have the value 1 or — 1, so that s„ (z) 
has the value cc , or - to , wo can modify the transformation so as to ensure 
that s„ (z) shall he finite for each value of n. Let {e„} bo a sequence of 
increasing positive numbere which converge to 1. Instead of the sequence 
{»„ (a)} we may employ the sequence {e„u„ (x)} which converges to o (®), 

and is monotone increasing; then s n '(z), being defined by — ef,cr " . , 

t — % I On 1*1| 


between finite boundaries 


I -fin 1 


,'and lias the required property. 


106. In ease the set E consists of a closed linear interval (a, 6), a simple 
proof of the above theorem can be given which includes the faot that the 
continuous functions can be so chosen as to be polygonal, and thus possess 
derivatives on -the right and on the left which arc continuous except for 
a finite set of values of the variable. Thus : 


' U a function f (z) be tipper semi-conU.-nv.ous in the interval [a, b), and 
have a finite upper boundary, it is the. limit of a monotone non-increasing 
sequence of continuous polygonal functions. 

Also if the function be loioer semi-conlinuous, and have a finite lower 
boundary, it is the limit of a monotone non-diminishing sequence of continuous 
vdygowl functions. ■ 
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It mil be sufficient to establish the first of these theorems. Let a system 
of symmetrical nets with closed meshes be fitted on to («,&); we, may 
suppose the breadth of each mesh of the net of order n to be (6 - a)ji\ 
Let. the values of ■£„ (x) at the ends of the meshes of the nth net be defined 
thus: Let tj> n (a) be the upper boundary of /(a) in the mesh with a nt its 
end : let the value of <j>„ (x) at the point a + be the upper boundary 

of /(*} in the interval •+ ^ ~~ \ a ~ : and let the 

value of ij>„{x) at the point b be the upper boundary of the function /{*) 
in the mesh ^ ~ g , . Let the continuous polygonal function j>„ (z) 

he defined by' its values at the end-points of the meshes, as thus specified. 
It is clear that <£„ (z) ?. ^ n+I (x ) ; so that {<j>„ (i)} is a non-increasing 
sequence of continuous functions. 

If £ bo any point in {a, 6), a neighlKwrhood of £ can be so determined 
that f(x) </(£) + c, for every' point x, of that neighbourhood. For a 
sufficiently large value of n, the interval 

(a t (r-y-g? ^ fl + (r + 2)^(6 - a ) j 

is contained in tills neighbourhood of £; where £ is contained in 

(a + ( r -y-°) , a + . 

The values of f>„ (x) at the points 

a a. (r — 1) (fe — o ) r[b -a) , (r -f 1 ) (6 - a) 

2" ’ 2" ’ 2” * 
are between /{£) and /(£) - f e; hence also <}>„ {£) lies between /(£) and 
/{£) + «. Thus the function </>„ (£) differs from / (f) by Jess than r. It now 
follows, by considering a sequence of values of e, converging to zero, that 

W„ (£)=/(£); 

and thus the theorem is established. 

107. The flowing theorem was established by Hahn*: 

1/ be functions, defined for a domain E, of any number 

of rfime.-w.K, «“*(*) being loiccr semi-continnovs, and upper semi- 

continual!.*, and such that £ £< “>(:?), there exists a continuous function 
S (r), such that s*0(z) £«(*)> s<“) (*). 

I.«t x ft) *= /; when t > 0, and x (0 — 0, when t £ 0; this function 
X (0 is a continuous, monotone non-diminishing function of the real 
variable t, as / increases in the indefinite interval (— « , a>). 

* lr«n. SU^aif^tr. rot csrn (no) (1917), ji. 103. The proof in Ihc tout was cirrn t? 
HitratJorff, ZtiOeSr. rot r ( 1919 ), p. 293. 
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The functions «•*•(*), «*“>(*) arc, in accordance with the theorem of 
§ 105, the limits of sequences (SnV)), {*» V)} of continuous functions; the 
first sequence being monotone non-diminishing, and the second monotone 
non-increasing. 

Since s [ f{x) - a”’ (a;) £ 4° (x) - ■sjj’ufx) £ 4+1 ( 2 :) - «JJ+i (x), 
for» = 1, 2, 3, , we have 

* <«“ M - »? (*» :• x (*“(*) - A. MS, {«2, (*) - A. («))• 

The series 

4?(*) + X {4“’<*) - - X (4%) - 4V)5 

+ x (4 U> (*) - sf (*)} - x {4“’ {*) - 4° 

+ ... 

of which the terms are continuous in E, and of alternate signs, after the 
first term, is suoh that each term, after the first, is numerically not loss 
than the next, for. each fixed value of x\ and it is seen that the genera! 
term converges to zero. The series is accordingly convergent at every 
point x, of E; the partial sums of even order form a monotone non- 
diminishing sequence which accordingly converges to a lower semi- 
oontinuous function, and the partial sum6 of odd order form a monotone 
non-increasing sequence which must converge to an upper semi-continuous 
function. The sum-function of the series, being both upper and lower semi- 
continuous, is a continuous function, a (x). It will be shown that a (x) 
satisfies the conditions of the theorem. 

At a point at which s m (z) = a <u) (x), we have 

4V) - 4V) £ 0, 4“’ (*) - 4+i(») £ 0; 

and thus a (z) ai'V) + {.^"’(x) - 4°(x)} - - 4°(x)) + •-» 

whence a (x) = liin 4' (*) “ lim af (x) — s ll> (x) .-= « <u, (x). 

At a point x, at which s ,n (z) > aM (x), let the first term with negative 
argument, of the series which defines a (x), be x {4 V) — (x)}; then 3 (z) 
is given by the finite series 

4V) + {4V) - 4V)> - {4 V) - 4 0 (z)} + ... - {s%li («) - 4V». 

OT M*) = 4V)S then 4V) S 4V) £ 4V) £ s< u >(x)> and thus 
a* 0 (z) = s{x) s ai*> (z). 

Similarly, if the first term with a negative argument in the series which 
defines a (z) bo x {4° (*) — 4+i (*)}, it can be seen that s (x) = 4V), and 
thence, as before, that 4 (z) ts(r)i 4 ) (z). 

Thus the theorem has been established. 
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THE EXTENSION OF FO-VCTIOXS 

108. From the last theorem, the following theorem, due to Tietzc, may 
he deduced: 

If II be a closed scl contained in the set E, and s (x) a function defined in 
If, and continuous relative to H, then a function exists in E which is con- 
tinuous in E, and has the value s ( x ) at every point of R. In j>arliatlar, a 
function exists which is continuous in the whole linear, or p-dimensional 
space, and has at all jaints of the dosed set II, the values of an assigned 
function s (x), continuous relative to H. 

I*t V and L denote the ripper and lower boundaries of s(x) in H; 
U and L will at. first be assumed to be finite. The function defined 
in E by the conditions a*0(*) = $ (a;), in U, and *<'>(*) = V, in E - II, 
is lower scmi-continuons in E\ also the function s* u, (:r) defined by the 
conditions «'“>(»:) = s (a:), in If, and -> L, in E - H, is upper semi- 
continuous in E. Since s ,n (z) fe (*), in E, a function / (r), continuous 
in E, exists, such that sf>(x) £/(a:)£ «W{*). This function f(x) has 
the value of s (*) at every point of H; and is the function which lias the 
required properties. 

Jn ease U and L are not botli finite, so that, s (x) is continuous, in II, 
only in the extended sense, ive employ the transformation o(x) =.- j — 

Then a (a:) is bounded and continuous in H ; if F(x) be. the function ivhicli 
is continuous in E and = o(z) in H; the required function / (a) may Ik 

109. A direct method of constructing a function / (a:) which, satisfies 
the conditions of the last theorem has been given by Hauscior/T (loc. cit.}. 
The method may be applied to the construction of a function which satisfies 
a less restricted condition as regards its values in the closed set II. Tlw 
following general theorem* is relevant to the theory of Jordan curves: 

If E be any scl of points in one or more dimensions, and If he a closed s'!, 
contained in E : that, if a (x) be any function defined in H, a function /(*) 
can be defined tn E which has the value s (x) at each point of If, and is con- 
tinuous at all points of E — H, and also at each qtoinl of If at which s (*) 
is Continues '« relatively to If. 

It will in the first instance be assumed that s (x) is bounded in II, 
so that, U Us (r) L, in If. Let / (x) = « (x). in If, and let / (*) nl each 
point x. of E — If, have llie vnluc of the lower boundary of 


* Sit P al. Crdh's Journal , vot exuu (IOI1J, p. 29J; atw Brouwer, 
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for all points x', of II ; where D (*.„*’) denotes the distance between the 
points x, x', and tl (*) is the lower boundary of D (x, x') for all points x', 
of H. Consider a point x, of the set E — II, which is open relative to E ; 
it will be shewn tbat/ (a;) is continuous at x. We need only consider points 
of H, for which 

, D (a;, «*) , - , , , , -D far, x') 

■■-3M - I</W + 1 - OT TTi)- < 

, which may be written D(x, x') < M{x). Let f be a point of 12 — II in a 
neighbourhood of x for which D (*, f) is less than on arbitrarily chosen 
positive number ft, and which contains no points of H. The point*', of 
II, can be so chosen that 

p- ></<*)+*■ 

and that I) {*, *') < hi (*). 

We have 


</(*) + h + 
<f(x) + h + 


D(£,x') D (z, x -) 

dtf) <?(*) 
dO)" 


’’ ra~ ■((»)} 


_ rM , , h , <f {*) - <1 (f) 

</w+ * + *a +l — jur~ 


where « is a positive number dependent on the neighbourhood of x in 
which f is tab on. This holds for all points $ in that neighbourhood. It 
may similarly be shewn that /(*)</ ($ -r h ^1 + • Since h in 

arbitrary,' it follows from the two inequalities that / (*) is continuous at 
the point *, of E — II. 

Next, let x be a point of II which is on the boundary of II relative to 
& — II; consider a point f, of E — II, such tbatU {*, f)<h< 1, Let *' 
he a point of H such that < 1 + h, then 


dffi 


sm ?-*(*') 


-Ke{x') + h. 


.n&j) 

■ dg) 

Since d (£ ) S D (x, f) < h, we have 

D{x, *') £ D (*, f)+P (f, *') < h + (1 + /,.} h < 3 ft. 
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If now x is a point of continuity of $ (z) relatively to H, wo have 
* (z') < i [x) + Vl 

where ij anti 7i converge to zero together; therefore /{?}<«(*)+ ij + h. 
As before, in the definition of / (£) we need only consider points x', of IJ, 
for which D (£,*') < kd (A) < kh, or for which 

D (x, *') < D {x, $) +• D (£, x’) < (1 + k) h, 
and for nil such points s (x‘) > a (x) — rf, where y converges to zero with h. 
Then / (£) is tho lower limit of s (x‘) + ~ 1 which is S the lower 

limit of s (»'), and this is > s (x) — ij'. Since / (f) lies between s (z) - if 
and * (z) + ij + A, where i), if, h converge together to zero, it follows that 
fix) is continuous at the point x, of II , at which a {x) is continuous relatively 
to II. 

If * be a point of B that is not a limiting point of E - II, f (z) is 
continuous at x if s (x) is continuous at x relatively to H. The theorem has 
now been established. 

Tho theorem can be extended to the case in which a (z) is unbouuded 

by employing tho transformation o (z) ~ , and applying the 

i + | s (x) | 

theorem to the bounded function a (z); continuity will then bo understood 
in the extended sense. 

110. The method employed in § 100 can be used to establish the following 
theorem due to Tietzo (foe. cit .): 

IJ s(x) be defined in a set E, and is continuous with respect to E at every 
point of the dosed set H contained in E, a function f(x), continuous in B, can 
be defined such that, in E, / (x) S s (x), and in II, f{x)**s (z). 

When s (z) is bounded, tho required function can be defined at a point 
x, of E — H, ns the lowor boundary of s (x') H — for nil points x‘, 
of E, and f (x) — 3 (x), at every point x, of H. That this function is con- 
tinuous can be hewn as in § 109. The extension to tho case in which 
s (z) is unbonr - led can be made as before. 

The folio ing theorem is also due to Tietze: 

Every function a(z) defined in the set E, and tower semi-continuous in E, 
but continuous with respect to E at every point of the closed set II, contained 
in E, is the limit of a sequence of continuous functions {«„ (z)} such that 
«« (z) = a (z), in II. 

In the first instance s (x) may be taken to be bounded in E, and the 
result may afterwards be extended. In accordance with the last theorem, 
there exists a continuous function / (x) S. a (z), such that / (z) — a (*) 
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in H. By the theorem of § 105, s (x) is the limit of a non-diminishing 
monotone sequence {/„ (ar)} of continuous functions. Let s n (x) at each 
point, denote the greater of the two numbers /„ (*), /(*); the sequence 
{*« (*)} is then monotone non-diminishing, and its limit at each point 
must be the greater of the two numbers s (a:), / (x ) ; that is x ( x ). At a 
point x, of H, we have s„ (*) = s (*). 


CLASSES OF MONOTONE SEQUENCES 

Ilf. With a view to application to the theory of integration the 
properties of functions formed by taking a succession, of monotone se- 
quences, the first of which sequences is a monotone sequence of continuous 
functions, have heon investigated hy W. H. Young*. 

In a domain E,'ot one or more dimensions, whioh may bo taken to be 
dense in itself, a function which is upper semi-continuous in E is termed 
att-function; as has been shewn in § 105, a w-f unction is always represent- 
able as the limit of a monotone non-incrcasing sequence of continuous 
functions. Similarly a lower semi-continuous function is termed an 
Unction, and is the limit of a non-diminishing sequence of continuous 
functions. 

It is easily seen that the sum of two u-functions is a u-function, and 
that the sum of two 1-funotions is an 1-function. A similar statement may 
be made for the product of two rt-funotions, or of two Z-f unctions, provided 
both functions are £ 0. 

It is also easily seen that, if wc have two semi-continuous functions of 
the same type, the function which has at each point the value of the 
greater of the two functions is also semi-continuous, and of tho same type! • 
Also tho function which has at each point the value of the lesser of 
the two functions is semi-continuous, and of the same type. It is dear 
that this statement may be extended to apply to any finite set of semi- 
continuous functions, aU of the same type. 

. A monotone non-diminishing sequence of upper semi-continuous, or 
M-functions, converges to a function which may be termed a lower-upper 
semi-continuous function, or shortly an fti-funetion. Similarly, a mono- 
'tone non-increasing sequence of lower semi-continuous functions con- 
verges to a function which may be termed an upper-lower semi-con- 
tinuous function, or uHiunction. Thus an ascending sequence is spoken 
of as lower, and a descending sequence as upper, in consonance with tho 
fact that an ascending sequence of continuous functions converges. to a 
lower semi-continuous function, and that a descending sequence of con- 
tinuous functions converges to an upper semi -continuous function. 

* Proa. Lorn L Mailt. Sac. (2), voL lx (1610), p. IS. 
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In accordance with § 103, an upper-tipper scmi-continuous function, 
or tiif-funetion. is a « -function; and similarly an //-function is nn /-function. 

The id-functions and the /u-func(ions are both functions of new type;, 
hot each of them includes both w-funetions and /-functions as sub-classes, 

JJy considering monotone sequences of id-functions and of /tt-functions, 
ive appear to obtain functions of the four types mil, htl, uhi, tin. 

Jt. can however be shewn that only the /id-functions, and the idu- 
functions are of now types; in fact it may be shewn that a uni-function 
is <1 vl-fuvdion, and that an llu-fimction is an ht-f unction. 

Let .? (x) = Jim s K (x), where «„ (x) £ «„ +2 (x), for all values of n, and 
where s„ (*) « lim (x), where s„ m (x) £ a„. W41 (x), for all values of 
« and m, and the functions s„ m (x) are nil u-f unctions, so thnt «„(*) is 
nn 7ii-fimction, and s ( x ) is nn i/w-funotion. 

Let a„ (a) denote the function which has at each point the value of 
the greatest of the functions e,„ (x), (z), ... s„„ (x), then a„ ( x ) is a 

((•function. 

Since s rri (x)fi #,. B4J (x), forr = 1, 2, 3, .... it is clear that a n ( x)f- e ntI (x), 
Thus the limit of the monotone sequence {o„ (x)} is an In-function, and it 
will ho shewn that this limit ct (x) — s (x). Since s„ m (z) » s„ (x) 3 J (z), 
for all values of n and m, it follow's that a n (*) £ « (x), and therefore 
a (z) f: » (x). A value of n, can be so determined that s„, (*) > « (x) - <, 
and a value «?,, of re, can be so determined that 

», <z) > (*) — t > s (z) — 2c, 

Jf re, r. (x) s- a„, (x), hence a, t (x) S (x) > i (x) - 2c. If 
re, >«,, </„, (x) (z)> s (x) -2c. In cither case an index » can 

lie so determined that <r n (x) > a (x) — 2e; since c is arbitrary, it follows 
that a (z) & r (x). It now follows that a (x) = s (x), and thus that ff(x) 
is an /w-funclion. Similarly it may he shewn that a atd-funclion is a 
id-function. 

It is easily seen that the sum of two functions of the same type fa, 
id, bit, or t tht is a function of the same type, and that the product of two 
functions, both of ivliich are ? 0, and of the same type, is also of that type. 

It can also be shewn that the function wluch has at each point the 
value of the greater (or of the lesser) of two functions of the same type, is 
also of that type. 

It is clear that, proceeding from the /id-functions and from the uln- 
func! ions, new classes of functions may be obtained, but these are not 
of importance in tire theory' of integration, although they are of interest 
in connection with tire classification of functions. 
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112. Let K. (»)5 be any sequence of lower semi-continuous functions, 
not necessarily convergent, defined in a set E. Let V„ (z) denote the 
function which has as its value at each point x the greatest of the numbers 
e, (x), «■! (x), ... s„ (x). 

Tlie sequence {F„ (x)} is a monotone non-diminishing sequence of 
lower semi-continnous functions, and it must converge to an /-function 
IF) (z). At each point x, IF, (z) has the value of the upper boundary 
of all the numbers s, (x), s. (z), .... The function TF„ (a:) is formed in a. 
similar manner from the functions s„ (x), (x ), .... The sequence 

{W„ (x)} is a monotone non-increasing sequence of /-functions, and it 
converges to the upper function S (z), which is therefore a id- function. 
If the functions s n <z) were all M-funetions, the functions V n lx) would all 
he a-functions, and the function W„ (x) would be an /M-function; jtthen 
follows that S ( x ) would ho a u/tc-function. 

In a similar manner, a non-diminishing monotone sequence {w„ (x)} can 
be formed, which converges to s (z); and it can be seen that, -when the 
functions «„ (z) are all «-furictions, the function s (x) which is the limit of 
the non-diminishing monotone sequence {w„ (x)}, is an Zu-funclion; and 
when the functions {«„ (x)} are /-functions, s (s) is an ZirZ-function. 

The monotone descending sequence {!!'„ (x)}, which converges to 
ii (*), and the monotone ascending sequence {to„ (z)} which converges to 
S (x) may be termed the monotone sequences associated until any sequence 
{»„ (*)), whether the functions s n (z) are semi-continuous or not. 

Since a continuous function is both an /-function and a ti-function, it 
follows that: 

The upper function s (x), of a sequence {s„ (z)} of continuous functions, 
is a ul- function, and the lower function s (z) is an lu- function. Jf the sequence. 
{#„ (z)} of continuous functions is convergent ( even in the extended sense which 
includes divergence), the limiting function s (z) is both a ul-function and an 
lu -function. 

113. // a sequence [s„ (*)} of ul~funclions converges uniformly to a finite 
limiting function, e (x), the function s (x) is also a ut-funclion. If a sequence 
of lu-funclions converges uniformly to s lx), then s (z) is also an lu-function. 

Jt will be sufficient to prove the first part of the theorem. It will, be 
shewn that s (z) is the limit of a monotone non-increasing sequence of 
id-functions, and is therefore a Kid-function, that is a id-function. 

If {«,,} be a diminishing sequence of positive numbers which converges 
to zero, integers {«„} can be so determined that [ e (z) — s^ (z) J < e a for 
all values of p, and for all points x. in E. We have now 

-V £*> +■ > * (*) + r» ; {*) + <*(r)t 3e^j ; 
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i{ now €„ > 3%h, wc have s„ r (x) -j - 2e„ > s (x) + 3f s+1 . Choosing the 
sequence {fp} so that this condition is satisfied, the monotone decreasing 
sequence {* njf (x) -f- 2e„} has the limit a (x), and s„ p (x) + 2c, is a id-function. 
Therefore $ (x) is also a tit-function. 

This theorem is a particular case* of the general theorem that: 

The limiting Junction oj a uniformly convergent sequence oj Junctions ell 
oj the same type, is also oj that type. 

UNIFORM OSCILLATION OF A SEQUENCE OF FUNCTIONS 
114. The theory of uniform convergence may be generalized so as 
to apply to a sequence {s„ (x)} of functions defined in a set E, of any 
number of dimensions, the sequence being in general, at least, non- 
con vergent. If p be the number of dimensions of the domain E, we may 
regard s„ (x) as a single valued function in the (p -f I)-dimensional domain 
which is constituted by * in E, and n Li the integer sequence 1, 2, 3, .... 
If the transformation » =» l/y be employed, e„ (x) becomes s (x, y), 
which is defined for the domain JE, defined by 

{x in E,y in the sequence (I, J, ...)}. 

Denoting by s(f) the multiple-valued function defined, as in §01, 
as having the values of the limiting points of the linear sequcnco {«„ (f)). 
Die values of s (f) consist of the values of lira s„ (f), or of lira s (f, y), 
and they form a closed linear set, of which i (f), § (f) arc the upper and 
lower boundaries, cither of which may be cither finite or infinite. We 
may suppose that & (f, 0) has for its values all the values of a (£)• 

Let us consider the associated functions, defined, as in § 64, with 
reference to the function s (x, y) at the point {$, 0), or of s„ (x) at the point 

These functions A {{s„}, x], a [{«„}, x], associated with the sequence 
{*n (*)}, will be defined, at each point f, as the upper and lower double 
limits of a (x, y), or of s n (x) at tho point {£, 0) of JE, or the point (f, “ ) 
of F, 

Staled more explicitly, the numbers A [{s„}, (], a [{*„}, ?] are defined 
ns follows : 

If A be a neighbourhood oj the point $, and », a value oj n, and the upper 
boundary oj s„ (x), Jor all points z, oj E, in A, except the point f, Jar oil 
values oj n that are S 7ij be considered, the lotccr limit of this upper boundary, 
as A converges to and n, diverges to ce , defines the value of A f{ff R }»fl- 
* Sre W. If. Young, P,K. Lord. Hath. Soe. (2), vol. in (1013), p. 357, where » iliOntni 
prool is pi veil. In Hchn’s Thtorie drr r ttHtn Funttimisn. vol. r, p. 334, tt prooi tUnilsr to th»t 
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, . » » iiio i\tiahbowhood A, with the same re- 

I] a. lows, taoKtory »/“■ W ffc «rd» lima ■>/ 1«> 1 “’ <r 

slricb'on, Jib all «*•"» »/ » - - > K e wims 0/ a [{«„), <], 

I «*»»*». " A *r ‘ ~ ,T f iwlf TO, not excluded, 

^d“l Je »d minu- — < fd 

*, y 8 "u: is^tsu — “ i to “ u “ m by p M 

is the greater of the numbers p {(), $ (s)> 

is the lesser of e (£) and 5 (£)• ' . /ower semi . 

The function g> (*) is upper ^ ma ^ ma i or minimal functions, 

continuous. A similar statement appl . , Q5 jf we denote 

That this is the case can be M ** £ ^ nc tL 7«. and 

by + (*) the function A {! (*), *) ^ the function » <*). » iR 

at evorv point of .E, in A, the two inequalities 

«»(*)<* (*) + e > *• ^ > * ™ * .. . fi , . 

.. . , , • - , , „ > _ • T n case the first, condition is satisfied for 
are satisfied provide* * ~ the sectmd , the convergence of the 

every value of e > b j‘ above, it being assumed that the 

sequence at | =-ay teseid to be J oondi tion is satisfied, hut not 

sequence ,s »»«»«"* at ^ may fee 8nir , to bo «i/« Mow 

necessarily the first, U s exisfcs QCCU rs when the convergence 

■Uniform convergence at f, where * (S) esiscs, ^ 

is uniform both above and below. , 

H tta acqucnce be neffletou «t i, » » «*» taj-*™* 

1 £ ™ IS .Mb « » nighbuuibeod 4 exist., cud , eu mtegcr «, , 
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?aid to bo uniformly oscillatory below. If both conditions are satisfied 
the sequence is said to be uniformly oscillator}’ at £. 

The sequence {«„ (*)} *® so id to oscillate uniformly above in the set E, 
if, t briny an arbitrarily chosen, positive number, an integer n, exists such that 
s„ (x) < s (.r) + e, at all points of E, • provided is S >U ■ If s„ {x) > £ (x) - t, 
at all points of E, the sequence is said to oscillate uniformly below in ii. 
When both conditions are satisfied the sequence is said to oscillate uniformly 
in £. 

This definition was given by W. H. Young, who developed the theory 
of uniform oscillation. In view of a different definition to 'be considered 
bcltnv*, (his mode of oscillation was termed by him uniform oscillation of 
the second kind. It will here bo spoken of simply ns uniform oscillation, as 
it appears to bo the simplest and most direct generalization of uniform 
convergence as dofined in § CC. In case the sequence is convergent, the 
uniform oscillation becomes uniform convergence. 

It can bo shewn, as in § 70, that, if the set E he closed, and the sequence 
bo not uniformly oscillatory in E above (below), there must bo nt least 
one point £, of E, at which the sequence is not uniformly oscillatory 
above (below). 

Tor, at each point of E, we have s n (a.-) < s (a) + <, provided n is ? some 
integer dependent on x; let </>, (e, x) denote this integer for the point x. 
If i/i t (c, x) is bounded in E, for each value of e, it is clear that the function 
is uniformly' oscillatory above at every point of E. If, however, there 
exists a value of c, such that 0, («, x) is unbounded in E, there exists nt 
least one point f, of E, in the arbitrarily small neighbourhood of which 
0, (f, x) is unbounded. At this point f, there exists no neighbourhood A, 
such that s„ (x) < $ (*) + f , in it, for all values of n greater than some 
fixed integer; thus the oscillation above, at £, is not uniform. 

It has been assumed that 5 (x), s (x) are botli finite at each point of E. 
If , in a part B, , of E, we have S(x) ~ + oo , whilst s (*) is finite, the sequence 
is regarded as uniformly oscillatory in E u in an extended sense, if it is 
uniformly oscillatory below in E, . When this condition is satisfied, 
employing the transformation in § 62, we sec that {u„ {x)} is uniformly 
oscillatory in E t . 

A similar definition applies to the ease in which E contains ft part- E t , 
in which i (ar) is finite and s [x) — — m . If jn a part E 3 , of E, wo have 
s (r) t « , s (i) = - ® , the sequence is uniformly oscillatory in E 3 , in 



«. Sec. (2). TOl. xu (1013), p. 340, where, bowo 
rodment. The correct definition is given in Quart 
:iptUiom of uniform oscillation srcrc given by W. 

! (ISOS), p. 398, and in Cam J. Phil. Tram. vol. xi 


ver, tire atatemml of 1l>« 
t. Jovrtt. vol. lur (JO !0f. 
if. Young in I'm- l#*t- 
ti (1809), p. 241. 
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the extended sense. In this ease <r„ (i) < o (*) + e, o„ (x) > a. (x) — e foe 
all values of «, since 5 (*) = 1, a. (*) “ — 1. 

The sequence is said to be uniformly oscillatory in E, in the extended 
sense, if it be uniformly oscillatory in each of the sets E } , Z? 2 , E,, and also 
mE-E : -E 1 -E i . 

116. The following property of a sequence that is uniformly oscillatory 
either above or below, or both, will be established. 

If ihe sequence {s„ (*)} consist of functions which arc lower (upper) semi- 
continuous at £, and the sequence oscillates uniformly above (below), the upper 
(tower) function is lower (upper) semi-continuous at £. 

We have 

3(£)~S (x) = {* (£) - s, (f# + {a„ (?) - s„ (*)} + {«„ (*) - S (*)}. 

A neighbourhood A, of f, can be so chosen that «„ (x) - S (x) < $«, if * 
is in A, for n£n,;ii valuo of n {£ ji,) can bo so fixed that 

•*(#)-«. <0<J«. 

Also, a neighbourhood Aj , contained in A, can be so chosen that, for the 
fixed value of n, a„ (?) — s„ (x) < J«. It follows that, in A i( wc havo 
S(x)> $ (?) — t. Since c is arbitrary, S (x) is lower semi-continuous at f. 

It follows that: 

If the functions s n (x) are continuous at £, and the sequence oscillates 
uniformly at £, S(x) is loteer semi-continuous, and s (x) is upper scmi- 
cemtinuous at}. 

A point ? at which p (?) «= S (?) will be said to be a point at which the 
sequonce {s„.(a:)} is continuously oscillatory above. A point at whiob 
c (?) i (?) will be said to be a point at which the sequence is continuously 
oscillatory below. The point £ will be said to be a point of continuous 
oscillation .of the sequence {s„ (a:)}, if both the conditions p (£) — S (£), 
« (?) - 8 (?) are satisfied. This definition may he stated in the form that: 

A point £, of continuous oscillation of the sequence {«„ (x)}, is one at 
which J (?) is the upper multiple limit at (?, cn ) of s„ (*), and at which s (?) 
is the lower multiple limit of s„ (x). The two conditions, taken separately 
denote continuous oscillation above and below respectively. 

The condition at continuous oscillation at £ may be also stated in the 
form that M [{«„}, £] — s (£), m {{«„), £]- s (£). Tliis is a generalization of 
the definition given in § 75, of continuous convergence, that 
?(?) = <=(?) = «(?). 

117. If, in a set E, p (i) — S ( x ), at all points, the sequence is said to 
oscillate continuously above in B, and if c (x) >= s (x) ihe sequence is said to 
oscittafe continuously below tn E. If both conditions are satisfied the sequence 
ts said to oscillate continuously in E. 
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It can bo shewn, as in § 115, that if a sequence does not oscillate con- 
tinuously above (below) in a closed set E, there roust bo at least one point 
of E at which the sequence does not oscillate continuously above (below), 
It wilt be shown that; 

// (he. sequence {*„ (x)) consist of functions which arc lower (upper) semi- 
continuous at £, and the sequence oscillates continuously above (below), 
the upper (lower) function, is upper (lower) scmi-continuous at £. 

For wo have 

Hm s (z) = Sin Urn s a (x) A lim s„ (x) £ p ($), 
and since p (£) » « (f), wo have lim s (*) A s (£), and therefore $ {«)is upper 
semi -continuous at £. 

From this theorem it follows that: 

If the functions s n (x) are all continuous at £, and the sequence {«„ (i)| 
oscillates continuously at £, i(x) is upper semi-continuous, and $(*) it 
lower scmi-continuous at (. 

These results nro in contrast witli those of § 1 1 15, relating to uniform 
oscillation, os the resulting prnporlies of s (x), s (x) are reversed in the (wo 

It follows that, if the functions s„ (x) are all continuous at f, the 
sequence {«„ (x)) cannot bo both uniformly oscillatory and continuously 
oscillatory at f unless both 5 (x) and s (x) are continuous at £. In order 
to obtain a more precise knowledge of the relation betAveen continuous 
and uniform oscillation of sequences, we require the following theorems: 

If {*« {*)) oscillates uniformly above, at the point £, and 5 (x) is upper 
srmi-continuous at f, then the sequence oscillates continuously above, at the 

point £. 

If {*»(*)} oscillates continuously above, at the point f, and 5 (x) is loiter 
scmi-continuous at £, then, the sequence oscillates uniformly above , , at the 
point £. 

To prove urst theorem, we have, for points of E in a neighbourhood 
A, of f, hr | -.v ® (x) + « < s (0 + Ze, for n 3 n r , provided A he taken 
sufficiently email. Hence the result, since c is arbitrary. 

To prove tho second theorem, we have s„ (x) <£(£) + e < # {*) + -*> 
for nSsi.ina sufficiently small neighbourhood of £. Tiius the condition 
for uniform oscillation above, at £, is satisfied. 

From these theorems it follows that, if 5 (*) is continuous at f, and 
{ f n (x)J is either uniformly convergent above, or continuously oscillatory 
above, at £, it is both. A similar result holds as regards s (x) for uniform 
and continuous oscillation below. Thus we have the theorem: 
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If S (a) iff continuous at f, uniform oscillation above, and continuous 
oscillation above, at f, are equivalent to one another in the sense that the exist- 
ence of either entails that of the other. Similarly, if s {2) is continuous at $, 
uniform oscillation below , and continuous oscillation bdow, are equivalent 
to one another. 

Even in ease the functions s n (2) are all continuous, we cannot infer 
that a point at which the sequence is uniformly oscillatory is also one at 
which it is continuously oscillatory unless it is known that the functions 
tr (z), s {2) are both continuous. In fact the condition satisfied at a point 
where the oscillation is continuous is more stringent than the condition 
satisfied when the oscillation is uniform. 

118. We proceed now to connect with the theory the monotono 
sequences {TP„ (*)}, {it>„ (*)}, of § 112, associated with the sequence {s„ (*)}, 
which convcrgo respectively to 3 (as), s (a). It will be shown that: 

The peak functions for the two sequences {«„ (2)}, {W„ (2)} are identical , 
and the chasm functions for the two sequences {s„ (i)} ; {w„ (z)}, arc identical. 

Denoting by p' (2) the peak function for {TK„ (z)}, since s n (2) S W n (2), 
it follows that p (2) £ p' (2). Let {n r }, {z r } be sequences of n and of 2, 
where {* r } converges to 2, and n, increases indefinitely with r, such that 
lun W Kr fo.) = ffx). 

Since W„ r (z r ) is the upper boundary of all the numbers 

(*r). 

an integer n' r (s n,) exists such that s„. r (2?) > JP„, {x T ) - e r , where (e r ) 
is a descending sequence of positive numbers which converges to zero. 
The sequenco {ff„., (2,)}, as r ~ co , has all its limits £ p' (2); it thus follows 
that p {2) 5 p' {2}. Since also p (2) & p' (2), it is seen that p (2) «« p' (2). 
The second part of the theorem can be proved in a similar manner. 

The following theorem exhibits dearly the fact that uniform oscillation 
is an extension of uniform convcrgcnco : 

It is necessary and sufficient in order that a sequence may oscillate uni- 
formly above (Scioto) at a point f, or in the whole domain E, that the descending 
{ascending) associated monotone sequence [W„ (2)) should converge uniformly 
at the point, or in the domain, to the upper function s (2) [the. lower function 

#to). 

To shew the necessity of the condition, we see that, if s„ {2) < 3 (2) + «, 
for n£n,, either in a neighbourhood A, of the point (■, or in the whole 
domain E, then also W„ (2) £ S {2) + e, for n £ n r , since W n (2) is the upper 
boundary of s„ (2), « >+1 (2), .... This is the condition of uniform con- 
vergence of {TF„ (2)} to s (*). Conversely the first inequality follows from 
the second, since s„ (*) £ IT, (2); thus the condition is sufficient. 
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If we denote by V„,„ (*} the function which has as its value at each 
point the largest of the numbers s„ (z), s otl (a), ... s n+m _i (a), the sequence 
t (x), I’ r , » (x ), is monotone non-diminishing, and converges to !!'„ (*), 
If will be shown that: 

It is necessary and sufficient in order that a sequence of continuous 
functions |s„ (a)} in- the domain E should oscillate continuously abnre, that 
the sequence. F,., (*), (z}, .... should, for each value of n, converge 

uniformly to IF„ (a). This condition- may be applied either at a -point 
of k, or in the whole domain. 

To shew that the condition is sufficient, wo observe that, ns all (he 
functions s„ (a) «iro continuous at $, or in the domain E, tho functions 
(*)> T'n.i (*)- — » are also continuous in the same sense. If the con- 
vergence of this sequence to li'„ (x) is uniform, it follows that TT, (a) 
is continuous, either at £, or jn the domain E, ns the case may he. Tho 
function & (a) is accordingly upper semi-continuous, at f, or in E. 

IVc have W n (() -*(£)< «, for v S.ru; and choosing a first value of n 
which is S «c, we lmvc IF* (a) - W n (f) < e, provided a is in a certain 
neighbourhood of £; therefore IF„ (a) — s(|)<2e, for this value of n, 
and for all greater values. It now follows that p' (f), tho upper multiple 
limit of li’„ (a) as n ~ w , a ~ £, is s (£) -i- 2 e. Since c is arbitrary, wo 
liavo p' (() & S ((). Again, since IF„ ((;) - S ($) S 0, and 
ll'„ (a) - If' n (|> > - « 

in a certain neighbourhood of f, dependent on tho value of n, we have 
lf„ (a} — 8 (f) s — «; it now follows that p' (|) — « (g) S — e, or 

P' (f ) 2 S 10, 

since <■ is arbitrary. From tlic two inequalities we see that p' ($) *= S ((). 
Since now p' (£) = p (£), we liavo p {() = S (f ) and therefore, at f, the 
oscillation of {s„ (a)} is continuous above. 

To prove the necessity of tho condition in tho theorem , let it be assumed 
that p (f) =-. s (■: •„ Then we have 

(?) < p (( ) + e < TF m (£) + c, 

provided a is in neighbourhood A e , of £, and n S n, , m having any value. 
A neighbour}, jod A' f , contained in A, can be so chosen that, 

M*) <■*„(?) + *< W, {£) + €, 

provided r r- it, and n has one of tire values 1, 2, 3, ... «, - 1. From the 
two inequalities, it follows that, in A',, s B (z) < IF, (£) + e, for all values 
o* n, provided r < «. Since li r r (z) is tho upper boundary of s r (x), s ri i (x) ••• > 
it follows that W r (z) .< ir r (£) + c. Hence tho function T!' r (?) is upper 
semi-continuous at $, or in the whole of E, its tlic case may be. But 
II , (z) is lower semi-continuous, sinco it is the limit of an ascending 
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sequence of continuous functions. Therefore W r (x) is continuous, either 
at (, or in E. Since the monotone sequence of continuous functions 
V Tll (sc), V, A (x), ... converges to the continuous function IF, (x), either 
at one point, or in E, the convergence is uniform either at the point, or in 
the set E, as the case may be. 

119. A mode of defining uniform oscillation of a sequence in a domain, 
or at a point of the domain, has been given* by W. H. Young, and has 
bean termed by him uniform oscillation of tiie first kind, and by liahnf 
secondarily uniform oscillation (sekundar-gleichmassig oscillirend). 

Denoting by V n ^ r (x) tho function which lias, at each point x, the 
value of the greatest of the numbers s n (z), « n+1 (x), ... a n+r ^ (x), we have 
!F„ (x) « lira F B>r (*j; where W„ (z) has, as in §111, the value of the 
upper boundary of the numbers s n (x), s„ +1 (x), .... 

When the convergence of the sequence {F Hi r (%)} to 1F„ (x) is, for each 
naive of n, uniform at a point f, or in the domain E, the sequence {s„ (x)) is 
said to be uniformly oscillatory above at the point or in the domain E. 

' Tn tho case of continuous functions, when this definition is satisfied, 
it has been shewn in § 118 that the sequence oscillates continuously above. 
Uniform oscillation below is defined in a similar manner, by employing the 
sequence (tw„ (z)} and . the sequences {u*. , (x)} , when t>„, ,(z) denotes at 
onoh point .the least of the numbers e„ (x), <s n+1 (x ), ... s„ lr _ 2 (x). 

When the sequence has both v/pper and lower uniform oscillation at a 
point, or in the domain, it is said to be uniformly oscillatory at the point, or 
in the domain. 

In case the sequence converges uniformly, F„_ , (x) converges for each 
value of n, uniformly to TF„ (x); and also W„ ( x ) converges uniformly to 
S (x), or s (x). It can however be seen that, when the sequence is convergent, 
but tho functions {s„ (x)) ore not continuous, the sequence can satisfy the 
definition of uniform oscillation without necessarily converging uniformly. 

FAMILTBS OF EQDI-CONTLNDOUS FUNCTIONS 

120. Let a family of continuous functions'/ (x) be defined in a given 
interval, or cell (ix, b), the number of functions in the family being infinite, 
and not necessarily enumerable. If £ be an arbitrarily prescribed positive 
number, then in virtue of the theorem of r, § 217, the interval or cell can 
he divided into a finite number m c , of sub-intervals or sub-cells such that 
in each one of them, all of which may be taken to be closed, the fluctuation 
of a continuous function is leas than e. In case the family of continuous 

* Pm. Loud. Hath. Soc. (2), vnl. sn (1013|, p. 359. 
t ThoorUdtr roSen Funlltonm, red. r (1921), p. 257. 
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functions is mich that, for each value of e, a single set of sub-intervals or 
sub-rells can be so determined that, for every function / (z), of the family, 
the fluctuation In a sub-interval, or a sub-cell, of the set, is less than e, 
the family is said to consist of cqui -continuous functions. When [/ {*} | < K 
for ever,- point#, and every function / (z), the family is said to be bounded. 

The following fundamental property of a family of bounded cqui- 
conlinuous functions was given* by Arzelli, for the case of a linear interval: 

If {fix)) be a bounded family of equi -continuous functions defined in n 
linear interval {a, b ), or in a celt (a,b) of any number of dimensions, that 
exists a sequence {/„(*)} of functions, all of which belong to the family, which 
is uniformly convergent, and therefore converges to a continuous function <j, (2). 

The positive number «, being arbitrarily chosen, let (a, 1>) be divided 
into »i intervals or colls, snob that., in each of them (taken to be closed) 
(ho fluctuation of every function / (2), of the given family, is < c,. Let 
x , , Xf, ... x,„ bo the centres of the m cells or intervals, then, if/ (x) be any 
function belonging to the family, wo may regard {f{Xj),J{x s ),...f{r„)) 
ns defining a point in «i -dimensional space. Assuming the family to be 
bounded, (ho set. of all such points, when all the functions /(#) are taken 
into account, has at least one limiting point, and a sequence {/(’" (z)( of 
functions, all of which belong to the given family exists, such that the 
points ( /< r -' (*, ),/<"> (* 2 ) .../<") (z„)) converge to a limiting point; it follows 
that !/<") (#,) — /("'( (x r ) | < e l , for r = 1,2, 3, ... m; provided « and «' 
aro both greater than some positive integer n, : . 

If x be any |)oint in the cell, or interval, of which x, is the centre, we 
have [ /<" I (x r ) — /<"] (z) | < t, , for all values of n • and it thus follows that 
|/<'l (z) -/("'» (*) J < 3c,, provided n > «,,, n' > n, t . 

Now let {<„) denote a sequence of decreasing numbers which converges 
to zero. It is convenient to denote tho sequence {/I 0 ’ (#)} which has been 

determined, by {/,„ (x)), where n =-■ 1,2,3 By the same reasoning ns 

before, n part { f^ a (x)} of the sequence {/,„ (x)} can be so determined 
that | f Fl n (x) — /^ b , (z) j < 3c., for all points x, in the given interval, or 
cell, provided n and n' are not less tlian some integer Proceeding in 
the samo manner, the sequence {/„,„ (#)} contains a sequence M)> 
such that |/^, n (#) —f p „„. (z) ( < 3f a , provided n and n' are not less than 
some integer it , t ; and so on indefinitely. 

Let us consider the sequence of functions 

Jn <*>, fri.t <*)- f n ., (*) - /*,. {*), - ; 
it will be shewn that this sequence converges uniformly in the given 
interval or cell. Taking a fixed integer mi, if n is greater than *»,/*,,„ M 
* Stmnrit AcaS. Botojna (5), Vol. V (ISOjJ, p. 53, »nd (5) roi. VIII (1S89J. p. J7«. 



no, 321] Families of Eqni-Contimtoue Functions 1G9 

is equal to f rm T (sr), for some value of r (£ n). Hence we have, if n' > n, 
I fn,,« (*) -/»»',«' (*) I = \fpm.r (*> (*) ] < 3e n , provided r and r' 

are both g » tin ; that is provided n and n' are both not less than some 
integer dependent on Since this holds good for every value of m it 
follows that the sequence {/»,„ (x)} is uniformly convergent; and it there- 
fore converges to a continuous function <f> (*), which may, or may not, 
belong to the givon family of equi-continuous functions. 

HOMOQENEOUS O80H.LATION 

121. If, not only the sequence {/„ (*)} has a certain property, but also 
ell the sub-sequences (see § 61) have the same property, the sequence 
{/„ (*)} is said to be homogeneous in respeot of that property. Thus, if 
{/„ {&)} and all its sub-soquences oscillate uniformly at a point, or in a sot 
of points E, the sequence {/„ (x)) is said to oscillate uniformly and homa- 
ge neously at the point, or in the set E. In the same way, if {/„ (»)} and all 
its sub-sots oscillate continuously, the sequence is said to oscillate con- 
tinuously and homogeneously. A similar statement applies if the continuous 
oscillation, or the uniform oscillation, is abovo, or is below. The term 
homogeneous was introduced by W, H. Young, who has investigated* the 
properties of sequences which oscillate uniformly and homogeneously. 
Any osoillating soquenoe {S„ (*)} has tho following property: 

If all the functions of the sel of lower functions of the sequent is {«„ (»)} are 
lower semi-continuous, then all the upper functions are also lower semi- 
continuous. 

By changing the signs of all tho functions, wo see that if all the upper 
functions are upper semi-continuous, then all the lower functions are also 
upper semi- continuous. 

To prove the theorem, let u {x) be the upper function of a sub-sequence 

(*•)}> we can then choose a sub-sequence of (« nj) (as)} which converges 
at the point ? to the unique limit u (?). The upper function ii (a) of this 
last sub-sequence is £ u (x), and v(f) — u (?). Denoting its lower function 
by l (a), we have, since l [x) is lower semi-conlinuous, 

u (?) - u (?) = I (?) £ lim l (a:) £ Em u (a) £ iim u (*); 

*~f *~f z~( 

and it follows that u (x) ie lower somi-continuous at ?. Since ? is an 
arbitrary point, u (?) is a lower semi-continuous function. 

It is easily seen that the semi-continuity assumed may be on one side 
only, and the semi-continuity proved will be on that same side. 

* See CambrUgr. Phil. Trans, vol. jot (1809), p. 211 ; also Proc. Lo«d.' Hath. Soc. (2), vol. tm 
(1910). p. 363. • 
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122, tVo proceed to establish the following theorem : 

Jf either all the upper functions, or all the lower functions, of a sequence of 
functions, ore continuous functions, then, in any subsequence, a sub-sequoiet 
can be determined which converges to a continuous function. 

The theorem holds good if the continuity presupposed is on one side 
only, the same ride for nil tiio functions, and the limiting function whose 
existence is asserted will then be continuous on the same ride. 

Let us assume that all the upper functions are continuous. Let an 
enumerable set of points ... he so defined as to be everywhere 

dense in the domain of the functions of the sequence. 

A sub-sequence {s ln (x)} can be so chosen iis to converge nt the point 
f, to a unique limit. Omitting the function «„ (x), a sub-sequence {s.„ (*)} 
belonging t o the sequence s lt (x), % (z), . . . can be defined, which converges, 
at to a unique limit. Proceeding indefinitely in a similar manner, we 
obtain a set of sub-sequences {*,„ (*)} , {s ln (x)} , {s 3 „ (*)} .... The sub-sequence 
•fji (x), s a {*), % (x), ... s an (x) ... has unique limits at f,, ... for 

it belongs to {*,„ (z)) and therefore has a unique limit at it bIbo belonga 
to (ij), nnd therefore it lias a unique limit nt and so on. Since (ho 
set. of points f is cveryvhere-dense, the values of the unique limits deter- 
mine nt most one continuous function having those values at. the points (. 
Since tho upper functions of the sequence {x)J are continuous, and 
therefore upper semi-eontinuous, it follows from the last theorem that, its 
lower function is upper semi-continuous. Denoting by u (z), I (z) the uppor 
nnd lower functions of the sequence {«„„ (z)}, we have, since l {.r) is upper 
romi-continuous, I tz) S Jim I (f) ** li m u (£) £ u (z), since u (x) is con- 

(~x t~z 

tinnons. But i (x) £ u (x), and therefore / (z) =» u (z), or tho sequence 
{•»„„ <x)J is convergent at z. Thus {s„„ (x)} has everywhere a unique limiting 
function, and this is continuous, since nil the uppcffnoctions are continuous. 
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semi-continuous, hence it must be continuous. Similarly it can be shewn 
that « (x) is continuous. As this may be applied to any sub-Bequonce it 
follows that all the upper functions and all the lower functions arc con- 
tinuous. The second part of the theorem then follows from § 122. 

In order to exhibit the connection of this theorem with that of Aizelh, 
let it. be supposed that the sequence is such that, for a fixed point f , and 
for each arbitrarily chosen positive number c, a neighbourhood A, of £, 
exists such that, for each function s„ (x), of the sequence, the upper bound- 
ary of «„ (®) in A exceeds (<j) by less than e. It then follows that 
V (f) — s (£) 5 « ; und since c is arbitrary, p (f) = a (£), or the sequence is 
continuously oscillatory above at £. If the neighbourhood of £, can be so 
determined that the lower boundary of s„ (x) in A is, for every value of n, 
loss then's (£) by less than t, it follows that c [£) «• s (£). Wiion both these 
conditions are satisfied the soquenco oscillates continuously. As the same 
argument can be applied to any sub-sequence, the continuous oscillation 
is homogeneous'. 1 

When the field of the functions is a continuous interval or coll, all tho 
points of that field are, by the Heinc-Borel theorem, interior to a finite 
set of the neighbourhoods A corresponding to all the points of the field. 
Accordingly, every interval, or cell, of length or span less than a number 
d, dependent only on «, may be taken to be the neighbourhood A of tho 
point wliich is its centre. When the conditions are satisfied, the fluctuation 
of each of the functions s„ (*) in every such cell or interval is < 2c. Hence, 
the theorem reduces to Arzela’s theorem. 
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122. \\ r e proceed to establish the following theorem: 

If either all the upper functions, or all the lower functions, of a sequence of 
functions, are continuous functions, then, in an;/ sub-sequence, a subsequence 
can be determined trhicii converges to a continuous function. 

The theorem holds good if the continuity presupposed is on one side 
only, the same aide for all the functions, and the limiting function whose 
existence is asserted will then be continuous on the same side. 

Let us assume that oil the upper functions are continuous. Let an 
enumerable set of points ... , ... be so defined as to be everywhere 

dense in the domain of the functions of the sequence. 

A sub-scquenco {*,„ (a-)} can be so chosen ns to converge at the point 
f, to a unique limit-. Omitting the function s„ (*), a sub-scqucnce {s.„ (*)} 
belonging to the sequence $ lt (z), j u (z), ... can he defined, which converges, 
at £ t , to a unique limit. Proceeding indefinitely in a similar manner, we 
obt ain a set. of sub-sequences {«,„ (z)} , (e*, (or)} , {s 3n (x)} .... The sub-sequence 
Sji (it), s a (z), s a (x), ... e„„ (z) ... has unique limits at f,, ... („ ...; for 

it belongs to {«,„ (*)} and llieroforo lias a unique limit at f,, it also belongs 
to {* SB {*)}, and therefore it has a unique limit at £ s ; and so on. Since the 
set of points f is everywhere-dense, the values of the unique limits deter- 
mine at most one continuous function having those values at the points f. 
Since the upper functions of the sequence {s„- n (x)} are continuous, and 
therefore upper semi-continuous, it follows from the last theorem that its 
lower function is upper semi-continuous, denoting by u (z), l (x) the upper 
and lower functions of the Boqucncc {«„„ (z)}, wo have, since l (x) is upper 
semi -continuous, l (x) > Hm l (() = lim « (|) s u (z), since n (z) is con- 
tinuous. Put l (z) ff u (z), and therefore l (*) = «(*), or the sequence 
K» {«)} is convergent at x. Thus {«„„ (z)} Jins everywhere a unique limiting 
function, and this is continuous, since all the upper functions are continuous. 

123. The following theorem is an extension of, and includes, Audi's 
theorem given in § 120: 

// a sequence of continuous functions {s„ (z)} oscillates continuous!!/ and 
homogeneously, then all the upper functions and all the lower functions of the 
sequence are continuous, and in every sub-sequence there is contained a 
sequence of functions which converges to a unique limiting function which is 
continuous. 

The oscillation may be taken to be continuous and homogeneous on 
one side only, then the continuity is on that side only. 

Since the sequence oscillates continuously, from a theorem proved in 
I H 7 it follows that « (z) is upper semi-continuous, and that $ (x) is lower 
semi-continuous. From the theorem in § 120, it follows that S (*) is lower 
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It -will bo shown that: 

If = 0 (»*), where k is a fixed number, nnd the series 2 a„ be 
divergent or oscillating, the. series 2 a n x a has the interval (— 1, 1) for its 
interval of convergence. 

Jf x. have any fixed value numerically less than i , the series 2 n k | x | n 
is convergent, since lim | x | < 1. Since each term of the series 

2 a„x" is less, in absolute magnitude, than a fixed multiple of the corre- 
sponding term of fcho convergent Beriea £ n‘ | x | n , from tlic last theorem 

IV— o 

in § 24 it follows that 2 a n x? is absolutely convergent. Since 2a„ is not 
convergent, the interval of convergence is not greater than {- 1, 3); hence 
it must be (— 1 , 1 ), 

126, It will now be shewn that, in the case of a power scries with a 
finite, or infinite, interval of convergence: 

The series converges uniformly in any inierml interior to the interval of 
convergence. 


It is sufficient to consider the coses in which {— 3, 3) or (— w , « ) are 
the intervals of convergence, since any finite interval of convergence 
may be reduced to (— 1, 1) by a change of the variable a;. 

If (a, j8) be any interval interior to the interval of convergence, a 
point p, exterior to (a, /?) may be chosen, so that p is greater than [ a | 
and | fl |, and is itself interior to the interval of convergence. 

If x be any number in the interval {a, /?), we have | x/p j < 1 ; arid the 
partial remainder 

Km (*) *= a n x" + a B+ ,a" +1 + ... + a„ +a _,x n +'"~ 1 

- K , (,) (?)" <p) - M) g)"”" 

- (■ - 

If » be chosen so largo that | R„e (p) | < «, for p I, 2, 3, we have 


,j*r 


Since j — J is less than some fixed positivo number less than 1, for all 
values of * in the interval (a, fi), it follows that | R„, „(»)[< Ae, for all 
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values of x in (a, ft), and for all values ol ni, the value of n having been 
chosen when e has been assigned; the number A is fixed, being dependent 
only on a, ft, and p. Since At is arbitrarily small, the condition for uniform 
convergence of the series in the interval (o, ft) is satisfied. 


Let {—1, 1) be tho interval of convergence for the series 


and let it be assumed that the series is convergent at the point * => 1, 
In the transformation used in the proof of tho last theorem wo may then 
take p *= 1, and thus 

I {*)!<«(!- *) j-^rjr + «. 


for |*| < ], if « is so chosen that | (1)J <«, for m »= I, 2, 3,.... 

Let x he any point of the closed interval (— a, 1), whore a is positive and 
< I. We have ~ — I, if x is such that OS * < I, and if » is in the 

interval (- a, 1) we have r-^— ' S r^-- ; therefore in tho closed interval 
1-|*| 1 -o’ 

{-«,!), we have | R„,„ (*) | < for m ■= 1, 2, 3, .... provided n has 
a sufficiently largo value. It follows that the series converges uniformly 
in the interval (- a, 1). 


In case tho scries converges when * « - 1, tho series 
a 0 - fh* + ajX- - a,* 3 + ... 

converges when * =» L Applying the result obtained to this scries, we 
see that, in case tho series a 0 + o,* 4- a,* s 4- ... is convergent when 
*" — 1, it converges uniformly in tho closed interval (— 1,/?). whore 

f<l* 

If the series is convergent both for x *** 1, and for * = — I, it i9 uni- 
formly convcrgeci. in both the intervals (— a, I) and (— 1, ft), where 
'■ and ft aro poririvc and less than 1 ; sinco theso intervals overlap one 
another, it fo'tws thnt the convergence of the series is uniform in the 
closed inter- ., i— 1, 1). It has now been established that; 

1/ (— 1, 1) he the interval of convergence, of a jwi ocr series, (hen, if Me 
series converge when * = 1 , the convergence of (he series is uniform in- any 
interval ( C) I), where a > - 1 ; if the series converge when *-=-!, Me scries 
converges uniformly in any internal (— 1 , ft), where ft < l; and if (he series 
converges both when * = 1 and when x = — 1, the convergence is uniform in 
(he internal (- ], 1 ). 
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126. Since a series, all the terms of which arc continuous, has a sum 
which is continuous in any interval of uniform convergence of the scries, 
it is seen that: 

A power scries «r 0 + a, sc + a.x t + ... has a sum s(x) which is con- 
tinuous at any point inferior fo if a interval oj convergence. 

Moreover, if (— 1, 1) be the interval of convergence, and the series 
he convergent for a; = 1, the sum-function s (*) is continuous in any iuterval 
(c, 1), where « > — 1; the continuity being reckoned only on one side at 
the point 1. A proof of Abel’s theorem' 1 ' has thus been obtained, that: 

■ If (— 1, 1) be the interval of convergence of the jmver-se.ries 

« 0 -l- «i* + a s x 5 + ...; 

s (») denoting the sum-function, and if a B +a 1 + a.+ ... is convergent, having 
s fl)for its sum, then lim s (*)=»« (1), when x converges to 1 through values 
< 1 . 

Abel’s theorem may also bo deduced from the thoorem in § 30. For 
wo have x” £ *"+*, for OS x S 71; hence, since the series 2 a„ is, by 
hypothesis, convergent, it follows that the scries 2 a n x n is uniformly 
convergent in the interval (0, 12); and thus the sum-function is continuous 
in that dosed interval 

It should be observed that Abel’s theorem has been established only 
for a series in which the powers of the variable aro ascending, and that it 
is not necessarily true in any other case. For example, the series 
x — J*' + §a* — ... 

is convergent within the interval (- 1, 1); nnd ns the scries is absolutely 
convergent, for such values of x, the series 

x + %x 3 — lx* + ^ + }z : — fa* + ... 
lina the same sum-function log, (1 -f x), ns the original series within the 
interval. Ata; •* 1, the series 1 — 1 + J — ... is convergent, and in accord- 
ance with tiie theorem, its sum is log, 2; but the series 


although it is convergent, has the sum § log, 2 (see Ex. 1, §26); which is 
not continuous with the sum of the series x + — lx 1 + ... for x < 1. 

127. With a view to the extension of Abel’s theorem, the following 
lemma will be established : 

If 2 a n x\ 2 p„x* both converge within the interval (— i, 1), a„ being 
positive and such that 2 a. is divergent, and if — oscillates between the 


* Oidlt'a Journal, vol. I (1826), p. 314. also (Eovra, 
JtflacJi. 8il:ungiber. vol. xxvn (1897), p. 344. 


. 323. Sco also Fringalialm, 
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§ ft*" 

! unite V and L, then the upper and lower limits of ^ , da x converges 

n-0 

to 0, arc in the interval (L, V). In particular, if & converges to a definite 

£ ft*" 

limit, as b ~ os , ^ converges to the same limit, as x converges to 1. 

£«„*" 

8 

If diverges to « , so also does , as x ~ 1. 

"" £ 

*-o 

Let u„, l„ denoto the greatest and least (algebraically) of the numbers 
; and let « mn , l mn denote the greatest and least (algebraically) 

««■ «1 «m-l 

of the numbers whore m < n. 

°m *»+! On 

Wo have then 


ft + ft * + ••• + ft *" < («0 + « l * + 


therefore 

£ ft*“ 

< tt mn + (« m - « mn ) S 


and similarly, we have 

£ft* n 




+ «*„ (a„* m + ... -I- «,*"); 



£ a„* B 


If c be a prescribed positive number, m. maybe so fixed that u M „ < U -f t, 
lnn> L — e, for all values of n. Moreovor w m — u„„, l mn — l m orc numeri- 
cally less than fixed positive numbers. 

Keeping vt fixed, let n — co , we have then, if A and B denote ecrlain 
fixed numbers, 

V + c + A ^ + °i*+ -. + a^g"- 1 

£ «n*" 


g. 4- a,x + -. + ^ 
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' for all values of » such that 0 < * < 1. Now let * converge to the value 1 ; 
since S a n x n is monotone increasing both with respect to n and with 
respect to x, the repeated limits (bcc § 30) 

lim lim S a c x n , lim lim 2 « n a: n 
.have tho same value » ; thus lim Ea„rr" = ® . Accordingly, we have 

£/}„*" £&«" 

U + c > lim £ 3i lim -® > L—e\ 

*“ l 2J a a !S" E a„x" 

and, since e is arbitrary, we have 

!&.*" 

17 £ lim -2 £ lira ®~ £ L. 

*~ l S«VS° 

It follows that if 17 - L 

ffl.*" a 

lim ^ lim 115 . 

I ~ 1 Sa,*" a " 

In caso diverges to «, can bo so chosen that l mn .> N, 

where jV. is a prescribed positive number, for every value of it. We have 
then, for *< 1, 


JlJ. > N f t op + «,*+... + ] ; g 0 + a 1 x + 

|u„x-; [ S« u x- J. | 

where 1 is the lower boundary of all the numbers — , — 


gp + a^x + ... + a n _,a; m - t 
Sa,i" 


SA.** 

We havo now lim -fj £ N ; and since N is arbitrarily large, it 

*~i £«„*» 


follows that diverges to », as x ~ 1. 

So, a- 
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limits C and L, then the upper anil hirer limits oj ^ , as x amtoga 

S c„x* 

to 0, arc in the interval {L, V). In particular, if — converges to o definite 


- converges to the same limit, as z converges to 1. 


$ S fi„*» 

If ■- diverges to x , so also does ~ , as x — 1. 

C " S a n z- 

n -0 

Xet v n , l„ denote the greatest and least (algebraically) of the numbers 
0 0 a 

, ... ; and let v„ n ,l nn denote the greatest and least (algebraically) 

<V <*1 “n- 1 

of the numbers 'where m< n. 

We have then 

ft + A* + - + A*" < (a, + «,* + ... + aw-i 

+■ (o n a" + ... + a,**); 


”-T~ n — < # ra + («„ - « nn ) + Cl * t-v - t gt-UET.'; 

Jo 0 -*” 

and simjfarlj-, ire have 

2 A.*" , , 

>l m - (l m - IJ °° 4- 4- ...-!- gn.-.g"- 1 

n | # ««Z" "" 2 On*" 

If c be a prcscrib . i positive number, to may be so fixed that < P + <i ■ 

L > L — c, for all values of n. Moreover u„ — ? n „ — l„ are numcri- 

calijf less than fixed positive numbers. 

Keeping to -ixed, let n ~ ® , we have then, if A and B denote certain 
fixed numbers. 


, + djZ + ... + g„-,g”-' 
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for all values of x such that 0 < x < 1. Now let x converge to tlio value 1 • 
since 2 a„x* is monotone increasing both with respect to ii and with 
respect to x , the repeated limits (seo § 30) 

Km Km E a n x n , lim lim E a„it« 
have the same value « ; thus Km Sc.z” = cn . Accordingly , wo have 
S ft,*" Eft,*" 

U + e > lim £ — - lim £ > L — *; 

*~ I So,*" 

and, since t is arbitrary, we have 

Eft, a" Eft,*" 

U 3. lim -® -3)im £ S-k 

z ~ l ’Za Tl x” *~iSo B s n 


It follows that MU ^ L 


Eft,*" 

Ji 

1 


In case & diverges to c< 


■ee , n can be so chosen that l„ n > . 

where N is a prescribed positive number, for every value of n. We have' 
then, for x < 1, 


->n{Y- °° + + l «.+ «,«+ ...+0!, 


_ 

Eft,*" 

Wo have now lim £ S N ; and since N is arbitrarily large, it 

*~i S a.x" 


follows that £ diverges to ® , as * ~ 1. 

So,*" 
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128. In order to apply the above lemma, let a„ + Oj:c + 
power scries of winch the interval of convergence is (— 1, 1). 
f 1) Let a„ = 1, ft, = a 0 , 0, = a, + o t = *„ ... and in general, 
ft, = a D + a, + ... +a a = s B . 


[CH. Ill 
... be « 


We have then the limit, ns z ~ 1, of - 




ir of Sa n a 


(!-*)-• 

It follows that, if s n is bounded for all values of n, with \J and L ns 
upper and lower boundaries, 

U £ lim s {x) £ lim s (x) £ L. 

Moreover, if s B diverges to », or to — to , so also does lim s {*). 

Thus, if Hit series a B + a, + ... + a„ + ... oscillates between finite limits 
of indetcminancy, the upper and lower limits of a (*), as x ~ 1, arc in the 
interval formal by the limits of Su,; and if the scries diverges to"+ m , or to 
— to , then lim s (*) = + oo , or — co . 

This is a generalization of Abel’s theorem, which includes that theorem 
as a particular oaBe. 

For the case in which a„ > 0, for n £ 0, the Inst part of this theorem 
was proved by Abol*. 

(2) Let Si 1 * denote, ns in § 47, the sum 

+«,_i + ... + s t , or a„ + 2 a„_ 2 + 3a„_ s + ... + (n + l)a 0 , 
and let ft, <= sJJ*, a„ = ?t + 1 ; we have then to consider the limit, «s x — 1, 


1 + 2* + 3z* 
which is equal to a„ + a,x + a. 

The Ccsaro 


c of (1 - x)= {So''+ sf"x + fl? a 


+ ...}, 


/5 <i) 

of the series is defined as the limit of when 
that limit exists. In accordance with the lemma wc obtain the following 
theorem duo to Fro'jeniusf : 

If the scries a -f a t + a : + ... is suminalAe ( 0 , 1), then the sum-function 
s (») eon verges, aa x ~ 1, to the Cesaro sum of Z a„. 

Moreover we obtain the following extension of this theorem : 

If the. scries S a„ is bounded (0, 1), then the sum-function s (x), asx~ 1, 
has its tipper and louter limits in the interval bounded by the upper and lower 
Ccsaro sums of 2 a„. 


Sc« Crrllc's Journal, v< 
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(3) Let flf» denote, ns in § 47, 

+ Q».-, + C i ‘) ( r + ” ~ 

then (?n denotes j ^ W ). It will here be assumed that r has some 
value, not necessarily integral, that is it 0. 




} ; then the limit in the lemma is that of 


sa£V 

•— y-- , or of (1 — x)'* 1 2 Si 1 a”, 

fCt> 

which is equal to a 5 4- a,£B -+- ... + a n * n + ... . 

We thus obtain the following theorems which include as particular 
oases those given above in (1) and (2): 

If the series o, + «, + a, + ... is summrtble ( 0 , r ), for some wine of 
r (5 0), the sum-function s (*) converges, as x ~ 1, to the sum (C, r ) of the 
series ha„ . 


If the series -!- n, -|- a, + ... is bounded (C, r), for some value of 
r (S 0), then lim s (x) has finite limits of indclerminancy, in the interval 
bounded by the upper and Imuer sums (C, r) of So,. 

. It should bo observed that lim s ( x ) may exist in a case in wliioh 
S a„ is neither convergent nor Bummablc (0, r) for any value of r. An 
example of this has been given by Landau*. 


Let f„ (a) => (1 + a:)-™- 1 = 2^-1)" so that 

hui/„ (*) “ gii, and | f n {x) | < 1, for 0 < * < 1. 

Consider the function /(»), or ^ x e 1+x , defined by 2 f m (x); it 
easily seen that, for | x | < l,/(*) = a, 4- a x x + ... 4- a n x” ... where 

{-!) -0.-K i 

It is seen that lim f [x) = j.ei; 

'* VarMcIlitng unrf fiegritniung cinigtr wuera Brgebnisse dtr FunHionenthwit, Berlin, 191 



180 


Power-Series 


fen. in 


tiut the series a s -r + a. -f ... is not summable (C, r) for any value of r; 
for if it were so summable, a„ — o (n'), for some integral value of r (i 0). 
It appears, however, that (- l)"a„ > (" +* '{ *) > {(r l ])i} , . 

which is inconsistent with a„ ~ o (n r ). It should be observed that the 
series for /„ (1) is summable (C7, m 4- 1), but is not summable (C, »i); and 
thus / (1) appears as the sutn of terms which are summable (G, 1), { C , 2), ..., 
respectively; and thus the series for/ (m) is not summable with any order. 
Tills principle of construction may be employed to construct other series 
which have the required property; for example, 

f{x ) - e^x-e^a* + e^x 3 - .... 


m ut p. - a., 

a [(l - *>’ ' W] - a f g+1) + n -1 ) ; 

provided the limit on the right-hand side exists. It is easily s 
means of Stirling’s theorem that 

■s s,r ft r +y i) - r «s£- 

Thus we have the following theorem*; 


If V > 0, and lim = c, (hen lim [(1 - x )* s (z)] = cP (p). 

In a similar manner, by taking j9„ = g„, a„ — + ^ ^ ^ 

it can be shewn that: 


// p > 0, and lim ~ T = c, l hen lim [{1 — x)* s (a;)] «= er (p + 1). 

These theorems express the mode of divergence of e(x), as x~l. in 
the cases in which the coefficients satisfy the prescribed conditions. 

Tfie following very general theorem has been established by Pring- 
shetmf: 

Denoting (log nj“ (log log «)"• (log log log «)•* ... by L (a); */ 


tr here a £ 0, the indices i 




n m L (n) 

i , ctj, <t,, ... being such (hat i 

.w]-tT(« + l). 


i‘L («) tends to infinity, 


• Sw Apf^ll, Conplu 1 Itndtu, toL Limn (1678), p. 683; e« 
rol^sxnn (19M). p. II. 


also Priupberas, Act* JW*- 
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AppeU'e theorem is the case which arises when a,, cu , ... are all zero. 
. A theorem closely related to the general theorem was given by Lasker*. 
Various theorems of a similar character will be found in Hardy’s fcraetf , 
Orders of Infinity, j>. 66. Reference may also be made to a memoir by 
BrorawichJ in which various extensions of Abel's lemma are utilized. 

The converse of this general theorem has been proved by Hardy and 
Littlewoodjj, in the case in which all the coefficients are positive. Thus, 
for example, if lim [(1 — xys (*)] n ^A°t;a>0 then 


r(l+e)' 

The condition a„ 5 0 is essential, as may- be seen, for example, by 
. taking < (*) => (1 — *)“* + (l + x)- 1 , a »= £. 

129. It may be observed that the lemma of § 127, which has been applied 
in these cases, can be made wider in its scope. Instead of 

ft + ft* + ft** + 

Oo + Oi x + «*** + ••• ’ 

S flW*. 

ivc may take the equivalent form — , whioh is obtained by rnulti- 

2 S’i'V 

plying the numerator and the denominator by (l — x)-'- 1 . Here jSJT\ S’J 1 
denote, ns in § 47, tbs expressions 

ft + (r+ 1) ft-, + + 

a B + (r+ 1) + < r + i y r -t - 2 > 0 „_ s + .... 

Since ctn, a,, a s , ... are all positive, so also are S’tK.., where . 

r>0. By applying the lemma, in the case in which lim — exists, we 

S' n 

have the theorem that: 

If Ea„z n , S^z 71 both converge within the interval (— 1, 1), a„ being 

positive, and such that £ct„ diverges, then, if (rS 0 ) has a limit, finite 

o S'„ 

fft®* o» 

or infinite, as n ~ w , lim lim 

**' 1 Ea^z" n ~“ 

• PM. Tram. (A), vol crcvt (1901). p. 444. 

t Cambridge tracts in Mathematics and Mathematical Physics, Mo. 12 (1910). 
t Proc. Land. Jfatt. .Soc. (2). vol tt (190S), p. S8. 

I Ibid. (2). vet xnt (1914), p. 174. 
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That to eo»,er,e of AW. toco, te not hold without ro.trrotrou 
i, exemplified b, to eerie. 1 - . + *' - * + ■ ■ ■■ ■ f “ « 'TO 

and Ion . (») - 1 wlunxum B» W ”<* “* “ *?T“ 

„ „r>. * tM. - to-to» T of »*-£» trssKS 

by Mbnite and subsequent writers that the sum of the series 
1-1 + 1-1 + -. 
might in some sense be regarded as J. 

To pro™ Tauber’s theorem, let ™ be •> “bo«en that n | a, \ < «, or 
IS I S * . . « 1 <• - if x be chosen to be equal to 

. flSm,then|3:a n »"|<S-* n <sr^ ’ 

1 - I . Next wo have 

j”a„, - |o,n* |< . + (1 - «HI «. I + s I •» I + - + <” - 11 1 l! 

"s» 1 fl(1 1 m 0 (nt) ; and therefore, when * =* 1 “ m • 

■ ’ . i-s «. - - (i - £) H - + i 1 ^ 

p, orided m b. own suffioieotl, large. Letting m taw io4oSnitels 

« h.,« |f«„ - *» . w|* *•. «* — < » -»-* i*- ■ S * w ' 

which establishes the theorem. 

This proof also suffices to shew that if hm s {x), jjm s (*) are 
a,4 Oiflcrcnt from one au.tber, E o.cte.nd ha, to.o two number, 
for its upper and lower limits. 

It has been proved that, when na„ - o (1), then 

-to | o. (‘ “ 5i)" 1 ' °' 

This suffices to prove the moTO general theorem that: ^ 

Ifna «= o (1), and if either of the limits E a n x n exists, than, 

the. other exists, end the M. tom A. «« raise. Morene, if el iter 
v m l oseitlaies *««.]W».lWfc »*» <fc <W 
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131. The following more general theorem is also due to Tauber: 

Jf a } -f 2a. -}- 3o s 4- ... + «o n = o (ti), and lim s (z) exists, then So, 
converges to lim s (z). The two conditions are both sufficient and necessary 
for the convergence of £ a„. 

Let v n « a t + 2a. -j- 3a, + ... + va % ; then a„ = ~ (u„ - where 
n > 0, u„ »• 0. We have then 

£7'^ -Trqr-i**' ' 

The scries £ u n x n is convergent, rince u„ ~ o (n) (§ 124), and thus 
lim u n x n m 0. It is thus seen that 


7tT5' + d 


Employing the theorem of § 128 (4), since lim ~ «• 0, we have 
•ta [(!-*) -0; 

and thus it appears that 

lim £^ r ^ = lim s (*) — a 0 . 

The coefficient in the series on the left-hand side is o and therefore 

r J r~{r"+T) COTVcrges f0 s <*> “ *»• 

We have also s^e.+ in. + 's — , 

n r-i r(r + i) 

”“ ,+ ,?*7(i- + lj + »+T 

and therefore lim*,, =» lim s (z), which is the result to be proved. That 
the condition., are necessary has been shewn in § 6, Ex- 1- 

132. The theorem of Tauber, established in § 130, that when lim * M 
exists, and nn„ = o (I), then £ a* converges to lim s(x), was extended by 
Littlewood*, who obtained the remarkable result that the condition 
na„ = o (1), can be replaced by n«„ - O (J). This result has been shewn by 
Littlewood to be final, in the sense that, in na a *=* O (1), O (1) cannot be 
* Ptk. Load. Hath. Sx. (S), toL rr (1010), p. 4W- 
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replaced by 0 {<f> (n)}, where <j> (rc) is any function which diverges to + w 
- as n ~ » . Ingham* has proved that, if tf> (n) bo any such function, a 
function & ( a ) — 2 a„a" can be so defined within the interval (— J, I) 

- that (1) fl-„ - 0 ^ > ( 2 ) 8 ( x ) has itn arbitrarily assigned value, 

and (3) 2 a„ is either not summable or has un assigned index of 6um- 
mability. Littlewood had surmised the correctness of (3). 

The still more general theorem was obtained by Hardy and Littlewoodf 
that, in littlewood’s theorem, the condition that na„ should be bounded 
on one side may replace the condition no* — 0 (1), in Tauber’s theorem. 
This result includes that of Littlewood as the special case when na„ is 
' bounded on both sides. It will accordingly be sufficient to prove the 
general theorem of Hardy and littlewood. This will be done in § 133. 

In the first instance the following theorem due to Hardy and littlewood 
will be established! : 

. If the scries 2 a„a" is convergent for 0S*< 1 , and the coefficients a„ 
arc all non-negative, then' if lim {(1 — a ) s (a)} -* 1, the relation lim = 1 
is satisfied , where s„ = a„ + a, 4- ... + a„. 

This theorem is a particular case of the genoral converse theorem 
referred to in § 128. 

It is convenient to prove three Lemmas which can be employed in the 
proof of the theorem: 

Lemma I. If f (a) be a function which has a differential coefficient at 
each point of the open interval (0, 1), and if lim J_(l — *)•/ (»)} = 1, where 
a> to; and if further f {*) continually increases with x, titan 
hm[(l-a )*«/<*)]«■. 

Let x, a, be two points such that 0 < a < a, < 1; then, from i, § 262, 

rw /•(*,>. 

If x l — x = A (1 — a), we may suppose a and a, to increase together - 
in such a manner that A has a constant value; then 

»n [d - j . p-ff- ni. 

* Pm. EoncF. 3TM. So-. (3), vol. xaa (18241. p, 326. 

t KM. (2), roL un (1813), p. 1SS. 

j Prof. Los kI. JFctA. Sue. (2), -rot. sm (1013), p. 174. This form ot the prooF in (ho test is 
Founded upon that Riven by London in hij work, Danlelhixj iratf BcjrS tidung tiniger n merer 
Ergdnisie (kr Fvnttbnailheone, pp. 4S-SS. ' 
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It follows that 

En [(1 - xy+ l J' (z}]£ — ~ - A j[ -1 5 Urn [(1 - z)T* l f {i,)]; 

for every yaluo of A in the open interval (0, 1 ). Since Jim - — = o, 
we have 

Hm«l ~xy»J'(x))Sa, 

md £g hi — *■>'"/' wi a £; ( > (7 - if- ' - “■ 

Therefore lim [(1 — *)’ +1 /' (x)] *■= a. 

Lemma II. If a (x) denote the sum-function of the series £ o„i", 
convergent in the open interval (0, 1), and all the coefficients a„ are non- 
negative; and if lim [(1 — x)’ a (x)] ** 1 , where fl > 0, then 

lim [(1 - xf*’la n n r x"] - p + l ) ... (y3 + r - 1), 
when r may have any positive integral value. 

If, In Lemma I, we write /? for a, and s {*) for/ (x), we have 
lim {(1 — x) ,+I S ( 7ia„x-] = 0; 

and thus the theorem holds good for r -= 1. Assuming that it is true for 
r — l, or that 

Um [(1 - in'-'fl,*"] = p </? + 1) ... (/3 + r - 2), 

by writing in Lemma I, a = 0 + r — 1, / (*) =* £ n , ~ 1 a„x n , we have 
Jjm [(1 - xf*' l n'a H x") - 0 ip + 1) ... [fl + r - 1). 

If wc introduce, instead of x, the variable l, where x = e~', then t is 
capable of having nil positive values; and the lemma may be stated in 
the form 

lim Enre.e-*"] = 0 (/? + 1) ... (j? + r), 
provided lim [i> S a„ e-" 1 ] =1, a„ S 0. 

L(*rnraa III. If e (> 0) be a prescribed number, <f> t {«), <f>~ (w) can be 
determined as functions of m, which is restricted to be a positive integer, 
so that 4, (m) < m < <j, t (»«), m — 4>, (m) — o (m), <fi, [m) — m~o (»«)> end 
that 



’> 4 . 
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for all values of to , not less than an integer m ( dependent on e, 
0 <*< 1 , 


The first summation is from » = 1, to the largest integral value of n 
hot greater than (m)/<, and the second is taken for all integral values 
of n greater than fa (m). 

We have, since af‘e-‘“ has, for 0 < i, its maximum for *= y, 

S n™ e-»« < — jy* 1 e~*‘ M < — 

t ( t I t m+> 

where it is assumed that fa (to) < to. 

Let it he assumed that fa (to) — m — m k , where 0 < 1c < 1 ; we then 

log m + m log fa (to) -fa (to) - log to + to (lag m - to*- 1 

- iw 2 *- 2 - 0 (m 3 *- 3 )] -m+m k , 

and this is equal to login H- m log m — to — - 0 (to 3 * -2 ), or to 

(m + 1) login — to — i w** -1 -t O (to"- s ). 

From Stirling’s theorem we have 

log TO I = TO log TO — TO + 0 (log TO), 
or m 1 — e M l0 * «-"-K>uog «) ; 


thus we have S n m e~ ml < cT*»**'- , 40Poe mj+ocn’*- 4 ) 

t m+l 

If we take J < fc < 1, the exponential factor converges to 0, as m ~ » , 
since log m «* o (m lk ~ x ), and £).(to 3 * -2 ) =- o (to 14-1 ). An integer m e cm be so 
chosen that the factor is < e, provided to 5 to. . The firstpartof the theorem 
has thus beon established, the value of if> ( m ) being m — to*, where k is 
any number suoh that f < fc < l. 

To provo the second part of the theorem, wo have 


where A is not less than ^T+ ^ \m j) e ~‘ : 


X **«— < {I + A + J> + ••■), 

have then 

* < <s*>o») 1 < e *»<«) 

[- m k _ o, where $ < fc < I j it is then sufficient 
and thuB ‘"'here y. denotes 

- "2 i ’ ‘ s positive when m > 3, and is < 1. 


Since 

let us take 
to take A = 


1 1 + J~7 


fa ( to )) 


2 ( to ) = n 
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The Bum of flic scries is less than 

c (?n j - ro*) w + 1 


and this is equal to -±-y e ,1 '" , + l > 


_ e <?fl0g ™(+»>IOS 


Employing again the expression m ! = 


ra+Ollogm^ we BCD that 


1. c -tm«-l+0ilos«l+0(m»-l) <- _ 


provided m is sufficiently large, say £ m t , where m, may bo taken to bo 
the same number in Loth parts of the theorem; the function («v) being 
taken to be m + m* — 2, where k is between { and 1 . 

It is clear that (m + 1) - (m + l)* > m - m‘, for all values of m that 
are sufficiently largo; also wo have (m + 1) + (m + I)* — 2<m+m l . 
In the theorem, we may change m into m+1, then, employing these 
facts, wo have the following corollary: 

s <£f!l+l>!, 

nslm-m*)/t < m+s 

v. + 


2 „«+l c -nl < - 1 r _T r ■ 

where t is a prescribed positive number, provided, m is not less than same 
integer, dependent on c, and k is a fixed number between \ and 1. 

We nrc now in a position to prove the theorem of Hardy and Littlcwood 
stated above. 


= So r i 2 a r e " ; therefore "<c E a,e 


hence s n < cs (e n ), or s„ = 0 (n). We may suppose that «„ < cn, where C 
is some positive number. Since 


where 0 «- s < I, we have 

Ijm ^{1 - x)= - I. 

Employing Lemma II, we have, for every integer m (> 0), 
lim jjl -a:)™** £ o a n 7i. m z"J » (m + 1)1 
' " lim jt»+* Zs„ n” e-"*J = (w + I)!. 
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The particular ease when a„ — 1, for every value of n, gives 
lim £i M+I E n ra e-"'J = to!. 

If I denote the interval (m — TO 1 )// ^ n < (to + m*)//, we have, by means 
of Lemma Hi, and the coroBaiy, 

j E n m e,- at — En^e - "' j < 2&n ! t~»~* • 

and also J S s m n m e~ nt — E« M n- m e-** | < 2ce (m + 1) ! i~ n ~\ 

since e„ < cm. These results hold for all values of m not less than an 


For each value of to (5 nu), theTe exists a number i„, such that, for 
0<<<t WI 

(1 — 8«) to I t _m_1 < Em” e-" 1 < {1 + 3c) to ! 
and (1 - 3c«) (m +1)1 /-»-* < Ss.n-'e*"'* < (1 + 3c«) (to + 1) 1 


EM“e-" ( a a ^ ra+m »i/. Sm"c-»‘, 

I + 3ce to + I 

nr-§7 “— * ■ 


Since (to — to*)//, as / converges continuously to zero, takes successively 
nil sufficiently large integral values, we have, for all values of n greater 
than some integer depending on « and to, 

I - 3ce to + 1 I + 3cc to + 1 

l+3etn-l-m* < n < ~ J — m - m k ' 

If 7j be an arbitrarily chosen positive number, c can be so chosen that 


TT3e ’ 

then m can be chosen so that 

, 1 — 3ce to + 1 . 1 + 3ce TO + 1 

1 ~ ’ ■=■ TTK ■ s+^r- 1 + ’ =! ■ iT^if ■ 

It fe now seen that, for all sufficiently large values of n, the in- 
equalities 1— ij< — <l+ijare satisfied. Since ij is arbitrary, it follows 
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133. The important theorem of Hardy and Littlewood, already re- 
ferred to in § 132, will now be established; the theorem maybe stated a? 
follows: 

If the scries 2 a„xr, of which the sum-function is a (x), converge jot 
Of! x< 1, and if Iim s (a:) has a definite value, then if o n < — , where K 
is a fixed number, for all values of n, the series 2 a„ converges to the value of 

71-0 

The condition a„ < ^ may be replaced by a„ > — for wo liavo only 
to change the sign of all the terms of tlio series to reduce the latter con- 
dition to the former one. There is no loss of generality if wo suppose 
lim f(x) to have the value zero, as this only involves an alteration in the 
value of a 0 . 

Besides the theorem of § 132, two further lemmas will be required. 

Lemma l. If w m ■= 2 na„ - o (m), and « (x) *« 2 a„x", where 
lim s (x) »■ l, then 2 a„ L 

r~I Ti-0 

This has already been proved in § 130. 

Lemma II. If f(x) be a function- defined for 0<*< 1, such that 
Bin / (x) «» 0; and if further /' (x) exists everywhere in the open interval , 
and is such that (1 — x) 3 /' (a) < K, where K is a fixed positive number, 
then lim [(1 — x)f (*)] = 0. 

Let x < *, < 1, then / (z,) -f(x)~ — x)f (x) + * (x t - x) l f' (f), 

where £ is in the interval (*, x,). Let x, — x *= A (1 — x), where A is Jfcpt 
fixed as x,x x vary continuously; we have then 

(i - *>/■ m . { m. - m _ | (i _ x) , r m 

*£,!-«'■. /(«,)-/(«) Ut 

A *Vl-*,J A 2(1 — A)* 

If x converges to 1, we have, A being constant, 

lm[(l-*ir <*)]*- 

and therefore since A is arbitrary within the interval (0, 1), wo have 
lim [{1 — x)f {*)] g O. 
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Using the equation f(x J ~f[x) — {x t — x) /' (z,) - \ (a:, — x) 2 f" (f')i 
where f' is in the interval (*, %), we find that 

(1 - xjf m < m -/(*« + — ^ 
and hence Bm [(1 — *,)/' (arj = Afi 1>e ^ ore > we baire 

Sm[(l -*i) /(*,)] SO; 
and it is now seen that Iim [(1 — x)f (*)] = 0. 

In order to prove the main theorem, if s (*) = 2 a R x n , where a„ < 

, and lim n (a) — . I, we have 

«'(»)= Y,n (n— 1) a**"- 8 < K 'Z(n—l)xP~ 2 <K hnx”- 1 < s ■ 

Slnco ( 1 -x) t s"(x)<K, we have, by Lemma II, lim [ ( 1 - x) s' (a:)] =» 0 ; 
and therefore lim [* (1 - x)s" (x)) = 0, or lira j^(l — ar> 2^ 2gS jp»J = 0. 
This is equivalent tollm£(l - *) 2 ( 1 - *" j - 1 ; and since 1 - > 0, 

we have, by applying the theorem of § 132, Jim j ~ ^1 — = 1, or 

lim {— 2 naX = 0, which may be written in the form 2 na n = o (wi). 

m~« C»n -1 ) n-1 

Employing Lemma I, we have 2 a n = /. Thorcfore 2 a„ converges to 
lim 2 a„x", which is the theorem to be established. 

It will be observed that the differentiation of a large number of terms 
of tiie series 2o n e-"' is the essential means by which this striking theorem 
is established. This process is exhibited in Lemma III of § 13 2 ; tho reason 
for adopting it may be explained in general terms. The behaviour of a 
function 2 c„x“, in the general theory of functions, when it converges for 
all values of X, is more or less dominated by that of the maximum term. 
In case the interval of convergence is finite, this phenomenon of the 
maximum term does not naturally occur. By introducing a factor n m by 
means of differentiation a large number of times, we may obtain a series 
in which it does occur. For tj“z“ has a steep peak, when m is very large, 
which naturally accentuates the importance of the far away terms. 
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PROPERTIES OF POIVER-SERIES 

134. A power-series with an interval of convergence, finite or infmilt, 
cannot be such that every interval (— S, S), interior to the interval of con- 
vergence, contains a point x, distinct from zero, for which s (s) Jhm the 
value sera. 

The function * (a:) is continuous in any internal (— 8, 8), interior to 
tho interval of convergence; the number 8 may bo so chosen that 

i ■><*)-«.]<<• 

if *is in the interval (- 8, 8), where e is an arbitrarily fixed positive number, 
3E there bo a value of ar in (—8, 8) for which s [x) — 0, wo have | n # | < r j 
and, since c is arbitrary, it follows that a, « 0. 

Tho sorios a L + a t x + a 3 x- + ... converges in the samo interval as 
the original series, and its sura-function vanishes for some value of x 
which is not zero, and is contained in an interval (— S', 8'). Henco, by 
the same argument as before, it is seen that a, ** 0; proceeding in (bo 
same manner, it can be shewn that a t , a 3 , ..., all vanish. Thus no power- 
series with an interval of convergence exists which satisfies tho prescribed 
condition. 

Tho following theorem is an immediate corollary from the foregoing: 

There cannot be two distinct power-series, each of which converges within 
some interval, such that, in every interval (— 8, 8} interior to the intervals of 
convergence, there is a point, distinct from zero, at which the sum-functions 
haiv on identical value. 

135. Let us suppose that the series 

a„ + <z 12 z + o,jZ 3 + ... -f a^sf - 1 + ... 
o*i + Ossx + a a x"- + ... + o !a .a; r - 1 + ... 


o„i + a nI x + ... H- a„xr-‘ + ... 

are all absolutely convergent at the point x = 1, where n may have all 
the values in the sequence of positive integers. Each series is then abso- 
lutely and uniformly convergent in the interval (— 3, 1). 

let «„ f r) denote the sum of tho nth series in the interval (— 1, 1), 
and let U m denote the sum of the series 

I a «l | + I «r.J | + + i O.r | + «— 

If the series f/j +■ 17, + ... + U„ + ... be convergent, tho series 

*i (*) + (*) + — + «» (*} + — 

is, in accordance with § 77, uniformly and absolutely convergent in 
(— X, 1); it follows that s {x) the sum of the series is continuous in the 
interval. 
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The series % (a:) + (a:) 4- ... + «„ (a) + ••• can bo arranged as a 

series of type or, by substituting the various power-series for 

«i(*)> «,(z), .... 

and the series so obtained is absolutely convergent; for the terms of the 
scries ja„| 4-j a n x | 4- ... 4- 1 1 + ... + | a,, ) + | a. n x \ + ... are each 

Jess than the corresponding terms of the series obtained by putting l for 
s; and the latter series is U l +U t + ... , which is convergent. 

Sinoo the sorics «j (a) +«.(*) + ... is absolutely convergent when the 
power-series are substituted for (x), u,( x), ..., it romams (see §29) 
absolutely convergent when it is arranged in the form 
b t + bfX + ij®* 4- ... , • 

where • b t « o„ + a„ + a* + ... + e„ v + ... 

6$ a 12 4- Cjj 4- das + ... 4- ®n2 4- ... 


K - *!r 4- Ojr 4- ... +a„ + ...; 

and its sum is unaltered. It has thus been shewn that the continuous 
function s (x) can he represented in the interval (— 1, 1) by the power? 
scries 6, + M + b,x* - 1 - . . . . 

The following theorem has now been established: 

If Mj (e), u, (a), ... it, (a:), ..., be functions which can be. represented by 
■power-aeries that are all absolutely convergent at the point ft, and therefore in 
the interval (— R, R), and if the series v, (R) + v, (R) + ... 4- v„ (12) 4- ... , 
where v„ (R) denotes the sum of the scries obtained from that for u„ (R) by 
replacing each coefficient by its absolute value, is convergent, then the series 
u i {*).+ (*) 4- ... converges in the interval (- R, R) to a sum-function 

s (®) which is the sum of the power-series obtained by substituting the various 
power-series for the terms it, (*), « t (x), .... and rearranging the resulting 
scries as a single j/owerseries. 

It should be observed that the absolute convergence of the series 
«i (x) + «j (a) + at x = 12, is not sufficient to ensure the convergence 
of the power-series obtained by substitution and rearrangement of the 
power-series for jt, (x), tt* (x), . . . , to the sum of the scries u t (x) 4- u 2 (x) 4- .... 

For example, the series 

1 -x4- x* — X s 4 - -j =- 


- X 4- 2* - te* + ... = — 
1 - 3x 4- 6x? 


(1 4- x? 

(TTS)* 
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are all absolutely convergent when x — and the series 

_1 1 __ 1 

\+z (1 + *)* ‘ (1 4-*)» 

is absolutely convergent when x — i, but the coefficients in the rearranged 
serifs are not definite, and thus the series cannot be rearranged as s single 
power-series. The condition required by the above theorem is that 

— 4. — - j. - } ■ - x . ... should be convergent when x = l; and 

I - * T (1 - *)= (1 - X) 3 

this condition is not satisfied. 


THE MCLTHTJCAHaX OF POWER-SERIES 

136. If t he two power-series -j- o,z + a.x- 4- ... , b a -f- b t x 4- h t x l + ... 
both converge within the interval (- 1, 1), since their convergence it 
absolute, in accordance with the theorem of §38, the Cauchy-produvt 
scries 

<*, 4- c,ar 4- c.x- + ... + c„x" -j- ... 

where c„ = o a b„ 4- 4- ... 4- a„b a , is absolutely convergent when 

|*]<1, and s, (z) s 3 {x) «= s [x), where s, (z), « t (*), s {x) denote the 
sum-functions of the three series. 

If all three series converge when z <= 1, their sums, in accordance mill 
Abel’s theorem (§ 127) are lim s t (z), lim s, (x), lim s (z); consequently 
we obtain the theorem, already established in §37, that if the Eerie? 
2 a„, £ b, 4 , 2 c„ are all convergent, then the product of the stuns of the 
first two of these series is the sum of the third. 

Employing the extension of Abel’s theorem given in § 128 (3), that, if 
2 a„ is summable [C, r), for any positive value of r, then lim s, (z) exists 
and is equal to this Cesaro sum, we obtain the following theorem: 

// ike tiro scries 2 a„, 2 are svmmable ( C , r), (C, «) rtspXiMy, 
(ken the 'product o/ the Cesaro sums of (he first two series is the Get&ro sum 
(C, r 4- s 4- 1) of the third series. 

That the sum (G, r 4- s 4- 1) of the third series exists has been prove! 
in §51. 

137. A special case of the multiplication of a power-series 

°o -f- a t x 4- a,x’- 4- ... 

which is convergent within a finite or infinite interval (— A, A) arises when 
the series is multiplied by itself. If y denote the sum of the series ’'j 5 '"' 1 
it is convergent, the series V 4- 2<J 0 a,z 4- (2a t o. 4- a, : ) x- 4- — fo«n^ « 
before, has the same interval of convergence as the original senes, an-< 
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its suro within that interval is y'. Proceeding in a similar manner, series 
may be formed which represent y 3 , y*, ... within their intervals of con- 
vergence which are the same as that of the original series. 

It is sometimes of importance to possess sufficient conditions for the 
convergence of the series obtained by substitution of the series for 
y, y’, y 3 , ... in the terms of a series 6„ -r b x y + b 3 y z + .... of which the 
interval of convergence is {— lz, I:), when the resulting series is rearranged 
as a series in powers of x. 

In accordance with the theorem given in § J35, it is sufficient for the 
convergence of the resulting power-series obtained by substitution of the 
series for y, y\ ... in b 0 + b ± y -j- b t y* and rearrangement of the result, 
that the series | & 0 1 + I 5j | y + j | y~ + ... should be convergent; where 
y denotes the sum of the Eeries j a 0 1 + | a, x J + 1 a s x - | + ... which certainly 
converges when [ x\ < A. It is in fact clear that the series for y, y*, ... 
are obtained from the series for y, y 1 , ... by replacing ail the coefficients 
Oj, a u u s , ... by their absolute values. If y < k, the series 

IM + l*»h + IMi , +~ 

is convergent; and thus [ x | must be such that J x | < A, and 

I «o I + ! «i* I + I «*** !+•••< *• 

Choosing a positive number p {< A), | a„ j p" converges to zero as n ~ ; 

let then M be the maximum value of j a„ [ p" for all values of n. 

The sum of the series | a„ \ -i - 1 a x x | + | a 2 z s j -f ... is then less than 
|a„| + 2l|L£l + l*J! + ...|, or than I ^ 1 + • It is then suffi- 
cient that I x I A. and that I a. I JrJ,^ (fe-KI)P 


cient that | . | < A, and that | o, 1 + < k. or | * | < ^1- - ° 

If | On J < k, it follows that j x. ) < p < A; thus it is sufficient that 
\a n [ < b Ixi 

1 ’ 11 ' M + k-\a a \- 

In case a, — 0, it is sufficient that | * | < In case k is infinite, 

the condition j x] < A is sufficient. 

The following theorem has been established: 

If the series a, -J- a x x + a,z l + ... of which the interval of convergence 
{—A, A), and of which the sum-function is y, be substituted in the series 
b<j+ b x y -j-.& t y® + of which (— lz, Jz) is the interval of convergence, and 
the resulting expression be rearranged as a gnwer-series in x, the resulting 
series converges to the sum of the series in powers of y, provided ((%[<£ 
and \x \ < 1 ^° j ’ w bcre p is some number < A and \ a„\ p” & M, 
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for n = 1, 2, 3, .... In case a 0 - 0, if m sufficient that \x\< Iftk 

scries h a &, y + b,y- + ... converges for all values of y, it is sufficient that 
x should be within the interval of convergence of the series 
Oo + a x x + a„x- + .... 

As an example of the Inst ease of the theorem, it will be scon tlint, since 
the power-series for c> converges for all values of y, the value of 
may be expressed by rearranging as a power-series the terms of tlie series 

1 + ( S a.*") + jj ( 2 a„x") 2 + ...; 


for all values of * for which the series 2 a„x" is convergent. 

138. In order to obtain a power-series for 0 + n x ^~a x 7 ~ — w * lcn 
x is within tho interval of convergence of tho power-series in the denomi- 
nator, lot y denote the sum-function of the series OjW •)- a t x 7 + .... Now 
— can be represented by i |l — ~ + jf- t — ...j , provided j y | < | it s | , 
It now follows from the foregoing theorem that a powor-serios for 

1 

a 0 + a ± x + a,x* + ... 

may be obtained by substituting in — 1 1 - -(- ^ ~ ...1 , and rearrange- 

«o ( «n “o ) 

mont, if | x I < “i— T’ where p is a number less than A, (- A, A) being 

11 M + J <j 4 | r 

the interval of convergence of a c + a,x -|- a.x 7 + .... and | a, |p" f- M, 
for« — 1, 2, 8, .... The precise range of values of x for which tho resulting 
power-series is convergent can bo obtained by employing tho theory of 
complex variables. 


TERM TlY TJ3BM DIFFERENTIATION AND INTEGRATION OF POWER-SEWES 


139. Let s [x, denote the sum of the power-series a 0 + a, x a.x 1 + — 
which converges at alt points within the interval (— R, II) of convergence. 
Provided [ r *- k | is less than R, the series 

a„ -h a, <* + *) + a, (* + !,)■ + ... 

converges to s {x + A). Assuming that x also is within (— R, R) it 
bo shewn that, if | x | + | /< | < 7?, the scries may bo rearranged in a power- 
series according to powers of h, without altering the sum ; that scries is. 
{(!„ + a,x + a^x 1 + ...) + (a, -f 2a jx + ... + na n x n ~ x + ...) h 


+ (a s + 3a 3 a: + 


n(n~ 1) xn _. , , h t 

■2 


+ .... 
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Thai this may be the case it is sufficient that 

Ki + l°i! (1*1 + + (I *1 + IMP + 

should be convergent, which is the case, since | * | + | h | < R. The above 
power-series in h is convergent within the interval (— j? + jx|,.ft — |x|) 
of h, and its sum iB s fa + A). The coefficients of h axe all absolutely 
convergent when ( x | < R. 

IVe have then 

s jx + h)-sfa) = <h + 2ajX+ ... + na„x*~' + ... + v, fa) h + v s <ar) 
where tr t (x), v 3 (ar), are all continuous functions of x, provided 

For a fixed value of a: tlie scries o, (x) h + v 3 fa) h- f ... has for its sum 
a continuous function of h, which converges to aero as h ~ 0. It follows 
that 

- ^ «= g t + ia t x -f ... -f m^x"- 1 + .... 

and thus 3 (x) has a differential coefficient s' ( x ) wliich is the sum-function 
of the series obtained by differentiating the terms of the series 

It has thus heon shewn that: 

.. If s fa) be the , sum-function of a -power-series which converges • within 
an internal, the function a (x) has a differential coefficient s' (x) 'at each point 
within the interval of convergence; moreover the power-series obtained, by 
term, by term differentiation of the given series converges at such a point to 
s' (x). 

By successive employment of this theorem it is clear that: 

If s fa) be the sum-function of a power-series , then s fa) has differential 
coefficients of all orders at any point interior to the interval of convergence of 
the given power-series; moreover, if term by term, differentiation of any order 
be applied to the given series, a power-series is obtained which converges at 
all points toilhin the interval of convergence to the value of the differential 
coefficient, of the corresponding order, of s (x). 

140. If r<R, wo have a fa) =a t -i-a,* + ...+ a n x" -f p (a:), where, for 
all sufficiently large values of n, | p fa) | < c, for all points x, in the interval 
(— r, r) interior to the interval of convergence (—iJ.il) of the power-series. 
Tliis is equivalent to the statement that the series converges uniformly in 
(- r, r) (§ GO). We have now 

| fa) — (do + «!»+ ... -f a 0 x")} dxj ^ | p fa) | dx < eR, 
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e is arbitrary it follows that the integrated series 

x s , , ** M 

W + a l -£ + ... + a n — j+... 

converges to J*s (z) <fz uniformly in the interval (— r, r). Thus we have 
the result that: 

Term by term integration of a -power-series produces a new pomr-scriu 
which converges to f s (z) dx, for all points interior to the interval {— It, ]J) 
of convergence of the given series. 

R* R 3 

In ease the series a^R +a t ■g" + °* "S" + > s convergent, its sum, 
in accordance with Abel's theorem, is lim [% [x) dx, or j s (z) dx. Tills 
may be tho case when the aeries a 0 + a,R + a 2 R* + ... is not convergent. 
m 

In cose the series a^R + a 1 + ... is summable (C, r ), (r > 0), its sum 
(0, r) is j s (z) dx. 


Taylor's series 

141. It has been shewn in § 139 that, if a function / (z) bo such that, 
within the interval (— R, R), it is the sum of tho convergent series 
a 0 + n,z + a t x- -b 

the differential coefficients / w (z) exist, for all values of the integer r, 
and fhat/ (r > (z) is the sura-function of the series 

1.2.3 ... ra, -f 2.3 ... (r + l)a r+J z + 3.4... (r + 2)fl r+ jZ 5 + ... 
obtained by differentiating the terras of the given power-series r times, 
within the interval (— R, R). It has further been shewn that, if | x\ + 1 ft| 
also lies within the interval (- R, R), the series obtained by arranging tho 
caries a 0 -f a, (z -f h) + a 3 (x + h) ! -f ... as a series in powers of h con- 
verges to/ (z + ft). The coefficient of h r In this series is 

« r + (r + l)« r ,, I + fr±4[ !±!> 

winch converges to 

It has thus been shewn that, if I z J and ! z I -f [ ft I are both less than 
R, the series 

/ M + V M + r (*) + ... + *[/« M + - 

converges to the value / (z + ft). 
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This theorem is a particular case of Taylor’s theorem for the expansion 
- of a function / (x h) in powers of h, and has here been established for 
■ the particular case of a function / (z) which represents, in some interval, 
the sum of a convergent power-series. It has, moreover, been shewn that 
such a function possesses differential coefficients of all orders, within the 
interval of convergence of the power-series. 

We proceed to investigate the necessary and sufficient conditions that 
a corresponding theorem may bold for a function defined in a more genera! 
' manner. 

142. The following theorem will he established : 

If a function f (*), defined in the dosed interval ( a , a + h), be such that, 
(I), the functions /(*}, /’ (a:), f" (*), (z) are all continuous in the 

closed interval (a, a + h), and (2), /<"> (x) exists at- evert/ point of the open 
interval (a, a -+• h), being either finite, or infinite with fixed sign, at each 
point, then 

/(»+i)-/(»)+w(«)+^rw+- 

* % !■ <° + m >- 
for some value of 0 such that 0 < 8 < I ; -provided the number v, not necessarily 
integral or positive, is such that n - v > 0. At the points a, a + h, the 
differential coefficients are interpreted to mean the successive derivatives on 
the right and left respectively. 

It may be observed that the conditions (1) and (2) are not, as stated, 
reduced to the minimum number. 

ty r w - ... 

- «-«■+»- <r~x, 

where the number K is defined by 

/<• + »>-/ («) - V („) - ’£f <«) - ... - p-Tyi/'- -» (») - 
In the closed interval (a, a + it), F (z) is continuous, since n > v; also 
F" (z) exists everywhere in the open interval (a, a ft). Moreover .F (a) = 0, 
F [a + h) = 0, and therefore, in accordance with the mean value theorem 
(i, § 262 ),F' (z) has the value zero, for some value of x interior to theinterval 
(a, a -f h). Let this value be a 4- 6h, where 0 c0<l. We find on 
differentiation, 

r W - - M + (»-»)(« + J - «)“* K, 
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nnd f!ius K = jj (7I + dh> - E( l ,mtin g th » voluc of * <o 

the value by which it was defined, we have 
/(fl + h) =/(o) -1- h/' (0) + ~f' («) + - 


e the value of K, ns defined, i 
;c have /M (a + Oh) «= 0. 


ro, the proof remains valid; in 


It is clear that a corresponding result holds for an interval on the left 
of a. provided corresponding conditions are satisfied as regards differential 
coefficients, the derivatives at a being in this ease on the left. 

If the conditions of the theorem are satisfied for the interval (a, a + A), 
they are clearly satisfied for any interval {a, a + ft'), where 0 < V < h. 

In case / (*) be defined for the interval (a — 7/,, a + 7/,), the conditions 
of existence nnd continuity of /(*),/' lx), ... (z) in a closed interval 

being satisfied in the closed interval (a - h 2 , a + 7<j), and /<"> (*) being 
assumed to exist at every point of the open interval, the theorem holds 
for every value of h in the closed interval (- k it 7< ,) , the val ue of 0 depending 
upon the value of h. 


The theorem which has been established above is frequently spoken 
of ns Taylor’s theorem, although that name was originally, nnd is still 
usually, applied to the case in which it is possible to suppose n to lie in- 
definitely increased, so that the series becomes an infinite convergent one. 

Tho expression R, ** ^ ^ , /" ( a + Oh), where n > v, is spoken 

of ns " tho remainder in Taylor’s theorem.” In lliis general form it was 
obtained by Sohlomilch* and by Rochef. The particular case in which v 
is taken to be zero, R„ = - (o + 07;) is known as Lagrange’s^ form of 
the remainder in Taylor’s theorem; another particular case, due originally 
to Cnuehyf), of the general form given by SchlSmiich, is that in which 
>’ is taken to be « - 1, or B„ = /^) (a + Oh). 


f43. It was first shewn by StoI?.j| that the theorem of § 140 can he 
extended to tho case in which the functions /' (z), f (x), ( x ) arc 

* Jlandbueh der Differential- a rnd lntegralreehnung, ] 8-J7. 

t -Wm. de l' Arad, de Montpellier, 1858. See also Lioueilh's Journal (2), vol. Ill 
PI*. 211 and 383. 

t Th'orie daijrmeUonr, vol. i, p. JO. % Calenl Diff. p-11- 

!; See Grum/rOje, vol. r,p.07. It should bo observed thalStols omits lo S(*K llie mtiiclioo, 
n^i-nsty to Ms proof, that r in not lo be a positive integer Iras than n. 
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assumed to exist, and to be contmuoos, only in the half-closed interval 
a £ a < a + ft, so that their existence at the point a + h is unnecessary. 
The following theorem will be here established: 

1/ a function, f {*), continuous in the dosed interval (a, a + A), be such 
that, (1), the functions f (#), f (*), .../i” -1 * {*) are ail continuous in the 
domain a£x<a + h, and (2), the function /<"> ( x ) exists, as a finite number, 
or as infinite with fixed sign, at each point of the open interval {a, at + A), then 

/(»+«-/ w + if <«) + ~r (»> + ... 

+ i£V"“" <“> + „^V <“ + m ’ 

for some value of Bauch that 0 < B < 1; where v may have any value < n, 
positive, negative, or zero, and not necessarily integral, except that it may 
not be. a positive. integer. 

We cannot in the present theorem take v to have the value n — 1, so 
that Cauohy’s form of the remainder is not here included in the result. 

To prove the theorem, let 

r (•)-/<*)-/<•)-<*-«) r (») - /'(a)-... 

- v. (•) Ijr #"(•)} • 

where f> (x) denotes a function which possesses finite differential coefficients 
of the first n orders in the closed interval (a, a + A), end such that <j> M (*) 
is nowhere zero in the interior of the interval (ct, a ■+ h). Let K have the 
value 

f{a + h) —/(a) - ft/' (a) - ^-,r (") - - W 

$ (o + A) - <j> (a) - hfi (a) - <f>" («) - ... - W 

it being assumed that the denominator is not aero. We have F (a) = 0, 
F (a + A) = 0; hence, since F' (*) exists ut every interior point of the 
interval (a, a + ft), F' (a^) = 0, for some point x, such that a < < a + ft. 

Since F' (a) ^ 0 , (*,) = 0, an$ F“ (x) exists at every point of the 

interval (a, a,), it follows that at some point such that a<a; a <x ] , 
F“ (xfj = 0. Proceeding in this manner we see that F" (xfj — 0, at some 
point »„ = a 4- 6h, interior to the interval (a, a + ft). 



Thus we hare / M (o + Oh) — (a 4 
shewn that 


[Cll. 1U 

= 0. It has now been 
A" -1 


/(« + *) -/ w - AT W - 2l/' («) - - - (n^irt^" 1 (n) 

£ (a + 7i) - <£ («) - h &' («) ~Y\^’ M - ••• “ In ~ 1) 1 ^ 

/!”> (n -f 8h) 
$M(a +BhY 

Tn case 11 = 0, wo have / (n| (a. + Oh) — 0, and since <jl"> (a + Ok) f 0, the 
result holds good. 

27ow let 4 (x) -> (a + A — where v may have any value whatever 
(< n), except the values 1, 2, 3, ... n — I ; then 

( a + Oh) = (- 1)" (n — »>)(»— v — 1) (it — v ~ 2) ... 

(-v+l)*- (1+0)-. 

Since n > v, the value of 

*<• + »)-#(■>- V (») - £ #»-••■ - («) 

(» -»>)(»- »- 1? _ 


- 7i"— ji — (» — v) + 

+ (- !)• 


21 


(w-v)(n- v- 1)... (v + 2 )| . 

(«, — i)! y 

and it can easily be shewn that this is equal to 

, , i.., (» - » - 1) (n - > - 2) (» - u - 3) ... (- v + 1) 

' 1 ( n - 1) ! 

We have thus shown that, subject to the conditions stated in the 
theorem, 

/(» + *)-/(.) + V t») + 5^ /■(«)+.. ■ 

J- ft"" 1 fln- 1 ) ( Q \ + h" (1 - 0)” , + 

■(n-l)! J {a) + (n- v)(n- ljr 1 

144. Let it now be supposed that / (x) is defined only in the open 

interval (a, a + 7i), and that all the functional limits 

/(« + 0), S' (a + 0), S' (« + 0). {« + °) 

exist as definite numbers, and that also /<">(ar) exists everywhere in tbs 
open interval, as a finite number or as infinite with fixed sign. The proof 
of the last theorem may be employed to prove that 

/ (a + 7< - 0) =/(« + 0) + (s - a)f [a + 0) + (* + °) + - 

+ 1^1)7 y T 0) + W=7){n -1)! ; 1 
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where f (a + h — 0) is any one of the limits of / (x) at the point a + A, 
. In ease / (a 4- A — 0) is not unique, it is known that /' (x) takes every 
finite value within {a, a + A) (see r, § 266). 

Let us next suppose that/ 1 "" 11 (re) has no definite limit at a, on the right, 
so that it has a discontinuity of the second kind at that point, and that 
/•*> (x) is everywhere finite. Let F (x) bo defined by 
J (*)“/(*)- (* - «) ~ Ci (* - «)* - — 

- (* - a) 0 - 1 -K{x- a)”, 

where K.h* •=• f (a + h) — c? ~ c t k — c 2 h* — ... — e,_j A 1 * -2 ; 

the numbers q,, c,, c,, ... c 0 _, being arbitrarily chosen, and f (a -i- h) 

being a definite number. 

TVe have JW (a) »• /•"> (a) — Kn !, wbere a < x < a -J- A. Now since 
l™*' n (a) has a diacontinuity of the second kind at a, and i'*"' (a) exists 
in the open interval (a, a + A) and is finite, it follows, by a theorem 
established in I, § 266, that F’-"' (x) has the value zero at interior points 
of the interval. Hence 0 can be so chosen that 

jP" (a. + 8h) s /<?> (o + Oh) - Knl - 0; 
and thence we have 

/(. + ») - c. + «, » + c,h> + ... + (« + «)• 

The following theorem has now been proved: 

If 5 (z) 6e defined in’ ihe interval a < x S a + ft, and /<"-» (x) exists in 
the open interval a-< x< a + h, but has no definite limit on the right at o, 
and if /(") (x) exists in the open interval, being everywhere finite, then 

f (a + h) - 4 + e,ft + cj* + ... 4- Pn-.A "- 1 + (a + 0h), 

where Co, c, ( c B , ... e„_j are atfttfrartfy eftosen numbers, and 8 is a number 
such that 0 < B < 1. 

Theorems of a similar character have been given by W. H. Young*, 
based upon the lemma that, if / (x) is continuous in the open interval 
u <x< 6, and that / (x) either has a differential coefficient, or else that 
there is no distinction between right and left with regard to its derivatives 
in the open interval, then there is a point x of the open interval such that 
/<* _ o) -/ (a + 0) « (6 — a)f (x), 

where / (a + 0), / (b — 0) denote any two of the limits of / (x) on the right 
at a and on the left at A. It should, however, be observed that, unless both 
the limits / (6 — 0), /(a + 0) are unique, f (x) takes every finite value 

* See Quart, Jovm. toL 31. (1909), p. 14G. 
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a i point* in the open interval (see I, § 2G6), and thus the lemma ill that cy? 
i- unduly restricted, unless either/ (b - 0) or/ (a d- 0) is capable of Uri;^ 
all finite values. 

J45. If fix) possess differential coefficients of all orders within a 
prv-'cribed interval (a — A', a — A), of x, then, provided it, have the limit 
zero, when n fa indefinitely increased, for each value of A, the series 

m* v w ^§Jrw+ w + 

where — A' < A < A, is convergent, and has / (a -r A) for its limiting ties. 
This is Taylor’s theorem in the original meaning of that theorem. 

It will he observed that the existence of the differential coefficients s’, 
the extreme points a ~ A', a •- A has, in § J 43, not been presupposed, bet 
only their existence everywhere in the open interval (o - A', a 4- A). If 
the condition lim /?,. <= 0 be satisfied for each value of A within the interval 
(— A', A), and if the series converge also for h = A, then since it is a power- 
series, it follows from the theorem of 8 124, that, at A — A, it converges to 
} {« + A), provided / (z) is continuous on the left at the point a 4- A. 

'Die value of 0, in any of the forms of the expression for P.„ is in 
general dependent upon n : and consequently it is not a sufficient condition 
of convergence of the Taylor’s series throughout the half-open interval 
0 C A < A that have the limit zero whilst 6 remains fixed, even if this 
be the case for each fixed value of 0 in the open interval (0, 1). In con- 
nection with the theory of non-uniform convergence of series, we have 
already seen, in § 84, that a function 7?„ (x) may have the limit zero, 
as 7i — x , for each value of z in the interval, and yet that- lim R, I/) 


may nof be zero when z varies with n. For example, if R K ** 

then R n has the limit zero for each fixed value of 9; but MB— i/n, R, t' : 
the limit fte~ h . 

A sufficient condition for the convergence of the series, within a gi TK1 
interval of ft, is that R r , for eac-h fixed value of It, within the given interval, 
should converge to zero, asn~«, uniformly for all values oi 9 in 
interval {0, I). Thus, for each value of h, and each value of an arbitrarily 
chosen positive number c, a value n,, of n would exist, such that 




provided n i- for every value of 6 in the closed interval (0, 1). 


This condition, though sufficient to ensure the convergence of tot 
series, has not been shewn to be necessary. An investigation, due in d" 
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original form to Pringshoim*, will now be given of necessary and sufficient 
conditions for the convergence of Taylor's scries. 

146. The following lomma will bo first established : 

Jf /^(x) be defined, for every valve of n, where x is in the semi-closed 
, interval a. £ % < a + R, and if, for some fixed value of p which is a positive 
or negative integer, or which may be zero, the condition is satisfied that 

■<d „,*"(• •*•*>*■*- 

converges to zero, as n ~ o> , uniformly for all valves of h and k such that 
Oihih + k&r, for each value of r that is < R, then the same condition is 
satisfied when p itas any other value which is a positive or negative integer, or 
zero, and such that p + n > 0. 

Donoting /<"' (a 4- It) k"+ 9 by F r ,„ (h, It), we have 

and hence, since bar, we have 

<M)f, 

provided n + p +. 1 > r. It follows thati’ tr+llB [h, k), and more generally 
F r H,.n Ub fy, for q > 0, oonvergos uniformly if F tl „ (h, k) does so. 

Again, wo have 

« » - (Hs)’"" Hi r - <*• »+*>< 

if r (< R) be fixed, 8 can bB so chosen ns to be positive and such that 
r + 8 < R. Hence, if 0 S k £ r, 

I (i, i) 1 < (jrjs)"*"’ ’ L J J! I ft *+»)!• 

If n be so chosen that s anc * ^ I i < 

for 0 S h & h + k a r + 8, and nSnt, wc have then | F t _ t , „ {h, k) \ < e, 
for 0 s h& h + k & r, provided n is not less than some integer n/, This 
can at once bo extended to shew that | F p -,,„ (h, ic) \ < e, if q> 0, pro- 
vided n is not less than some integer dependent on e. The lemma has now 
been established. 

Sor the above lemma given by Pringalieim another lemma, which 
docs not involve the notion of uniform convergence, lias been substituted 
by W. H. Youngf: 

. , * Jl/o/i. Amides, voL TUV(1S94), p. 57. Senate) IfBitch. SiHungibtr. (1913), p. 137. 

f Quart. Joum. voL xl (1803), p. 157, also hla Tract, The fundamental Theorems of the 
Differential Catmhu, Cambridge (1910), pp. 57-8. 
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//, /w some given value, of p which mag be a positive or negative integer, 
or zero, the condition is satisfied that 

for each value of r (< R) is less than some fixed positive number dependent 
only on r, for all values of h, k, n such that 0 £ h . *5 h + k £ r, n + p > 0, 
the same condition is satisfied when p has any other value, which is a- positive 
or negative integer, or zero. 

The foregoing proof can easily be adapted to prove the second lemma. 
Aa before, if F c , n (h, k) satisfies the condition, so does / T , +]l „ (h,k)\ 
and if F t ,„ (h, k) satisfies the condition when r + S is taken instead of r, 
Pr-i,n (l'< ty also satisfies the condition. 


147. We proceed to investigate the necessary and sufficient conditions 
of convergence, which may be slated as follows : 

Necessary conditions that the scries 2e„A" shall converge for every 
positive value of h that is < R, are that, if f (x) denote the sum of the series 
Ec„ {x — a) 11 , where a is a fixed number, and 0 &x — a<R, (l), /(z) 
possesses, for every value of x such that a £ x < a + R, a definite finite value, 

(2) , that, for every value of x such that a <x<a + R,f (x) possesses finite 

differential coefficients of every order, and at a, definite derivatives on the 
right, of every order; and (3), that, for each fixed value of p(> — n) which may 
be a positive or negative integer, or zero, ^ ^ | / ,n| (a + /*) fc n+r ’ converges 

uniformly for all values of h, k such that 0 &h£h + k<rto zero, as n ~ « » 
for each value of r (< R). Moreover ifJhe condition (2) is satisfied, and if 

(3) is satisfied for any one value of p, this is sufficient to ensure (he convergence 
of the Taylor's series corresponding to f (x) for the interval aS x<R. 

Instead of the rendition (3), the following condition may be substituted: 

(3)', that, for some value of p, a positive or negative integer, or zero, and 
for each value of r (< R), | ^ /<*> (o + h) j is less than some fixed 

number, dependent only on r, for all values of n {for which n + p > 6) 
for all values of h and k such that OS hsh + k£r. 

A similar statement holds as regards an interval on the left of ai 
and it. is clear that the theorem can be so stated as to applj' to the more 
general case of a neighbourhood which contains a in its interior. 

Assuming that E c„ (x — a) n converges for a £ x < R, it follows from 
§ 13!) that its 6um -function/ (a:) is differentiable in that interval, and that 
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■ f (*) represented in the interval a%. x <a + R by the series obtained 
| • by term by term differentiation of the series Ec„ {* — «)". The same remark 
applies to the function/’ (x), and to the series which represents it, and then 
successively to the higher differential coefficients of / (x). We have 
therefore /’ (x) = £ » (« — 1) ... (n — a + 1) c„ (* — o) n-> , for all values 
of »; hence f {a) — Cq, and / (<l (a) = n ! e„ , and thus 

where 0 £ A < R. 

Since a power-series converges absolutely at all points within the 
interval of convergence, we see that the function <j> (a) defined, for the 
iotorval aS x < a + H, by <f> (*) >= £ | c n [ (z — a)”, has properties similar 
to those of / {*) ; and thus that 


(J (<x + A) - X [ e„ | hr - E ~ (a) A", 

and tfilf'i (a + A) *= X ^ ^ [ <ffi n ' (a) A"-”, for 0 sh<R, 

■ -E ■ / - wI \v | c n | h n ~ f . 

The functions ^ (a + h), + h) are continuous functions of A in 

the interval 0 £ A < Ji ; and for each value of p, 

|/M(tt + A)|S(.^*»(a + A)|. 

In order to prove that the condition (3) is satisfied it will be sufficient 
to prove that the corresponding condition is satisfied by the function 

<y*(a + h). 

If 0 £ A £ & + h < JRj we have 

A(o + A + A) = E^j <P">(ii) (A + A)" « E^| ^ n > {a + h) A"; 

and it will now be shewn that the series E — (a + A) h" converges 
uniformiy for ail values of h and k which are such that OsAsA + Aet, 
where r is any positive number < R. 

Since the terms of the series are all positive, and the sum-function is 
a continuous function of (A, A), it follows from the theorem of § 78 that 
the scries converges uniformly in the closed domain 0 S A-^ A -!- k & r, 
where r < iJ; it is a necessary consequence of the uniform convergence 
that — | (a -f A) A" should converge to zero uniformly ii 

0SAsA + A3r, as n is indefinitely increased; 


i the domain - 
r being any assigned 
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positive number < It. It follows that ^ f ln) (a + k) A" has {he same 

property, and by using the lemma of § 14(i, it follows that 

r— r— r./ inl (< l + A)I’ ,+ >’ 

(«+p)r ' ' 

also converges uniformly’ to zero, where ji is any integer (> — ji), positive 
or negative. Thus the condition (3) has been shewn to bo a necessary con- 
dit ion. Moreover, when (3) is satisfied, the condition (3)' is also satisfied; 
thus (3)' is ft necessary condition. 

In order to shew that, if (2) is satisfied, and if, for some particular 
valuo of p, (3} is satisfied, then the series converges to / (*), for all values 
of x such that a 5 x < a + R, we observo that, in accordance, with the 
lemma, the condition (3) must, bo satisfied for every value of p (> - ji). Tims, 

If p be a positive integer < », - — - — -. /*") (o + h ) k n ~ r converges uniformly 
\ n ~ P) ■ 

to zero In the domain 0£h& Ji + k<r. Writing 8h for A,. and (1 - 8) A 

for h, wo see that . 1 . ./"(a + Oh) (1 - 0)”-’’h n -’’ converges uniformly 

v" ~ Pi ■ 

to zero in tho domain 0 < 0< 1, 0 £ A £ r. Referring to the expression 
+ i n §142, wo may take v°n-p, and the 
expression becomes f ^ jj - . A” (1 — O)”-* f n (a. -f 6h) which can be 
written in the form 

?i« - a v -^r— (i— > + -„ ■ + *> 

For any fixed value of p this converges to zero ns n ~ eo , for every value 
of 0, and for 0 £ A £ r. Consequently tho remainder in Taylor’s theorem 
converges to zero for every value of A such that 0 & h < It. 

It is clearly sufficient for the convergence of the remainder that- 

should be less fhnn some fixed positive number independent of «; thus 
tho condition (3]' is sufficient, when (2) is satisfied. 

148. The necessary and sufficient conditions that Taylor’s theorem 
should hold for the function / (o + A), where 0 £ h < Ji, can he most 
simply expressed when Cauchy’s form of the remainder is used, and they 
may he obtained as follows: 

The condition ns to the existence of differential coefficients of 
orders being assumed fo be satisfied in the interval 0 £ A < li, it l ,ns 
shewn in § 147 to be necessary and sufficient, for the validity of Taylors 
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a ones in the hnlf-olosod interval that ^* _1 should con- 
verge to zero, ns » ~ , uniformly for all values of h and k enoli that 

0 Sh&h.+ k<r, for each valoo of r Writing Oh for h, and 

(1 - 0) h for k, the condition takes the form that 


should converge to zoro uniformly in the domain 0 < 0 < 1, OSjfii'; 
and tliis is Cauchy’s form of fcho remainder in Taylor’s series obtained in 


§ 142. It Is thou necessary that — jyj (1 — fl)"- 1 /<”> (a Oh) should 

converge to zoro for each yaluo of r such that 0 < r < 11, uniformly for 
all values of 0 auoh that 0< 0< 1; moreover, this condition has boon 
shown in § 145 to be sufficient. The following theorem has now boon 


In order that the function f (a + h), defined for all valves of h such 
that 0 &h<Jl, may be represented, for all the values of h by the serins 
(a) h n ,it is necessary and sufficient, (1) that f (#) have differential 
coefficients of all orders, for a<x<a + li, and definite derivatives on the 
right at a, of alt orders, and (2) that Cauchy’s remainder 

for each value of h such that OS h < It, converge to zero, as n ~ w uniformly 
for all values of 0 in the closed interval (0, 1). 

149. In case Lagrango’s form of tlio romainder in Taylor’s theorem is 
omptoyod, instead of that duo to Cnnohy, the necessary and sufficient 
conditions oannot be expressed in so simple a form. Tho following 
tiicorcm has roforoucc to tins form of the remainder : 

In order that the function f (a + h), defined for all values of h such that 
0.1 h< B, may be represented, for all the values of h, by the scries 2 ~/W (a), 
it is necessary, besides the condition of unrestricted differentiability previously 
slated, that — /<"> (a H- Oh) should converge, for each value of h such that 
0 S 7i < ill, to the limit zero, os n - » , uniformly for all values of 0 in the 
closed interval (0, 1). It is sufficient, but not necessary, that the expression 
should converge to zero, for each value of h such th at 0 £ h< R , uniformly for 
all values of 8 in the closed interval (0, 1). 

In accord ancc with the theorem ol § 147, it is necessary that-- /("> (a h) 
Bhould converge to zero, aan~®, uniformly for all values of ( h , li) such 
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that 0 5 /i £ A 4- 1 S r, whore r is an arbitrarily chosen positive number 
< It. Writing h for k, and Oh for h, we see that, this condition includes the 
condition that /W (a + Oh) shonld converge to zero, for each value of h 
such that 0 % h < $R, uniformly for all values of (I in the. closed interr.il 
(0, 1). 

To shew that the convergence for each value of h such that 0£ h < R 
is not necessary. Jet us consider the function /(*) = (1 —a)- 1 , defined in the 

interval 0 S x < 1. The Lagrangian form of the remainder is ^ ; 

U - llr ) 

this converges to zero only when x < 1 — Ox, hence, if * > J it does not 
everywhere converge ill the interval (0, 1) of 0, but if * < § it converges 
uniformly with respect to 0 in the interval (0, 1). This shows that the 
condition that the remainder shall converge for every value of h that is 
<R is not always satisfied when the Taylor’s series converges in the 
interval 0 & h < R. 

ISO. It was remarked by Cauchy* that the series 2 “ j/ (n, ( a ) may 
convergent in an interval, and yet that its sum need not be/ (a + It). This 
happens whenever the remainder R„, in Taylor’s theorem, which is defined 
as the difference between f (a + h) and the sura of the first n terms of the 
series, converges, for each value of a:, to a limit wliich is different from 
zero, as n is indefinitely increased. 

Let the function/ ( x ) be defined by/ (z) = e”* 1 , fora? > 0, and/ (0) = 0; 
it can easily bo shcim that this function and all its differential coefficients 
exist, and are zero at the point x = 0 ; and that for a? > 0, tho remainder in 
the Taylor's scries has for its limit e~*. If now if> (z) e x + e~ ? , (a?> 0), 
$ (0) •■= 1, and the series E — (0) in the neighbourhood of the point 

x = 0 be formed, then the scries converges, not to the value <f> (A), hut to 
the value c\ 

EXAMPLES 

(1 ) (*) = (1 + *)»■; then, in n neighbourhood of the point x = 0, we haw 

m - 1 * * * ♦ ... ♦ . k. 

where If„ can bo expressed in Lagrange’s form by 

p{p - 1) ... (p - n + t ) IP 

n! (1 + ezf-f' 

or in Cauchy’s fonn by -*±2 i 1 T SCZ*. 

7 (a — I)! (l+topV^' 

* Calrvl Dig. p. 103; also P. Du BoU>Rcymond. Hath. Annofm, voL xzl (11153), r- ^4. 
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i^l p(p- »)...&>- n+ 1) 

• "M * 

> p. If | x ] < I, llie expression 


continually diminishes as n la increased: for, denoting it |jy v„ , we find 

where r is a fixed positive number < 1 - j r | , provided * Ik sufficiently great, and it follows 
that the limit of u„ is aero; ami thou lim R„ = 0. The series therefore converges for nil 
values of x suoli that | * J < I. 

To find the limit of j - j when n is indefinitely increased, Koppose 

But that }> 4 1 is negative, say - t Wo may write the' expression in the form 

and this is > 1 4- + ? + ...4 thus the limit is indefinitely great. Next suppose 

thatp + I is positive. Then tho expression may bo written in t!io form 

where X li (ho integer next greater than p + I ; this is less tbnn 

» ( P-I)-( P -X4 2) J 

or tlisn _J ; 

P* '*0*»GTb*-9 

hence the limit, when s is indefinitely increased, is aero, ff p tr - J, the limit is unity. 

If x 1 , Logrango's form of tho remainder shews that tho eerics convcrgoi if p > - J. 
The series diverges if j>< ~ 1, because the general term of the scries increases indefinitely 
with K. Uib scries oscillates if p - - 1. ■ 

- 1, Oiuchy's form of the remainder chews that if p - 1> - 1, orjtl- 0, Iheseries 
is convergent. It is divergent iTp < 0, lor tbo sum of n terms of the eerie* is 
-,( r~ I)fr-g)-ft»-i»+l) 


(- ir>' 
l LJr. a ~" 


<s - ni 


(2) Let* / (x) — 2 — ™. ^ j ,' 1 where a > I, For this function 

/ (0) » t-. (0) --- 0, /'“» (0> « (- 1 J* (2i)i c- a- 

lias the series for/(x) is 


Tiie sum of ttiescrisi.for* j= 0.is/<l)),hntin every neighbourhood of x - 
lie wries end the value of /fa) are different except at most nt a finite namt 
• Pringrisehn, JfthitAeur fiVfcaxjrtre., 169”. p. 22” 
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that 0 -S h £ ft + * £ r, where r is an arbitrarily chosen positive mimics 

< R. Writing h for k, and Oh for h, we see that this condition includes the 
condition that — ( /<">(« + Oh) should converge to zero, for each value of h 
such that 0 S k < hR, uniformly for all values of 0 in the closed interval 
(0, 1). 

To shew that the convergence for each value of h such that OS k<R 
is not necessary, let ns consider the function f{x) ■= ( 1 — as) -1 , defined in the 
interval 0 £ z < 1. The Lagrangian form of the remainder is ^ 
this converges to zero only when * < 1 — Ox, hence, if x > A it docs not 
everywhere converge in the interval {0, 1) of 6, but if x < A it converges 
uniformly with respect to 0 in the interval (0, 1). This shews that Hie 
condition Hint the remainder shall converge for every value of h that is 

< J? is not always satisfied when the Taylor's scries converges in the 
interval 0 &h< R. 

150. It was remarked by Cauchy* that, the scries S ~ j /W (a) mny.be 
convergent in an interval, and yet that its sum need not be/ (o + h). This 
happens whenever the remainder R„ , in Taylor’s theorem, whiolt is defined 
as the difference between / ( a + h) and tbo sum of the first n terms of the 
series, converges, for each value of a:, to a limit which is different from 
zoro, as n is indefinitely increased. 

Lot the function f {x) be defined by/ {*) = e -? , for x 1 > 0, and/ (0) <= 0; 
it cun easily bo shewn that this function and all its differential coefficients 
exist, and are zero at the point x = 0 ; and that for x* > 0, the remainder in 
the Taylor’s series has for its limit If now <f> {*) = e* + c” ? , > 0), 

<f (0) = J, and tbo series Z ^ $ n) (0) in the neighbourhood of the point 

x •= 0 bo formed, then the series converges, not to the value $ (h), hut to 
the value e*. 

EXAMPLES 


Let/ (x) = {1 + !)'■; then, in a neighbourhood of the point x =■ O, we have 


where lt„ cun bo expressed in Lagrange’s form by 

P (P - 1) (P - n + I) x^__ 

' n! '(I + «*)—»* 

or in Couchv’s form by "JU-fr ~^±JJ <L ~ 

} (b - 1) ! (l + ftt)*-" 

■ Ccl-ul Oiff. p. 103: see also P. Da Bais.Rcymond, Italh. Annalcn, vol. xxl (J8S3J. p 
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It is untiecesRaiy for Die application of the criterion given in this 
• theorem that / (x) be capable of representation in a neighbourhood of the 
point i = 0 by a convergent power-series. There exist functions with 
differential coefficients of all orders, which all vanish at the point x = 0. 

EXAMPLES 

( 1) * Lot /(*) = **- e'i*, and / (0) = 0. In this case /' (0) - 0, /’’10) = 2j and /' (z), 
/" (z) ate continuous in any neighbourhood of x = 0. The theorem establishes that/ (z) has 
a minimum at z = 0, although / (x) cannot bo represented by a powen-series in any neigh- 
bourhood of tho point. 

(2) * Tho function defined by / (x) = «”**, / (0) = 0, has a minimum at x = 0; and 
yp.t the theorem is not applicable, because tho differential coefficients of all orders vanish 

(3) * Tho function defined by /(*) = ze~**, /(0) = 0, has neither a maximum nor a 
minimum at * =s 0. As in (2), the above theorem is in this case inapplicable. 


taylob’s theorem for functions of two variables 

152. • Let us assume a function / (z, y ) to be defined for all values 
of x, y in the domain defined by »-8^*S(i + 8, £> - 8' s y£ 6 + S'. 
Under proper conditions as to (he existence and continuity of the partial 
differential coefficients of / (x, y), of a finite number n of orders, it is 
possible to obtain an expression for f (a + h, b + h) — f (a, 6) consisting 
of terms involving the first n powers of h and k, together with a remainder 
analogous to the remainder in Taylor’s theorem, such expression, being 
valid for values of h, k, suoli that | h | < 8, j k | c S'. It is however, for 
the present purpose, unnecessary to consider the least stringent set of 
conditions relating to the partial differential coefficients of the various 
orders, which are sufficient to allow the extension of Taylor’s theorem to 
tho case of a function of two variables. It will here be assumed that, for 
all Valucsof x and y such that a — 8<*<o + 8, b — S' < jr < b + S', the 
partial differential coefficients of /( x, y) of the first n orders all exist, and 
are finite; and further, that they arc. all continuous, for this range of 
-values of x and y, with respect to [x, y). In accordance with the theorem of 
f > § 314, the order of differentiation, in each of the mixed partial differential 
coefficients, is in this case immaterial. 

Taking values of h and k which are numerically less than 8, 8' 
respectively, let/ (a + Ih, b + be denoted by F (t), the variable t having 
the domain (— I, + I). The conditions contained in the last theorem of 
r, §309 being in this case satisfied, the differential coefficient F' (f) of F(t) 
* Tbwc mamplre are given by Sdireffer, J tali. Annolen, vo l xxxv (1890), p. 842. 
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(3) L»l f(x) = s 1 where a > 1. For this function, the Mnclau rill's Kuti 

in 2 { - I) 1 r." a+I t M , which diverges for every value of x except x - 0. 

{4) Let* SKA ~ 2 * wlll:re * > 1- This function is continuous on Ike 

right of the point x = 0, and lias derivatives on the right of all orders at that point; tk* 
Mfleburin’s series S {- 1)" . x" thn9 obtained, converges for nil positive values of t, 

but docs not represent the fanetion/ (z). 

(0) Let / (x) i= £ i 1 w hore a > 1 . For this function the Jlaclaurin’s scries dots 

not converge fn «nv neighbourhood of the point x = 0. 


MAXIMA AND MINIMA OF A FUNCTION OF ONE VARIABLE 

151. It has been shewn, in I, § 268, to be a necessary condition tlmi a 
function/ (x) may have an extreme at the point a: — 0, that the differential 
coefficient at that point, should be zero, provided the function be such that 
a differential coefficient at jr = 0 exists. Let us assume the function to bo 
such that the first n differential coefficients /'(*), /'(*), ...fW(x) nil 
exist and arc continuous, nt every point x such that - 8 < * < 8. Let us 
further assume that /'{0), /'(0), arc all zero, and thus that 

/ (n, (0) is that differential coefficient of lowest order which docs not vanish 
at x *» 0. 

We have then f(z) — / (0) - ^J/Mflte); where 0 < 0< 1, and * is 
such that - 5 < x < 8. Since /M (ar) is continuous at x — 0, a neighbour- 
hood (- 5', 5') of that point, interior to (- 8, 8), can be so determined that 
/ t " 1 {Ox) lias the same sign as /<"> (0), provided - 8'£ z& 8'. Ifn he odd, 
the sign of f(x) — /( 0), in the interval (— S', S'), depends upon that of x; 
and therefore/ (*} has neither a maximum nor a minimum nt the point 
x If v be even, the sign of /(*)—/ (0) is tliesame as that of/ 1 ” 1 (0), in 
flic whole interval (— 8', S'), and therefore / (x) has a maximum or- mini- 
mum at x = f), according as /l")(0) is negative or positive. Tho following 
theorem for determining whether a maximum, or a minimum, exists at n 
point at which the differential coefficient of a function / (x) vanishes has 
therefore been established: 

If. (he first it differential coefficients of a function f (x) all exist, and art 
continuous at all interior points of the internal (— 8,8); and if /*"'(*) be 
the differential coefficient of lowest order which does not vanish at the joint 
xr-.Q, then (1), if n be odd, there is neither a maximum nor a minimum of the 
function f {x) al the point x = 0; and (2), if n be even, the point jr ** 6 i# fl 
maximum or a minimum off (x), according as / <n '(0) is negative or positive- 
* Prinjtbtini, Mat h. A malm, voL xun (1803), p. 161. and rot nw (MW), p- 51- 
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consisting of powers of x and y, or else that it is such that the theorem 
of § 152 is applicable, so that 

/ (*. y) -/ (0. 0) = G, (*, y) + -R„« (x, y), 
whore G„ (x, y) consists of terms of dimensions not higher than n, in x 
and y; and J2„ +1 (x, y ) is either a convergent series of whioh the terms of 
lowest dimension arc of the order n + 1, or has the form of the remainder 
given in § U32, consisting of terms of dimension n + I in 9x, Oy, where 
0< 0 < 1; and in the latter case it will be assumed that the differential 
coefficients in that remainder are bounded in the whole domain. It will bo 
shewn that, under a certain condition, the problem of determining whether 
the point (0, 0) is a point at which/ (x, y) has a maximum or a minimum 
is reducible to the solution of tho corresponding problem relating to the 
rational integral function O n (x, y). The following general theorem will 
he established: 

The Junction f (x, y) having in Die neighbourhood of (0, 0) the character 
above described, if an index n, and two positive numbers c, 8 can be so 
determined that (1), for all values of x such Dial 0 < | x | < 8, the upper and 
tot eer boundaries of G„ (*, y),for a constant value of x, and for all values of y 
in the interval (- x, x), are in absolute valve not less than c \ x | n ; and (2), that, 
if 0 < | y [ < 8, the upper and lower boundaries of Q, ( x , y), for a constant 
value ofy, and for all valves of * in the interval (— y, y), arc in absolute value 
not less tluin c\y\ a ; then the two functions f (x, y), G„ (x, y) have both cither 
a proper maximum-, or both a proper minimum, or both neither a maximum 
nor a minimum, at the point (0, 0). 

To prove this theorem, we first observe that R„ +1 {x, y) can be regarded 
as a homogeneous function of x and y of degree n + 1, in which the 
coefficients depend upon x and y. By giving each of tho coefficients its 
greatest possible value, for | * | < 8, ) y | < 5, we see that 

! ■&*. a (*> V) | < A„ | * |*+« + A' | x |" | y | + ... + A „+ , [ y | n+l ; 
where A„, A lt ... A„ +1 are positive numbers. 

If now j y j g | x ) , we have 

I Bn->, <*, y) I < (4, + A t + ... -h i4. +1 ) Ml*b 
hence we see that a number 8' < 8 can be so chosen that 
| lf„ +J {x,y)\<e\x |”, 

where e is an arbitrarily chosen positive number, provided j x | < S', 

I V I = | * j ■ In a similar maimer we can shew that S' can be so chosen that 
I 0»i (*> y) | < « | y I", provided \x\£\y\, and [ y \ < S'. 

Bet now the upper mid tho lower boundaries of C7„ <z, y), for a constant 
value of x, and for all values of y such that j y J S j x j, be denoted by 
G„ {x, tj, {x)), G n (x, f (x)) respectively. Also let the upper and the lower 
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exists, and is equal to (ft ^ + ft / (x, i /), where x = o + ih, y =* b + it. 

Similarly, it is seen tiiat all the differentia! coefficients 
F" (t), F'“ (I), ... 

exist, and are continuous; and that. 



In accordance with the theorem of § 142, we have 
F (I) - F (0) +1F (0) + ^F'(0) + ... 4- l"— 1 ' (0) + ~ F'-ifCi), 

where 0 is a number such that 0 < 0 < 1. 

Since this holds for / -■ 1, we see that 

■" + (TT^T)! ( 4 1 + 4 1) ’/(=.*)- Jj (* £ + » jj) /««+“• 1 + **)• 

This is an extension of Taylor’s theorem to the case of a funation of 
two variahlos. It has been established for all values of ft, ft saoli that 
| ft | < S, j ft j < 8', on the hypothesis that / (*, y) and all its partial 
differentia! coefficients exist for all values of x and y such that 
ir — S < x < a S, b - S' < y < ft + S', 
and that they are all continuous with respect to the two-dimensional 
continuum (x, y). 


MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES 

153. Necessary and sufficient conditions have been stated, in the 
theorem of I, §321, that the point (0, 0) may be apoint at which a function 
f{x,y) has a maximum, or a minimum. The general theory of maxima 
and minima of functions of two variables has been discussed by Schcoffcr , 
Dnntechert, and btolzj, the lost of whom has extended Scheeffer’s method 
to the ease of functions of any number of variables. The account which will 
here be given of the general theory is based upon the investigations of 
Schcoffcr, as modified by Stolz. 

let the function / (a:, y) be such that either / {x, y) — f (0i ®) * R re Py c ' 
sent able in a neighbourhood of the point (0, 0) by a convergent series 

» Math. Awdm, vol XXXV (1890), p. Ml. t /W- *“» < 1893 *’ P- 69 ‘ 

t Sicilian, of the Vicuna Academy, vole, xeix (Il«),c(lta); also Ona&Bp , , vol. I.p- 2H ; M 
account of tho various theories is given in Hancock's tmvti*", Thiory 0/ Minima awl .liisina. 
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It should be observed that this theorem does not always suffice to 
decide whether the point (0, 0) is a point at which / (x, y) has an extreme 
value, or not. For it may happen that, for a given function / (x, y) of the 
assumed type, no value of n can be determined, for which the conditions 
stated in the theorem hold, and therefore the theorem is inapplicable 
however great n may be taken. 

If f ( x , y) =» (*, y)P, where u (#, #) vanishes at points of a locus which 
passes through the point (0, 0), then the function / (ar, y) is one for which 
the theorem is inapplicable; the point (0, 0) is in this case a point at winch 
/ (a, y) has an improper minimum. 

In general the theorem is inapplicable in the case of any function which 
attains the value zero, at points other than. (0, 0), in every neighbourhood 
of that point, but which has one and the same sign at all points at which 
it does not vanish. 

164. The simplest case in which the theorem of § 153 can bo applied is 
that in which the function G n (*, y) is a homogeneous function of degree n. 
For such a function G„ (x, y), three oases arise. 

(1) If G n (a, y) bo a definite form, i.e. if (?„ (*, y) has one and the same 
sign for all values of (*, y] except (0, 0), then G n (0, 0) is a proper minimum, 
or a proper maximum, according as that sign is positive or negative. 

(2) If G n (x, y) bo an indefinite form, t.e. if there are points in every 
neighbourhood of (0, 0) at which G n (x, y) is positive, and others at which 
it is negative, there are other points besides (0, 0) at which the function 
vanishes, and there is no extreme of the function <?„ (x, y) at the point (0, 0). 

(3) If f?„ (a, y) bo semi-definite, t.e. if G„ ( x , y) vanishes at points other 
than {0, 0), but has a fixed sign at all points at which it does not vanish, 
then G n (0, 0) is an improper extreme of G„ (x, y). 

It should he observed that, if n be odd, G„ (x, y) is necessarily an 
indefinite form. 

It will be shewn that, when G„ (x, y) is definite or indefinite, it satisfies 
the conditions stated in the theorem of § 183; accordingly f(x, y) has a 
proper maximum or else a proper minimum, when G„ (*, y) is a definite 
form; and/ (*, y) has no extreme when G„ (*, y) is an indefinite form. 

When G„ {x, y) is a semi-definite form, no conclusion can be drawn as 
to the existence .of an extreme of the function / (*, y), as the conditions 
contained in the theorem of § 153 are not satisfied. 

If G„ {*, y) be definite, it is of the form 
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boundaries of ff„ (x, y), for a constant value of y, and for all values of r 
such that | x| s Jy[ , be denoted by G n (y), y), <?„ {f (y), y) respectively. 
We have then, provided | x \ < S', and [ y | = | # |> 

G n [x, (*» - * | *1” </{*, y) -/(0, 0) < G n (x, 0 {x)) + t j 
also, provided [ y \ < 8', [ * ( £ | y J, we have 

-e| y|"</(*,y) -/(0, 0) < G„ (y),y) + c|y|". 
First, lot us assume that G„ (0, 0) is a proper minimum of G„ (z, j/J, and 
that the conditions of the theorem are satisfied. By the theorem of 1, § 321, 
G„ (x, 0 (z)), G n (y), y) are both positive, for sufficiently small values of 
z and y ; we may suppose 8' to be so small that these conditions arc satisfied, 
provided ] x | < S', | y | < S'. 

We have then G„ (z, 0 (*)) £ e | z |", if 0 < | x \ < 8', | y | £ | se|; ami 

g„ (»>• y ) s e I y l"> if ® ■ < y < 5 '> I * I & I v I- 

It now follows that 

(e — c) | * |" </ (x, y) -f (0, 0), for 0<fz|<$', |y|S|*|, 
and that 

(c-€)|y|"</(z,y)-/(0,0), for 0<|y|<S', |*|S|y|. 
Since < can be chosen so as to be less than c, we see that / (z, y) -/( 0, 0) 
is positive for all values of z and y such that 0 < | z | < S', 0 < | y | < $', 
and therefore/ {0, 0) is a proper minimum of/(z, y). 

Next, lot us assume that G„ (0, 0) is a proper maximum of <?„(*, y); 
then Q n (*, 0 (z)), G„ (y), y) are both negative, for sufficiently small 
values of z and y. We therefore assume that 

G n [x, <p («)) s — e | x |", for 0 < | x \ < 8', and | y ( £ | x | ; 
and that <7, (y), y) & — c [ y |", for 0 < | y | < S', | * | £ | y [. 

Wo have then / (z, y) — / (0, 0) < — (e — r) | x |", for 0 < | z | < «>'■ 
and ]y{£|x|; and also / (z, y) — /(0,0)< — (e — c) | y[ n , for 0< |y|<5'. 
I * | -- | y (■ Since e may be taken to be < c, it follows that / (0, 0) is a 
proper maximum of/ (z, y). 

Lastly, let us assume that G„ (0, 0) is neither a maximum norn minimum 
of (?„ (x, y). In this case we may, for example, assume that 

G n (z, 4> (z)) a ez n , G„ (z, 0 (x)) & — cx ”, for 0 < x < 8. 

Wo have then, / (z, 0 (x)) - / (0, 0) > (c - t) X", 

provided 0 < z < S'. Since e may be taken to be less than e, those two 
differences are of opposite signs; therefore / {0, 0) is neither a maximum 
nor a minimum of / (x, y). 
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extreme of f tx, y}. If n be ecen, and G K (z, y) be an- indefinite form, f (0, 0) 
is not an extreme of f (z, y). If <?„ (z, y) be a definite form, /{ 0, 0) is a 
proper minimum, or a proper maximum, of f(x,y), according as G s (x.y) 
it positive or negative. If G n ( x , y) be a scm i-definite f arm, no conclusion can 
be draum from the consideration of 6f„ (a, y ) by itself, as to the existence or 
non-existence of an extreme of f (z. y) at the point (0, 0). 


155. When these terms in the expansion of / (x, y) in powers of x and y, 
which are of the lowest degree, give a semi -definite form, it is necessary to 
take a value of n greater than this lowest degree; we have therefore to 
consider the case in which G a (x, ?/) is not homogeneous. We have then, in 
order to apply the theorem of I, § 321, to G r _ (x, y), to determine the four 
functions G„ (x, § (s)), G„ (x, 4 (x)), <?„ (y),y), G„ (<r (y), y). The values 

y m $ {»),-y — <? (a), may be either in the interior, or at the ends of the 
. interval (— x, x). In the former case they must he such as to satisfy the 
condition — — 0; in the latter case they will in general cot satisfy 
this condition, although they may do so.. The method of procedure, by 
which <?„ (*, £ (x)), G„ (x, £ (z)) may be obtained, is to determine the various 
solutions of the equation ^ — 0, in which y is expressed as o series 

of fractional or integral powers of x; only such values of y need be con- 
sidered as vanish for z = 0. 


Let y =*■ P x (z), y = P. (*), ... y « P T (z) denote these series; we then 
form the expressions G„ (z, - z), G r (x, x), (?* (z, P t (z)), ... G„ {x, P r (x)}. 

It is certain that the two expressions G„ (z, £ (x)), G K (x, £ (z)) must 
both occur amongst these r ~ 2 expressions, and a comparison of the 
leading terms of these expressions will enable us to identify the two ex- 
pressions required. If the indices o£ the leading terms in <?„ (x, (z)), 

<?„ (x, <£ (z)), are not greater than n, the first condition of the general 
theorem is satisfied. A similar method, in which the equation ~ 0 

is employed, will lead to the determination of G„ fy fy), y), 0, (dr (y), y). 

The details of the investigation have been fulij' carried out by Scheeffer, 
who employs the somewhat more symmetrical, but practically less simple, 
method, in which x and y are expressed as series involving a single 
parameter. 


When, for any value of n, the result of this process is that (if, (x, y) is 
such that the conditions contained in the theorem of $ 153 are not satisfied, 
a larger value of n in which more terms of / (*. y) are included in G„ (x, y) 
must be taken, and the process repeated until a definite result i= obtained. 
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where n — 2k. Let us assume that A is positive; then 
O, [x, y) g A rfs, 1 -*", 

for all values of a and y; it follows that the first condition of the theorem is 
satisfied. 

The case in which A is negative may be treated in a similar manner. 
Again 

(J, - + v*-{vr r f + V - 3^=} + -4t? »■ V+ s/’ 

hence j 0 „ (y). y) | > | 0. (f (y), y) | S | A \ y" JI 

and therefore the second condition of the theorem is satisfied. 


Next lot O n {*, y) be an indefinite form ; in which ca6c £?„ (a 1 , y) lias 
noithcr a maximum nor a minimum at (0, 0). Let ( x', >/) be a point at 
which £?„ (ad, y') > 0; and first suppose that ( y' | £ J x' |, so that | x' | > 0. 

Lot x, y ho such that yjx = y'/x', and let x, x' havo the some sign; wo 
have (?„ (*, y) > 0, and it follows that 

C , .(*.*W)s 2 jyp ! I «!•>»■ 

Next suppose that | x' 1 5 [ j/' | , so that | y' | > 0; we then shew in the Rnme 
mannor that 

1 *!•>«. 

where y has the same sign as y'. 

Since there are also values of (ad, y') such that G„ (%', if) < 0, wo can 
shew as before that 

».(.,* Mi* 1?3 1 «!■<», 

where x and ad have the same sign, and that 

where y has the same sign as f. It has thus been established tiial> "’hen 
( x , y) is an indefinite form, the conditions of the theorem of § 163 are 
satisfied. 

The following general result has now been obtained : 

///(», y) -/( 0, 0) be of the form G n (x, y) + R n ±[ (*, y), where ff„ (?, !l) 
is a homogeneous function of degree n, then, if n be odd, f ( 0,0) is an 
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it is not the ease !hat ( G.(x, tf/ (x)> \Xc\x\ 2 , for any value of c, in a neighbourhood of x = 0; 
the theorem of § 153 is therefore not applicable. So information is obtained as to whether 
}(x, y) has an extreme at (0, 0), or not It will in fact be shewn, in tbe nest example, 

(4) Let/(x, y) = y 5 4 x^ 4 X* 4 Jh (x. y>- We 6nd ^ = 2y4 a 5 , hence 

^ = 0 gives y = - Jx*; 
cy 

hence 0, (X, - hx-) - |x* + — ; 

also G t (z, z) — a? + a? 4 af, C,(i,-r} = ^- i 1 sz l , 

In this case Q { (x, <j> (a)}, G t (z, <fi (x)) are both positive, and are greater than e | x |* for a 
fixed e. It can be shewn that the other condition is also satisfied. Tt follows that/ (x, y) 
haa a minimum at (0.0). 

(5) Let f(x, y) ■* x^y* - 3x t y> 4 *‘y* - 3xy r 4 y* - Iflr"’y 4 6xF 4 R 0 (x, y). 

In this case ^2“ •* 0 has the three roots 
«y 

y m Ox* 4 .... y = - f.x= - «x* 4 .... y ^ 2a? 4 5x* 4 

On substituting these values in G„ (x, y), and for m ing also Gj. (x, x), On (x, - x), we 
find that 0j.(x, - 4 (rj) is G (x, - x) or G (x, x). according as x is positive or negative; and 
the expression commences with the term rr*. Wo find for <?„ (x, (z)) an expression 

- 4x“4 .... Sinco G, s (r, ${»)), G,.(x, £(x)) have opposite signs, it follows that (0, 0) 
is not a point at which O,. (x, y) has an extreme. Since tbe indices of the leading terms of 
G, t (x, 5 (x)) t G„ (x, £(x)) arc both less than 12, the condition of the theorem of J 153 is 
satisfied, and wc can therefore infer that / (x, y) has no extreme at (0, 0). 


THE LDITTS OF a SERIES IXVaLVIMG a FABAMETET.' 

15B. A generalization off be theorems of Abel an d Tauber relating to the- 
convergeucc or escalation of a power-series at the boundaries of its domain 
of convergence can be obtained by the consideration of series of the form 
«itf (0 + a t i (2f) 4- ... + a„f, (nt) -f ..., 
where <f> ( l ) converges to 1, as l ~ 0. Tlie following theorem will be estab- 
lished : 

7/ o, -i- a t -p ... a„ -f ... w a numerical series which oscillates bslictxn 

finite limits, and the series a,-£ (<) 4- a.<f~ (2f) 4- + a r ^ (-nt) 4- ... eon- 

verges, for each positive value of l, to a sum S (f), then the tipper and lotcer 
limits of S (f) as l — 0, are finite if <f> (f) satisfies the. conditions that, 
U), $(l) converges to 1, as f ~0, and to 0, as t~a>, {2}, (l) exists for all 
positive values of t as a finite number, and is oisoitrtely sumnw6Ie in the 

indefinite interval (0, <x > ). In case a, 4- a. 4- converges to a definite sum s, 

^ 2 a„<f< (nt) = s. If $ (i) steadily diminishes as l increases from zero- 
indefinitely, the condition (2) may be omitted. 
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EXAMPLES 


(1) Let fir. y) - fl 0, 0) = ax* + 2Axy + 6jr + B. (x, y). The form nr* + 2fa y * l-.‘ 
is definite if ah - h' is positive; in this case f(l), 0) is » proper minimum or a proper 
maximum of / (x, y), according os « is positive or negative. If ah - /' is negative, thca 
n *s - 2/ary + 4y* is an indefinite form, nnd in that case/(0, 0) is not an extreme of/fx.jij. 
Ifo!> - il s = 0, the form ax- + 2/a y + by* is serai-definite, and no conclusion can be drawn f. 
to the existence of an. extreme of / (r, y). It will be necessary in the last case to ccasdrs 
terms of order higher than 2 as included in G m (r, y). By lairing « =■ 3, 4, ... a fenctica 
0 . (r, y) may be determinable which satisfies the conditions of the theorem of f 163. 

(2}* Let/(x, y) « oy* -r Shs'y + er* + ,S 3 (x, y), where a is positive; in this caw we bars 
SG t ... 

and this vanishes for y - - - a?. We have 


G, (x, - x) = ax* — 2 fa? + ex*, <?, (x, a) = or 5 + 2 4x* + ex*, 

a* *(„- in) 

It follow* tliaf <? 4 (x, - x) or ff, (x, x) is the value of 0 , (x, <f< (x)), and that 6', (x, - 


is that of 0, (r, i}i (x)). If ee - f be negative, the two expressions C 4 (x, $(x)). 0 t (x, </M) 
have opposite signs; therefore /<0, 0) is not an extreme of /(x, y). If ee - If be positirr, 
the two expressions are both positive, and the first condition of the general theorem is 
satisfied, since the indices of x in the leading terms arc cot greater than 4, 


- = 0 has for roots z — ~ and i=0; i 

G, (0, y) - ay*, G, (± y, y) •« ay* + 26y* -t ey*. 


It Is unnecessary to consider the root* x = ± ^ , because, for sufficiently small 

values of y. | x | > j y|, and thus these roots could not give the extremes for | x | £ j y j. 
Iterucmhering that a and r. are hoth positive, Jet 5 > 0, then the value of C 4 (^(y). yi «* 
n JT + 2iy* - a/, and that of (J 4 (t Jr (y), y) is ay*; these values being both positive, wc «' 
that G, (0, 0) is a proper minimum of G, (x, y). Tho bum con elusion may be mode wb^n 
& £ 0. Therefore, when ae - fc* > 0, a > 0, since fho conditions of the theorem of J 153 sre 
satisfied, /(x, y) has a proper minimum at (0, 0). If ac - t* > 0, a < 0, there is a proper 
maximum. If«- .* = 0, we have 

/ (*. v) m \ + f®')' + Hi yh 


hence C 4 (x, y) « an improper extreme at (0, 0), and no conclusion con be drawn as 
regards fix, y). 

(3)f Lot f(z, y) = y 5 + x-y + It, tr, yl We find 5^ = £y J- z =, and ther.ce w® h*« 
ey 

C. (x, - Jx*) = - }x* ; 

o! ‘ c Gjfx.x) rd + J>, G, (X. - X) = X* - X 3 . 

I( i* clear that, in this case. G, (z, (x)), Gjfx, <£(x)J have opposite sign.', provid'd 

x be sufficiently small, therefore G (x, y) has no extreme at the point (9, 0). Sine* 
C.(x.^(x))= -ix«, 

* Sec Stall. ffnm&Sye. voL 1, p. 234. t Schreflcv. W„ «•'. P- 533. 
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It will be observed that, in case <f> ( 1 ) steadily diminishes as t increases 
from 0 indefinitely, the sum 

Eft (« - a) 6„ + «.] l</> (nt) - 4> (» + U)] 

lies between the two numbers ± (s — b) + S] <j> (m + It), which converge 
to the numbers ± % (s — §), as t ~ 0, 8 ~ 0. In this ease the limits of S {£) 
lie in the interval (e, 5 ). 

An important example of the above theorem is the case in which 
^{f)<=e -t . This function diminishes steadily as t increases indefinitely 
from the value 0, and the series 2o„e~' is convergent when in bounded. 
It follows that the limits of the sum of the scries a x e~‘ + o 2 e~ 1 ' + •■■> 
as t ~ 0, axe in the interval bounded by the upper and lower sums of 

Now let e-‘ - r, and we obtain the following extension of Abel’s 
theorem, already proved in § 127 : 

If the series + Oj + a t + — is bounded, then-a^ + o,r -f a t ri + 
which is convergent for r < I, hue a sum s (r), such that the upper and lower 
limits of s (r), as r ~ 1, are in the interval bounded by the lower and upper 
sums of £«„ . 

• A precisely similar theorem is obtained in the case <f> (£) e-' 1 , for 

the series 2 

157. Another important example of the theorem of § 156 is the case 
in which 

* - (nr)’; w - t - “p - • 

In this caso i 2 $ (<) £ 1, \( , 4>'(t) \ < 3, for all values of <;■ also tf>' (£) 
converges to 0 as £•— 0. 

Tile theorem is immediately applicable to shew that, when the series 
a® + a, + a z 4- .. . oscillates between finite limits, the limit, as £ ~ 0, of the 
sum 8 (t) of the convergent series 



is such that (<), S.(l) are both finite. 

In order to estimate the interval in which lim 8 (!) lies, in terms of the 
<-o 

upper and lower sums of £a„ , it is convenient to consider the series 

independently of the investigation in the general theorem ; m being such 
that j €„ | < S, for n s m. 
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Tlie condition of convergence of 2 o„ <£ {til), for t> 0, is satisfied 
n-l 

in particular if i 1 ' 1 <f> (i) is bounded for all values of t greater than 
some positive number c, where k is some number > 0. For, since £ o, 

is bounded, n„ is bonnded, and 2 a n <ji (nl) has each term a„^ (rJ) 
n-p 

numerically less than a fixed multiple of , where, for a fixed 

value of t, nt > c; and thus, for each value of t, 2 a„<f> (nt) is absolutely 
convergent. 

The partial sum «„ of the series 2 a„ may be expressed by 

whore l) n is in the interval (— 1, 1), S and s are the upper and lower sums 
of 2 a„ , and <„ is a number sneli that j e„ | < S, provided w is not less 
than an integer m, dependent on the arbitrarily chosen positive number 8. 

Since S (t) = 2 (s„ - <j> (nt), and s„<j> (nl) converges to 0, as 

« ~ « i , since s„ is bounded, S (t) can bo expressed by 
Xsntf (nt) - $ (n + It)} 

or by 1 (5 + s) <f>(t)+X [J (S - g) B„ + r„] {<6 (nt) - 4> (n+l<)}. 

The sum 2 may be divided into two parts 2, 2 , where | <„ | <8, 

lot n S m. The first part of the sum converges to 0, as t ~ 0, since each 
term converges to 0, and the number of terms is fixed. Thus | 2 J Oj, 
provided l is < a number t, dependent on the arbitrarily chosen number ij. 

The sum 2 may be written as 

» r(n+I)« 

- 2 (S -§)0 n + e„j 

Ti-w+1 J nt 

and this lies between the two numbers 

±U<'-rt + fl£lO)l* 

which, by condition (2), are definite. Since S is arbitrary, it now follows 
that S («) has its upper and lower limits, for t ~ 0, in the interval defined by 
the two numbers 

i (« + ?) ± J {* - s) j j 4>' (l) | dt, 
which establishes the theorem. 
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A more exact estimate than that given above h ns Jed G. C. Young* 
to determine the numbers as § (s + *) i i (s - s) • 

158. A more general theorem than that of § 157 may be obtained by 
considering the case in which the series 2 a„, when summed by Cesaro’s 
method (C,r), oscillates boundedly. The general theorem, which is similar 
to a theorem gtveaf by Fcj‘6r for the case r *> 1, may bo stated as follows ; 

If fla + «j + c s + ... be a series which, when summed [0, r), where r is 
a positive integer, oscillates boundedly, and rj> (!) be a function converging to 1, 
aet~0, and such that l'f> (/) converges to 0, as t ~ o>, and is also such that 
«o + {t) -f a t <f> (21) + ... 

is convergent for every value of t, (> 0), having S(t) for its sum, then the -upper 
and lower limits of i ?(<), as t ~ 0. arc both finite if the conditions arc satisfied 
that (1), {() exists and is continuous for alt valves of l> 0, and (2), 

that p+*+* jjfr+i) pj ,- s bounded for all values of l greater than l, where 1: 
is some number > 0. In ease Xa„ is sumwable (G, r}, the limit of S(t), as 
t ~ 0, exists, and is equal to the sum ( 0 , r) of 2 a„. 

Since Sa„ oscillates finitely when summed (O, r), is bounded (see §62) ; 
and the condition o£ convergence of the scries 2o„<£ (n£), for l > 0, is satisfied 
in particular if is bounded for all values of t>0> 0, where 

A is some number > 0. Moreover, if c, is bounded, it will be sufficient that 
< l+l <j> (<) is bounded for all values of 1>C> 0. The partial sum G (it, r) 
of the series 2 a n is denoted by C**, or by S^'j (see § 47). 

Let <£> - £ (Dm + Qfi) + £ (CW - Q*>) 6„ x where - 1 S B n S. I, 

and | t n | < S, provided nSm; where Dm, gw denote the upper and lower 
limits of <%\ as n ~ oo . 

Employing the expression (4), of § 48, the series 2 a„f (nt) may be 
written 2^ (nl) <S^-i + ^ ^ ...j , where the series 

in the bracket contains r + 2 terms, orn + 1 terms according ns r is 
<m— 1, or r£n. 

The sum of n -t- 1 terms of the series 2 a n j> (nt) differs from the sum of 
»i+l terms of the series 

S.S” (»,) - ff* *) t fTui 

+ (^ 2 *) •#■ (STZO — ... + (- l)'*»^(» + r+l 

* Met*, of MaO. vol. xi IX (1919-20), p. 73. 
f ifdh Atuuden, to). Lvm (1901), p, 82. 



Power-Series 


Assuming that l is so small that mt < ir, let & be the greatest integer 
such that si < and thus et c-rra (s + 1) i. If we divide the above 
summation into two parts, and E , it is seen that in the first part 

/sinni\ a /smn+I<\ J ... . sin0 . 

all the expressions ~ ( £=-- ) are positive, since dimin- 

ishes steadily as 0 increases from 0 to w. Therefore the sum 

lies between ± [!(*-« + ») jf 5 ^) “(^rf)}- 

As t ~ 0, those numbers converge to ± (s — s) + 3J, since st con- 
verges to v, because ir — si S t. 

In the second part of the sum, (“j— ) - ”lL- - J may be written 

in the form 

sin l sin (2n + 1) t , sin 1 (n + 1) l f 1 1 ( 

**p + ~ <*' t*~(*+i)*r 

It now follows that 

lies between 

or between ± [{ (5 - 3 ) + 8] (-=!_- + ; 

and these numbers converge to 

±* <»-«>(; + *)■ 

since nt converges to ir, as l ~ 0. 

It boa now been shewn that the sum of the series 
, 2 /sin ji/\ c 

has for its limits, as l ~ 0, numbers which are in the interval bounded by 
the two numbers l(s + a)i J(*-*)(l + - 4- ^ - 

By Du Bois Bcymond* this interval was given by the numbers 

iO + Dild-fld + i+s). 

* Abb. dtr baytriedi. Af:ad. vol. -rn (1 STS), p. 130. 
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A more exact estimate than that given above has led G. C. Young* 
to determine the numbers as $ (« + «) ± J (s — s) ^1 + . 

158. A more general theorem than that of § 157 may be obtained by 
considering the oase in whioh the series £ a„, when summed by C6 b&to's 
method (O, r), oscillates boundedly. The general theorem, whioh is similar 
to a theorem givenf by Fej6r for the case r«= 1, may be stated ns follows : 

If <h + 0* -f- a* + ... be a series which, when summed {Q, r), where r is 
a positive integer, oscillates boundedly, and <f> (f) 6c a function converging to 1, 
as t ~ 0, and such that t’<f {<) converges to 0, as t — » , and is also such that 
«o + (i) + a t4 (2<) + ... 

is convergent for every value of t, {> 0], having S If) for its sum, then the upper 
and lower limits of S(l), as t ~0, arc both finite if the conditions are satisfied 
that (1), <jf r +n (<) exists and is continuous for all values of l > 0, and (2), 
that bounded for all values of l greater than 1, where k 

is some number > 0. In case ta„ is summable (C, r), the limit of S(t), as 
l ~ 0, exists, and is equal to the sum ( C , r) of Za„. 

Since £ a n oscillates finitely when summed (C, r), is bounded (see § 52) ; 
und the condition of convergence of the scries («.(), for t > 0, is satisfied 

in particular if {r+* fi ^ (*) i s bounded for all values of t> O>0, where 
A is some number > 0. Moreover, if a„ is bounded, it will bo sufficient that 
f* +l 4 (f) is bounded for all values of t > C > 0. The partial sum O (», r) 
of the aeries £ a„ is denoted by Cn\ or by (see § 47). 

liot « i + gW) + i (CM - £">) 9 n + « s , where -1S0.S1, 
and | e„ | < S, provided »2»; where. CW, g <r) denote the upper and lower 
limits of c£’, as n ~ » . 

Employing the expression (4), of §48, the scries £ a„f> {vl) may be 
written 2 ~ ( r "| '5n-i + ^ ^ <S^is — ...j , where the series 

in the bracltot contains r + 2 terms, or n + 3 terms according as r is 
<n — 1, or r g h. 

The sum of n 4- 1 terms of tho series £ a„f> (nt) differs from the sum of 
« + 1 terms of the series 

„V”’ [* ~ f t *) * ff+U) 

+ ( r , ')* l|’+V!» + r+l . 

VJfeM. orsf<if4.-»oLxux (1919-20), p. 73. 

t Math. Ar.r.zhr., voL tvin (IBM), p. B2. 
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Potocr-Scriea [oh. m 

*-«-+!. ff-r+l fcj 

by an expression o£ the form S ^ o s , fl <j> (n + qt), of which 
the number of terms depends only on r. Each of these tenns is less 
than a fixed multiple of (» — p) r <£ (ft + qt), or of [n + q) r $ (?!. + qi), which, 
for each value of t, converges to zero, as n ~ « . It follows that the scries 
S {nt) may be rearranged in the form (1), without affecting its con- 
vergence, or its sum. Moreover the coefficient of in the series ()) can 
bo expressed by f' +, ^< r+, > (.X,,), where JE„ is such thotni< X„< (» + r + l)f. 

The effect of substituting J (C 1 ' 1 + C*' 1 ) for all the expressions in 
tho series £ a„ <f> (ni) is to reduce it to the form 

i (5 » + m £ * («„ [fi^i - + 1) 

4 (r+l)r(» + r-»)l ] 

2! r 1 (ft — 2) ! -J* 

the numerical coefficient of <f> (nt) is the coefficient of x' in 
(1 + *)"*- - (r + 1 ) (1 + *)■—> + (1 + *)-*- 

or in (1 + je) ,,+r , or in zr+ l (1 + as)" -1 , and this i6 oqual to 0, 

except that, when n = 0, the coefficient is 1. Thus this part of the scrifcs 
reduces to J (C< r '+ £ w ). 

We next consider the part J (C 1 '* — QW) 0 n + e„ , of Ci f ’, and take tho 
summation from a«0 - 1, where | r„, | < 8, for « £ m. Tho 

limit of ibis part, as t ~ 0, is zero, since each term converges to zero, and 
tho number of terms is fixed. 

Next, wo oonsidcr the series in whioh the ft is taken from tho value m 
to p, where p ib an integer suoh that (p+r + I) IS. 1 < (p + r + 2)1, 
it being assumed that t is so small that (n + r + I) t < 1. If /* is tho 
maximum of the continuous function j (£) | within the interval (0, 1), 
this part of the sum lies between tho two numbers 


± {I (CM - gW) + 8 

or between tho two numbers 

±*7f ~ w |! U (C« - fit')) + 8] (] + ~ p ~ + ti f ~ ]> - 

r - P ! l p-fr (p + r)(p + r-. 

or between tho two numbers 

± (P + r)'+ l t'« . t [l (£w _ Qt’)) + 8], 
that is between tho numbers ± [J (CM - CM) + 8], 
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Lastly we hare to consider the series 

_ J tt (»“ - e») », + <.] “r r ? ! i- i w™ «,) <-“■ 

The sum of this series lies between the two numbers 


± [$<<** -£«) + 8] 2 


n-Z+i nlr\ { id )'■*+' 


where | f r + fc+1 <£ (r+l > (!) | < N, for i> 1. 

Thus the sum lies between the numbers 


±ti(0M~e«)+sj 


N » <r +»)!_!_ 


The sum 2 is less than 2 -~~r, if t <p, which holds 

ji+t tt! tt f+ *+ l . P +i« + + 2r 

for all sufficiently small values of t; and this sum is lcs3 than 
It now follows that this part of the limit of the sum of the series to he 
estimated lies between the two numbers 


±[j(5i->-e«)+8i2j| 

since pt converges to the value 1, as l ~ 0. 

It has now been shewn that the limits of the sum of the convergent 
series a„ + a l <f> {<) + a 3 <j> (2<) + .... as t ~ 0, are betweon two numbers 

J(»i+2M)±A.i(gw-(JW) ) 

where A is a fixed number; a'nce 5 is arbitrarily small. In caso tho series 
2 a„ is summable (O, r), the sum of tho series c 0 + °i'f‘ (0 + converges 
to <7W. 


A special case obtained by taking <)> (t) <= e _l , and then writing h — e~‘ 
is the following, already obtained in § 128(3). 

If the series a 0 + a t h + aJi } + ... is convergent, and have s {h) for 
sum, for 0 S A< X, and tho scries a 0 + + o s + ... is summable (O, r), 

then tho limit Um a (7t) exists and is equal to the Cfisaro sum of ordor r of 
the series 2 a „ . If the sum (C,r) oscillate between finite limits, so also does 
lira s (7i). 


More general theorems of a similar kind liave been obtained by 
C. N. Moore*, by Bromwichf, and by HardyJ . 

* Tram. Amu. Math. 8or. toI. Yin (1907), p. 299. 

1 ri’oiA. Jnnofoi, vol. LXV (1908), pp. 369, 362. 

t J ’roe. Land. Math Sac. (2). nl. iv (1906). p. 247, mid (2), toI. n (1907), p. 255i also Math. 
Annalui, vo!. t,Xtv (1907), p. 77. 



Weiei'slrass’ Theorem 


229 


»] 

may be represented by y — £* (x — c) + | (x — c) | ; and since, as has 
been shewn in the last case, | (x — c)\ is representable aa the limit of 
a sequence of polynomials converging uniformly, the same is true of the 
function now considered. 

Next, let (a, b ) be divided into a finite set of intervals 

te *i), tei ass), te. «j>. — te-i. ft); 

and let ordinates to the x-axis be erected at the points a, x , , x 2 , ... b, 
the extremities of these ordinates being denoted by 
P,Py,P t ,...P n _„Q. 

Let the- consecutive pairs of these points be joined by straight lines, 
an Open polygon P, P,, P a , ... <3 being thus formed. It will be shewn that, 
the continuous polygonal function <fj (x), defined by the ordinates of this 
polygon, is such that a polynomial JP (x) can be determined so that 
| 4 > (x) - P (x) | < v , 

for every value of x, in (a, b) ; where q is an arbitrarily chosen positive 
number. It is clear that <j> (a) can be expressed as the sum of n functions 

(aj, (*)i — '!> • te. such that <f>i («) Is linear in the whole of (a, b), 
that (x) vanishes in the interval (a, xj, and is linear in (x t . 6); that 

(*) vanishes in the interval (a, x 3 ), and is linear in te, 6) ; and generally 
such that <f> r (a) is zero in the interval (a, and is linear in the interval 
6). Since polynomials P ,r > (*) satisfying the condition 

can be determined for each of the functions <f>y (x), (*), ... <f>„ (x), the 

theorem is established for the polygonal function rfi (x). 

In the general case in which / (x) is any function that is continuous in 
(a, ft), it follows from the known theorem (r, § 217) that / (x) is uniformly 
continuous, that, if e be a prescribed positive number, the interval (a, ft) . 
can be so divided into parts (a, *j), te> *2)1 te-i> ft)i that the fluctuation 
of / (x) in each part is less than t. 

If <j< (x) denotes the polygonal function considered above, which we 
take to be equal to / (#) at each of the points a, Xj , x a , ... x n _, , ft, wc sec 
that | / (x) ~ $ te j < e, in the whole interval (a, ft). As it has been shewn 
that a polynomial P (x) exists,. such that | <f> (x) — P (x) | < -7,. it follows 
that j/(x) — P {x) I < « + t). Since e, 1 7 are both arbitrary, Weierstrass’ 
theorem has been established. 

If 8j, 8«, ... 8„... be a diminishing sequence of positive numbers 
converging to zero, a sequence of polynomials P ± (x), P, (x), ...P„ (x), ... 
can be 60 determined that |/{x) - P« (x) | < S„, for n = I, 2, 3, ...; and 
for all values of x in («, ft). 
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Since the sequence (P« (ar)} converges uniformly to / (z) as its limit, 
f(z) may be regarded as the sum-function of the uniformly convergent 
series 

P, (*} + {Pr (*) ~ P, (*)} v ... -f {P« (X) - P B _! (z)} + .... 

Thus the following theorem has been established : 

If f (z) be continuous in the linear interval (a, 6), the function it the 
limiting sum of a -uniformly convergent series, of which the terms are finite 
polynomials. 

The proof of Wcieratrass’ theorem, given above, is substantially due 
to Lebesgnc*. Other proofs have been given by Rungef, by Picarfll, 
by YoltcrraJ, by lEUag-Lefilerjl, and by Lerch^j. We proceed to consider 
the extension of the theorem to continuous functions of any number of 
variables. Anof her proof of the theorem for a single variable will bo given 
in? 300. 

The original proof given by Wcieretrass depended upon the theorem 

e™ frfcji I c * ^ (z) - 

where /(z) is continuous in the infinite interval (—<*>,«). It was deduced 
that a sequence of polynomials exists which converges to fix) unifonnly 
in any finite interval. 

WEJERSTBAB3’ TTTEOP.EM FOR FOKCTIOXS OF TWO OR STORE VARIABLES 

160 . In order to extend Weieretrass’ theorem to the case of a con- 
tinuous function of two or more variables, defined in a closed cell, a proof 
by induction will be given. Other proofs have been given by Weierstrass** 
and by Tonellift. 

We consider the case of a continuous function of any number of 
variables, defined in a closed cell (oW.aPi, ... oW; {.«, <•'*>, ... &»)). Ul 
it be assumed that the theorem bolds good for a continuous function 
of p — 1 variables, defined in the cell (at l \ aW, ... 6' 1 *, b'* 1 , ... /A -1 *), 

it will then be shewn to Jiold good for a continuous function 
f{zP\x&,. 

defined in the ^-dimensional cell. 

If o be an arbitrarily prescribed positive number, a net- with closed 
meshes may be fitted on to thep-dimensional cell, such that the fluctuation 
of f in each closer! mesh is < 8. Let x!£\ xf 1 , xfi \ ... xf be the successive 

* Brittain £. St. Hat. (2).toL HU (1) (1899). p. 278. 

* Azia Mal - voL vn ( 1885), p. 357 and rut -.1 (1885). p. 230. 

•* TrcitS (T 'Analyte, rot i. p. 258. 

5 Said. da. tit. TOOL di Palma, rot u (1897). p. 83. 

I**L vol. nr (1900*. p. 217. ' Ana Ha. roL ZXVU (1903). p. 339. 

Werke, rot nr (1903). p. 27, but not in tbr oripaal memoir, 

tt Hati. id. eir. tool, ii Palermo (2), vuL ini (1910). p. B. 
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values of on tlie boundaries of the meshes which are perpendicular to 
the ataxia ; where *o’ ) = fl <P) , = ii <p> . If ’j be an arbitrarily prescribed 
positive number, for each value 0, I, 2, 3, ... m, of r, a finite polynomial 
P") (al'l, ... asG , ~ I >) can, in accordance with hypothesis, be so deter- 
mined that 

| PM (*M, *<•», ... ao-*)) *<=», ... a£' ) ) J < jj. 

All these polynomials can be included in a single expression 
(s, 0 ”) *W* *rt* ... **-«J*-; 

where j, , q,, ... q 9-1 each has a finite set of integral values, including zero, 
and is zero when a particular term *{*'*' as**!®' ... 

docs not occur in P & i (ri* 1 , x 15 *, ... ri p ' 11 ). 

Let the functions (*'* > ) defined for each set of values of 

fJi, Vi , ... tf„_, so as to be linear in each of the m intervals (*r rt , a^,), and 
so as to have the prescribed values when sJW hns the values for 
r^O, 1,2, ... m. Since these functions are all continuous linear polygonal 
functions, in accordance with the theorem of § 159, if £ he an arbitrarily 

prescribed positive number, finite polynomials Q Qi , v (x<’’>) can bo so 

determined that j (*W) — 4’m (s'*') | < £, for all the sots 

of values of ft, g,., ... . Let A denote the upper boundary of 

L | *W*- x,W' ... Jr-i)*-' j 

in tlio cell {aW, ai*>, ... 4M,6W, ... Let us consider the 

polynomial 

■ft ... *W) s SQa, x<‘i ,, ‘x<*i v ‘ ... *u>-n'"->. 

Wo have 

( Ji (xW, ... ®<rt) -S C* tP> ) ... | <: A l 

.It «W be in the interval {*£ w , we have, for each set of indices of </>, 
Jr) Jp) , , Jr) _to) 

*r+l ~ *r *r+I — *r 

and therefore 

to) to) 

(aW) *<=»*• . .. „ * — i* p, r+ « ^ ... 

av+i - 

+ — P» (*«>, xW, ... xi»-») 
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Since ... «»•“. 4" ) ... + 0,8 

„,1 / (r">. /», *«> -. »°") + #,5. 

where 1 0, j < 1, 1 0 4 1 < 1, we have 
S <5 7 , (z">) x(« Cl *<*>* ... 

=/(t«, *>*>, ...*W) + 0^8 + 0 6 S + 9,'ij J- 
where | 0 S | < 1, | 0, | < 1, ] 0/ \ < I, | 0 Z ' | < 1. 

It now folJows that 

\R{x <*»,*», ... *W) -/(*»), z», ... *W) | < -4C + 25 + 2 tj. 

If < ho an arbitrarily prescribed positive number, let 5 be chosen to have 
the value £«. The number 8 having been fixed, the net can be determined, 
and ij can be taken to have the value \e. The number £ can then bo chosen 
to have the value ^ . Jt has been shewn that the polynomial 
It ..*»>) 

is such that, everywhere in the p-dimensional cell, the condition 
}/{*«, *<*>, ... aW) - R (*», *'«») | < « 

is satisfied. 

Since tlic theorem holds for p — 1, it is seen to hold for p * 2, 8, .... 
We have thus proved the following theorem: 

A continuous function of any number of variables, defined- in a given 
closed cell, is such that a finite polynomial in the variables exists which differs 
from the. function by less than a prescribed positive number, at all points of 
the cell. 

161. It has been shewn in § 79 that the terms of a uniformly con- 
vergent series can be so bracketed that the new scries converges absolutely 
in the whole interval. We have therefore the following result: 

If f {*) be continuous in an interval, or cell, (a, b), a series, of which the 
terms are finite polynomials, can be so determined that the series converges 
tof (a:) absolutely at every point of the interval, or cell, and uniformly in the 
whole interval, or cell. 

It can be shewn that the sequence of polynomials {P„ (x)} can be w 
ebosen that it is monotone. For let us consider the continuous function 
/ (*) — c. A polynomial P n {x) can be so determined that 



for all points * in {a, 6). It follows that P„ (z) lies between the two numbers 
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a wo «m» ttot thi. condition k »S*4 <■» * <*> *"' y 

.ini observe that . j • ^ > 

P WetewoaccordtoglyUiefollowinBttootom : 

family to f (x) in the interval (a, b). f a 

It .bouM bo otatvod that, in Weior,t,a» tt „t, 

fonotion of • oinglo variable, the ]>*»>«•* ^ Tithe of »■ 

2Y (a) «= / {*). JV ( 6 ) = / W- 

IV. tavo'ii. + 1! - Ab + £ - <1 »»■> «>” 

, .. , where K is a fixed number independent 

whence we have \Ax + B\< Ke„, wcere i t th() 

of n. It follow, that |/fw) - P.' (w| I < <■ +.^- 
«1~ oonverees mifot^y 7 otmMon. 

P / (6) - / (6), the sequence {P/ (*)} satisfies the presen 

A sequence of polynomials whieh^ ““J 0 ^ 8 tMfcwy 1™ *> chosen 
tinnous function / (*), m a given interval o t . fc of {,hc 

that each of lb. polynomial, is lo» m abwoIuUs w.lo , P ^ K 
cell or interval, than the tipper bo.ndary V, of I /Ml 
the sequence (P. (*)) cworges tmifoimly to / ¥h *“ 

for . a «„ in («, M. let thi «50e»oo" (i,!?, M> bo 

is a sequence of increasing positive numbers which converges 

Since ■!/<*} - kk w I < I / (4 - p. m I + 0 - uv *2 n I 
< «„ + (1 - K) + e„) < 3e M , for n ? w r if * y +7 n ‘ 

It follows that, if this set of values of K be chosen, the sequence {l„P n (*)} 
converges to /(a), uniformly in (a, 6). Further, ive ave 

l KP* (*) I < i / (*) I + fc » e " <U ~ e " 4 

Thus the sequence {U may be so chosen that, for evc^jalue of*. 

1 7„-„P n (*) | < U - c„, and the sequence {ft„Pn (*)) 18 a 4 P 

nomials such as is required. 

* See Hobson. Pnc. LmS. Slalh. Bex. (2). toL xn («913|. P- lc3 - 
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162. Wcierstrass’ theorem may be applied to the case in which/ (z) 
is defined in any closed set O, in any number of dimensions, / (*) being 
continuous in G. In Accordance with a theorem given in § 108, if A be a 
closed cell, or interval, which contains G, the function / (sc) can be extended 
into a function /&(*), continuous in A, and such that / 4 {rc) — f(x) at all 
points of G. If P„ (ar) be n finite polynomial such that | f A (a) — P„ (a;) j < 8, 
in A, then | / (z) — P„ {x) j < S, in G. It thus appears that / (a:) can he 
represented, in G, as the limit of a sequence of finite polynomials which 
converge uniformly to /(*). 

Lot // ho the outer limiting set of a sequence of closed sots {£?„}, each 
of which is contained in the next, and suppose / (ar) to be defined as a 
function that is continuous in 3. Let {«•„! denote a monotone sequence of 
positive numbers converging to zero; since fix) is continuous in H, it is 
continuous in G„, and consequently a polynomial P„ (z) can be so deter- 
mined that [ / (z) - P„ (z) | < «., at all points of G n \ and this for each 
value of n. The soquenoo {P„ (z)} converges to / (a:) at evory point of II; 
for, any point p, of 11, belongs to all the sets G„, G „ rl , ... for some value 
of n, depending on p, and therefore the sequence {P„ (z)} converges at p 
to the valuo / (j>). 

In particular, any open set, whether bounded or not, is the outer 
limiting set of a sequence of closed sets; and all the points of the p-dimen- 
sional space form such an open set. Further, a set D ( 0 , (?), which consists 
of the points which an open set and a closed set G have in common, is 
the outer limiting set of the sequence {D [g„, <?)}, of closed sets, where 0 
is the outer limiting set of the sequence {?„}, of closed sets. 

The following theorem has now been established : 

If a set E is either a dosed set, or an open set, bounded, or unbounded, or 
the set ichick a closed set and an open set have in common, and a function 
f (z) be continuous in the set E, a sequence of finite polynomials can be deter- 
mined which converges in E to f (z). In particular, if f (*) is continuous in 
the whole linear, or p-dimensional space, a sequence of finite polynomials 
can be dd’i ,;'ntdwhich converges at every point x, to the value f (z); morcorer 
the wnrorgence of the sequence is uniform in any finite cell, or interval. 

For a discussion of the methods of Lagrange and Tcbcbiclieff for Inc 
Approximate representation of functions by series of polynomials, reference 
may be made to J3 Orel’s Lemons but lesf auctions de variables redles, chapter iv. 
A considerable amount of attention has been paid recently by mathe- 
maticians to the question of tho best approximations to a continuous 
function by polynomials. The question was first raised by Lcbesguc* ns to 

* rind. del. cir. mat. di Palermo, voL xxvi (1908), p. 325. For ft discussion of this soil 
queolions see Punhnm Jackson's Prtiwc/irift, Gottingen, 1911, where many references * 
literature of the subject will bo found. Among three arc Lcbesgtie, Annah* de Tontouti (3), ,r ° • * 
(1910), p. 2fi, do la Vftllce Poussin, Butt, dt Co cad. toy. it Bdgiyur. (1908). p. 403 and p. 1{l3 '* nd 
(1910). p. 808. See also de fa Vnllco Poussin’s Lepms sor V approximation *« /t Wtianr 
mriaMr r&Ur, Paris, 1010. 
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the lowest degree of a polynomial P (z) which satisfies the condition 
|/{z) — P (z) ] < 8 in the linear interval (a, b), f ( x ) being an assigned 
continuous function and 8 an assigned positive number. 


UNBOUNDED CONTINUOUS FUNCTIONS 
168. The theorem of Weierstrass may be extended so as to apply to 
the case in which the function f {x), defined in a closed domain E, is con- 
tinuous only in the extended sense of the term (see i, § 219), the two 
improper values « , — as , of the function being regarded as distinct from 
one another. Employing the transformation 

* w_ r+uWr 

the function /> (x) is continuous in E, in the ordinary sense. Accordingly, 
(a) is the limit of a sequence {Q„ (z)}, of finite polynomials, whioh con- 
verges uniformly to (z), and the sequence can be so chosen that 
| Q n {x) ( < 1, for all values of n and x (see § 150). Taking a sequence 
{£„} of positive numbers converging to the limit I, the sequence {h„Q„ (*)} 
converges uniformly, in E, to <j> (z). Since j > B a continuous 

function, bounded in E, a finite polynomial P„ (z) can be so determined 
that 

. Let us consider the set of points in E for whioh | f(x)\S A ;.at these 
points we have \<f>(x)\& Wo have also 

|/W - J>, (,) | < | , I + *' 

and j ^.(z) - lc n Q n (z) j < e.for n gn», at every point of E. In cm 
j 4> (*) J i 2t , 6 (x)' and b„Q„ (z) have the same sign, and [ k„Q n (z) | > e; 
we have then, at all points of E at which f(x)&A, 

e(l + AV V , V 

. +■(! + 


j/(*)-P„(z)|< 




l+A 


+ A)*’. 


if ij — t (1 + A)*', hence | / (z) — P, (x) | <ij (1 -f- 2ij) -f i; < in, when -q < 1/2, 
provided n £ n*. If ^ be first chosen, e and n, are determined. In case 
I ^ (*) I < 2e, we have, assuming that « < 1/6, 




3e 


: 32t < 327;; 


it now follows that |/(z) — P n (x) | < 32>j, for all points of E at which 
/ {x)&A, provided n > n,. Since | /(z) - P, (z) J < 32ij, in the set in which 
/(*) = A, the sequence {P„ (x)} converges uniformly to f(x) in that set 
of points. 
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Next, consider the points of E at which / (x) is infinite; at these points 
| ^ (x) [ = 1, | k,Q„ (x) [ > I — c, for n S n, ; it follows that, in this set of 
points j j > , and therefore | P n (x) ] > i, for n i n,. 

It lias thus been shewn that tho divergence of {P„ (x)} ia uniform in the 
closed set of points at which / (x) is infinite. It is not necessarily the case 
that the approach of the sequence {P„ (*)} to the function f (x) is uniform 
in accordance with definition, of uniform approach given in § 09. It can 
ho shewn that each point at which /(x) is infinite is a point of uniform 
divergence of tho sequence, in accordance with the definition in § 73. 

Tho following theorem has been proved : 

Iff (x) be defined in a closed sel of points E, of any number of dimensions, 
and infinite values of f(z) are taken into account, the distinction between 
H- » and — <a being recognised, and the function be continuous, in E, in 
the extended sense, then a sequence of finite polynomials can be determined 
which converges uniformly to f (x) in the sel of points at which |/{x) \£A, 
for every value of A; and diverges uniformly in the set at which f (x) is infinite. 


164. When no distinction between + *> and — m is recognised, the 
following theorem is applicable: 

If f{x) is a bounded function, and a sequence of functions {/„ {*)} converges 
to f (x), uniformly, (hen f~j^ converges uniformly in the set of points 


at which j j j £ N, and it diverges uniformly in the set in which 


im 


te another. 


is infinite ; + <n and - m being regarded as not distinct from a. 

We have | / (x) — /„ (x) | < e, for all sufficiently large values of n. Let 
N be an arbitrarily chosen positive number, and consider tlioso points 


at which , 


,sA r . 


frw 

At the points at which 
sufficiently large, 


1 TwT 


&N, we have, if y — N ! e, ; 


\m K <*jr i /<*) 1 1 /.<*) ) !/<*) i - 


y (l + ^ 'J'j < 3ij, if 2f > l, and y/N < L 


It thus appears that i — , converges to rr— ,, uniformlv, in the set of 
/«(*) b fix)' 
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At the points at which 
lienee It foDows that the divergence of the sequence 


-- co i wo have | /„ (x) | < e, for n S w r, 


is infinite. 


ixwr 

is uniform in tho set of points at which 

105. Lot us consider a function / (x) defined in the finite interval (a, 6), 
infinite values of / (x) being admitted, but no distinction being made 
between + « and — « . Tlie function is taken to bo continuous in (a, b) 
in tho extended sense (t, § 219). The set of points at which / (x) is infinite 
is dosed ; ns follows from the condition of continuity. It will ho assumed 
that this set is non -dense, so that the oaso in which tho function is infinite 
in a whole sob-interval is left out of account. If P be a point at which 
/ (*) is infinite, there is an interval A r enclosing P, at every point of which 
| f (») J ft N. We can so choose A that at both its end-points j f (x) | lias 
tho value N. A finite set of these intervals A can bn so doterminod that 
ovory point at which / (x) is infinite is interior to ono of them. Wo thus 
, obtain a finite set of intervals (a,, ft), where r ** 1, 2, 3, ... m, such that 
| / (*) | a , N in every point of all tiic intervals of the set, and such that 
/ («,),/ (ft) both. havo ono of the vnlues N, — N. 

Lot the function / r (x) be dofined by / r (x) = /(*), in (a r , ft); 
Sr (*) »/(*,), in (a, a,); and f r (x) -J (ft), in (ft, b). Tiius |/ r (x) j £ N, 
at overy point of (a r , ft). The function I//, (x) is bounded and continuous 
in tho wholo interval (a, 6). A sequence { P„ (*)} of polynomials can there- 
fore bo so determined as to converge uniformly to 1//, (x). By tho last 
theorem it follows that jp-~ converges and diverges to f, (xj in tho 
mode specified in tho theorem. The function S /,(x) differs from f(x) only 
by a constant, in each of tho intervals («,, ft), and it is constant in oach 
.interval complementary to the set (e f ,ft). Let 2 /,(x)=/(x) + ft, in 
the interval («,, ft). In tho interval (ft_,, a,) wo have 

/ (ft-,) + K-x -/(*,) + ft, 

say =* ft'. Lot tho continuous bounded function /„ +1 (x) bo defined by the 
specifications /„ + , (x) «= / (x) — ft', in (a, dj); /„ +J (x) «= — ft , in {«,, ft); 
/n+i (*) =/(*)- ft', in (ft, a s ); /„ +1 (x) = - ft, in (a 2 , ft), etc. The 
function / n+ , (x) is the limit of a sequence P„ + ,, r (“) °f polynomials which 
converges uniformly. Tho fnnotion / (x), or S f r (x) +/ rt+1 (x) is the limit 
of a sequence 
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Next, consider the points of E at which / (x) is infinite; at thisso points 
\<f>(x)l = l,\ k„Q„ (*) J > 1 - c, for n £ n,; it follows that, in this set of 

points j \ - -^\q\x)\ | > “T" 4 ’ and thercforo ! P* {*) J > for n £ n,. 
It has thus been shewn that the divergence of {P n (ar)} is uniform in the 
closed set of points at which / (a:) is infinite. It is not necessarily the case 
that, the approach of the sequence (P„ (*)} to the function /(*) is uniform 
in accordance with definition of uniform approach given in § 09. It can 
be shewn that each point at which / (x) is infinite is a point of uniform 
divergonco of the sequence, ia accordance with the definition in § 73. 

The following theorem has been, proved : 

If f (x) be defined in a dosed sci of points E, of any number of iftmouimi, 
and infinite wives of / (*) are taken into account, the distinction behtta 
+ « and — oo being recognised, and the function be continuous, in 13, in 
the extended sense, then a sequence of finite polynomials can be determined 
which converges uniformly to f (a) in the set of points at which \ f (*) | £ A, 
for every value of A;und diverges uniformly in the set at which fix) is in/in ft*. 


104. When no distinction between +■ » and - w is recognised, the 
following theorem is applicable: 

If fix) is a bounded function, and a sequence of functions {f„ (sc)} converges 

to f (x), uniformly, then y-i—. converges to uniformly in the set of point* 

^ In \ x l J j 

at which j f (f) | ” ^ T ' an ^ ' l d' ver 0 es uniformly in the set in which 
is infinite; -f- <n and - co being regarded as not distinct from (me another. 

We liavo [/(*)— /„ (x) | < c, for all sufficiently large values of n. Let 
N bo an arbitrarily chosen positive number, and consider those points 

(75) r 5 '' 

At the points at which j-j .7— - £ N, we have, if y - N-e, and n ia 
sufficiently large, 

I J 4_U — - ** - <^L- 

l/(*> ™ri7WM/.(*)l !/(*)!-« j_ *. 

< ij ^1 + < 3i;, if N > I, and y/N < h. 


It thus appears that 

irfcn 


7o (*) 

£.N. 


uniformly, in the set of 


points for which 
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sequence of the standard sequence {/*(»)}. Instead of the sequence 
{fm. (*)} we may employ a sequence of finite polynomials. Let P OT (*) be 
a finite polynomial such that [ f„ (a:) — P m (x) ) < <■„, in (a, b). We then 
have | <{> (x) — P nj/ (r) | < 4«„; and consequently the sequence {P np , (*)} 
converges uniformly to <f> (•*■')• 

Tlie following theorem has now been established: 

A standard sequence, of continuous functions {/„ (a:) exists such, that, if 
<j> (a) be any continuous function whatever, defined in the interval (a, 6), a 
subsequence {L (a:)} is contained in {/„ (a:)} which converges uniformly to 
</> (*). Moreover, the standard functions ( f„ (x)} may be so chosen as to be 
finite polynomials. 

167. With but a slight modification, the foregoing proof may be em- 
ployed to establish the corresponding theorem that a set of continuous 
functions of any number of variables exists, such that in a given coll, a 
subsequence of the functions (which may be taken to be polynomials) 
exists which converges to an assigned function of the variables which is 
continuous in the coll. 

In the case of two-dimenBional functions, instead of the polygonal 
functions employed in the one- dimensional case, wo take in a mesh 
far 11 , «i S) ; aj+i , aj+i) the function 

<*“’ - - “ Si) 

-/ <«Si, »;"> (*“' - «?’> g” - «!?,) 

+/(aS„»2,)(» m -4")(«'*’-4"u 

Which is continuous, and such that, at. each point of the mesh, its value is 
in the interval bounded by the greatest and least of the four numbers 

This function is the analogue, in two dimensions, of the polygonal function 
in one dimension; its form can easily be obtained in the case of any number 
of dimensions. 

OONVEBGBNC1E OF SEQUENCES ON THE AV3BAGB 

168. Let {s„ (x)} bo o sequence of measurable functions, defined in a 
measurable set E, of which the measure is either finite or infinite, and which 
is in any number of dimensions; each function is assumed to be finite 
almost everywhere in E. 

Let the set of points x, of E, at which | s p (*} — s, (x) | S c, be denoted 
by c (f, p, q) • where c is any positive number. Let it be assumed that, for 
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which converges and diverges to the function / (a;) as in the theorem of 
§ 163. The following theorem, due essentially to W. H. Young*, has thus 
been established: 

If the function f (*) is continuous in the interval (a, it), m the extended 
sense of the term, where to and — « are regarded as identical, and f (z) » 
infinite only at a von-dense set of jioints, thenf ( x ) is the limit of a sequence 
of rational functions which converges to f (z) uniformly in the sd of points at 
which f (z) if A, and diverges uniformly in the set at which f ( x ) is infinite. 


BTAKDAXID SETS OB CONTINPOUS FUNCTIONS 

166. Let a system of nets, with closed meshes, be fitted on to the finite 
interval (a, b). For any net, D n , consider the set of continuous polygonal 
functions, eacli of which has a rational value at each end-point of each 
mesh, and is linear between the two end-pointe of each mesh. The totality 
of all these functions, for the net D n is an enumerable set (see i, § 5SJ. 
Further, when we consider the totality of all such enumerable sets of 
polygonal functions, for all the nets D } , D 2 , ... of the system of nets, we 
havo an enumerable set of continuous polygonal functions which may 
accordingly be denoted by {/„ (z)}, when arranged in enumerable order. 
This set of functions may bo regarded as a standard set, and it has flic 
property that, if tj> (x) be any continuous function whatever, defined in 
(a,b), a subsequence of the functions { / ra (z)j exists which converges 
uniformly to <f> (z). To prove this, let {c„) be a diminishing sequence of 
positive numbers converging to zero. Let ( x } be the first of the functions 
{/«■ (*)} which belongs to the net D 1 and also is such that, at each comer 
of the polygon which it represents, the value of /„, (z) differs from (r) 
by less than Next let /„, (z) be the first function of tho set, after /„,{*), 
which belongs to the net D, and is such that, at each corner of the polygon 
which it represents, /„. (z) differs from tf> (x) by less than e,; and so on. 
We havo then a subsequence {f np (z)f of the sequence {/„ (z)), such that, 
at each corner of the polygon which f, p ( x ) represents,/^ (z) differe from 

f> (z) by less than c v ; d this for all the values 1 , 2, 3 of p; moreover, 

/„ (z) belongs to the net D„. 

Lot D P , be the first net for which p' s p, and such that the fluctuation 
of 4> (z) in each mesh is < e T . Since, at each end-point z of each mesh of 
jD„,, we have [ (z) -/^ (z) j < ep , and the fluctuations of <f> (z) 
of f^. (z) in such a mesh are < e,,, and < 2e„, respectively, we have 
| 4> {*) —fnp. (z) [ < 3c„, at every point of (a, b). Since this hoids good for 
every value of p, with the corresponding value of p', it follows that the 
sequence {f np , (z)J converges uniformly to <f (z), and {/„,• (z)} is 3 su ^' 
* Stc Pm. Lmd. Math. Soe. (2), rol. vi (1908), p. 222. 
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sequence of the standard sequence {/„ (a:)}. Instead of the sequence 
{/„ (*)} we may employ a sequence of finite polynomials. Let P„ (*) be 
a finite polynomial such that [/„ (*) — P„ {*) | < e m , in (a, 6). We then 
have | <f> {*) — P nf , (*) | < 4c,; and consequently the sequence {P nf , {z)) 
nouverges uniformly to ft {*). 

The following theorem has now been established : 

A standard sapience of continuous functions (/„ ( x ) exists such that, if 
<fi{x) be any continuous function whatever, defined in the interval ( a,b ), a 
subsequence (a:)} is contained in {/„ (a:)} which converges uniformly to 
$ (*). Moreover, the standard functions {/„ (ar)j may be so chosen as to be 
finite polynomials. 


167. With but a slight modification, the foregoing proof may be om* 
ployed to establish the corresponding theorem that a set of continuous 
functions of any numlfcr of variables exists, such that in a given cell, ft 
subsequoneo of the functions (which may be taken to be polynomials) 
exists which converges to an assigned function of the variables which is 
continuous in tho cell. 


In the case of two-dimensional functions, instead of the polygonal 
functions employed in the one-dimensional case, we take in a mesh 
(<£\ a* 21 ; .& , «&) the function 

i 5, - «*)<<;, '• "l"' (*“’ - *'■> (*“ - “«■> 

-/««, .4 ! ’>i4 , >-4”> (.®-4S.) 

<•* - 4 ”) 

+ 1 <4« , 45o <* m - 4“> (4" - 4")] 

which is continuous, and such that, at each point of the mesh, its value is 
in the interval hounded by the greatest and least of tho four numbers 

/ <4°. 4*’>, / (4 11 , <«!?„ 4"!. / <4m . 4",)- 

This function is the analogue, in two dimensions, of the polygonal function 
in one dimension ; ita form can easily be obtained in the case of any number 
of dimensions^ 


CONVERGENCE OF SEQUENCES ON THE AVERAGE 
168. Let (s„ (a:)} be a sequence of measurable functions, defined in a 
measurable sob E, of which the measure is either finite or infinite, and which 
is in any number of dimensions; each function is assumed to be finite 
almost everywhere in E. 

Let the. set of points x, of E, at which [ a, (x) — s, (*) | S «, be denoted 
by e (e, p, q ) ; where « is any positive number. Let it be assumed that, for 
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each value of <■, lim m { e (<r, p, q)} - 0; this is equivalent to the assump- 
tion that,, when 8 is an arbitrarily chosen positive number, the condition 
m {e (c, p, g)) < 8 is satisfied, provided p £ P, q £ Q, where P, Q are integers 
dependent only on 8 and e. For two different pairs of values of p and 5, 
the sets are in general different ones, although each of them ims its 
measure < 5. 

A sequence Js„ (#)} which satisfies this condition is said to converge 
on the average in the set E. The convergence of tliis type was first investi- 
gated* by Fischer and by F. Riesz, who employed the term convergence tn 
mesure. 

It the measurable set E have infinite measure, it is the outer limiting 
sot of a sequence {E„) of measurable sets, each of which lias finite measure 
(see i, jj 134). Tiro case in which E has finite measure may be included, 
by supposing that E n is, for every value of n, identical with E. 

It will ho assumed that the sequence {s„ (x)} is convergent on (lie 
average in each of the sets E Xs E t , ... E h , ... , but not necessarily in E, 
when in (E) is infinite. 

There oxists, in E t , a set of measure > m (E^) — at all poinfs of 
which j s ni (*) - s„, (*) | < lij; where »„ n t are fixed numbers, ncitlicr of 
which is less than a certain integer N™ (Uj). Similarly, there easts, in £., 
n set of points of which the measure is > m {E t ) ~ Jj -q, at which 

I (*) - K, {x) \ < ^iji 

where n gJ n a are so fixed that neither of them is less than an integer 
A T <* ( 22 ijJ ; the part of this set that is in E, has its measure > m [E,] - 2 -,n- 
It. is clear that n, , n 2 , n 3 may be so chosen that both the conditions arc 
satisfied for the same set of values of these integers. We take for iq its 
least value for ru we take the least integer which is >n t and 

5 Similarly, if m 3 be the least integer which is >*» nod 

£ A T(,) ^ tjj, there exists, in E z , a set of points of measure 
> ro (£ a > - -, 1 ), 

at which | s„, (*) — s„ 4 (*) | < ^7j, provided n, is taken to he > "si 
part of this set in £, has measure > m {E x ) — gg. Proceeding in this 

* Seo Fischer, Oomptu Raulut, vol. dim (1007), pp. 1022. 1148, »la» KiMt, vflLWUtt 
(I906J, p. 73B, and vol. CM.iv, pp. CIS, 734, 1409. 
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„ . W «*e w of increasing ***'» is defined, - ttot, nt every 
potot „f . -I* set, of men,™ > . TO - * * «>« 

, 1 

1 « w (*) " »*,« (*) I < 2 tV ’ 

k ..Med; moreover tie measure »f the port of this «* » ” ®' » 

>»TO- Al thi * hola! ‘ “ h E " “ i 

exists, in ft,, a set f, . of measore > m TO - (j + gi + — + fif + — )d, 
ot m TO - ,, i» rvhioh the condition. | W - W I < \ * ' a “‘ d 
for every value of r. 

„ . I „ M ' <3 a | < n for t £ r ; it follows 

. In this set F t , we have | «„ r (*) - «»< \*) I < 2 '-' v ’ 
that, in F, , the sequence s n , (*), «„ (*), — ^ uniformly convergen ■ 

If we omit % and consider the sequence s„, (*)> s„, (*)» — » an e 2^ 
take the place of „ it is seen that the scp™ ««™«“ in * 

set P„ contained in TO of — > « (W-f* ““ 

in B„ a set TO of measure > m TO - ■» ’•‘W “» 

*.,w, «„,„(«> *“ d tte * I<,rc lh « if** ‘“"l 8 ” 

. forraly. The part of T, that ia in i, haa measure > m (TO - Jrtih, “ 
in this part, the sequence convenes nniformly. Since jrtiO *» 

arbitrarily .mail, when V i. tareasrf, it folio- that the •»£»«* W» 
eonvere.; almo.t everywhere in TO Similarly, it e.n eb. *- that • 
sequence converge, almoat eve^t.here ■> •** f “J™ .»» 

and therefore it converges almost everywhere in E. 
defined almost everywhere in E, as the limit of the sequence {y (*>}• 

It will be shewn that the function s (x), m defined is umqu« t e 
sense that two values obtained as in the above process, but emplojmg 
different modes of determining the sequence {«,}, can on y 
another at points of a set of which the measure is sere; and thus that they 
arc equivalent functions. 

Let sh> (x) a® ( x ) be two such values of s (*), defined by sequences 
{Bn, (*)}, {Sn.„ Hi respectively. H, in the set E s , t^ya™ not 
to one another, there must exist two positive numbers > ; 

1 (x) - (a) ( S A, in a set of points of measure fe eontamed m & L . 

If « be an arbitrarily chosen positive number, we have I* W ^ I • 
in a certain set, contained in E -, , of measure > miFi) ~~ £> 
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each value of e, lim m {e (<r, p, ?)} = 0 ; this is equivalent to the assump- 
tion that, when 8 is an arbitrarily chosen positive number, the condition 
m{e{c,p, q)} < 8 is satisfied, provided jD Q, where P, Q are integer 

dependent only on 8 and e. For two different pairs of values of p and j, 
the sets arc in general different ones, although each of them has its 
measure < S. 

A sequence {«„ (*)} which satisfies this condition is said to conrojK 
on the average in the set E. The convergence of this type was first investi- 
gated* by Fisohcr and by l 7 . Riesz, who employed the term annergenec in 
mesure. 

If the measurable set E have infinite measure, it is the outer limiting 
set of a scquenco {E„) of measurable sets, each of which has finite measure 
(see i, § 184). The case in which E has finite measure may bo included, 
by supposing that F„ is, for every value of n, identical with E. 

It will be assumed that the sequence {a„ (x)) is convergent on the 
average in each of the sets Fj, F„ ... E„, ... , but not necessarily in A', 
when m (22) is infinite. 

There exists, in 2?,, a set of measure > m (F,) — bj, at all points ol 
which | s„, (*) — s„, (#) [ < Jij; where n lt n. are fixed numbers, neither of 
which is less than a certain integer 2Pri> Similarly, there exists, in A',, 
a set of points of which the measure is > m (F s ) — ^rj, at which 

I (*)-*», (*) I <%v; 

where are so fixed that neither of them in less than an integer 

A ,(:i (^ 3 t/j ; the part of this set that is in 2?, has its measure > m (2?,) - „■*]• 
It is clear that Wj, n 2l n„ may be so chosen tliat both the conditions am 
satisfied for the same set of values of these integers. Wo take for u, its 
least value 2v 7,l > l° r n - we take the least integer which is >« l anil 
£ Nw Similarly, if w, be the least integer which is >«* aB( l 

> tfwi there exists, in E s , a set of points of measure 
> m (E 3 ) - 

at which | s„, (*) — s n , [x) | < provided n t is taken to be >n,; H'® 
part of this set in Fj has measure > m (Fj) — g iij. Proceeding in this 

• Sou Fincher, Compta Jtndu>, voi. c.xuv (1007), pp. 1022. 1 MB, otiso vuLeiini 
{1005), p. 730, and voi. Czuv, pp. CIS, 734, 1409. 
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The relation, which will be investigated below, between the two pro- 
perties of “convergence of a sequence on the average” and “convergence 
of a sequence on the average to & (a;)” is analogous to the relation between 
convergence of a sequence of numbers, and convergence of a sequence of 
numbers to a limit, leading to the General Principle of Convergence given 
in I, § 30. 

In case m (S) is infinite, the sequence may converge on the average to 
s (a), in each part E r , of E, and yet not necessarily converge on the average 
to s («) in E itself. 

Por, jn E r , we may have m [AM (c, »)] < -q, for n £ N r , where N r is 
an integer dependent on «, q, and on the set E r . Unless N r is bounded, for 
all values of r, there exists no integer n, such that m [h (e, n)] < q, for 
nsE, and if this is the case for all sufficiently small values of «, ij, the 
sequence does not converge on the average to s (*), in E. 

The following theorem vvdll be established : 

If, in the measurable set E, of finite, or of infinite, measure, a sequence 
{«„ (a)} of measurable functions, finite almost everywhere, converges on the 
average to a measurable function s (x), finite almost everywhere , then the 
sequence {«„ (a:)} is convergent on the average, in E. Moreover a partial 
sequence {e^ (x)} can be defined which converges almost everywhere in E to a 
function equivalent- to s (x). 

At every point of E not belonging to the set h ({c, p), of the points at 
which | a (x) — s t (x) | 2 |f, nor to the set h (le, q), and at which e (x) is 
defined, we have | s (x) - s T (x) | < Je, and | s (z) — s Q (x) | < £<r, and 
therefore | s v (x) — s a (a:) j < c. Accordingly, at every point of E not 
belonging to a set of which the measure is . 

Zm[h(k,p)U-m[h(h,q)l, 

we have [ /„ (x) — f t (x) | < e. Therefore the set e (e, p, q), of points of E, 
at which [/, (x) — /, (x) | 2 «, has its measure 

Thus lim m{e,p,q]s]imm[h(le,p)]-TY\mm[h[%e,q)], 

or the limit on the left hand side is zero. Therefore the sequence {#„ (*)} 
is convergent on the average, in E. 

By the theorem of § 108, a sequence {s„ ? (a)} can be defined which 
converges almost everywhere in E to a function lx) defined almost every- 
where in E. It will be shewn that </> (x) and s [x) arc equivalent to one 
another. 

In the part E r , of E, of finite measure, there exists a set of points of 
measure > m (E r ) — q, in which (x)} converges uniformly to f> (x). 
Hence, in this set, | <f> (x) — e By (x) j < e, for all sufficiently large values of 
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large value of p; similarly | s® ( z ) — s„. p (ac) } < c, in a certain set, of 
measure > m (E t ) — where p is sufficiently large. 

It follows that both these inequalities are satisfied, for a sufficiently 
large value of p, in a set. of measure > m [E,) — £ — contained in 
Since | (z) — 8 n . f (*)]<«, in a certain set of measure > m (£,) 

for a sufficiently large value of p\ and since 
| & w <») - s® (*) 1 5 1 (z) - s„„ (*)( + [ 6® (x) - s„. p (z) | + 1 s„ p (z) - «„, r (*) | , 

by choosing p sufficiently large, we see t hat, in a certain set, contained 
in E, , of measure > m (Ef) — ij wc have | «h> (x) — (*) | < 3 C . 

Iiofc « ho so chosen that 3c is less than A, and i) + £ 4- £' is less than lr, then 
| s' 1 ' (z) — s' a > (z) | < A, in a sot of measure >m{E 1 )— k. This is inconsistent 
with the assumption that, in E t , | s u > (a:) — a® (x) \ £ A in a set of points 
of moasure h. It follows that, in B lt s' 1 ' {x) and s' 2 ) (a:) differ from one 
another only at points of a set of measure zero. The same argument 
applies in the case of each of the sets E,; and therefore, in E, the two func- 
tions s' 1 ' (ar), s<*l (a) are equivalent. 

The following theorem hHS now been established : 

If a sequence {s„ (*)}, of measurable functions, is convergent on the average, 
in a measurable set E, of finite, or of infinite, measure, and of any number of 
dimensions; so that the measure of that part of E in which 

I *>, (*) - «, <*) | £ «, 

for each fixed value of e, converges to zero, as p and g are indefinitely increased, 
independently of one another, then a subsequence {s np {x)}, of the sequence 
{«„ («)}, can be defined, which converges to a single-valued function s (z), almost 
everywhere in E. Moreover two functions s (z) which satisfy this condition 
arc equivalent to one another. In some set of points of measure zero, s (*) 
may be undefined. Moreover, if E has infinite measure, the theorem is who 
when {«„ (z)} is convergent on the average in each part of E that has finite 
measure. 

That, the convergence of the sequence (z)} to a (z), nlmost every- 
where in the set E r , of finite measure, necessarily entails the uniform 
convergence of the sequence in some set of points of E r , whose measure 
differs from m [E r ) by less than an arbitrarily fixed number, follows front 
Egoroff’s theorem (§ 99). 

169. If s (z) be a measurable function, defined almost everywhere in 
the measurable set E, of finite, or of infinite measure, and if there exists 
a sequence {s„ (z)} of measurable functions, each of which is finite almost 
everywhere in E, such that the measure of the set h {e, n), of points «l 
which | s (z) — s„ (z) | & e, converges, for each fixed value of r, to zero, 
as rt ~ «o , then the sequence {s„ (z)} is said to converge on the average toe{r), 
in the set E. 
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The relation, which will bo investigated below, between the two pro- 
perties of “convergence of a sequence on the average” and “convergence 
of a sequence on the average to s {*)” ia analogous to the relation between 
convergence of a sequence of numbers, and convergence of a sequence of 
numbers to a limit, leading to the General Principle of Convergence given 
ini, §30. 

In case m (M) is infinite, the seqnenco may converge on the average to 
s (»), in each part E r , of E, and yet not necessarily converge on the average 
to s (a) in E itself. 

Bor, in E„ we may have m [W*> (e, n)] < 37 , for n £ N r , where N r is 
an integer dependent on t, i), and on the set E,. Unless N, is bounded, for 
all values of r, fchcro exists no integer n, suob that m [ft {e, m)} < 17 , for 
» £ N, and if this is tho case for all sufficiently small values of «, 77 , the 
sequence docs not converge on the average to s (x), in E. 

The following theorem will bB established : 

If, in the mensurable set E, of finite, or of infinite, measure, a sequence 
fan {*)} of measurable functions, finite almost everywhere, converges on the 
average to a measurable function s (x), finite almost everywhere , then the 
•sequence {s„ (*)} is convergent ort the average, in M. Moreover a partial 
sequence {s nj) (x)} can be defined which converges almost everywhere in E to a 
function equivalent to s (x). 

At every point of E not belonging to the set h (7«, p), of the points at 
which | s (x) — s„ (x) | £ 1<, nor to the set h (he, q), and at which s (a) is 
defined, wo have | a (x) - e„ (x) | < $c, and' | s (a) - s a (*) | < Jc, and 
therefore | s, (a) - (x) | < e . Accordingly, at every point of E not 

belonging to a set of which the measure is 

&m(h&e,p)) + m [h «)}, 

we have |/ t (x) — /, (x) | < e . Tliorefore tho set e (e, p, q), of points of E, 
at which | f v (a) - /„ ( x ) | £ has its measure 

s m [h (Jt.p)] +- m [7i (£e, $)]. 

Thl,S „ P> ?] fi ™ t* P)1 + lim TO [h (\e, ?)], 

or the limit on the left hand side is zero. Therefore the sequence {s„ (x)} 
is convergent on the average, in E. 

By the theorem of § 1 08, a sequence {s Sf (x)} can bo defined which 
converges almost everywhere in S’ to a function 4> (x) defined almost every- 
where in E. It will be shewn that tp (x) and s (a) are equivalent to one 
another. 

In the part E,, of E, of finite measure, there exists a set of points of 
measure > m (E,) — q, in which {s„ p (a)} converges uniformly to <f> (x). 
Hence, in this set, | <f> {*) - (x) j < e , for all sufficiently large values of 
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p. Moreover | s [x) — s„ p (x) j < e, in a set, contained in E,, of measure 

> mi (E r ) — l, provided p is sufficiently large. Hence, taking a sufficiently 

large value oip, we have | s (x) — (x) | < 2e, in a set of points contained 

in E, , of measure > m (E r ) — q — £. Since ij and £ converge to zero villi i, 
it follows that s (x) — <f> (x) — 0, almost everywhere in E r . Considering 1 be 
sequence {E r }, of which E is the outer limiting set; or in case m (E) Ji> 
finite, talcing E, to coincide noth E, it follows that <f> (x) = s (x) almost 
everywhere in E. Thus the second part of the theorem has been proved. 

The following is the converse theorem : 

If, in ihe measurable set E, of finite, or of infinite, measure, the sc/jmu 
}s„ (x)}, of measurable functions, finite almost everywhere in E, is convergent 
on the average, the function s (x), defined in accordance with the theorem 0/ 
§ 108, ts such (kul Ihe sequence {s„ (x)J is convergent on the average to s (sr), 
in any part £?,, of E, of finite measure. If m (E) is finite, {«„ (a)} comcrjer 
on the average to s (x), in E. 

' • Since {s„ (x)} is convergent on the average, in E t , | a„ (*) — e a (r) j < <7 
in some set of measure > m (.5,) — £, provided p and q are sufficiently 
largo. Now let q = n,, then | s (x) - s„ r (x) | < ij, in some set of measure 

> m ( E x ) — {, provided r is sufficiently large. It follows that 

| s (x) - s„ (x) | < 2 ij, 

in a set, contained in E lt of measure > m (£,) - 2{, the fixed number p 
being sufficiently large. For tliis value of p, the sot of points of E t at whirl) 

I s (x) - s„ (x) | S 2ij has its measure less than 2£. Since q and l converge 
together to zero, the condition is satisfied that {«„ (x)} converges on the 
average to a (x), in E i . The set E, may be any measurable part 0/ E, 
and in case m ( E ) is finite, it may be identical with E. 

A particular case of the last theorem arises when {»„ (x)} converge’, 
in the ordinary way, to « (x), almost everywhere in E. If E t is a part of E, 
of finite measure, {j„ (x)} converges uniformly in a part of E, of measure 

> m (E 1) — C. If p and q have large enough values ( s v (x) — «, (*l| < c > 
in a set of points of measure > m (£J - £. Thus the points of E , , at which 
I s r (*) ~ a i {*) ! ft c, form a set of measure < ?, for each pair of values of 
P and q that are both large enough. Hence the sequence {«„ (x){ converges 
on the average in each part E , , of E, for which m (E : ) is finite; accordingly 
{s n (*)} converges on the average to s (x), in each part of E that has finite 
measure; if m [E) is finite, [s„ (x)J converges on the average to s (x), in fl- 
it has thus been shewn that: 

if ( a » (*)} converges almost everywhere to s (x), it converges on the average 
to s (x) in any part of E of which ■ the measure is finite. 

That the converse of this theorem does not hold good is seen by C01 *" 
sideling, as in § 1 69, the sequence {«„ (x)}, which is convergent on t he average 
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to s (x) ; the sequence itself does not necessarily converge to s {x), but only 
the part sequence (s^ (*)} convenes to s (x) almost everywhere in the set E. 

For example, let {«„ (*)} be defined in the linear interval (0, 1) by the 
. rule that, if n — m s + r, where 0 £ r < 2m 4- I, then s„ (a:) = 1, in the 
interval an< ^ everywhere else s n (r.) = The sequence 

{a„ (a)} is convergent on tlie average in (0, 1), but it is not. a convergent 
sequence. The subsequence {«„,• {*)} converges to the function which has 
the value zero everywhere except at the point 0, where its value is 1. 

170. If the measurable function/ {x), and the sequence of measurable 
functions {<f>„ (*)}, defined in the measurable set E, of finite, or o£ infinite 
measure, of any number of dimensions, be such that 

f !/(*)- &.(*> !*<**. 

Jim 

for a value of k {> 0), exists as an ^-integral, for every value of n, and 
converges to zero 'as n w , it is easily seen that {<f> n (»)} converges on the 
averagB t of (x), in E. For, jf re* be an inlogor, so great that 

J^{ f(x) - <f> r (x) |* f fa < €*+>, for 7t S re* , 

the set li (e, re), of points of E at which j / (x) — rf>„ (a) | S e must have its 
measure < «. Since e is arbitrary, it follows that {<£„ (a;)} converges, on the 
average, to / (a:), in the sot E. For, if e' < e, and re £ re,-, the set h (e, n ) is 
contained in K («', re); and thus m [h (e, re)] £ m {h <«', ?t)] < s’, for re g n,'\ 
hence m [h (e, re)] converges to zero, as re —'to. It follows from the first 
theorem of § 160, that the sequence {</>„ (a:)} is convergent on the average; 
and therefore, that, in accordance with the theorem of § 168; a partial 
sequence {<j>„ r (a;)} exists whioh is convergent almost everywhere in E, and 
converges to / (x), in accordance with the second theorem of § 169. 

Similarly, if the sequence {$„ (a:)} be such that 

lim f I <f>» (*) — 4>a {*) 1* die = 0, 

it is seen that the sequence {$„ (a:)} converges on the average in E. There 
then exists a sequence {</>„„ (a;)} whioh converges almost everywhere in E 
to a function/ (*), defined almost everywhere in E; and it converges on 
the average to / (ar) in any part of E which has finite measure. 

171. The most important case for consideration, in view of applications 
in the theory of Fourier’s and other series, is that in which Is = 2. The more 
general case will be considered in § 177. 
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It will bo shewn that: 

If {<f> n (x)} be a sequence, of functions, each of which has its square summalk 
in the measurable set E, of finite, or of infinite, measure, in any number of 
dimensions, and if the functions are such that 

15m [ (x) — <f>. (z)} : dx = 0, 

then a sequence {«,}, of integers, can be so determined that the sequence 
{<f>„ (x)} converges, almost everywhere in E, to a function f (re) whose square 
is summable in E. Moreover f (*) is unique, in the sense that tux> values of A 
are equivalent to one another. 

In accordance with what has been proved in § 170, the sequence 
{<}>„ (as)} being convergent on the average, there exists a sequence {f>„ r (*)} 
which converges, almost everywhere, in 15, to a function f (z). 

It will first be shewn that J {<f>„ (z)} 1 dx converges, ns n ~ « , lo 
a definite limit. 

We have 

[ tin [x)Y dz < 2 | {<j, p (z)} 3 dx + 2 f {f>„ (x) - <f p (z)} 1 dx 
){E) J<B1 

<2 f {&,(*)}-• <fz + 2 C , 

J <E) 

where p ie a fixed integer sufficiently large, for all sufficiently large values 

of n; therefore j [<f>„ (z)} 3 dx is bounded for all values of n. Again 

[j (*)}* - {K {*)}* I dx < \\ {<f. n (Z) - (X))> dx X 

J (S) \J (B) 

I »„(*) -Mm (*))’&]* <<‘[4 (#.(l)) a + 2f {f.M 

J (S) J L US I J(E) J 

where A is a fixed positive number, provided n and m are sufficiently large. 

It follows that I {d> n (z)} 3 dx converf™ to a definite limit, as n ~ w . 

Us> 

i any set G, contained in E . ' 

13 <fz converges, as n ~ * 

■ 2 { E „ }, of c ' 

’ ins the A -■ >’• 

: with E, for 

- > «* {E„) — 

,(z); the part - 


If the integration had been tab 
same proof would shew that J 
definite limit. 

Let E be the outer limiting ‘ 
all of finite measure, such that- 
case m {E) is finite, E a may be 
n. In each set E„ there is a se 
the sequence (z)} converges 
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ja in J3j has its measure > m {E,) — It is clear that the sets G„ may be 
so chosen that G„ is contained in G n+ , , for all rallies of n. 

' Since {rf (z)} converges uniformly to f (x) in the set <?„, we have, in 
that set \f(x)\<\ <f>„ p (z) j +ij, where i; is a chosen positive number, 
provided j> is sufficiently large. Since | <j>„ p (z) j* is summable in G K , it 
follows that | / (*) I 1 is also summable in £?„ . 


Wc have also 

if [{/(*)}*- (*)>*] «2* | < r r {/(*)-<&„,{z)}=d* 

1 Ukw / n 

f {/(z) + j>„ {x)Y<ix\ , 
he.) * J 

and, for all sufficiently large values of p, wc have | fix) ~ (z) | < r, 

at nil points of <?„; thus the integral on the left-hand side is less than 


• I/HI + •)'*]'■ 


. Since p becomes Indefinitely great, as < ~ 0, 

l <o ft ‘k ~ l (C , (*>** ix 

*=h™f (C) {^r. (*)}**: 

“ lim f (0 m (z)P<?z. 

8 m ~® Jm 

Mow m (G„) > in (2?*) — 5^; hcncc, since S is arbitrarily small, wc have 

/<*■ ft ^ * X * HOI l(n dx ' 

Thus I (j(x\) l dx is bounded for all values of n, and its limit, as , 
accordingly exists as a definite number, since the values of the integral, 
as n increases indefinitely, form a monotone non-diminishing sequence. 
It follows that J {/(*))*<& exists; and therefore {f (z)} 5 is summable in E, 


172. Wo proceed to obtain further properties of the function / (x). 
Wc have 

l U {*) - 4n (*)P dx ~ I (G) t#« (*) - (*jp dx j 

« [i w ,ftto ~ *»' W dX Jj f W + A* 

It i» easily seen that 


<*} “ 2 £„{*)}* dz: 
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fs less than a fixed number, independent of r and m; for the integrals of 
(x)} ! , {fm (x)} ! are less than fixed numbers; and since {/ (e)} 2 is sum- 
mable, the integrals of /(*) <f>n, (x), /(x) <f> m (x), and <j>„ r (x) <j>„ {x}, are 
seen, by employing Schwarz’s inequality, to be numerically less than fixed 
positive numbers. We have therefore 

( {/ (*) - 4m (*)} ! dx < \ {4m (*) - 4>«, ( X )Y dx 

J (0,1 J(B) 

where K is independent of r, n and p. 

If m be chosen sufficiently large, I {<f> n ( x ) — 4", ( z )} ! dr is less than 
J {£) 

an arbitrarily chosen positive number c, for all sufficiently largo values 
of r. Also {/(x) — 4n, (x)) 2 is arbitrarily small (< 7j J ) everywhere in 0„ 
provided r bo large enough. Therefore 

/ {/ (*> - K (*)}* dx<e + K V {m ((?„)}* <e + K V {m 

This holds for the 6et Q v , of measure > m (£„) — hence, by diminishing 

8 indefinitely, it is seen that j {/(x) — 4m {x)) t dx s «, sinco v is arbitrarily 

i(E,) 

small; and this holds for all sufficiently large values of m. 

Taking a fixed value of m sufficiently large, wo see that, since, for 
sufficiently large values of p 

I UW-tm Wfdx-f {/ (x) - 4„ (x)) 1 dx<e, 

J(CT J(E,> 

we have j^{/ (x) — </i m (x)}* dx < 2 e, provided m is sufficiently large. 
Therefore lim f {/ (x) — 6„ (x)}* dx = 0. 

Again, we have 

i !m U (ie,, ’ * “ /< w1 ’ * I - [j, E y <*> - *- <*»’ * * 

I m U (*) + K- [ j v U M - wr *]' ■ 

where If' is a fixed positive number. 

It follows that 

f {/ (*)}* dx = lim f (4 m (z)}‘ dx. 

J{E> 
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The following theorem has now been established : 

The function f (as), to which the sequence {<f>„ p (x)} converges in the measur- 
able set E, of finite, or of infinite, measure is such that 

[ Kf (*)}* Ac = lim f (x)}’ dx, 

J(E1 

and that lim f {/{*) — <J> m (*)}* dx — 0, 

where the functions {$ a (a:)} satisfy the conditions of the preceding theorem. 

Conversely, it may be shewn that, if a function / ( x } whose square is 
summable in E, exists, and is such that 

lim ( {/(*) — <f>« (*)} z dx =« 0, 

then lim f {4> v (*) — <f>, (x)}* dx** 0. 

J>~M J(E> 

l<’or {x)-<f>, (x)} l dx< 2 j^{/<x) - <f, t [x)Ydx + 2j^{f{z)~ <£,(*)}**:. 


A CLASSIFICATION OF SUMMABLE FUNCTIONS 
, 173. If a measurable function/ (*), defined in the linear interval (a, b), 
or in a cell (a, 6) of any number of dimensions, be such that | / (x) | p , where 
S 1, bo integrablc (L) over (a, 6), the function / (z) is said to belong to 
the class [I/”]. If p - 1, the class consists of all summable functions; we 
shall therefore assume that p > ). Let q be defined by ^ -i- - — 1 , so that 
q > 1. If /i (x) be of class [£*], and /, (x) he of clas3 [£«], we have the 
fundamental relations given in 1, § 435, 

| JV, MAM* | a [ j* I/, M I’*]’ [ £ !/, M I'*]", 

and if / (x), g (x) are both of class [£**], we have 

|[j/ (*) + 0 (a) I p f & [ J* 1/ <*> I' f,x ] P + [ £ 1 9 1 ( z ) I” dx^. 

It follows from these relations that the product/, (x)/, (x) of functions of 
classes [L v ] and [L"} is summable, and that the sura of two functions, both 
of class [■&•] is also of class [&•]. 

It. may be proved* conversely that if, for all functions/, (z), of class 
[L*], the product/, {*)/, (x) is summable, then/, (z) must be of class [£*]. 
• S« F. Eirss, .Vath. Aimatm, voL tux (1910), p. 4S7. The theory of strong and weak 



250 Series or Sequences of Continuous Functions [ch, it 

The following generalisation of the approximation theorem given in 
I, § 430 will he established: 

If j / (x) I”, for a value of p that is £ 1, be summabh in the interval, or 
cell, (a, 6), a continuous function ft { x ) can. 6c so determined- that 

J*l /(*) - 4> (*) I* dx 

is less than an arbitrarily assigned positive number. In case f (z) > 0, in 
(a, 6), the function. <f> (z) can be so determined that f (z) S 0, in (a, 6). 

The proof of this theorem only requires a slight modification of the 
proof, given in i, § 433, for the ease in which p = 2. Taking f, (x) » 0, the 
continuous function <f> x (x) (z 0) can be so determined that 

f* 1 Sx fry ~ <f>i fr) P \ dKg. 

For every value of x, wc have 

l/i (*) - <f>, (*) \’£ \A fry - <h fry I, p> 1; 

it follows that [ j /, (x) - <£, (z) ^ dx< g. 

Taking /(z) — /, (x) -/. (x), where/, (x) s 0 ,f t (z) £ 0, and employing the 
inequality 

£ I/W- + WM* 

» 2'-‘ j jjl W - *t M |'<b + S’-* £ I /, <*> - M I’ *■ 

the result follows, as in i, § 433. 

From this theorem there can be deduced a theorem established other- 
wise by F. Riesz (foe. cil.) for the case of a linear interval. The interval or 
cell (a, b) can he divided into a definite number of cells or intervals, such 
that in each of them the fluctuation of f (z) is less than the prescribed 
positive number j/. Let f (x) be that function which lias, within each cell 
or interval, a constant value equal to the value of <j> (z) at the centre of 
the cell or interval; and let ji (x) have the value zero on the boundaries 
of the cells or intervals. It is seen then that j \<j>[x)—$ (x) \”dx is kes 
than tjC multiplied by the measure of (a, 6). 

From the relation 

ljffr)~<P fr) I" <fr - S’"’ jjffr)~f fr) I” dx 

2 ’’-’ 

it is seen that j \f(x) — 'f> (z) |* dx is less than an arbitrarily assigned 
number, if <j> (x) and $ (x) be properly chosen. Thus it has been shewn that. 
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///(*) be of doss [If], where £ 1, a function I* Iz), can be determined, 
which ia constant within each cell or interval of a set into which ( a , ft) is divided, 
such that [ \f(x) — <li {%) I* 1 da is less than an assigned positive number. 

174. If a Bequence {f n ( x )) of functions belonging to the class [IP] 
satisfies the condition 

limj 6 !/(*)-/„ (a) I” p>l 

the function/ (x) belonging also to the class [X^j, the sequence {/„ (*)} is 
said to converge strongly to the function / (a:), with exponent p- In case 
p = 2, strong convergence is identical with the convergence considered in 
§§ 171, 172. 

If g (a) bo a function belonging to the class [£*], we have 

JVw -/. (•»»(*)** [J’l/to -A Ml']’ I'*]'. 

from whloh it follows that 

fV(») 0 (*) dx - Iim |Vn (*) g (*) dx (I) 

We have also ^ 

[|* I /<*) 1* <&] P ^ [f‘ I ft*) -f n (?) I p dx^ + [jj /„ (*) I" 

from which it follows that 

J* )/(*} \*dxs.]ira J * )/„ (x) I* dx. 

It can be shewn similarly, by interchanging/ (a;) and/„ (*) in the inequality, 
that 

S3 Jj/« (*) ( p dx& Jj/(») I s dx-, 
and it then follows that ■ 

J a I / (*) I” “ Iim £ | /„ (x) |* dx (2) 

The relations (1) and (2) express cardinal properties of a sequence which 
converges strongly., 

176. The sequence {/„ (*)}, of functions belonging to the class [IP ], is 
said to converge weakly, with exponent p (> 1 ), to the function / (a) of 
the same class, if (1), J | /„ (a;) |* dx < K, for all values of n, and (2), 
lima j^/ n (*) dx = J f(x) dx, for every sub-interval, or sub-cell, of the 
given interval, or cell, (o, 6). 
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If g (*) be a function of class ££*], consider the function <j> (a-) which is 
constant within each cell or intcrvnl of a set into which (a, 6) is divided, 
and is such that j | g {*) — <fi (*) |*tfz< e 5 ; where e is an arbitrarily chosen 
positive number. From the condition (2) in the definition, we have 

lba | {/(*)-/» (*)} •!> (*) d* = 0. 

Wo have also, 

£ {/ (*) (*)} 11 (*) dx = £ </ (*> ~ /» {*» to (*) - <P (*)} dx 

+ £ {/ (*) - fn (*)} (*) 

tho first integral on the right-hand side does not exceed in absolute value 
l i 

[£ |/(*) -fn <*> |- dxj [£ 1 9(x)-t (X) I'dxJ 

or < |J j/(z) -/„ (*) I” dzj 11 , and it therefore docs not exceed 

* [C I”*] 7 ' + 4 [£l/« (*) 

and, in virtue of condition (1), this is less than a fixed multiple of e. Hence 
fim | f {/(*) — /„ (*)} g (x) dx j is less than a fixed multiple of <; from 
which we have 

£/(*) 0 (*) dx - lim £/„ (*)?(*) dx (1)' 

the same relation ns in the case of strong convergence. 

Next let {/ (x) = ± f f (x) I* -1 , the upper or lower sign being taken 
according ns/ ( x ) > 0, or < 0; we have then \g (x)\ 9 - \f {x) |"; and thus, 
from (1)', we have 

[ !/(*) \ p dx = lim f /* (z) g (z) dx. 
n-® Ja 

We have then 

{£ I /(*) \*dx j' == lim jj‘ | /„ (x) ('VtzJ ££ | g (x) |«<&£ 

£ ~ [l„ 6 1 ^ (a:) dx ] [C ' ^ ^ *]' ’ 

and therefore j | / (*) |* £ lim £ | /„ (*) J* d*. ■(*) 

This inequality (2)', for weak convergences, corresponds to the inequality 
(2), in the case of strong convergence. 
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176, The following theorem is fundamental in respect to weak con- 
vergence; it has however reference only to the case in which (as, 6) is a 
linear interval : 

If a family of functions f (x) of a single variable, all of class [2>] , contains 
an infinite (not necessarily enumerable ) set of functions, and if 

where K is independent of the particular function of the family, then the 
family contains at least one sequence {/„ (.r)J which converges weakly, with 
exponent p, to some function j (x) of class [£"]. 

For every function/ (x), of the family, the function F (x) ■= j f (w) dx 
can he formed. For all these functions wo have 

F (o) = 0, ] F (x,) - P (x 5 ) | «(£/<*) dx | s jj*|/(x) I* rfxj 1 ’ ) *, - x s |? 

or | F («,) — F (xj | & K j x, — a* |«. It follows tliat the family of functions 
F (x) is equi-continuous, and since ( F (x) ) £ K (£> — a)i, the conditions 
of Arzeli’g theorem, given in § 1 20, are satisfied. It follows that a sequence 
{F„ (x)} is contained in the family {F (x)} wliich convcsrgos uniformly to 
a function P (x). 

Wo may take {/„ (x)} to he the sequence of functions of the givon family 
wliioh corresponds to the sequence {F„ (x)} . If the interval (a, h) bo 
divided in any manner into a number m, of parts 

(*0> x l)< (*1» (^m-n ®f«)i 

where x, — a, x„ = b, we have (soo i, § 462) 

Tf J* I/, m h * * 

By lotting n increase indefinitely, wo havo 

r-0 {Xr~*r- l) r “’ 

it has been shown in x, §§ 451, 452 that this is the necessary and sufficient 
condition that P (x) should be the indefinite integral j / (x) dx, of a 
function f(x) which belongs to class |7>|. It has thus been shewn that, 
to the sequence {/„ (a)}, there corresponds a function f{x), of the same 
class, such that lim [" / n (x) dx = J /(a) dx; and thus that {/„ (*)) con- 
■ verges weakly to/(x). 
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177. From the last theorem the following extension of the theorem of 
§ 170, in the ease of a linear interval (a, b), may be deduced: 

If a sequence {/„ (*)} of functions of dots jX p ] be such that 

f *[/.W 

there exists a function f (x), of the same close, to which {/„ (a:)} comergu 
strongly, with exponent p. 

[£ I fn {*> \ p fc l*£ j£|/„ (*) -F (*) l p ^j P + [£l/ m (*)! p d*J, 

taking a fixed value of m, such that for n z, m, the first expression on the 
right-hand side is < ij, we see that the expression on the left-hand side is, 
for all such values of n, less than a fixed number; and it follows that 
f I fn (*) I' dx Is loss than a number K ”, for all values of n. From the 
theorem of § 176 there exists a part {/„, (x)} of the sequence {/„ (x)} which 
converges weakly with index p, to a function/ (*), of class [£*]. It Mows 
that the sequence {f„ r (i) — ( x )} converges weakly, with exponent p, to 
/(*) — fn (*); we have therefore, from (2)' of § l“fi, 

£>> j* I/., (») to I’dxZ j‘ |/(*) <*) | -dx. 

Letting n increase indefinitely, we have, from the condition in the enuncia- 
tion, lira j If (x) -/„ (x) \ p dx = 0; and thus {/„ (x)} converges strongly, 
with exponent p, to f (x). 


PROPERTIES OF A 3JEASTTEABLE FUNCTION 
178. In accordance with the fundamental approximation theorem 
given in i, § 439, if / (*) be a summable function defined in n given cell A, 
there exists a continuous function <& (z) such that 

/ to) l/(*)- d,{x)\dx<e. 

Iff (x) be defined only in a bounded measurable set E, and besnicmshle 
in E, we may suppose E to be contained in A. The function /{z) m»yI K 
extended to the whole cell A, by assuming that f (z) » 0 in A — F; the 
extended function being sununable in A. We have then 

jjf (*) - I dz + £ J l 4>(x)\dx<e, 
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■ and thus I j / {*) — tf> (x) j dx < e. It thus appears that the approxima- 
tion theorem of i, § 430, may be applied to a summable function / (x) 
defined in a bounded and measurable set E. It also appears that the con- 
tinuous function >)> (x) may be taken to be not only continuous relatively 
to E, but also relatively to A, and consequently (see § 108) it can be extended 
so as to be continuous in all the space. In particular employing Weicr- 
strass 1 theorem {§ 1G2), the function <j> (x) may be taken to be a finite 
polynomial. 

Taking e = if, it is scon that the part of E in which | / (x) — $ (x) | S tj 
is of measure less than ij. Now ]et/(x), although measurable in E, be no 
1 anger necessarily summable in E, but let it be finite almost everywhere in E. 
Employing the summable function / |,v * (x), such that/i‘ v >(*) — iV, or — N, 
according as/ (x) is positive or negative, at every point at which |/ (x) J £ N, 
and (*) — /■(*), when | / (x) | < N; and remembering that N can be 
so chosen that the set of points at which /(x) and /<•'’> (x) are unequal has 
its measure less than tj, we can determine a continuous function <j> (*), 
whioh may be a finite polynomial, such that | /<‘ v ' (x) — <f> (*) | £ y, only 
in points of a set, contained in E, of measure less than y. It follows that, 
at all points of a set of measure > m (E) — 2p, contained in E, theinoquality 
| / (x) — ^ (x) | < 2-q is satisfied. It has thus been shewn that, /(x) being 
any measurable function defined in the bounded and measurable set E, 
a function tj> (x), continuous relatively to E, can- be so determined that 
1/ (z) — 4> (») | < c, in a set contained in E, of measure > m (E) — c. 
Moreover the function <j> (z) can be so chosen that it can be extended into 
a function that is continuous in all the space in which E is defined;- and 
in particular, it may be a finite polynomial. 

The following theorem. has now been established: 

If f (x) be any measurable Junction ■ (not necessarily sumtnable), defined 
in the bounded, and measurable set E, of any number of dimensions, and 
finite almost everywhere in E, then, if e be a prescribed positive number, a 1 
function <ji (x), continuous in the whole space in which E is defined, exists, 
such that j / (z) — <l> (z) | < e, at every point of E not belonging to a set of 
measure < e, contained in E. Moreover, the function (z) may be taken to 
be a finite polynomial. 

179. Let E be a measurable set, not' necessarily of finite measure. 
Taking E to be the outer limiting set of a sequence (E„) of seta each of 
which is of finite measure, let a function <f>„ (z) be defined, which is con- 
tinuous hi all of the space, and such that, in E „ , j / (z) — f>„ (x) j < ; 

at every point that does not belong to a certain set of measure 4^. It is 
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177. From the last theorem the following extension of the theorem of 
§ 170, in the case of a linear interval (a, b), may be deduced: 

If a sequence {/„ <m)} of functions of class [/>] be such that- 
[* [f B (x) -f„ (x)]’' dx ^ 0 

there exists a function / (*), of the same dass, to which {/„ (*)) contwpa 
strongly, with exponent p. 

[jjfnWl'tel** [/><*> “/»(*) [jjfnWl’fcJ, 

talcing a fixed value of m, such that for n g m, tlie first expression on the 
riglit-hand side is < ij, we see that the expression on the left-hand ride is, 
for nil such values of n, less than a fixed number; anil it follows that 
j I /» (®) l r dx is less thnn a number K*, Cor all values of n. From the 
theorem of § 176 there exists a part { f„ r (x)} of the sequence {/„ (x)) which 
converges weakly with index p, to a function/ (x), of class [X-r] . It follows 
that the sequence {/„ (x) -f u (*)} converges weakly, with exponent p, to 
/(») — {x)\ we have therefore, from (2)' of § 17t3, 

Hm J* |/ n , (x) (*) I" dx S £ U(x) - /„ (x) I” (h. 

Letting n increase indefinitely, we have, from the condition in tho enuncia- 
tion, lim j b \f (x) -/,(*) I* dx~ 0; and thus {/„ (*)} converges strongly, 
with exponent p, to/ (*). 


PROPERTIES OF A MEASURABLE FUNCTION 
178. In accordance with the fundamental approximation theorem 
given in I, § 430, if f (x) ho a Bununable function defined in a given colli, 
there exists a continuous function <j> (x) such that 

J (A) l/(*) -<£(*)[ dx<e. 

If / (*) he defined only in a bounded measurable set E, and bemunmabk 
in E, we may suppose E to be contained in A. The function / (a) 
extended to the whole cell A, by assuming that /fr) - 0 in A - Ei tl;c 
extended function being summablo in A. We have then 

jjm - 4> (*) I dx -f- ^ <f> (x) I dx<c, 
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any point of the internal (a, 6), with the exception of points belonging to 
a set of measure zero. If x, be a point not belonging to the exceptional set, 
of measure zero, and y be an arbitrarily chosen positive number, Ji may be 
so chosen that — j I /(*) \dx<-q. The set of points in the 

interval (a% — Ji, x„ + h), at which |/ (z) — / (zb) | S t, has its measure less 
than ^2; hence 1/ {*) — / (ab) | < e, in a sot contained in (zq ~ h, x„ /»). 
of measure > 2fi ^1 -?j. Keeping e fixed, the number 1 — 2 converges 
to unity, as h and 17 converge together to zero. Therefore the metric density 
of the get of points at which | / (z) — / (zb) | < < Is unity at the point ab. 
Therefore f (z) is approximately continuous at z D (see 1, § 235). 

Next, let / (x), although measurable, not he summable in (a, 6), but let 
it be finite almost everywhere. Tire summable function / |A '> (z) may be 
defined as in § 179. Let N have successively the values in a monotone 
sequence {27,}, such that 2f T increases indefinitely with r. Then each of tho 
functions /<*’«> (z) is approximately continuous almost everywhere in 
(a,'% and therefore, at almost every point of (a, b), all the functions 
{/i A, I (x)} are approximately continuous; let abb e a point at which this is 
the case. Let a be a number such that | / (ab) [ < 27,; then the set of points 
at which (/ (x) — / (ab) | < e is such that, for some value f (> s), of r, 

and it follows that, at all points of the set, / (z) ^ fis'a (3.). Since the sot 
of points at which (z) — f 1 ^ (z«) | < e has its metric density unity 
at ab, the same holds for tho set of points at which |/(z) — / (ab) | < «. 
Hence /(z) is approximately continuous at 2b- 

The following theorem has now boen established* : 

If f{x) be any measurable function , finite almost everywhere, defined 
in the linear interval [a, b), the function is approximately continuous almost 
everywhere in (a, b). 

It. is obvious that the function cannot be approximately continuous at 
a point of ordinary discontinuity. It may however be so at a point where 
the discontinuity is of the second kind. Thus, in a totally discontinuous 
function, all the points of ordinary discontinuity, if any, belong to the 
exceptional set; but at almost all the points at which the function has a 
discontinuity of the second kind the function must be approximately 
continuous. 

A characterisation of the discontinuities of functions, based upon the 
notion of approximate continuity, has been made by M. H. A. Newmany. 

* See Banjos. fit dUtin dcla non. noth. 3c Francs, t/)1_ iuh 21925), p, 170, 
t Comb. Pki!. JVoin.vol irm (1923). Stc also Kempitty, Fandancnta Hat. voI.TT (102i). p. e. 
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seen that, in 15, , the sequence {<£„ (a:) } converges to f(x), almost everywhere: 
for, in E t , [/ (*) — <f>„ (*) | < -g,, in a set of which the measure is 

The sets of which the measures arc greater than 

m «) - l,. ... m -1,, 

respectively, have a common part, of which the measure is = m {E,) - f, 
and, in this set, | / (a) — <{,„ {x) | < is, for aU values of m (1, 2, 3, ...). In 
the same set | / (s) — $ m (*) | < for all the values n, n + 1, of in. 
It follows that {<f>„ (*)} converges to / [x), almost everywhere in since 
£ is arbitrary. Since JS, may be taken to ho any set, of finite rocasnre, 
oonfcaincd in J3, it follows that t-ho sequence (a)} converges 
almost every where in E. 

The following theorem has now been established : 

If f (x) be a measurable function ( not necessarily sumimbh), defined in 
a measurable set E, of finite, or of infinite , measure {of any number of rfiffltii- 
8 tons), there exists a sequence of functions {<£„ (a:)}, aU of which arc amlinmt 
in the whole of the space in which E is defined, such that {fi m (a)} amwnjw. 
as m ~ <» , almdst everywhere in E, to the function f (x). Moreover, in par- 
ticular, the sequence may be taken to be {P,„ (a;)}, where P„ (x) denotes a 
finite polynomial. 

It should be observed that, in the exceptional set, of measure zero, 
of points of E at which the sequence does not converge to / (a), the sequence 
is not necessarily convergent. 

When the set E is of finite measure, there exists, in E, a set of poinh 
of measure > m {E) — c, in which the sequence {<j> n [x)) converges uniformly 
to/ (m). This set may be so chosen as to be closed, or perfect. 

Relatively to this set, the function / (m) must be continuous (seo § 86). 
Thus wc have the following theorem: 

If f (*) be a measurable {not necessarily summable) function, defined 'ate 
set of points E, of finite measure, in any number of dimensions, and paid 
almost everywhere in E, there exists in E a perfect set of points, of mcastn 
arbitrarily near to m {E), relatively to which the function/ {*) is canthnmts, 

180. Let / (*) be a function defined in the linear interval (n,t), and 
summable in that interval. It has been shewn in I, § 432, that 

~f^)\dx 

has a differential coefficient, equal to zero, at the point T 0 , where a» 



mj Descriptive Properties of Sets of Points 259 

The converse of this theorem is not in general true. For D (0, E) may 
be closed in 25, bat a point of E may be a limiting point of G without 
belonging to G. 

If a set G is closed, in E, it is also closed in any set 25, which is a part of E. 
Conversely, a set which is dosed in 25, is pari of a sel which is closed in E. 

For every limiting point of D (25, G) that is in E is also in Z> (E, G) ; 
therefore every limiting point of 2) (E, G) that is in 25, , and consequently 
in E, is contained in 23 (E lt G). Hence 6 is dosed in 25, . 

If O, he olosed in 25, , every limiting point of (?, that is in 25, belongs to 
(?,. Consider the set G, obtained by adding to <?, those of its limiting 
points that are in 25 but not in 25,. Every limiting point of G that is in 
E belongs to G; therefore G is closed in 25, and it contains G, . 

If a set E he dosed, in G, Us complement in G, namely Q — D (25, (?), is 
open in G; and conversdy. 

For a point of G — D (25, 0) has no point of E that belongs to Q in 
a sufficiently email neighbourhood, and is therefore an interior point of 
G — I) (E, G)i therefore G — D (25, (?) is open relatively to G. 

It should be observed that a closed, or an open, finite cell is a set of . 
points which is both open and closed relatively to itself. The set S„ is 
both open and closed relatively to itself; it is open but not closed in S„. 

If 25 bo taken to be the set 3, , we have as a particular case : 

Every sel lhal is dosed in S t is dosed in every sel E contained in S c ; and 
conversely every set that is closed in a set E is part of a set that is closed in S„. 

The above theorems also hoW good for open sets, where in each case 
a sot open in E takes the place of a set, closed in 25, and an absolutely 
open set takes the place of an absolutely closed set. 

For, if 0 be open in 25, the sot 0 — 0 — 23 (0, E) is closed in E, and 
therefore in 25, , any part of 25; thus 0 — D (0, E,) is closed in 25,, and 
therefore 23 (0, fi,) is open in 2?,. If (3, is open in E lt the set 
0,-23 (0„ 25.) ® 0, 

is closed in 22, . 

The sot (?, is part of a set G which is closed in 25, any set which contains 
25,. Add to O, those points of E which do not belong to 0 or .to 0,; we 
thus obtain a set O. This set O contains 0,, and since its complement in 
E is D ( G , E), which is closed in 25, the set 0 is open in E. We have 
accordingly the following theorem. 

Every set that is open in a set E is open in any part E lr of E ; and a set 
which is open in 25, is a part of a set which is open in E. A sel that is open 
in S v is open in any set E contained in S v ; and a set which is open, in B is 
part of a set open in S„. 
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DESCRIPTIVE PROPERTIES OP SETS OR POINTS 

181. It is convenient to give here an extension and amplification of 
the definitions relating to descriptive properties of sets of points. The 
aggregate of all points (*>*>, a 4 s1 , ... a*”') of a space of ^-dimensions nil! 
lie denoted by S p ; it has been shewn in i, § 4D, that the points of S, 
correspond uniquely to the points of the space interior to the finite cell 
(— i, — I, ... — 1; 1, 1, ... I), the relation of order being invariant for 
the transformation. The improper points at infinity, introduced in i, 543, 
are points which correspond in order to the boundary points of the finite 
oell; when these improper points are adjoined to the set <S„, it becomes 
the closed set S p . 

A set O is said to be dosed in, or relalivdy to, a set E, when every limiting 
point of (r that is in E belongs to G; also when G has no limiting poinl in S. 

A closed set, in the ordinary sense, is a bounded set which is closed 
relatively to and such a set is also closed relatively to S r . A sot is 
otosed in the extended sense when it is closed relatively to S r , but not to 
S 9 . It becomes closed in S P when its improper limiting points arc adjoined 
to the set. 

For example, the set of points X, 2, 3, ... n, ... is closed with respect 
to the open interval (- co, co) because it has no limiting point in that 
interval. It is not closed with respect to the closed interval (-«,»), but 
when the improper point to is added to it, it becomes closed relatively to 
the closed interval (— co, eo). 

A set G is said to be perfect in, or relatively to, a set E, when it is closed in A, 
and when further, every poinl of it in E is a limiting point of the set. 

Thus a perfect set in the ordinary sense, being bounded, is perfect rela- 
tively to S p and also to S r ; it may be regarded as perfect, in the extended 
sense, when it is perfect relatively to S pt but not relatively toS,. » 
becomes perfect in S„ when its improper limiting points are adjoined to it- 

A set 0 is said to be open relatively to E if all the points of 0 that an tn 
E are interior parts of O, rdativdy to E. 

This is a slight extension of the definition given in I, p- 75, where the 
definition of an interior point of 0, relatively to E, is given. It is 
seen that: 

// a set G is closed in E, the part D ((?, E) of <?, which is in E, « 
in E. If a set 0 is open in E, the part D (O, E) is open in E. 

For a limiting point of D (G, E) that is in A? belongs to G, and therefore 
to D (G, E ) ; thus D (G, E) is closed in E. Again, if 0 is open in E, a» 
points of JD ( 0 , E) are interior points of O relatively to E, and there 
interior points of D (O, E), relatively to E. 
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The converse of this theorem is not in general true. For D (G, E) may 
be closed in E, but a point of E may be a limiting point of G without 
belonging to G. 

If a set G is dosed ■ in E, it is also dosed in any set E, which is a part of E. 
Conversely, a set which is dosed in E, is part of a set which is dosed in E. 

For every limiting point of D (E, G) that is in E is also in D (E, (?); 
. therefore every limiting point of D {E, G) that is in E-, , and consequently 
in E, is contained in D (Ey , G). Hence G is closed in E y . 

If Gjbe closed in E t , every limiting point, of G t that is in belongs to 
ffj. Consider the set G, obtained by adding to G, those of its limiting 
points that arc in E but not in E, . Every limiting point of G that is in 
B belongs to G; therefore G is closed in E, and it contains (?,. 

If a set E bt closed in G, its complement in G, namely G — D {E, 0), is 
open in G; and conversely. 

For a point of G — D (E, G) has no point of E that belongs to G in 
a sufficiently small neighbourhood, and is therefore an interior point of 
G—D (E, (r) ; therefore G — D (E, G) is open relatively to G. 

It should be observed that a closed, or an open, finite cell is a set of 
points which is both open and closed relatively to itself. The set S, is 
both open nnd closed relatively to itself; it is open but not closed in S B . 

If E be taken to be the set S,, wc have as a particular cose: 

Every set that is dosed in- S v is dosed in every set. E contained in S„; and 
c orwersdy every set that is dosed in a set E is part of a set that is dosed in S p . 

The above theorems also hold good for open sets, where in each case 
a set open in E takes the place of a set, closed in E, nnd an absolutely 
open set takes the place of an absolutely closed set. 

For, if 0 be open in E, the set G = O — D (0, E) is closed in E, and 
therefore in E lt any part of E; thus O — D [0, E,) is closed in E, , and 
therefore D (0, Ef) is open in E, . If 0, is open in E, , the set 
0,- 0(0,, £,)=(?, 

is dosed in E x . 

The set G y is part of a set G which is closed in E, any set which contains 
E !• Add to O j those points of E which do not belong to G dr to 0,; wo 
thus obtain a'set O. This set 0 contains 0,, and since its complement in 
E is D (0, E), which is closed in E, the set 0 is open in E. We have 
accordingly the following theorem. 

Every set that is open in a set E is open in any part E 1 , of E; and a set 
■ which is open in E t is a part of a set which is open in E. A set that is open 
in S B is open in any set E contained in' 8 »; and a set which is open in E is 
part of a set open in S r . 
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SETS OF POINTS OF ORDERS 1 AND 2 

182. In the theory of tbe functions defined as the limits of sequences 
of continuous functions, sots of points of certain types are of importance. 

If E be any sot of points, in any number of dimensions, a set contained 
in E, and which is either olosed relatively to E, or open relatively to E, 
is said to be a set of the first order in E. A set which is contained in E, and 
closed relatively to E, will be said to be of type and a sot contained 
in E, and open relatively to E, ■will be said to be of type 0;J\ The sets of 
the first order In E thus consist of sets of types C« and Og*. 

If { E „ } be a sequence of sets contained in E, and such that each set is 
contained in the next, and if each of the sets E„ is of the first order in E, 
tiicn the outer limiting set of {25„} is Baid to be of type 0%\ whenever it 
iB not of tho first ordor in E. 

In ease caoli of the sets E n contains the next, each set being of the first 
order in E, the inner limiting set of {#„} is said to be of type Oj * , whenever 
it is not of the first order in E. 

A set of cither of the types Or\ is said to be a set of the second order 
i nE. 

Tho following properties of these sets arc of importance: 

A sequence [E„] of sets of the first order in E, each of which is contained 
in the next, has for its outer limiting set a set of the first order in E, provided 
an infinite number of the sets E n are of type O'b- 

For ai] the sets E„ which are not of type O'r may be removed from 
the sequence, without affecting the outer limiting set.. Thus the theorem 
is equivalent to the statement that the outer limiting set of a sequence of 
sole, open relatively to E, and each one of which is contained in the nest, 
is open in E. This is a generalisation of the theorem relating to open rein 
in the continuum, given in i, § 6G, and is proved in the same manner; it 
being observed that a set that is closed in E is complementary to a set 
that is open in E. 

A sequence {E„} of sets of the first order in E, each of which contains the 
next, has for its inner limiting set a set of the first order in E, provided an 
infinite number of the sets E n are of type &r. 

This follows also from a theorem given in i, § 56 ; it being observed that 
those of the sets B„ which are not of type Cg* may be removed from the 
sequence. 

The complement with respect of E of a set of type O'e ** of type ■ 
The complement with respect to E of a set of type && is of type Or ■ 
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For the complement of M (E Jt E tl ... E„, ...), where each set is con- 
tained in the next, and is of type Gg, is the set I) (E — E lr E — E t , ... 

— E„...). The sets E — E„ are ah of type Of , and each contains the next, 
hence the complement of M (E t , E t , ... E „ ...) is of type (ff, or of order I. 
It cannot be of order 1, for then M (E, , E t , ...) would be of order 1. 

• - Jf a finite number of sets #<», H®, ... flM are all of type Of, in the 
set E, the set D (H m , ... flW), of points common to all the r sets, is of 
type Of, unless it is of order 1 in E. 

Let if" = lim Cff, if** - lim <£*, ... 2? w = lira <%*, where {ff}, 
{G* 1 } ... are sequences of sets, closed in E, each of which is contained in 
the next. Any point of D (J?w, H m , ... if< rt ) belongs to all the sets (ff, 
C$n*, ... &f, from and after some value of n depending upon the particular 
point, and therefore it belongs, for all such values of n, to 
D (<ff, ff , ... ff). 

The sots D (tff, Gf, ... ff), lor n ** 1, 2, 3, ... form a sequence of 
sets, all closed in E ; and each is contained in the next. Their outer limiting 
set is D {£?<'>, XfW, ... H (r >), which is consequently of the type Of, unless 
it !b of order 1 in E. 

The common part of two sets, A and E, each of which is either of type 
Of, or else of the first order in E, is also of type Of, or else of the first order 
in E. 

If both sets arc of type Of, the theorem is a particular case of the 
preceding theorem. If one of the sets A is of type of, and the other of 
type dg, since A = lim G n , where G„ is closed in E, wc have 

D (A, B) - lira 1) (<?„, B), 

-and since B is closed in E, so also is D ((?„, B); hence D [A, B) is of type 
of, or else of the first order. If A is of type Of, and B of type Of, we 
hard? where disclosed in E; then D {A,B) — lira UmD(G„,g m ), 

and this can be expressed as the limit of a simple sequence of sets closed 
in E; it follows that D (A, B) is of type Of, or else of the first order in E. 
If A is of type and B of type Cff, D (A, B) is the set common to a set 
that is closed in E and one that is open in E; then J 7 (A, B) is expressible 
as the limit of a sequence of closed sets, and is therefore of type Of, unless 
it is of the first order in E. 

If H w , JJW, ... IP"', ... be a sequence of sets in E, all of type of, the 
set M (IfM, Ilto , ... IP” 11 ,...) of points which belong to one or more of the 
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given sets, is also of type 0'£ , unless it is of ike first order in E. Also tht 
latter set is of the first category t» E, in case all the sets of the sequence are to. 

If = lim where nil the sets are closed in E, Jet us consider 
the sequence of sets, closed in E, (f x \ 31 {tfy, (f?), M (G?\ <$\ 

M (OT, G["\ C$\ df), M {<f}\ 0[ 2 \ ef?, G[ 3 \ G?’) .... Eaoh of thesB is 
closed in E, and each is contained in the next, and cVcry set oJ, m| occurs, 
from and after some fixed set of the sequence. It is clear that the outer 
limiting set is 31 {//Hi, H lA , ... ...) which is thereforo of type O” 1 , 

if it is not of the first order. A set #<”■■ is of the first category in E, if all 
the sots G^* 1 , for n *» 1, 2, 3, ... are non-densc in E. If all the sets /?("> 
are of the first category in E, all the sets 

di \ M {ffi 11 , G , 1 2> ), M (G < i I> , G?\ Ge\ ... 
are non-donso in E, and therefore their outer limiting sot is of the first 
oategory in E. 

If E, be a part of E, the part of a set of type 0^’ which is in E, is of type 
Oe* , or else is of the first order in E 1 . The corresponding result holds / or fl 
set of type Ob’. 

The set of type O'f is the outer limiting set of a sequence {<?„} of sets 
all closed relatively to E. The sets D (E, , G„) are all closed in E, , and thus 
the part of the given set which is in E, is the outer limiting set of a sequence 
of sets closed in E x \ thus the part is of type 0&1, unless it he of the first 
order in E t . Tiic corresponding theorem for a set of type C# 1 follows from 
the fact that the complement of such a set, relative to E, is of type Ok • 

183. It has been shewn in i, § 00, that in case E be a perfect set, (he 
outer limiting sot of a sequence of non-dense closed sols, which is a set of 
the first category in E, has, for its complement in E, a sot which is every- 
where dense in E. It was in fact shewn that every cell or interval (a, /)) 
containing points of E contains a point, defined by a sequence of cells or 
intervals («,/ 9), («,,/? ,)... (<r„, j} n ) .... each of which contains the next, 
which is a point of E, but not a point of the set of the first category. Ib® 
argument is not in general applicable to n set E which is not closed, because 
the point defined by the sequence of cells or intervals may not be a point 
of E. The procedure is, however, applicable, in case E i6 an open sot, 
because each of the cells or intervals («„, may then be taken to consist 
entirely of points of E. The set of the first category is then, in this case, 
diffuse (see I, § 55) in E, although it may be everywhere dense in E. Tbo 
same remark applies to the case in which E consists of the points wine 
an open set and a perfect set have in common. 
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We have thus the theorem : 

If E be either a perfect set, or an open set, or consists of the points common 
to an open and a perfect set, the outer limiting set of a sequence of non-dense 
sets, all of which are closed relatively to E, and each one of which- is contained 
in, E, is diffuse in E. (See I, p. 76.) 

As in I, § 94, it follows that, if E be an open set, the complement of 
the outer limiting set cannot be of the first category in E. 

More generally, we have the theorem: 

If E be. either perfect, or open, or be the set of points which an open set 
and a perfect set have in common , and if E la E t , ... E„, ... be a sequence of 
sets, all of ike first category in E, then M {E lt E t , ...) is of the first category 
in E; and thus it is impossible that E *= M (£, , E t , ...). , 

3?or if E n - hi (G™, Gh\ ...), where G? 1 is closed in E, we have 
M{E lt E t , ...) ~ if (Gi\ G?\ G?\ G?\ G?\ Gi\ ...), 
and the set on the right hand side is of the first category in E. 

In particular. E cannot he resolved into the sum of an enumerahly 
infinite, or finite, series of sets, each of which is of the first category in E. 

If E be identical with S„, the aggregate of all points in p dimensions, 
tho sets of type 0&J consist of all open sets, and the sets of typo Og, 
consist of nil bounded closed seta and also of sets which contain all their 
finite limiting points. But if E be identical with S„, the absolute set 
in p dimensions, the sots of type O5J include all bounded opon sets, and 
also all unbounded open sets with, or without, their limiting points at 
infinity ; and the sets of type Cg? consist of all closed sets, whether bounded 
or not. This is seen to be the case by employing the correspondence of S p 
and of B v with an open, or closed, finite cell. It is convenient to speak of 
sets closed relatively to S v as of type O'", and of sets that are open 
relatively to S„, as of type O' 1 '. 

Similarly, a set . of type 0 m or 0® means a set of typo o|* J , or G™. 
It has been shewn in § 181 that the part of a set of type O' 1 ' that is in E, 
is of type Oe*, and that the part of a set of type O' 1 ', in E, is of type Crg, 
whatever the set E may be; but the converse does not in general hold. 
It follows that the part of a set of type 0® that is in E, is of type 0 , f > , 
unless it is of the first order in E; and that a set of type 0 (s ' has, for its 
part in E, a set of type cfg, unless it is of the first order in E. 

184. It will be shewn that: 

If E be either an open set, or a closed set, or a. set which consists of the 
points which • an open set and o dosed set have in common, then a set, in E, of 
one of the types 0%\ Or’, (fg is also of one of the types 0'*>, 0®, 0®. 
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The theorem is obviously true m case E is a closed set. If E be an open 
set, it is the limit of a sequence {(?„} of closed sets contained in it, and each 
of -which is contained in the next. If E = D {H, K), where II is open and 
K is closed, let H =, lim g K , where g„ is a closed set ; then E = Iim D (?„ , K ), 
and D {g„ , K) is a closed set (?„ ; or E = Jim G n . If F be a set of type dg\ 
we have, in either case, F = lim D ((?„, /■); and it will be shewn that 
I) (G„ , F) is a closed set. 

Any limiting point of D {G n , F) is in G„, and therefore in E; also such 
a limiting point, being a limiting point of F which is in E, must belong to 
F, since F is closed in F,\ and it therefore belongs to D ((7„, F), which is 
therefore closed.^ Therefore a set of type > K one °f tlie types 0''\ 
C m , for if it were of type it would be of type 0%\ 

A set of type O'^ is the outer limiting set of a sequence of sets nil of 
type that is one of the types 0!*), C lt > ; lienee it is of one of the 
types 0 (1) , 0! 1 ). It follows that a set of type 0 \ is of type 0 m , unless it 
be of the first order. 

A set of typo 0$ is the outer limiting set of a sequence of sets all of 
which arc of the first order in E, and consequently of one of the types 
0 m , 0 1 ' 1 , G'M, hence the given set is of the type 0& (see §182). For it 
cannot be of one of the types O ll) , C (, \ since it would then bo of typo 
Og* or 
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proofs of the theorem have been given by Lcbesguc*, Doll’-Agnolaf and 
de la Valleo-PoussinJ. 

The theorem will here be investigated by a method which is essentially 
that of de la Vall&s Poussin, bat in a somewhat generalised form. 

If E denotes a set of points in any number of dimensions, a function 
defined over E which is continuous relative to E will be said to be of class 0, 
in E, By some writers, a more restricted definition of functions of class 0 
is adopted; only those functions arc said§ to be of class 0, in E, which 
are not only continuous relatively to E, but which are capable of being 
extended so as to be continuous in the closed set M (E, B'), obtained by 
adding to E those of its limiting points which do not belong to the set 
itself; such a function can thon (see § 108) be further extended so as to 
be continuous in all the space. If a function, defined in E, is such that its 
value at each point is the limit of a sequence of functions, all of which are 
of class 0, in E, is said to be of class 1, in E, provided it is not of class 0, 
in E. 

If {/„ (*)), a sequence of functions, all continuous relatively to E, has 
for its limiting function/ (x), then / (x) is of class £ 1, in E. The functions 
/„ (a) need only be continuous in E in tho extended sense of the term, and 
/ (x) may have an infinite value at a point at which the sequence {/„ (sc)} 
diverges to oo , or to — <» . 

There is, however, no loss of generality in the theory if we assume that 
the functions {/„ (a:)} are all bounded, say in the interval (— 1, 1); in which 
ca6e continuity is taken in the ordinary sense. For, if we employ the trans- 
formation (x) « y Jy WL <j, (*) « and if /„ (x) is con- 

tinuous relatively to E, and has/ (x), of class 1, or 0, for its limiting function, 
it has been shewn in x, § 219, that the functions tfi ( x ), {$„ (x)}, all of which 
are bounded and liave theix values confined to the interval (— 1, 1), are 
such that rj>„ (a;) is continuous relatively to E ; moreover <j> (x) has the same 
class 0, or 1, as / (x), in the set E. The converse of this statement also 
holds good. It will accordingly bo throughout assumed that all the 
functions/* (x), / (x) are bounded. 

186. It. is clear that, if /(x) is of e.lnsa 1, in E, it is of class S 1 in any 
part of E. 

The following theorem is easily established : 

If the fmicticms /, (x), /, (x), ... f r (x) are all of doss & 1, in E, find the 

* 6m BorpVfi Lexeme gur leg fondio ng do variable* rfellgg, pp. 149-155; also Lobesguc'e memoir 
"Sur 1m fo&otiona representable-; nnnlytiqiiftmont.” Lionvillo'e Journal {$), vol. r (1905), 

t Alti Pen. toL Hint (1909), p. TJ5; Bend. Lombardo, voL XU (1908), pp. 287, GTG. 

t See his treatise tntdyraleg de Lebeegue (1910), pp. 121-125, 

S See, for example, C&iathfodoiy'a Vorlcmagcn ilber Tedle FvnkOonai, p. 393. 
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The theorem is obviously true in case B is a closed set. If E be an open 
set, it is the limit of a sequence {(?„} of closed sets contained in it, and each 
of which is contained in the next. If B — D {H , K), where II is open and 
.K is closed, let II = lim g n , where g n is a closed sot; then E •» lim D (j„ A'), 

and D (gr. , II) is a closed set (?„ ; or E = lim G„. If F be a set of type cjj 1 , 
we have, in either case, F — lim D {G„, F) ; and it will be she™ that 
_D (G„ , F) is a closed 6et. 

Any limiting point of I) (G„ , F) is in G n , and therefore in E ; also such 
a limiting point, being a limiting point of F which is in F, must belong io 
F, since F is closed in E\ and it therefore belongs to II (Q n , F), which is 
therefore closed. Therefore a set of type Ce 1 is of one of the types 0 a , 
G l, \ for if it wore of type 0® it would be of type Cl];'. 

A set of type Cfg is the outer limiting set of a sequence of sets all oi 
type (jk, that is one of the types 0< J >, C* 1 *; hence it is of one of the 
types Oft, Ora. It follows that a set of type 0 ( e i 9 of typo 0> J >, unless it 
bo of the first order. 

A set of typo O l jc is the outer limiting set of a sequence of sets all of 
which arc of the first order in E, and consequently of one of the types 
O' 11 , Ora, C< 1 >, henoo the given set is of tho type 0 |J > (see §182). For it 
cannot be of one of the types O n) , Cra, since it would then be of type 
0/*’ or 

FUNCTIONS REPRESENTABLE BY SERIES OR SEQUENCES 
OF CONTINUOUS FUNCTIONS 

185. The question as to the nature of the most general function that 
can be represented in a given interval, or cell, as the sum of a scries oi 
continuous functions, and therefore as the limit of a convergent sequence 
of such functions, received a complete answer from Baire, whose result is 
contained in the following remarkable theorem: 

The necessary and snffic lent condition that a function, defined in a dosed 
interval, or cell, may be representable as the sum. of a series of conlin trout 
functions which converges at every point of the interval, or cell, to the value cj 
the function, is that the given function shall be at most poiniwisc discontievons 
with respect to every perfect set of points in the given interval, or cell. 

The theorem was first established by Baire* for the case of functions 
of a single variable, nnd was afterwards extended by Lcbesgucf end 1 
Bairef himself to the case of functions of any number of variables. Of Er 

* In Ms memoir "Stir Ira functions do variables r&tlca," Anaalidi Mat. (3) A, wl ’ n f I8W} ' 

t Comptu Rauliu, vol. ctxv.ii (I8!>0), p. 811. . . 

1 Bull. St. la ton. math. <f« France, rot xxvm (1900). p. 173. Sec also Bstrr.s tn* - 
fir Uj /auctions discantinua, pp. M9-1SS. 
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proofs of the theorem have been, given by Lebesgue*, DelT-AgnoIaf and 
de ia Yaltee-PoussinJ. 

The theorem will here be investigated by a method which is essentially 
that of de la VaJtee Poussin, but in a somewhat generalised form. 

If JS denotes a set of points in any number of dimensions, a function 
defined over B which is continuous relative to E will be said to be of class 0, 
in B. By some writers, a more restricted definition of functions of class 0 
is adopted; only those functions are said§ to be of class 0, in E, which 
ace not only continuous relatively to E, but which are capable of being 
extended so as to be continuous in the closed set M ( E , E'), obtained by 
adding to E those of its limiting points which do not belong to the set 
itself; such a function can then (see § 108) be further extended so aa to 
be continuous in all the space. If a function, defined in E, is such that its 
value at eaoh point is the limit of a sequence of functions, ail of which are 
of class 0, in E, is said to be of class I, in IE, provided it is not of class 0, 
in E. 

If (/„ (*)}, a sequence of functions, all continuous relatively to E, has 
for its limiting function / (z), then/ (a:) is of class £ 1, in E. The functions 
/„ (z) need only be continuous in E in the extended sense of the term, and 
/ {«) may have an infinite value at a point at which the sequence {/„ (»)} 
diverges to <» , or to - « . 

There is, however, no loss of generality in the theory if we nssiimc that, 
the functions {/„ (z)} are all bounded, say in the interval (— 1, 1); in which 
case continuity is taken in the ordinary sense. For, if wc employ the trans- 
formation <£„ (z) = , 4- (*) = i / and if f" C*) w con- 

tinuous relatively to E, and has / (z), of class 1, or 0, for its limiting function, 
it has been shewn in x, § 219, that the functions rf> (a), {if>„ (z)}, all of which 
are bounded and have their values confined to the interval (— 1, 1), are 
such that <ft„ (z) is continuous relatively to E) moreover <jt (z) has the same 
class 0, or 1, as / (z), in the set E. The converse of this statement also 
holds good. It will accordingly bo throughout assumed that all the 
functions f„ (z),/(z) are bounded. 

18D. It is clear that, if/ (z) is of class 1, in E, it is of class £ 1 in any 
part of E. 

The following theorem is easily established : 

// the functions f t (re), /, (z), ... f r (») are all of class S I, in E, and the 

• So* BorelV Lffone ntr Ue foneHona de variables rleUts, pp. 149-135; also Letosgoc'g memoir 
“Sue las fonotiona roprcacatablca analytiqocmcnt," Lionet tie's Journal (6), rol. t (1905). 

t Atli Yen. toI. um (1909), p. T75; Rend. Ismbnrdo, to!. Xij (1908), pp. 2B7, G76. 

} 8eo ha treatise InUaralea de Ldeegut (1910), pp. 121-125. 

§ Boo, lor example, Caroth4odoty*a Vorletunpen hber retlle Fnnldionen. p. 393. 
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function F {/,, / s , .../,) is continuous with respect to (/,,/„.../,) ffien 
F (fufz, ... /,) is of class £ J, in E. 

Lot f, (*) = lim/,„ (x), for s — 1, 2, 3, ...r; where /,„ (a:) is of class 0, 


in E. The function F .../„) is continuous, and thus of class 

2?. Also F (f,,/ a , .../,) = lim F {/, B ,/ Sn , • and therefore 


is of class 2 2, in F. 


0, in 


The following special case of this theorem should he observed: 

(1) The sinn, or the difference, or the product, of two functions each of 
which is of dass fi 1, in E, is also of class £ 1, in E. 

(2) Iff {*) is of class £ 1, in E, so also is |/ (x) \. 

For j / 1 is n continuous function of /. 

(3) ///, (x), /. (®), ... /, (x) art dll of class £ J, in E, and <f, (*) be Me 
function which has, at each point, thevalue. of the greatest of ihegiven functions, 
then <j> (#) is of class £ 1, in E. 

For <f> (*} is a function of /, (ar), /, (x), ... f r (x) whioh Sb continuous 
in E, relatively to (/,,/,, .../ r ). 

(4) Tff(x) is of class 1, in E. the function (a) which has the valve f (i), 
when A </ (x) < B, and- has the value A when. f(x)£ A, and the value B 
when f <x) s 2J, is of c lass £ 1, in E. 

For (x) js a continuous function of / (x). 

(6) If the function f (x), of doss 1, in E, is such that L£f(x)SU, 
in E, then f (x) is the limiting function of a sequence [<f>„ (*)}, of functions of 
dass 0, in E, such that L £ fa (x) £ U, for every value of n. 

For if / (a:) =» lim i p a (x), and we take >fi„ (x) to be tlio function which 
=» <p n (x) when L £ fa (x) £ U, and wliich = L when i (x) < L, and 
whioh = U wlien i/<„ (x) > V, the function rj> a (x) is continuous in E, anti 
/ (x) = lim f n (x). 


187, Tlio following general theorem will bo established with a viow lo 
its application in the theory of functions of class £ 1 : 

Let E be a set of points in S r which consists of the points which belong to 
one or more of the sets {F„} of a sequence of sets, any two of which may have 
points in common ; and let G be a set of points contained in E, which is either 
(1), perfect, or (2), open, or (3), a set which consists of the points which a perfect 
and an open set have rn common. Then the necessary and sufficient condition 
that G should be the sum of sets fa, fa , ... fa , .... no two of which hay 
point in common., and such that fa is contained in E„ ,Jor each value^af n 
for which tj>„ exists, and such that every fa is of type Oe\ <ff of type Or. > 07 
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Ce\ is iJiat, for every perfect set Q, contained in G, one at least of the sets E„ 
is compact in Q. (See I, p. 76.} 

This theorem was given by de la ValMe Poussin* for case (1), in which 
G is perfect and bounded. It is not necessary that the set G should be 
bounded ; it is sufficient that it be perfect or open in § r or the set common 
to a perfect and an open set. Bnt, by employing the mode of correlation 
referred to in § 181, it is seen that there is no loss o£ generality if the set E 
be contained in a finite dosed cell. 

It has been shewn in § 182 that a set of one of the types 0W, O m , C 11 ', 
is also of one of the types 0g\ 0g*, Cg 1 ; and the converse holds good in 
case E is either closed, or open, or a set which consists of the points common 
to a closed and an open 6et (see § 184). If H be any set of points whatever, 
contained in E, the set H will be said to be decomposable if It can be 
expressed as the sum t + <f> t + — + ^« + ••• > sets which satisfy the 
conditions laid down in the statement of the theorem. The set H will be 
said to be decomposable at a point p if a closed neighbourhood A, of p, 
exists such that the set D {H, A) is decomposable. 

In order to prove the theorem, a number of subsidiary theorems will 
be established: 

{a) If H is decomposable, and H u a set in E, is of one of the types 
oj?. > Oe\ Men J) {H, E t ) is decomposable. 

For if R = S <f>„, we have D(E,E t ) =* 2 D (■£„,#,). and each set 
i) (</>„, is of type Og*, Og 1 , or Cg 1 (see § 182); therefore D (77, 2f,) is 
decomposable. 

(6) If H is the sum of a finite, or infinite, number of sets H„, each of 
which is decomposable, and- no two of which have a point in common, tken 
II is decomposable. If a finite, or infinite, number of sets H„ are all closed 
and all decomposable, but may have points common to two or more of them, 
the set 31 (E 1 , H !r ... H„, ...) is decomposable. 

H H «■ and E„ — + tfS™* 4 ...» we have 

H = S { 2 

thus 17 is decomposable, since X is of one of the types Og ! , Og\ Cg* 
(see § 182). 

To prove the second part of the theorem, let H = M (E x , R z , ...), 
where E x , B t , .:. are all closed and decomposable; then the sets 
E - E x ; E - M (Hi , E t ), E-M (E x , H t , E s ), ... 


InJtgralei de l*btegvz, p. 203. 



268 Series or Sequences of Continuous Functions [cu. iv 

are all open in E. The sets H lt D(E~H lt IF), D {E - HI (II l , H 2 ), II,) 

are, in virtue of theorem (a), all decomposable, and their sum is// ; therefore 
II is decomposable. 

(c) If a dosed set G, contained in E, is decomposable at each of its points, 
then G is decomposable. 

Each point p, of Q, has a neighbourhood in which Q is decomposable; 
the set G is contained in a finite set {A„}, of such neighbourhoods (see 
i, § 74). Hence . 

G - M {D (G, A,), D (G, A.), ...,D(G, A„)}. 

Since the sets D (G, A B ) arc all closed, it follows from theorem (6) that G 
is decomposable. 

(rf) If a set G, contained in E, is decomposable, it must be decomposable 
at each of its points. 

Let A bo any cell which contains points of G, then D (A, E) is dosed 
in E; hence, from theorem (re), D{G,D(A,E)}, or D (G, A) is decom- 
posable. Wo may choose A so as to be a neigh bourhood of any point p, of 
G, and therefore G is decomposable at p. 

(e) If an unemtmerable closed set II is contained, in E, and is not de- 
composable, it contains a perfect set Q which is not decomposable at any point. 

Let Q be the set of points of U at which H is not decomposable. The 
sot Q is closed ; for, if q be a limiting point of Q, and A bo a neighbourhood 
of g, then D (A, H) contains points at which H is not decomposable, awl 
therefore L (A, //) is not decomposable. Since the set H — Q is open in 11, 
it is therefore the outer limiting set of a sequence {!/„} of sets closed in II, 
and therefore absolutely; or U — Q = M (L lt L t , ... L n , ...). Since II is 
decomposable at each point of L„, by theorem (re), D (H, L„) is decom- 
posable at each point of L n , for the theorem can bo applied to (he case 
when D (H, A„) takes the place of II, and L„ that of B 1 , where A is the 
neighbourhood of a point of L n . 

By theorem (c), it follows that D (H, L n ) is decomposable; and then, 
by theorem (6), it is seen that D (H, H — Q) is decomposable. Sine® 
II ~Q + D (II, II — Q), wo observe that, if Q were decomposable nt any 
of its points, II would be decomposable at those points, which is, by 
hypothesis, not the case. Therefore Q is not decomposable at any of ils 
points. The set Q can contain no isolated points, beoansc the set would 
be decomposable at nn isolated point. It has thus been shewn that thn 
closed set Q is perfect. 

(/) If O be an absolutely open set, contained in E, and not decomposable, 
it must contain an imenmnerable closed set which is not decomposable, an 
consequently contains a perfect set which is not decomposable, al any of > ls 
points. 
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For 0 = M (H t , S t , ... H„, ...), where the sets H„ are all closed and 
unenumerable, eaoh one being contained in the next. If all the sets ff„ 
were decomposable, by theorem (6), 0 would be decomposable, which is 
not the case. If the unenumerable set H„ be not decomposable, it contains 
a perfect set Q which is not decomposable at any of its points; therefore 0 
contains such a set Q. 

[g) The statement in theorem (f) holds good for a set contained in E which 
consists of the points which a perfect set and an open set have in common. 

Lot L = D (G, O), where Q is a perfect set and 0 is an open set, both 
contained in E. As before, if O = M (ft, , U., ... H n , ...), where //„ is 
closed, we have L = M {D ((?, Ilf], D ( G , Ilf), ...}. If all the closed sets 
D(Q,H„) were decomposable, so also would be L ; therefore D (G, H„) is 
not decomposable, for some value of n. Moreover D (G, II n ), if it be not 
decomposable; contains a perfect set Q that is not decomposable at any 
of its points. 

{/») IfaselG, contained in E, 6e either (1), perfect, or (2), open, or (3), con- 
sists of the points which a perfect and a dosed set have in common, then, if 
one of the sets E,,E., ...E B , ... be compact in every perfect set contained in E, 
G is decomposable. 

If G is not decomposable, in virtue of theorems (c), (/), (0), it contains 
a perfect set Q which is not decomposable nt any of its points. But this 
is impossible if a set E„ is compact in Q; for D {E n , Q) has a point p 
which is nn interior point of E „ , and a neighbourhood A, of p, consequently 
exists which contains no point of Q that does not belong to E„. The 
closed set I) (Q, A) is therefore contained in E H , and we can take 
f, n = D(Q, A), 

so that Q is decomposable at p, which is not the case. Therefore G must 
be decomposable. 

(t) If a set G, contained, in E, be either perfect, or open, or the set of 
points which a perfect set and an open set have in common, and if G be 
decomposable, and Q be any perfect set contained in G, then one at least of 
the sets E„ is compact in Q. 

Since 6 is decomposable, D ((?, Q), or Q, is decomposable. Thus 
Q — , where tf>„ is contained in E„, and <f> n = M (</»„,, <f>„ t , ...), where 

all the sets f nm arc closed sets. It follows that Q = hi (0 n , 1 f> a , 

and one at least of the sets j>„ m must be compact in Q (see 1, § 66); for if 
the closed set f>„ m is not compact in Q it must be non-dense in Q. If 
be compact in Q, f> n must be compact in Q, and consequently E„, whieb 
contains <f >„ , is compact in Q. 

The two theorems {h) and (*) taken together constitute the main 
theorem which was to be established. 
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are all open in E. The sets H x , D (E — //, , H«), I) {E — M (B u //.), [{^, <Mj 
are, in virtue of theorem (a), all decomposable, and their sum is// ; therefor* 
H is decomposable. 

(c) If a closed, set G, contained in E, is decomposable at. each of its pair, U, 
then G is decomposable. 

Bach point p, of G, lias a neighbourhood in which G is decomposable; 
the set G is contained in a finite set {A„5, of such neighbourhoods 
i, § 74). Hence 

G~M{D (G, A,), D [G, A 2 ), .... D ( G , A„)}. 

Since the sets D (G, AJ are all closed, it follows from theorem (6) that 0 
is decomposable. 

(d) IJaselG, contained in E, is decomposable, it must be derompowlk 
at each of its points. 

Let A be any cell which contains points of G, then D [A,E) is closed 
in E; hence, from theorem (a), D {G, D (A, 2?)}, or D (G, A) is decom- 
posable. We may choose A so as to be a neighbourhood of any point o! 
G, and therefore G is decomposable at p. 

(e) If an uncnvmerable closed set H is contained in E, and is jio( de- 
composable, it contains a perfect set Q which is not decomposable at any print, 

Let Q be the set of points of H at which H is not decomposable. The 
set Q is closed ; for, if g be a limiting point of Q, and A be a neighbourhood 
of q, then t) (A, H) contains points at which H is not decomposable, *nd 
therefore D (A, H) is not decomposable. Since the set U — Q is open in II, 
it is therefore the outer limiting set of a sequence {L„} of sets closed in II, 
and therefore absolutely; or H — Q = M [L lt L t , ... L„, —)■ Since 11 is 
decomposable at each point of L a , by theorem (a), I) (B, L,) is decom- 
posable at each point of L„ , for the theorem can be applied to the c.« 
when D [H, A„) takes the place of H, and L„ that of B ll where A is tl«e 
neighbourhood of a point of L„. 

By theorem (c), it follows that D {H, L n ) is decomposable; and then, 
by theorem (6), it is seen that D (H, H — Q) is decomposable. Sin« 
E ~ Q + D (H, II — Q), we observe that, if Q were decomposable at an\ 
of its points, H would be decomposable at those points, which is, V? 
hypothesis, not the case. Therefore Q ie not decomposable at any of it’ 
points. The set Q can contain no isolated points, because the set would 
be decomposable at an isolated point. It has thus been shewn that In- 
closed set Q is perfect. 

(/) If 0 bean absolutely open set, contained in E, and no! dteampose Is, 
it must contain an unenumerable dosed set which is not decomposablt, 
consequently contains a perfect set which is not decomposable at any 0/ 
points. 
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In order to prove tho sufficiency of the conditions in the theorem, the 
special case will, in tho first instance, be considered, in which / (®) has the 
value 1, in n part E s , of E, and has the value 0 in E — E x . In accordance 
with the condition in tho theorem, E l and E 3 arc talcen to be each of one 
of the types Ob’, Ob’, Cg*. 

Let it be assumed that E x = lim Gb > , E — E t =- lim 0n\ where {(?„ *} 
and arc sequences of sets, closed in E, each of which is contained in 
the next set of tho spquonee. Let /„ (as) = 1, in (?„ *, and let /„ (x) — 0, 
in Gj?*; at any point of E which docs not belong to 0^ or 0^\ Jet 
/„ (*) -= -= — t-j-, where d 1 , d 7 arc the distances of tho point from the sets 
<?n\ G»\ The function /„ (*) is continuous in E, and / (a:) = lim/„ (a); 
and therefore / (a;) is of class £ 1, in E. Tho sufficiency of the conditions 
has thus been established in tlic special case considered. 


Nest, lct/(*) = c 2 , in E 1 -,f{x) = c s , in E 3 -, .../{*) •» c r , in E r ; whon 
E E t ■}- E. +■ ... + E r ; no two of tlie sets having a point in common. 

It will be shown that, if each of the 6ols E x , E lt ... E r is of typo Os’, 
Og\ Ob’, /(«) is of class £ 1, in E. For, let /<■> (x) bo tho function 
defined by tho specifications /<*){*) = L in E,\ /<•> (x) - 0, in E - E,\ 
lor s - 1, 55, 3, ... r. By what has been proved abovo, /<•> (x) is of class 
£ 1 in E; and since / (*) = Cj/i'i (x) + c./P> (*)+... + c r /< r > {*), it follows 
that/ far) is of class £ 1, in E. 

In the general case, let U and L be the upper and lower boundaries 
of / (x). It has already been pointed out that there is no loss of generality 
in taking XJ and L to have finite values. Lot a mesh (a,, a t , ... a m ) bo 
fitted on to tho linear interval [L, U), whore a, — L,a n — U, and let every 
me3h of the net have breadth < «. Let S bo any positive number < e, 
and let c, denote the set of points of E at which a t — 8 <f(x) < a s ; let 
e, denote the set at which re 3 — S < f (z) < Oj, ... and lot c„ denote the set 
at which a n — 8 < / (»). The sot c, consists of the paints common to tho 
two sets for which / (x) > — 8, / (x) < a,; therefore e, is of type Ob\ 

unless it is of order I, in E. Similarly it is seen that Cj, ... e„ are all of 
type Ou\ or else of order 1, in E. Since E ~ M (e 1; e 1( ... e ro ), we have 
Q — M {D (Q, Cj), D (Q, e a ), ... D {Q, e,„)}, where Q is any perfect set 
contained in E. The sets D {Q, e,) are all of type Oq\ or olBe of the first 
order 'in tho perfect set Q, and arc all consequently of typo OW, or else 
open or closed. 


Since the sets D (Q, «j), D (Q,e«), .... D (Q, e m ) are all of type 0< J >, or 
of the first order, one at least of them must bo compact in Q (see § 187 {»)). 
Thus the condition of the general theorem of § 187 is satisfied, in relation 
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to tiio sets a,, e„, ... e„. It follows that B may be resolved into a sum 
rjn -I- + ••• + where $ r is contained in e rl and is of typo 0l*i, or else 

of order 1. 

Let <f> (a;) be defined by the specifications, if> (x) = a, , in >j , 1 ; <j> (z) * o f , 
in 4el ... 4 {%) = a m , in <f> m . Then <f> (. 1 ) is of class SI, in E; moreover 
j <j> (*)—/{*) | < Sc. Let < have the values <■,, .... in a decreasing 
sequence which converges to zero; and let (x) be the value of 4 (z) 
which corresponds to the value e,, of e. If the sequence {«,} bo so chosen 
that the series 2 «, is convergent, / (a;) is the sum of the absolutely 
convergent series 

4 1 (*) + {<h <*) - 4\ (*)} + (*) - 4'. (*)} + ••• • 

Since the function <£ r+1 {*) — 4r (x) is of class £ 1, in E, and takes only 
a finite number of values, it is the limit of a sequence x r , (*). of continuous 
functions; so that lim Xn {*) “ 4r-u (*) — 4r (*)• Since 
I (*) - 4r (x) [ < 4e r , 

the soquenoo {*,, (*)} can be so ebosen that | {x) | < 4« r , f° r all values 

Of S. 

The continuous funotion (*) + Xu (*) + ••• + X»* (*) 16 * css > ’ n 
absolute value, than 4 (*, + e 2 -f ... + e„); moreover 

J»“ (xi, (*) + Xs. (*> + ... + x„ (*)) - 4p + 1 (*) ~ 4i (*)• 

Let s f be the smallest value of s, such that 

Xu (*) + X2. (*) + - + X*» (*) 

differs from <j>p+i (a;) — 4i ( x ) by less than e„ t ,, and therefore from 
/(a) — 4i (*) by less than 3e, +1 . The number «„ can be determined for 
each value of p ; we have then a sequence 

{Xi* (*) + Xu, (*) + — + Xn p (*)> 

of continuous functions, which converges to / (x) — <f>i (x). Therefore 
/ (a) — 4i (*) is °f class S 1, in E, and consequently / (a) is of class £ 1, 
in E. 

189. It will now be shewn that: 

The necessary and sufficient condition that a , function f (®) defined in a 
set B, which is cither perfect, or open, or the set of points common to a perfect 
and an open set, should be of class £ 1, in E, is that one at least of the t’W sett 
[E,f[ x) > A], [E,f (x) < E] should be compact in every perfect set Q, eon ' 
tained in E, whatever values A and B may have, such that A < B. 

To shew that the condition is necessary, let E t ,E t denote the two sets 

[E,f{x)>A], [ E,f{x)<B ]; then E lt E 2 are, in accordance with tho 

theorem of § 188, each of type 0&, or else of the first order. Since E, or 
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M contains Q, and is therefore compact in Q; so also must be the 
set M {D {E lt Q), D (E t ,Q)}. The two sets D {E lt Q), D (E 2 , Q) being 
both of type OW, or else of order 1, cannot both be of the first category 
with respect to Q (see § 183), therefore one at least of them is compact in 
Q, and consequently one at least of the sets E x , E s is compact in Q. 

To prove that the condition is sufficient, let {#„} be a sequence of 
decreasing values of B which converges to A. Assuming that the condition 
of the theorem is satisfied for A and B n , every point of E belongs to one 
at least of tho sets, both of type 0®*, or else of the first order, for which 
/ (x) > A, and / (x) < B„ . In accordance with the general theorem of 
§ 187 if tho condition of the present theorem be satisfied, since every point 
of E belongs to one at least of the two sets [E,f (x) > A], [E,f (x) < B„], 
E can bo resolved into the sum of two sets X„, Y„, both of typo (M, or 
else of the first ordor; whore X„ is contained in the set [23,/ (x) > A], and 
Y„ is contained in tho set [E,f (x) < 2?.]. Each point for which / (x) > A 
belongs to X„ , from and after some particular value of n, and consequently 

ovory point for which/ (c) > A is contained in the sot M (X t ,X A r „, ...)• 

Therefore the set [E,f(x) > A] is either of type O' 1 * or of tho first order. 
Similarly, it may be shewn that the set [E,f (x) < A] is either of typo 0' s > 
or of the first order. Therefore, by the theorem of § 1 88,/ (x) is of class & 1 . 

190. We are now in a position to establish, in a generalized form, the 
theorem of Bairc, referred to in § 186. 

The necessary and sufficient condition that a Junction / (x); defined in a 
set E, in any number of dimensions, which is cither perfect, or open, or the 
set of points common to a perfect and an open set, is the limit of a sequence 
of functions, all of which are continuous in E, is that f (x) be, at most, 
poinlwise discontinuous with respect to every perfect set contained in E. 

To prove the necessity of the condition, it ■will be shewn that, if a 
porfect set Q, contained in E, is such that / (x) is neither pointwise dis- 
continuous nor continuous, with respect to Q, then / (x) cannot he of 
class 5 1, in E. 

The set of points of Q. at which the saltus of / (x), with respect to Q, is 
£ «; cannot, for every voIub of e, be non-dense in Q ; otherwise / (*) would 
be pointwise discontinuous, or continuous,- in Q. Therefore . c can be so 
chosen that the set is compact in Q-, and consequently a cell A exists, such 
that, at every point of the perfect set D (<2, A), the saltus of / (x), with 
respect to Q, is £ c. If A ond’i? are any two numbers such that 
0 < B - A < c, 

tho set of points [E,A<f (x) < B] cannot be compact in D (Q, A), for 
otherwise the saltus of/ (x), with respect to Q, in D {Q, A) could not exceed 
B — A. A set of intervals (A l5 15]), (A 1; B t ), ... ( A r ,B r ) each of which is 
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to the sets e, , e- , ... e ra . It follows that E may be resolved into a sum 
fa + fa + +■ where <f> r i6 contained in e„ and is of type OTO, or else 

of order 1, 

Let ij> (*) be defined by the specifications, <£ (») = a lt in f, f (*) =. 0li 
in </>.; ... 4> (z) = « m> in <f>„. Then <fi (a) is of class £ 1, in E\ moreover 
( rf> (z) — /(z) | < 2e. Let e have the values <„ e 2 , in a decreasing 
sequence which converges to zero; and let <j>, (x) be the value of j4(r) 
which corresponds to the value e r , of c. If the sequence {e r } bo so chosen 
that the series £ < r is convergent, / { x ) is the sum of the absolutely 
convergent scries 

fa (*) + {fa (*) - <f>i (*)> + {fa (*) - fa {*)} + 

Since the function fa +1 (z) — fa (a - ) is of class £ 1, in E, and takes only 
a finite number of values, it is the limit of a sequence x„ (*), of continuous 
functions; so that lim x„ (z) -= fa tl (x) - fa (z). Since 

I fa+i W - fa (*) I < 

the sequence {x„ (z)} can be so chosen that | Xn (*) ! < 4e r , for nil values 
of s. 

The continuous function (a) + Xu (*) + ••• + Xn (*) k * CS8 > ‘ n 
absolute value, than 4. («, -|- t t -J- ... •!- e s ) ; moreover 

Km {*!• (z) + xu <*) + + X« (*)} = fa+i (*) “ fa (*)• 

Lot s„ be the smallest value of s, such that 

Xi. (*) + X*. (*) + — + Xu <*) 

differs from (z) — <fi 1 (z) by less than e, +l , and tbereforo from 
fix) - fa (x) by less tfian The number s p can be determined lot 

each value of ji ; we have then a sequence 

Uiv (*) + Xm p (*) + — + Xv> p (*)} 

of continuous functions, which convorges to f (z) — fa (»)• Therefore 
/ (z) — rj>i (z) is of class £ 1, in E, and consequently / (x) is of class £ I. 
in E. 

189. It will now be shewn that: 

The necessary and. sufficient condition that a function f (%) defined tn a 
set E, which is either perfect, or open, or the set of points common to a jitrjat 
and an open set, should be of class s 1, in E, is that one at least of the boo ids 
[E,f{x) > A], lE,f(x) < 5] should be compact in every perfect set Q, «»- 
tained in E, whatever values A and B may have, such that A < B. 

To shew that the condition is necessary, let E ± , E t denote the two -ris 

[E,f [x) > A], [. E,f(z)<B ]; then E ly E 2 are, in accordance with toe 

theorem of § 188, each of type Oto, or else of the first order. Since , 
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M [E u JSj), contains Q, and is therefore compact in Q; so also must be the 
set M {D (Ej.Q), D {E t , Q)}. The two sets D(E r ,Q), D (E„ Q) being 
both of type 0P>, or else of order 1, cannot both be of the first category 
with respect to Q (see § 183), therefore one at least of them is compact in 
Q, and consequently one at least of tho sets E , , fi 2 is compact in Q. 

To prove that the condition is sufficient, let {B„} he a sequence of 
decreasing values of B which converges to A . Assuming that the condition 
of the theorem is satisfied for A and B„ , every point of E belongs to one 
at least of the sets, both of type O'b, or else of the first order, for which 
f (x)> A, and f[x)<B„. In accordance with the general theorem of 
.§ 187 if the condition of the present theorem be satisfied, since every point 
of E belongs to one at least of the two s etc [E,f (x) > A], [E,f(x) < B„), 
E can bo resolved into the sum of two sets X K , T„, both of type OP), or 
elso of the first order; where X„ is contained in the set [E,f (x) > A], and 
Y n is contained in tho set [E,f (*) < !?„]. Each point for which f (x) > A 
belongs to X„ , from and after some particular value of n, and consequently 
Bvery point for which/ (*) > A is contained in the 6ct M (X,, X t , ... X„, ...). 
Therefore the set [E,f{ x) > A] is cither of type O® or of the first order. 
Similarly, it may be shewn that the set [E,f (x) < A] is cither of typo 0P> 
or of the first order. Therefore, by tho theorem of § 188,/ (*) is of class A 1. 

190. We arc now in a position to establish, in a generalized form, tho 
theorem of Baire, referred to in § 185. 

The necessary and sufficient condition that a function f (x), defined in a 
set E, in any number of dimensions, which is cither perfect, or open, or the 
stl of points common to a perfect and an open set, is the limit of a sequence 
of functions, all of which are continuous in E, is that, f (x) be, at most, 
poinlmse discontinuous with respect to every perfect set contained in E. 

To prove the necessity of the condition, it will be shown that, if a 
perfect set Q, aontained in E, is such that / (x) is neither pointwisc dis- 
continuous nor continuous, with respect to Q, then / ( x ) cannot be of 
class A I, in E. 

The set of points of Q at which the saltus of / (x), with respect to Q, is 
a «, cannot, for every value of «, be n on-dense in Q\ otherwise / (*) would 
be pointwise discontinuous, or continuous, in Q. Therefore e can be so 
chosen that the set is compact in Q; and consequently a cell A exists, such 
that, at every point of the perfect set D (Q, A), the saltus of f{x), with 
respect to Q, is S <v If A and'B are any two numbers such that 
0 < B — A < «, 

the set of points \E, A <f (x) < B] cannot he compact, in D (Q, A), for 
Otherwise the saltus of / (a), with respect to Q, in D [Q, A) could not exceed 
B-A. A set of intervals (A„ Bf), (A 2 , B t ), ... (A,, B r ) each of which is. 
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of measure < e, and such that any two of them may overlap, can be fo 
determined that every value of / (x) lies within one or more of the interval*. 
It is here assumed that / (x) is bounded; it having been shewn in §185 
that this involves no real restriction upon the generality of the theorem. 
Let e, denote tho set [E, A,<f (x) < B a \ for s = 1, 2, 3, ...r; then 
E « M (e t , e., ... e,). If all the sets ej, e,, ... e, were cither of type 0' 1 \ 
or of order 1, one at least of them would be compact in 1) [Q,A); as this 
is not tho case, there must be at least one 6et e, which is neither of type OH, 
nor of order 1. Consequently, from the theorem of § 18!),/ (x) cannot be 
of elnss S 1, in E; since the sets [E,f(x) > A,], [E,f (*) < B t ] arc not both 
of typo 0 [a or of the first order. 

To prove that tho condition in the theorem is sufficient, it will bo shewn 
that if /(x) is not of class S 1, there is contained in E a perfect scl Q, 
with respect to wliicli / (*) is neither pointwise discontinuous nor contin- 
uous. If no such set Q exists, it will then follow that / (x) is of class £ I, 
in B. 

It follows from the theorem of § 189 that, if / (x) is not of class £ 1, 
in E, a perfect set Q, and two numbers A, B, where A < B, exist, such 
that neither of the sets \E,f(x) > A], [. E,f(x)<B ] is compact in Q. 
If q bo any point of Q, an interval or cell A, containing q within it, can be 
so determined that there exist in A points of Q which do not belong to 
tho sot [E,f (x) > A], and also points of Q which do not belong to tho set 
\E,f{x) < B]. There are therefore, in A, points at which / (x) 5 A, and 
also points at which / (x) S B. Since A is an arbitrary neighbourhood ol j, 
it follows that tlie saltus of / (x), at q, with respect to Q, is £ U — A, 
Therefore every point q, of Q, is a point of discontinuity of / (x); nnd thus 
/ (x) is totally discontinuous in Q. The sufficiency of the condition in the 
theorem has accordingly been established. 

It may be observed that, when the function / (x) satisfies tho condition 
of the theorem, it follows from the results of § 101 , that/(x) may 1* 
exhibited as the sum of a series of finite polynomials, the scries converging 
to / (x) at all points of E. 

THE CONVERGENCE OF MONOTONE SEQUENCES OF FONCTIONS 

191. A special case of the convergence of a sequence of functions 
continuous in a given set E, which we may take to be perfect, or open, or 
the set common to a perfect and an open set, is that which nriscs when the 
sequence is monotone. In such a case the limit of the sequence is an l- 
function, or a w-f unction, according as the sequence is non-diniinisinng c 
non-increasing (see § 103). 

The following theorem has reference to this case : 

The neccesary and sufficient condition that a function f (x), defined in a 
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set E, open, or perfect, or consisting of the points which an open and a perfect 
set have in common, is an l-function in E is that, for every value of A, the set 
■ [ E,f (x) > A] which consists of those points of E at which f (x) > A, is open 
in. E. The necessary and sufficient condition that.f(x) is a u-funclion is that 
the set [E,f (x) < A] is, for every value of A, open in E. 

If [E,f(: r) > A] is open in E then [E,f (x) £ A] is closed in E. It is 
sufficient, to establish the first part of the theorem, as the. second part can 
be deduced by changing the signs off (x) and of A. 

Let £ be a limiting point, in E, of the set [22,/ (x) & A] ; then, if e be an 
arbitrary positive, number, there is a neighbourhood of £, such that at 
every point of E, in that neighbourhood, / (x) > f (f) — e. Since x may 
be a point of the set \E,f (*) £ A], we ha ve/(f) < « -f A ; and since c is 
arbitrary, it follows that/ (£) S> A ; thus £ belongs to the set [22,/ (x) £ A], 
which is therefore closed in E ; and consequently the complementary set 
[E,f (x) > A] is open in E. The necessity of the condition has thus been 
established. . 

To prove its sufficiency, let it be assumed that the set [22, / (x) £ A} is 
closed in E, for every value of A. If, at a point £, of B, the function is 
not lower semi-continuous in E, there exists a positive number a such 
that, in every neighbourhood of $, there are points of E at which 
/(x) & f {£) — a, and £ must bo n limiting point of the set of all sucli 
points. Therefore the set [22,/ (x) 5/(£) — a] is not closed in E, which is 
contrary to the hypothesis. Accordingly / (x) is lower scmi-continuous with 
respect to E, at every point of E. 

192. We proceed to give the, corresponding theorems for lu-l unctions ■ 
and for uJ-functions. 

The necessary and sufficient condition that, in a set E, of the same 
character as before, the function f (*) is an luf unction is that the set [ E,f(x ) >A] 
should be a set of type 0 e\ for every value of A. The necessary and sufficient 
condition that f (*) should be a uUfunction- in E is that the. set \E,f (x) < A] 

. should be, for every value of A, of type O'f. 

It is sufficient to prove the first part of this theorem, as the second 
part is immediately deduoiblc from the first. To prove the necessity of 
the theorem, since an fa-function / (x) is the limit of a monotone increasing 
sequence of w-funetions f„ (x), the set of points [E,f (x) & A] is the inner 
limiting set of the sequence of set s[E,f n (x)<A], for n — 1,2, 3,..., and all 
these Bets arc of the type O^ 1 . Therefore the set [22,/ (*).£ A] is of type 
df , and consequently the set [E,f (x) > A) is of type 0 ( f. 

To prove the sufficiency of the condition, let V and L denote the upper 
and lower boundaries of / (x) in E. Let a system of nets be fitted on to 
the linear interval (L — s, U -{- «); and let a^, a„ a,, ... a„ m be the end- 
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points of the meshes of the net D„, of the system. Let the function / (r) 
he defined by the role that /„ (x) = o,_, at all points of the set 
[E, a,., < / fa) -5 o r ], for r = 1, 2, 3, ... , n m ; then the monotone sequence 
{/„ ( x )} converges uniformly in E to f fa). The function /„ (i) may he 
expressed in the form f n 0 (x) -f-/>i fa) q- ... ~f„, nni _, fa), where f a 
in E ■ /„ far) = a, - a 0) in [BJ fa) > aj , / nl (x) = 0 in [E,f (a) 5 D ,] ; an <l 
generally/,, fa) = n r - n,., , in [E,J fa. ) > «,J, and/,, (z) = 0, in [-£,/>) 5 a, j, 
By hypothesis the set [E,f fa) > a, ] is of type O^ 1 , and is therefore the 
outer limiting set of a sequence of sets all of which are of type (ff ; it follows 
that /„, (*) is the limit of a monotone increasing sequence of functions 
[<j>„ fa)) each of which has the value a, — n,_ j in a set of type c-ontaincd 
hr the set [E,f fa) > a,]; and each of the sets <f>„ fa) is a w-f unction. It 
follows that the function f„ fa) is, for each value of r, an fa-function. 
Therefore /„ fa) is also an lu-function. Hence, since {/„(*;)} converges 
uniformly to J fa), f fa) is also an fu-function (see § 113). 

By the theorem of § 188, if/ fa) is of class £ I, both the £ets[£,/{r)>d], 
[E,f fa) < A] are of type Or’, or else of the first order. It thus appears 
from the above theorem t hat a Junction of class £ 1, in the set E, uiiich it 
open, or perfect, or the set common to an open or perfect set, is both a ul- 
function and an lu-funclion, unless it be a v-funclion or an l -function. 

B AIRE'S CLASSIFICATION OF FUNCTIONS 

193. A classification of functions was introduced by Baire*, depending 
upon the properties of the functions in relation to their representation at 
limits of sequences of functions. In § 185, functions continuous relative to 
a given domain E were defined to be of class 0, in E; and nny function 
wliich is the limit of a sequence of functions of class 0, in E, was defined 
to be of class 1, in case it is not of class 0, in E. 

Functions of class 2 '.mu similarly be defined as functions which ate, 
in E, the limits of sequences of functions of class < 2, provided they arc 
not themselves of class < 2, in E. It can be shewn, by means of an example, 
that functions of class 2 exist. Consider the function / fa), in a continuous 
linear interval, which has the value 1, for all rational values of x, and the 
value 0 for every irrational value of x. This function is totally discontinuous, 
and is therefore not of class 0, or of class 1, but it can be seen io l» the 
limit of a sequence of functions, all of which are of class 1. Let/ (x) 1» 
defined as having the value 1 at every point at wliich the value of x is 
rational and has for its denominator, when expressed in its lowest terms, an 
integer not exceeding v. and let/ n (x) have the value 0 at all other point*, 
this function has then only a finite number of discontinuities in any given 
* Comptu Rtniut, vol. c«n (189S). p. 1010 and Anmti it Hal. (3) A, roL nl (1690); 
Baire's in&tiw, Lefong gur IggJemcJiong iigeoutinveg. 



192 , ifls] Havre's Classification of Functions 277 

interval, and therefore belongs to class 1. The function / (x) is the limit 
of the sequence {/„ (*)}, and is of class 2. 

It is capable of the analytical representation 

/(*) = lim Iim (cos to! itxf n . 

A function which is of class 2, in a given cell or interval, can be represented 
by a double series 2 2 P„,„ (x), where P m , n (x) denotes a finite poly- 
nomial. This double series cannot he reduced to a single one, the terms of 
which are continuous, for the function would then not be of class 2. 

Tho definition can be extended by indnotion so as to apply to a function 
of class p, in the domain E, where p is a finite ordinal. A function is of 
olass p, in E, if it is the limit of a sequence of functions all of which arc of 
class < p, provided it is not itself of class < p. The definition can Still 
further be extended, by transfinite induction, to apply to a function of 
class ft where ^ is an ordinal number of the second class. A function is 
of class ft when it is tho limit of a sequence of functions, all of which are of 
olass < ft provided it be not itself of olass < ft 

A proof lias been given by Lcbcsgiio’* that, functions of class y exist, 
whore y is an ordinal number of the first, or of tho second, class. A simpler 
form of this proof has been given by de la Vallde Poussin-)-. Baire’s classi- 
fication of functions is of importance in relation to the question as to tho 
characteristics ofa function which is representable analytically. A function 
that can be constructed by carrying out, according to a norm, a finite, or 
enumerable, set of additions, multiplications, and of passages to the limit, 
operating with variables and constants, may be said to be representable 
analytically. Tho other operations employed in Analysis are reducible to 
those here enumerated. This definition will include cases in wluch the 
function js multiple valued. It has been shewn by Lcbcsguc that every 
single-valued function, that is representable analytically, in a cell, or 
interval, is not only measurable, but measurable ( B ), in the sense that the 
set of points at wliich the function exceeds in value an arbitrarily pre- 
scribed number is measurable (B). Lebcsgue has further shewn that every 
such function belongs to one of Bairc’s classes;). 

It can bo shewn that the totality of functions of all classes, in a given 
domain, has the cardinal number of the continuum. This can be proved 
by induction and transfinite induction. Let it be assumed to be true for 
all tho functions of class < y, where y is a number of the first or second 
class. If /„ {*) be a function of class S y, we iiave 
/(*) = /„ (x), 

* LfoBwHeV J<wranI(r>),Yoi. 1(190$). p. 139. | InUgrOait LtbagMi 1 91G), pp. 140-151 

t Lot. t SI. p. 170. 
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where the functions /„ (x) are all of class < y. Each such function / (s) 
corresponds to an association of the integers v with a particular number of 
the aggregate of functions of class S fi, the totality of which has, by 
hypothesis, the cardinal number c; it follows that the aggregate of all 
such functions/ (x) has the cardinal number c Ki , or c (see I, § 183). Tho 
aggregate of functions of class 0 has cardinal number c (see r, §210); lienee 
it follows, by finite and transfinite induction, that the aggregate of all the 
functions of class & y has the cardinal number c. 

It has been shewn, in I, § 216, that the aggregate of all functions has its 
onxdinal number > c; it was accordingly affirmed by Baire that fnnotions 
exist which do not belong to any class, either of finite, or of transfinite 
order. Lebesgue has shewn* how to define effectively functions which 
do not belong to any class, and which arc consequently not representnblo 
analytically. It should be observed that, in the whole theory of functions 
of Baire’s classes, all the functions may be taken to be bounded; ns this 
entails no real loss of generality. 
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195 The following theorem will established : 

i ,,tn{(x\ in B, <md all the functions 
If a sapience*/* <*)> converges uniformly tof (*), *• 

nTeofclass*iv,t1i<™J( :c ) i * 0 f dassSr ’ m u 

A „™« focusing «.»»■» W “**•“ “ 

, l . 1 0 3 and for all points of E. Eel 

^ j*) ^ ^ «» aro ° f d ““ <y ' 7 

, , I j I < . i_ for all values of r (> 1) and m. 

(6), we may take j (*) I s jjr-i' 1OT 

w.h»™ |/w 1 (*m 

*„,>». The «xp re «lon m th« rie»-h an a s.dc Is 
11, 

S | /(*»-/.,<*) 1 + 2 s + 2=° 

■ .... 1 , 1 or < JL . We thus have 

and this is < g r + gSZT’ or 2 m_s 

j (») - lim «... 0) + #•- W t - + *" M>: 

and it then follows that / (a:) is of class £ y. 

1». The »«, «. B»M, I- fjt’ 

certain species of sets of P Q1J ite o "j ^ of c C ts of points, of orders. 

The M* limiting -t of . «*™> l« "i”^»“ a 7«oh Lt“h 

a*-* « °> «- ”ST” “ T« '•»»“ <" 

•of them arc of type Oe or 0 E ’ n «n or q***. It is here 

is said to be of type Of; , in case it ° for types of order <y, 

assumed that the definition has already heen given typ 
and the method of induction is then employed. 
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The following are generalizations of theorems given in § 182: 

The complement, with respect to E, of a set of type 0 ( f is of type O'g : 
and the converse. 

Tin's theorem has been proved in § 182, for the case y — 2; and it may 
be deduced by finite and transfinite deduction. Assume that the theorem 
holds for every number y < y. A set of type Or is the outer limiting set 
■ ol a sequence of sets, all of order < y, in E. The complement in E of the 
given set is accordingly the inner limiting set of a sequence of sets, 
all of which are of order < y; therefore this complement is of type cfg, 
or else of order < y. It cannot be of order < y, for if it were bo, its comple- 
ment, the given set, would be, by hypothesis, of order < y. Hence the 
complementary set is of type (fg. 

The part of a set of type O'e which is in E lf a part of E, is of type 0$, 
or else of order < y, in J?, . In particular, the part of a set of type 0M lohich is 
in any set E, , is of type Of?, or else of order < y, in E t . 

The corresponding result holds for a set of type df?. 

This may bo proved by induction, commencing with the case y =• 2, 
for which the theorem has been proved in § 182. Let it bo assumed that 
the theorem is true for all numbers y' < y. 

The given set is the outer limiting set of a sequence of sets, ail of order 

< y; the part of each of these that is in E, is of order < y. Therefore the 
part of the given set that is in 2?, is the outer limiting set of a sequence 
of sots, ail of which are of order < y; from which the result follows. Since 
the theorem holds for y — 2, it holds generally. The corresponding 
theorem for a set of type && follows from the fact that, the complement, 
with respect to E, of suoh a set. is of type df?. 

If E consist of a perfect set, or an open set, or of the points which an open 
and a closed set have, in common, a set of type Of? is of type O ,• and a set 
of type Ci; is of type 

Tiie theorem lias already been proved in § 184, for the case y = 2. 
Let it be assumed to bo true for every number y' < y. A set of type 
is the outer limiting set of a sequence of sets, all of which are of type < y, 
in E. By hypothesis these are all of type < y, in ft'„. It follows that the 
given set is ol type OW, or else of order less than y. The latter cannot be 
the ease, for if the set were of order less than y, in S„, it would be of order 

< y, in E. Therefore the given set is of type 0W>. Since the theorem bolds 
for y ”» 2. it holds generally. 

The necessary and sufficient conditions that a function defined in a 
given set of points should be of class y, where y is any number of the first 
and second class, have ,bcen obtained as generalizations of the theorems 
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dense jn H ; and thus that (z) is at roost point-wise discontinuous with 
respect to //. From the tbc-orom of § 190, it follows that 4>n {*) i* of class 
1, in A. 

If K be the outer limiting set of {(?„}, we have m (K) = m (A), and in 
K we have lim. A„ (z) = / (t), whereas in A — K we have lim (z) = 0, 
If we denote by <£ (z) the function defined, in A, os lim A, (z),/ (x) — ^ (z) 
differs from zero only at points belonging to the set A — K, of measure 
zero: moreover -A (z)'ia of class a 2. 

Next, let the measurable function J (x) be defined everywhere in the 
space /!,; and let {A n } be a sequence of cells, or intervals, each of which 
■ in contained in the next, and such that the span of A_ increases indefinitely 
with m. Let {<„} denote a sequence of positive numbers converging to 
zero; and let Q„ be a perfect set contained in A m , and such that 
m(A„)-m «?„)<<„; 

and this for each value of m. It is easily seen that the sequence {<?„} may- 
be bo chosen that each set is contained in. the next. For if G. does not 
contain Q t , we can replace G, by G, + D (G t , A. — G.) t which is also a 
, perfect eet. To see this we observe that every point of it which belongs 
to G. is a limiting point of the set, and every point which belongs to 
D(G l ,A l — GJ is the limit of a sequence of points of Cf lt ail of which 
belong either to G. or to I? (G, , A. — G t ), and thus the set is dense in itself. 
In any neighbourhood of « limiting point of the set there is an. infinite 
set. of points of O,. or an infinite set of points of G, that do not belong to 
G,\ thus the point must belong either to <7, or to G,, and thus belongs to 
G t -j- D (G,, A a — G,l; therefore the set is closed. .Since it is dense in 
itself, and closed, it is perfect. We can proceed in a similar manner to 
ensure that <7, is contained in C 3 , and so on. 

Let A„ (x) •» / (x), in G r , and A„ (x) ** 0, in the rest of the space S y ; 
then ( z ) is of class 5 1, in A„, and therefore in S p - The sequence 

(x)} converges in A„, almost, everywhere to / (x ) ; for if we consider 
the sequence (z), An*] (z), ... A„, r (z), ... , the function lx) is 
continuous relatively to G nir> and therefore relatively to G„. Moreover 
wo have m (A„„) — m (G„„)< hence if denote the perfect 
part of G_,, r that is contained in A„, we have 
m (A„) - in < 7ntr ) < 

ThtinG,,. p„,, r p„. : , ... , is a sequence of perfect sets, all contained in A„, 
each one contained in the next, and such that lim m (<?„,,) in {A,,}; it 
follows that, in A„, the sequence A,. lx), M. ... <A„m.(x), ... .converges 
nimest. everywhere to/ (x). Since m may have all integral values, it follows 
that the, .sequence {A. fx)} converges almost everywhere in to She value 
of /{xj, and in the remaining points it converge to zero. 
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In case the function / (x) is defined in a measurable set E, of finite, or 
of infinite, measure, we may suppose / (x) to be extended to the whole 
space 8 , , by assuming that its value is zero at all points of the complement 
of E; it remains a measurable function when so extended. The sequence 
{<£„ (*)} corresponding to this extended function may then be applied only 
to E. 

We have thus established the following theorem : 

Iff (x) be a measurable function, defined in a measurable set E, of finite, 
or of infinite, measure, and in any number of dimensions, there exists in E 
a function </> (x), of doss S 2, such that its value differs from that of / (/) 
only at points of E belonging to a set of measure zero. 

In comparing this theorem with that given in § 179, we observe that, 
in the present case / (a) is representable almost everywhere by a sequence 
of functions, of class & 1, which is convergent everywhere in E, without 
exception, although it may not converge to / (x) everywhere in E\ whereas 
in the theorem of § 179, /(x) is represented almost everywhere in E as 
the limit of a sequence of functions of class 0, but this sequence is not 
necessarily convergent everywhere, without exception, in E. 

TOE PRIMITIVES OF A FUNCTION IN A FINITE INTERVAL 

198. If a measurable function / (x) be defined in a given linear interval 
(a, b), infinite values being admitted, the question arises whether a con- 
tinuous function F (a) exists which has, almost everywhere in (a, b), tt 
differential coefficient of which the value is / (x). Such a function F (*) is 
said to be, in a more general sense, than that employed In I, § 343, aprimitivc 
of / (a:). It has been shown in i, § 298, that the function F (x) cannot have 
an infinite differential coefficient at all points of a SBt which has its measure 
> 0; accordingly, the question can only admit of an affirmative answer in 
case / (a) is almost everywhere finite, and it will therefore be assumed that 
tills is the case. Tire answer to the question, with this restriction, is 
contained in a theorem due to Lusin*, which may be stated as follows: 

If a function f (x) be measurable in the finite linear interval (a, b), and 
be finite almost everywhere, there exists a continuous function F (x), such that, 
almost everywhere in (a, b), F’ (x) exists, and has the value / <x). The function 
F (x) is, in general, not unique; two values of F (x) not, in general, differing 
from one another by a constant. 

In case the function / (x) has an /.-integral, or a D-fatcgral, in (a,b), 
j f (x) dx is a primitive which has, almost everywhere in [a, &), a differential 
coefficient equal to/(x) (see I, § 470); thus J*/(x) dx + 0 belongs to fhc 
* Complex Rendu*, rol. mm (191G), p. 07B. 



197-iso} The Primitives of a Function in a Finite Interval 285 

class of primitives of /(*). Further, if / (x) be everywhere finite in (a, 6), 

1 and it is known that / (*) is a differential coefficient, then (i, § 471) / (a) 
has a D-intcgral in (a, b). Moreover, the only primitives which have a 
differential coefficient equal to / (x), everywhere in (a, ft), with the possible 
exception of an enumerable set of points, are the primitives 

j f (*) dx + C ; 

this is the case in virtue of the theorem given in r, § 267. 

199. In order to prove Luma’s theorem, two lemmas will be required : 

Lemma I. Ij / {x) be a continuous function, defined in the interval (a, b), 
a continuous function <f> (x) can be so determined that \ <j> (*)—/(*) [ < «, 
in (a, b); <j> (a) ~/(a), <f> (ft) —/(h); and <f>' (*) = 0, alnwsl everywhere in 
(a, b); where t is an arbitrarily chosen positive number. 

Let. (ft, P) bo any sub-interval in (o, b), and let 0 be o perfect non-dense 
set of points in [a, fi), of measure zero. A correspondence exists between 
the points of (<z, p), and the points and contiguous intervals of G, such that 
to all points P' of an interval contiguous to G there corresponds a single 
point P of (<t, p), and to a point P', of Q, there corresponds a single point J 5 
. of (a, p ) ; the relation of order of all points P being the same as for the 
corresponding points of G or of contiguous intervals. 

Lot <j> (*) have at each point P' the value of / (z) at the corresponding 
point P; thus <J> (x) is constant in each interval contiguous to G. Since G 
has measure zero, <p’ i x ) exists almost everywhere in (a, p), and has the 
value zero ; also <f> (a) **< / («), <j> (P) (/?)• 

The interval {a, b ) can be divided into a finite number of parts («, /3), 
in each of which the fluctuation of/ (s) is < e. In each part, <j> (*) is defined 
as above, and <f> [x] has ill [a, p) the same range of values as / (a:); thus it 
is clear that | ^ (a:) — /(*) | < e, in (a, ft); moreover j/ (x) = 0, almost 
everywhere in (a, 6), and is such that <}> [a) = / (a), (b) =f (6). 

Lemma II. If f\x) be measurable in (a, ft), and finite almost everywhere, 
an enumerable set of van-dense perfect sets {G„} can be so determined that 
no two of the sets have a point in common, that the sum of their measures is 
equal to that of the whole interval, and that f (a;) is bounded, in each set. 
Moreover Ike sets can be so determined that ike points a, b do not belong to 
any of them. 

If A be a positive number, and c v he the set of points at which 
I / (*) I < we have lim m (e.v) — b - a =1. A value N , , of N, can be so 
chosen that m («,v,)> Jf, and a non-dense perfect set (7, can he chosen as 
apart of e K , so that m. (G,) > \l% the complementary setO (G,) lias measure 
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< ll. As before, a non-dense perfect set G., contained in C (C,), can k 
determined, such that J/ (*} | is, in G. , < N . , where N 2 > N , , and such lhji 

Proceeding in this manner, every point of {a, b) belongs to one of the ret? 
<7„ G 2 , C (G „) ; and m{C(G„)}< -1. Thus S "m (G,) converge? 

to t, as 71 — 1» ; moreover in any set G„, we have |/(z) | < A’ n . 

200. We can now proceed to the proof of Lusin’s theorem. Let {<?,} 
be the sequence oi perfect sets, constructed so that the condition 1 ! ci 
Lemma H are satisfied. 

Let S{ B) , Sj , ... ..., denote the intervals contiguous to G % \ (he 

integer A„ can be so chosen that E m (if ) < m (G v ). There are A. -f I 
*»+i 

intervals Aj , A«“ , ... A'^' +1 complementary to the A, intervals 
if\ S ?\ ... Si" 1 ; and fu (A'"*) < 2m (G„). 

Let f„ (x) -f(x), in the points of G„, aDd /„ (x) - 0, in C ((?„); let 
4n (*) = J /„ (*) dx, the integral existing as an L-integral, because / (i) 
is bounded in G„ . The function >}>„ (x) is continuous in (a, 6), and is constant 
in each of the intervals contiguous to G„. Let <p n (x) be any function, 
continuous in (a, 6), and such that <p„ (z) = <f, n (x), in the intervals 
Sj"*, 5;"*, ... Si” 1 , and such that <{i' a (x) — 0, almost everywhere in (a, h), 
and satisfies the condition | ifi n (z) — J>„ ( x ) | < where g„ is the length 

of the least of the intervals A*" 1 , A?” 1 , ... Ai"^. t . That (z) can be deter- 
mined so as to satisfy these conditions, follows from Lemma L 

Let F„ (x) — <f>„ (z) — ifr n (x); then F n (x) is continuous in (a, 6); it i? 
such that ] -Fn (*) | < ^, in (a, b); it vanishes in each of the interval! 
Si” 1 , Sn" , ... si"*; and F n ' (x) = f (x), at almost all points of (7,.. 

Let us consider the function F (z) = E F„ (z). Since 

l*.WI<£<g. 

the series converges uniformly and absolutely in {a, 6), and therefore 
F { x ) is continuous m (a, 6); it will be shewn to be a primitive, such as i-' 
required. 
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Since /'Y (*) — 0, almost everywhere in C (O n ), and F n ' (x) ~f (ck), 
almost everywhere jn (?„, there exists a set of points S, of measure zero, 
such that each of the functions {F n (ar)} has a differential coefficient that 
is not infinite, for alt points not in S; also t\' (*), jSY ( x ), .... are in C (<S) 
all zero, except that one of them has the value / (.t). If i £ A„ + 1, odd to 
A[ n> two intervals, of length g n , one on the right and the other on the loft; 
and let the interval so extended bo denoted by where t— 1 , 2 , 3, ... A„+ 1 . 

Consider the set E n , of points which belong to one or more of the intervals 
7.7^, Ui\ ... Vmi; we have 

m (E„) m (U™) £ 3*2* m (A,'"') S Cm (0„) ; 
consequently the sorios 2 m (E n ) is convergent. It follows that the sot T 
of points, each of which bolongs to an infinite number of the sots E , , 
ii?s, ... , has its measure zero. 

Let i! bo tlio sot of points of (a, b) that do not belong to S or to T; 
then m (jR) *= l. Each point of R bolongs only to a finite number, of the 
sets {!?„}• It will ho shewn that, at every point x, of R, F' (a) / (#). 

Let f be a point of R, then 

E (f + !‘) - F (?) ? F. (i + h) - F„ tf) 

. h 1 ’ 

The numliur N may ho so chosen that £ docs not belong to En-hi^nh t , ... ; 
thuB, if » > N, f is interior to one of the intervals Sj"’, 5t"\ ... S*" 1 ; and 
therefore F„ (|) — 0, for n > N\ thus 

ti-iv+1 h h-w+i h 

If h bo such that F„ (£ + h) 4= 0, ( + h is outside Si* 1 , S L*‘ 1 , ... 8*"’, that is 
interior to an interval Aj*\ Aj 1 ', ... A»H+ii butf is exterior to E n , and there- 
fore to all the intervals Vi, U ™, ... C7]£+i. It follows that | h | >g a , and 
thus that . . 

.1 s + S 

| n-jv-t-i b I ti-w+i !7„ 

Since \ F„ (z) j < |;, if n > N, we have, in the whole of (a, b), 

£ |j.tf + a) t “2^2. 

n-w +1 g n ' «.. W+ l2»^2*‘ 

and therefore 

l*tf + *)-*(?) + . 1 

I k rt, Tt I 2 Tf> 
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wherc N is fixed, and h is arbitrary. It follows that each of the four 
derivatives of F {*), at £, differs from F,' (£) + F,’ (|) + ... + P x ' (f) 
Jess than -X.. A number ft?, can be so fixed that, for N > N lt 

*V tf) + F t ' tf) + ... + .sy (I) -/«); 

therefore F (x) lias a differential coefficient at $, which Jins the value/ff); 
this is the ease everywhere in (a, b), except at points of S or T. 

The theorem has accordingly been established. 

It will he observed that the set R is of the first category; the question 
whether F (sr) can be so determined that F' (x) = / (a), at all points o( 
a set of the second category', remains opeu. 



CHAPTER V 

SEQUENCES OF INTEGRALS 
THE INTEGRATION OF SERIES AND SEQUENCES 
201. Wlien a function is represented in some given field ot tiie variable 
or variables by a series which converges to the value of tho function, it is 
important to be in possession of conditions which shall ensure that the 
sum of the integrals of tho terms of the series shall converge to the integral 
of tho siiin-funetion, the integrals being taken over the given Held, or over 
some part of it. 

If s„ (x) denote the nth partial sum of a series/, (*) ■+ /, (x) + ... , which 
converges to * (a:), in a field E, the condition is identical with that for the 
convergence of fs„(z)dz to Js (*) dx. Thus, when {s n {a:)} represents a 
sequence of functions of one or more variables, typified by x, which con- 
verges to s (*), in a field E, and lim j s„ {*) dx ~ I s {x) dx, tho 
11 — ® J IE] * (E) 

sequenoe {«„ (x)} is said to be an intcgrablc sequence, in the held E, which 
is taken to-be a measurable set of points in one or more dimensions; the 
integrals being assumed to exist in accordance with the definition of 
Lebesgue, which implies that tho set E is measurable. The measure of E 
may be finite or infinite. 

In case, lim fs n (z) dx = js (z) dx, not only when the field of integration 
is E, but also when the integrals arc taken over any mensurable part F, 
of E, the sequence is said to be completely integrate over tho set E. This 
terminology was introduced * by Vitali. 

Proofs that the convergence of a series to its sum-function is sufficient 
to ensure the validity of term by term integration were advanced by 
Cauchy and by Moigno. These proofs, although they are invalid, may bo 
accepted as signs that Mathematicians had, early in tho nineteenth century, 
become conscious that the validity of the process was in need of investiga- 
tion. 

202. A very important criterion of a genoral character is contained 
in the following theorem, which is a generalisation of a theorem duef to 
Lobesgue. 

If a sequence {s„ (a:)} of functions, all of which are summdble in a measur- 
able set E, of one or more dimensions, and of finite or infinite measure, con- 
* Xemtiamli Jet Circ. Mat, it Palermo, vol. xxm (1007), p, 140. 
t Lemons oarTintegratton, p. 114. 
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vayn at till points of K to the. value* of it function a (x), it t> mifjident j» 
order that j. a (*) dx i uny cxiut, and that the m/uenec {«„ (a:)} k aimjimhj 
intcgmhh over the eel IS, that a non-negative function ij i (*) i diauld cxiut vhkk 
in tntmmable over IS, and mtek that | «„ (x) \ ri i/> (a:), for all vahrn of n mid}- 
On IS). 

Moreover the canoergeiiec. of the inteyntln j /r„ (:e) dx to j * ( r)tU h 
uniform for all nmnurahh net* V mvtaine.il in IS, 

Si, should lx; obaowal that, if, in Ji, thorn in mi exceptional not, at 
of nuutHurn zero, at which the ncijuonco {n„ (x)) docn not converge, Dm 
theorem Hlill holdfi good. l'Vir it may l>i> applied to the not ohtninrnl )>y 
romoving tho exceptional not froin Ji, am) thin nmkea no iliffomncn to Die 
values of tfio X-intogrnln. 

To prove t)ic theorem, it in neon from the relation | n„ («) | rt </> (x), Dint 
| n (*) | '■ <l> (*), and tlnm that \e(x)\ iti nummablo in Ji; hence * (r) i# 
nummablo over IS. In particular, if »» (IS) in infinite, n (x) in nlmolulcly 
Hiitnmuhlo over It. it in only when m ( li ) in infinite that Miimniabillly of n 
fimeiron over K dona not noeewiarily imply obnoluUi fmimnablllly. I'M 
lot it ho awmniod tlmt in (IS) in Imho, and Jut r i»o an arbitrarily oliorn-n 
ponitivo number. Ix>t e„ bo that not of pointn, in IS, for nil of wliifih 
| ji (x) — (x) ] r r, for m 0, J, 2, 8, e„ certainly extol# If « )w 

nulflcicntly largo. If F bts ji monnurabfe part of IS, Jot /„ ini thn part of <•„ 
wllioh in contained ill F. Wo have then 

| j m f» <*) - «» <*)) dx | .< fj * (x) - n„ (x) | dx + j 1 9 (•) - *„ (x) f dx 

' on (n„) 2 J (/f ‘l‘ ( x ) d*; 

Binoo \n(r.) ~ n„ ( x ) | r. fy (x). 

‘ft in dear that the wit e„ in contained in the not and that Ji-t, 
ooritarnn the ml K — e„,, . Moreover there exfol» no paint common U> all 
the («>Iji K -- e„ tm , for m -■ o, ), 2, 3, .... for if x. were imU a point-, w 
«Iiotild have | e (ie) — «„ 1m (x) \ > for all values of ♦»; and thin in mow 
nmUiiii, v/itb the convergence of the ncquiinco of nnmivirn (»„ , „ ('•)) Ui Ih” 
limit k(£). JimpJoying a theorem given in i, $131, it now follows that 
fim m (IS - e f ) - 0. 

ff 7i he greater than or mpial to a fixed integer n„ It now follows (M- 
I /„■> ~ *" *| < cw W + r, whatever meonumhle net 

contained in IS. Since e in arbitrary, f «„ //x con verges to 

hn un 

jinrformly for ail such note 
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Next, let m (E) be infinite; a part E t , of E, of finite measure, may be 

so determined that I A {*) dx < c. If F be any measurable part of E, 
! tp-si 

it consists of a part F, of £, , and a part F — F t of E — Ei . We now have 


j (*}-«„(*){ dx J 3 J|^{«(«) - s K {x)}dx]^ + (a:) - (x)} ctx |. 

The second integral on the right-hand side is less than 2 j (x) dx, 

J IS — J'j 

or 2c; and the first integral converges to zero, as n ~ to , uniformly for 
alt the sets F t contained in E, ; thus J J {« (x) — s„ (x)] dzj-c 3e, pro- 
vided re is not less than some number dependent on r; therefore 


f *„ (x) dx 
JtF) 

converges to I a (a) dz, uniformly for all measurable parts F, of E. 
JjEJ 


The above theorem is equivalent to the following: 

If the sequence {s„ (*)} of functions, all summable in the measurable set 
E, and all absolutely summable in cate E has infinite measure, converge to 
a (x), everywhere (or almost everywhere) in E; and if a rum-negative function 
iji (x), summable in E, exists and is such that | s (x) — e n (x) [ £ :p (x), for all 
values of re, and of z ( in E), then [ s (x) dx exists, and the sequence (s„ (x)) 

>m r 

is completely integrate in E. Moreover, the convergence of js„ (x) dx to 

-in 

I s{x)dx is uniform for all measurable eels F, contained «re E. 

JlTi 

For wo have 


[ a (x) I £ I * (*) - a. (*) I + ] (*>! * t (X) + !«.(*) I , 

and therefore s lx) is absolutely summabte in E. Moreover 
\s B lz)\Zifrlz)-i-\s(x)\, 

which is a summable non-negative function; and thus the condition of the 
theorem, in its first form, is satisfied. 

It may be observed that: 

In the first theorem, the condition \ e„ (x) j £ 6 (x) may be replaced by the 
condition fa ( x ) £ ® B i x ) - fa ( x )> where fa (x), fa (x) arc two functions, each 
of which is absolutely summable in the set B, of finite, or infinite, measure. 

For if fa (x) £. a* (x) £ fa (x), j s„ (x) } is at each point not- greater than 
the larger of the two numbers [ fa (x) [, j fa (x) j , and we may take (x) 
to be the function which has this value at each point x. It is easily seen 
that (x) is summable in E. 
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203. The theorem of § 202 can be extended to the case in which the 
functions {«„ (*)}, «(ar) involve a. parameter a which may typify n point 
in a given set of points K, in any number of dimensions, We consider a 
sequence {«„ (x, «)} which, at each point x, of the set E, converges uni- 
formly for all points a, in K, to the value s (x, a). 

Let e„ denote the set of points in E, for all of which 

| s (x, a) - s n+m [x, a) | £ «, for m= 0, 1, 2, 3 

and for all points a, in K. It can be shown that there exists no point of 
E whioh belongs to all the sets E — e„, E — e oi , , E — e n ^ t , .... For, if 
58 were 6uch a point, we should have | s ( x , a„) — (ic, a^) | > c, for all 
values of m, where {a^} is some sequence of points belonging to K ; and 
therefore, at the point £, a, (x, a) does not converge to s (x, a) uniformly 
for all points of K, which is contrary to hypothesis. It now follows that 
lim m ( E — c„) — 0. Assuming that there exists a non-negativo function 
<f> («), summablc in E, such that ] s„ (x, a) | £. <f> [x), for all points x in E, 
and for aU points a in K, the proof of the theorem given in § 20 2 is applic- 
able when the sets {e„}, as here defined, are employed. We have, accord- 
ingly, the following theorem: 


Let {«„ (ar, a)} be a sequence of functions, defined for each point x, in a 
measurable domain E, of one or more dimensions, and of finite, or infinite, 
measure, the sequence existing for each point a, in a set K, of one or more 
dimensions; and let it be assumed (hat { s„ (x, cj} converges to the value of 
a function s (x, a), at each point x, in E, uniformly for all points a, of K. 


It is sufficient, in order that I s (x, a) dx may exist, and tlutf the sequence 
(El 


{«„ (a:, a)} be completely integrable in E, for all values of a in K, the sequence 
of integrals being uniformly convergent in K, that a non-negative function 
4> (x) should exist, which is summable overE, and is such that | *„ (z, a) | £ $ (z), 
for aU values of n, x [in E), and a (in K). 


As in § 202, the condition in this theorem may be replaced By the 
condition that ( s (x, a) — •»„ [x, a) { & $ (x), where ip (z) is a non-negative 
function, summable in E, for all values of n, and of a (in K ). When E has 
infinite measure the functions s„ (*, a) must be taken to be absolutely 
summable in E. 


204. Important particular criteria are obtained, for the case of a set E, 
of finite measure, by assuming that the functions <j> (x), >}> (*), employed in 
the two forms of the theorem of § 202, are both constant in E. 

We find, from the first form of the theorem, the following; 

If a sequence {a B (x)} of functions, all measurable in a set E, of finite 
measure, be convergent in that set, and if s„ (x) is bounded, for aU the values 
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of n and as, so that { s„ (as) | £ K, where K is independent of n and as, then the 
sequence (a„ (a:)} is completely integrable in E. Moreover the convergence of 

I s„ (as) da to I s tx)dx is uniform with respect to evert/ measurable set F, 
. Jfft 

contained in E. 

Ae in the general case, it makes no difference if there be an exceptional 
set of points in E, of measure zero, at each of which {«„ (as)} does not 
converge, or at which the condition | s„ (as) | £ K is not satisfied. 

This theorem has been given, in a somewhat less general form, in i, § 398. 
From the second form of the theorem in § 202, we obtain the following: 
If a sequence of functions, summable in a set E, of finite measure, be con- 
vergent in that set, and if | a (as) — s„ (a) | £ K, for all values of n, and of x 
( in E), then the sequence {«„ (a:)} is completely integrable in E. Moreover the 

convergence of I $„ (x)dx to I s (as) dx is uniform with respect to every 
J no 

measurable set F, contained in E. 

It should be observed that the condition j s (x) - s„ (as) | & K is (see 
§ 94), in the case in which E is closed, equivalent to the condition that 
there are ini? no points at which the measure of non-uniform convergence 
is infinite. Thus: 

It is sufficient for the complete inlcgrability of the sequence {s„ (as)) in a 
closed and bounded set E that there be in E no points at which the measure of 
non-uniform convergence is infinite. 

This theorem is a development of a theorem first given* by Osgood, 
for the case of a linear interval in which s (as) and s„ (as) arc all continuous. 
The case for a linear interval in which s (as) is not. necessarily continuous 
was obtained-} by Hobson, and was also investigated by W. H. Young}, 
and by Arzelit§. 

If {s„ {«)} .converge uniformly in the set E, of finite measure, we have 
| s (as) — (as) | < e, for all sufficiently large values of n, and for all the 
values of x. Thus we have the theorem : 

It is sufficient for the complete integrabUily of the .sequence {«„ (as)}, in 
a set E, of finite measure, that the sequence converge, uniformly on E. The 
convergence of the integrals is then uniform with respect to all measurable sets 
contained, in E. 


The results obtained here may clearly be extended to the ease in which 
the functions involve a parameter, as in.§ 203. 

* Amtr. Journal oj Hath, to], xix (ISO?), p. 162. 
t Pm.Loni. Math. Soo. (I). voL xxnv (1001), p. 254. 
i Pm. Lond. Math. Soe. (2), toI. J (1004). p. 8D. 

§ Aftm. d. It. Arad. Bologna (G), vol. 'Tn (1900), p, 703, 
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205. An important criterion is obtained by applying the second theorem 
of § 202 to the case in which the sequence {a„ ( x )} is monotone ; either non- 
diminishing, so that « n+1 (*)S s„(x), or non-increasing, so that (z) £ «„ fz), 
for all the values of x and n. In these cases, we have 


0 & | a (*) - «„ (*) | f- i a (x) - a, (z) j S. | s (x) [ + | a, (x) J. 

It is sufficient, in order to apply the theorem, that s (z), and a, (z) should 
be summable in B, when m (E) is finite, and that they should be absolutely 
snmmablo in E, when m ( E ) is infinite. 


We thus obtain the following theorem: 

If, in a measurable set E, of finite, or infinite, measure, the monotone 
sequence {«„ («)} converges (almost everywhere) to a function * (x) which is 
summable in E when m (E) is finite, and absolutely 'summable in B tchen 
m (E) is infinite, and if a, (x) satisfies the same condition ; then the 
sequence {«„ (z)} is completely integrable in E. Moreover the convergence 


sfL*. «•)**>/, 


a (z) dx is uniform for all measurable sets F, contained 


Tin's theorem may be extended, as in § 203, to the case in which the 
functions involve a parameter a. The functions a, (z, a) must then be taken 
to be monotone for each value of the parameter a ; and j a (z, a) | , | S t (x, a) | 
must be taken not to exceed positive functions which arc both summable 
in E. 


206. Other criteria for tho complete inlegmbility of a sequence may 
be obtained, wluch depend upon conditions involving integrals of the 
functions in the sequence. 

Tho following theorem will bo first established : 

Lei the sequence {s„ (x)} converge evcryiohere (or almost everywhere) in a 
measurable set of points E (of one or more dimensions ) of finite measure, to 
the values of a function s ( x ) which is summable in E. If the condition 
lim [ | a„ (x) J dx = 0 f.y satisfied for every sequence {e„} of measurable sets 

contained in E, such that each set of the sequence contains the next, and such 
that lira m (e„) = 0, then the sequence {a„ (x)} is completely integrable in E. 
Moreover the convergence of the integrals over measurable components of E is 
uniform for all such components. 

Let e„ denote that set of points of E, (or each of which 
I a (*) - a„_,„ (z) j > €, 

for one or more values of m in the sequence 0, 1, 2, 3, ... : so that 
| « (*) - e„„„ (x) \n<, 

in the set E — and the conditions are satisfied that e„ it is contained 
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in e„, and lim m (e a ) = 0. If F be any measurable set contained in JS, 
let /„, F denote the parts of e„, E — e„, respectively, that are con- 
tained in F. 

W o have now 

|f {a(x)~3i,(x)}dx\if \«{x) - s n [x) \dr,+ f \ a («) - a „ {*) j dx 

& j J« <*)-«„<*) | <fe + m(«). 

Also f | e (x)~s n {x) | dx& ( \s(x)\dz + f \ s n (x)\dz, 

J (/*) J <oi) 7 r<„) 

and since both the integrals on the right-hand side converge to aero, as 
m , it is seen that the integral on the left-hand side is < c, provided 
n is not less than some integer n t . We now have 

j {*) - n n {»)} dx J < « + cm (A), for rafen,, 

and for every measurable set F, contained in E. Therefore j ^ e n (*} dx 

converges to [ a (*} dx, uniformly for all sucb sets F , 

J<rj 

It is easily scon that: 

The sufficient condition in the theorem may he replaced by the Jess stringent 
condition lim J e„ ( x ) dx — 0 . The sequence, is then completely intcgrohU 
in E, but the condition that the integrals oj s„ (x) over a measuratjlc pnrl of 
E to- the integral of s (z) over that part is uniform for all such parts is not 
necessarily satisfied. 

Tor the inequality employed in tbe above proof may be replaced by 

I & j ** ]/ (/ f 9 (*) _ *» t")> + cm (E), 

new J ^ s (z) dx converges uniformly to zero, as n ~ » (sec j, § 392), and 
j^s„{x)dx, by hypothesis, converges to zero, as m if„) converges to 
zero, but it cannot be asserted that j J s„ (z) dx j < o, for n % n ( , where 
», is independent of the particular sequence {/„} , and therefore independent 
of T. 

207. If A; have infinite measure, we have the following theorem : 

If {«* (sc)} converge everywhere {or almost everywhere) in a meaevratde set, 
of infinite measure, to the values of a function a (z), ohedlvlety summahlc in 
E, then, provided the condition of the last theorem is satisfied in every pari 
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E, , of E, which has finite measure, and provided that, if c be arbitrarily 
assigned, E x can be so determined that 

I s„ (*) dx<c, for n g n t , 

and for every measurable set E it which contains E lt and is contained iji E, 
the sequence {«„ ( 2 )} is integrable in E. 

The set E., of finite measure, can be so determined that 

| s[x)dx\<e, and also s„ (x) dx I < 2e, for n S n ( . 

[-'[fi-i-J | UlE-f,1 I 

We hare now 

[ {4 (x) - s n (x)} dx=\ {« (x) - «„ (a:)} dx + [ {a ( x ) - «„ (x)} Ax, 

J(E) J{F j 

and since the sequence j s„ (x) dx satisfies the condition of the Jest 

theorem, we have j {« (x) - s„ (x)} dx j < e, for n £ n,' . It follows that 

J J fs (x) — s„ (z)} dx | < 4c, for 71 £ n" , wlicro n," iB the greater of the 

numbers n<, «/. Since e is arbitrary, the sequence j s n (x)dx converges 
J(E) 

to I s (x) dx. 

JlB) 

Tiie theorem might be so stated as to involve the complete integrability 
of the sequence, and also so that this is uniform with respect to all sets. 
208. Let E be a set of points of finite measure. 

If, corresponding to an arbitrarily chosen positive nnmber c, another 
number p exists, such that j J a„ (x) dx j < c, where e is any mensurable 
set contained in E, provided m (e) < tj, for every value of n, the integrals 
| ( ®n (*) dxj of the sequence are said to be cqui-convcrgent. The term cqui- 
absolutely continuous is sometimes used instead of cqui-convergent, ami 
sometimes the term uniformly convergent is employed. 

If the integrals s„ (x) dx are equi-converge.nl, so also are the integrals 
J(E) 

j | s„ (x) I dx, and conversely. 
jlBl 

For, let Ci and c, be the two parts of e in which s„ (x) is £ 0, and in 

which «„ (x) < 0; we have then f s„ (x) dx < c, - f «„ (x) dx < c, and 
J tea J fe) 

therefore J ] s„ (x) | dx < 2e, for every value of n; since 2« is arbitrary, 
the integrals J I s„ (x) I dx are equi-convergent. 
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Conversely, if I I s„ (z) I dx are cqui-convcrgent, we have 
2(B) 

J I s„ (*) ( da < e, if to (e> < ij, 

for every value of n ; hence 

( s„ (*) dx < - f s n (x) dx< e , 

J(e>) Jw 

therefore |J s„ [x) dx J < e. 

If }S bo of infinite measure, and if the condition is satisfied, that for 
every set 23,, of finite measure, contained in E, the sequence of integrals 
J^« n (ar)d* is equi-convcrgent, and provided also E l can be so determined 
that | ^ s n (a) cte | < «, for all valnes of n, and for all sots 23, of finite 

measure, contained in E, arid containing 23, , then the integrals j «„ (or) dx 
are said to be cqui : convcrgcnt in the sot E, of infinite measure. 

In caso all the functions a. (z) are absolutely suramable in E, it is 

easily seen that the equi- convergence of the integrals I s„ (x) dx involves 
J (E) 

that of the integrals J | «„ (*) | dx; and conversely. For, since E z — A, is 
of finite measure, the sequence of integrals is equi-oonvergent in A’ 2 — A, , 

and therefore wo have, as before, I 1 s. (z) 1 dx < 2 1. 

h B.-K0 

209. It will bn shewn that, when the integrals *■„ (x) dx are equi- 
J (El 

convergent, and when m (E) is finite, the condition lim J s n (z) dx = 0, of 
the theorem of § 2 OB, is satisfied. Let e, be the first set of the sequence {e,,} 
for which m (e,) < n, then I s„ [x) dx\< c, for all values of n, and for 

wi = 0, 1, 2, 3 Thus we have J J s r+ » (z) dx j < e, form== 0, 1, 2, 3, ..., 

and hence lim j J s„ (z) dx J £. e; and since e is arbitrary, it follows that 
Jim j" <?„ (z) dx = 0. We thus obtain Vitali’s theorem* that: 

li is sufficient for the complete integrabUity of a sequence {$„ (z)} which 
converges almost everywhere in a set E, of finite measure, io a function s (z), 
summit bh in E, that the integrals of s„ (x) in E should be cqui-convergent . 

* Sendiconli del Hire. Mat ii Palermo, voL am ( 1907). p. 137. Vit*!i had farther proved that 
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Vitali’s theorem may be extended to the case in which the set E has 
infinite measure. 

Let it be assumed that the sequence j s„ (x) dx is equi-convergent 
in E. Let F be a measurable part of E ; then if m (F) is finite, the inte- 
grability of the sequence in F follows from Vitali’s theorem. We need 
therefore only consider the cose in which m (F) is infinite. A set E„ con- 
tained in E, of finite measure, can be bo determined that | j s„ (x)<fe|«, 
for every set E it of finite measure, containing E lt and contained in E, and 

for all values of n. It then follows, as in § 208, that f [ s„ (a:) I dx < 2r. 

1 (£. — J-.) 

Let F, be the part of F that is in E x , and F 2 the part that is in E 2 ; wo lmvo 

then | s„ (x)dx\ < 2e. Let now m (E t ) increase indefinitely, so that 
1 1 (s’, — r,i 

E is the outer limiting set of the sequence of sets {E,} , then F is the outer 

limiting set of the sequence of sets F t ; we have thus I s„ (x) dx [ f. 2c, 
IJff-p,) I 

and it then follows that I {a (*) — s„ (*)} dx < 3c, provided m (F,) is 
sufficiently large. Hence 

i Ln ^ ^ ~ 8 " ^ ‘ ,X 1 & I f(F a * *= j + | F t (*) - *« (*)) ix ]• 

and the expression on the right-hand side is < 4c, if n £ n, ; it follows that 

I s„ (x) dx converges t of x (x) dx. 

Hn J m 

We have accordingly established the following theorem: 

It is sufficient for the complete integrabilily of a sequence {«„ (v)}, of 
functions, summable in a set E, of infinite measure, which converges almost 
everyivhcrc in E, to a summable function s (x), that the integrals of s n ( x ) ,n & 
should be equi-convergent. 


210. In ease 8„ (a:) £ 0, for all values of n and x, in E, the condition 
lim J s„ (x) dx =* 0, of the theorem of § 206, can be shewn to be necessary 
for the complete integrability of the convergent sequence {*)} over 
the set E, of finite measure. An integer n, can be so determined that 
s (x)dx is less than an arbitrarily prescribed positive number S; more- 
over ««(£«,) can be so determined that J s„ (x)dx differs from ^s(x)dx 

by less than 8, provided » £ n* £ «j. We have now, for n £ ns, 

/(*.) *' " ix “ /(«, ) *" ^ *** < /(-«,) s W dx + S< 
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Thus fim j s„ (x) dx < 28 ; and since 8 is arbitrary, lim j s„ (z) dx — 0. 
Hence we have the following theorem: 

// the sequence {«„ (z)} is almost everywhere convergent in the set E, of 
finite measure, and s„ (x) g 0, for all the values of n and x, it is necessary and 
sufficient for the compete integrabiliiy of the sequence in E, that 

lim | s K (x) dx = 0, 

where {e„} is any sequence of measurable sets, contained in E, such that each 
set contains the next, and m (e„) converges to zero, as n ~ « . 

Let it he nowassumed that a sequence {«„ (a:)}, .which converges almost 
everywhere in E, is snoh that 03 s„ (x) &f„ (*), for almost all values of x, 
and for all values of n; where {/„ (z)} is a completely integrable sequence in 
E, We have then 0£ s„ (x)dxS j f„ (a) dx, and since lim ^/„ (x)dx = 0, 
it follows that lim j s, {*) dx - 0, and therefore the sequence (z)} is 
completely integrable in E. It has thus been proved that: 

If E be of finite measure, and {?„ (z)} be almost everywhere convergent in 
E, and OSs, (z) £/„ (*), where {/„ (*)} is completely integrable in E, then 
{s„ (z)} is completely integrable in E. 

Next, let it bo assumed that {/„ (z)}, (z)} are any two sequences, 

completely integrable in E, and that, almost everywhere in E, 
/ B (z)Ss n (z)S 9n (z), 

where {s„ (z)} is convergent almost everywhere in E. The two sequences 
is„ (z) — /„ (z)}, {g n (z) ~f„ (z)} are both convergent, almost everywhere in 
E, and s„ (z) — (»), g n (z) — f„ (z) are both S 0, almost everywhere. 
Since 0 £ (x) — f„ (z) £ g„ (z) — /„ (z), it follows that the sequence 

!«„ (z) — /„ (z)> is completely integrable in E, and thence that the sequence 
{*)} is completely integrable in E. Thus the theorem* has been proved 
that: 

A science (z)}, convergent almost everywhere in the set E, of finite 
measure, is completely integrable in E if two other sequences {/„ (z)}, {g„ (x)} 
exist, both completely integrable in E, and such that /„ (z) £ s„ (z) & g„ (*). 

That the condition is necessary as well ae sufficient, is seen by taking 
/. (*1 " “ 1 + «. (*)» STn (*) - H- (*)■ 

211. To extend the above theorems to the case in which m (S) is 
infinite, let {E r } bo a sequence of sets of finite measure, each one contained 
* See W. H. Young. Fnc. Land. Half*. Boc. (2), voL rx (1910). p. 315. 
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in the next, and with E as their outer limiting set. Let 0 S. (k) e/ b {*), 
where {/„ (x)} is completely mtcgrable in E. We have then 

lim J *„ ( 2 :) dx = s (a:) rfa; ; 

now j s (x) dx is not greater than j f ( x ) dx, where / (x) = lim /„ (x), 
and this is by hypothesis finite ; therefore s (z) is summahlo in E, Similar)} - 
it can be shown that s„ (») is su mm able in E. We now have 

f s n (x)dx& [ e n (x)dx, 

J (R») J <E) 

for every value of r, and therefore Iim j s„(x)dx£ Urn [ s„ (*) dx; 
that the limit on the left-hand side exists, follows from the second theorem 
in § 210, and it is equal to j s(x) dx, and this has for its limit as r~«, 

I a (*) dx. Therefore lim I a. lx) dx — s (x) dx = fc, where k. a 0, 
•'em Sts-I(E) HE) 

A similar relation will hold for the sequence {/„ {z) — s„ (a:)}; thus 

j^fn (*) - *n (*)} dx - | (S) {/ {*) “ * (*)> dx = *t. 

where il-, 3 0. From these relations we have 

lim I a n (a) dx — lint f a„ (*) dx = A + k t ; 
h~»HE) I (E) 

since lim (*) dx ■= j f (a;) dx, by hypothesis. Hence k, and k t must 

both be zero, so that lira j s„ ( x ) dx = j a (z) dx; therefore {«„ (*)} is 
int-ograble in E. It we take F, any measurable part of E, instead of E, 
the same proof is applicable. Thus we have the result for the case in which 
m (E) is not finite*. The second theorem may be obtained as before. 

212. With a view to obtaining other criteria of the integrability of a 
sequence, it will be proved that: 

If, in a measurable set E, the aequencc {a„ (*)} is almost everywhere con- 
vergent to the values of a function s (*), and if, for some, value of p, > *• 
j^[« n (x) | p dx does not exceed a fixed positive number K, independent of n, 
then J s (x) [*’ is summable in E, and in case E has finite measure, a (x) M 
summable. in E. 

Lot ni (E) he, in the first instance, finite. 

* See W. H. Young. Pnc. Load. Haiti. floe. (2). voL ix (1910). p 31®' 
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Aa before, let | s (*) — s„ +a (*) j = t, for m = 0, 1, 2, 3, ... , in the sot 
E — e n ; we have then 

J I s <*> I'^S *•“*/ , I 5 W - *. (*) I’ «** 

+ 2*- 1 f | -9„ <*) |* dx S 2® _1 {X + €*»» (E)\. 

It follows that, as m (e.) converges to aero, J J s (x) J s dx has a 
finite limit S K2*~ x ; and from this it can be inferred that | x (x) I", and con- 
sequently s (x), is summablc in E. For, if <f>u i x ) denote that function, winch 
has the value | e (*) I 1 *, when | s (x) I* 1 £ N, and has the value N, when 

I « (*) I* > N, we have I I s lx) I 1 ’ dx *» lim I Au (x) dx, from the definition 
J(£) - 1 (E) 

of the //-integral of an unbounded function. 

Now lim / An (x) dx ■» lim lim An (x) dx, 

,V~co J <K) JV-co «-« JlF.-e.) 

since I <b/f ( x ) dx S Nm (c„), which converges to zero with m (e„). Sinoo 
I <f > Af ( x ) dx is a monotone non-diminishing function of both n and .2V, 
tie order of the repeated limits, a s N ~ , n ~ , may be reversed; thus 

J j s (x) \ p dx ~ lim lim [ An (x) dx = lim | | s (*) |» dx. 

J(® '(E-r*) 

Therefore J [ a (a;) |v dx is finite, and £ 2 *~ l K ; hence s (a:) is summable in E. 

Nest, let m(E) be infinite; a sequence {E t } of measurable sets, such 
that m (E r ) is finite, can be 30 determined that each one is contained in 
the next, and that E is the outer limiting set. Since j s (a;) |® dx exists, 

.' (E.) 

and is S. KV~ l , for every value of r, it follows that J J ® (*) |* dx exists, as 
lim J ^ | a (») I" dx, and it is £ 2 T ~ l K. 

The following theorem may be deduced from the last theorem : 

If, in the set E, of finite measure, s n (x) converges almost everywhere to 

a (a:), and for some value of p, > 1, I | s„ (x) \* dx & K, a number indc- 
1(E) 

pendent of n, then s {*) is summable in E, and the sequence {«„ (#)} is 
completely intcgrable in E; the convergence of the integrals being uniform in 
all measurable parts of E. 

For, by the last theorem, s (x) is summable in E, and 

J&J ^ I ***“ { J (ei , ! I* (e "» P £ ^ 
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by an inequality given in j, § 435. It follows that lim J | s„ (z) | dx - 0, 
and thus the theorem of § 20G, is applicable. 

213. Tho following theorem, which was given in a less general form in 
I, § 399, will now be established : 

Let (a)} he a sequence of functions, summable in a measurable set £, 
of finite, or infinite, measure, and of any number of dimensions, be such that 
s„ {*) g 0, for all values of n, and of x, in E; these functions need not be 
bounded above. If, for each value of x, the sequence {s„ (a:)} is monotone non- 
diminishing { a set of measure zero being possibly disregarded), and if 

lim i s n (a) dx has a definite value, then (1), the points of E at which 
n~« J (js> 

{«„ (a)} does not converge form a set of measure zero, and (2), the function s (*) 
having the value of lim s n (x), where this limit exists, is summable in E, and 
the sequence (s„ (*)} is completely integrable. in E; the convergence of the 
integral of s„ ( x ) to that of s (*) being uniform in all measurable sets contained 
in E. 

First, let m (E) he finite ; and let g„ be the sot of points at which s „ (a) > A . 
Tho sot g„ is contained in g„ +1 , and thus lim m (g„) is the measure of tho 
set of points for which s m (x) > A, for all values of m, from and after 
some integer depending on x. Lot it bo assumed, if possible, that {«„ (z)} 
•diverges at the points of a set h, of positive meosuro; then 
lim m (g„) g m (A) > 0. 

jin integer n , can be determined so that i n , (x) > A, in a set of points of 

measure J»n (A) ; hence f s„. (x) dx > hAm (A) ; and therefore 
■ME) 

lim j s„ {x) dx > lAm (A). 

Since A is arbitrarily great, thi3 is inconsistent with the hypothesis that 
the limit on the left-hand side has a finite value. It follows that {$„ fz)} 
converges almost everywhere in E. 

If m (E) be not finite, a sequence of measurable sets {E,} exists, each of 
which is contained in the next, and is of finite measure, such that E is its 
outer limiting set. In E r , the set of points c,, at which {«„ (*)} is divergent, 
has measure zero. The outer limiting set of {e f } is the set of points of diverg- 
ence of {«„ (a:)} in E\ and in virtue of a theorem established in i, § 181 > ti ,c 
measure of this set is zero. 

If A„ be the set of points of E r for which s (x) — a„ (z) < f> ue ^ avc 

( {s (x) — S„ (x)} dx < cm (A„), or f s(x)dx<( s„ [x] dx 4- (« (%,} ! 
-><».) JfO Jm 
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hence Hm I 3 (x) dx £ lim I s„(x)dx. Since to (A„) converges to in (E r ), 
n~M J <U n— •> j (Er) 

it is seen that I s (x) dx = lim a (x) dx; and thus / s (a:) dx exists, 

■>(&) -> t*»> J IE,) 

and is £ lim I s„ (z) dx, or is £ lim s„ (x) dx. 
n -»J(E,) n~« 1(E) 

It now follows that I « (x) dx = lim I s lx) dx exists, and is 
J(E) r~*>J(B r ) 

£ Km I «„ (a:) dx. Thus « (x) is summable in E, whether to (i?) be finite, 
n~ w J (E> 

or not. The last part of the theorem now follows by applying the theorem 
of § 205. 

In case E has finite measure, instead of the condition s n (x) £ 0 we 
may assume that s n (x) £ — K, where K is independent of n and x. Por 
the theorem may be applied to the sequence {«„ (x) + K), and since K is 
summable iii any set of finite measure, the result follows. 


INTEGRATION 01? SERINS DEFINE!! IN AN INTERVAL 

214. If «, (x) + (*)+...+ k„ (x) + ... converge to a function a (x) 

everywhere, or almost everywhere, in a linear interval (a, b), and a (x) be 
summable in (a, b ), it is of importance to possess criteria sufficient to secure 
that S [ u' r (x) dx, or J%„ (x) dx, converges bo J*s (x) dx, for all values of 
x in the interval (a, 6). When this convergence takes place, the series is 
said to be intcgrable in (a, 6) in the ordinary sense; whereas it is said 
(see § 201) to be completely integrable in (a, 6), when (x) dx is the 
limit, as « ~ co , of J s n (x) dx, for every measurable set of points e, in 
the interval ( a,b ).- A series may be integrable in the ordinary sense in 
(o, i) when it is not completely integrable therein, but many of the criteria 
sufficient to ensure ordinary integrability are also sufficient to secure com- 
plete integr ability. 

The following criteria are obtained as special cases of the theorems iu 
§§ 202-213, which were established for integration over sets of points in 
any number of dimensions: 

(1) If, in the finite interval {a, 6), the functions «„ (x) are summable, and 
the series Ek„ (x) converges uniformly in the interval to the values of s (x), then 
j « (x) dx ~ 2 | «„ (x) dx, and the convergence is uniform for all values of 
x in (a, b ). 

This lias been proved in § 204 
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(2) If, in an. interval ( a , b), the functions «„ (x) are all summable, and such 
that, almost everywhere in (a, b), the series £ n„ (r) converges to s (a), and a 
non-negative function rf (a:) exists, which is summable in (a, b) and such that 
| a„ (z) j £ <f> (x), for all values of n and x, then J* s (x) dx exists, and the 
series £ j u n (x) dx converges to it, uniformly for all values of x in (a, 6), 
This theorem also holds for an indefinitely great interval (a, to ) ( or (— « , oo ), 
provided (z) is summable in the interval. 

This has been proved in § 202. 

(3) Jn the case of a finite interval {a, b), the condition may be replaced by 
the condition \ R„ (x) | S ji (x), where </i (x) is non-negative, and summable in 
(a, b). As in (2), J s (x) dx then exists, and the scries £ j u n (sc) dx con- 
verges to it, uniformly in (a, 6). This holds also for (a, » ), or for {— w, to), 
provided the terms u„ (x) are absolutely summable in (a, w ), or in (-«, to), 

(4) Whether (a, b) be finite or infinite, the condition in (2) may lit re- 
placed. by the condition fa (x) £ s„ (z) & fa (z), for all the values afn and x, 
where fa (z), fa (z) are two functions, each of which is absolutely summabk 
in the interval. 

(5) A particular case of (3) is the condition, in the case of a finite interval, 
that j R n (x) | should be bounded for all the values of nandx. This is equivalent 
to the condition that the series £ u„ (z) has no points of infinite measure of 
non-uniform convergence. 

(6) If £ u H (z) converges, almost everywhere in a finite, or infinite, 
interval to the values of a function s (z), summable in the interval, and if all 
the terms u„ (z) are i 0, for all (or almost all) the values of n and x, then 

r M " ^ *** converges to j s (x) dx, uniformly in the interval. 

Tliis has been proved in § 205. 

(7) If £ u„ (z) is almost everywhere convergent in a finite, or infinite, 
interval (a, &), and 0 £ u„ (z) £ v„ (x), where £ v n (z) is a series such that 
£^ [ v„ (z) dx converges everywhere to J £ (x) dx, where £ v„ (z) converges 
to £ (z), then. j (z) dx converges uniformly to J s(x) dx. 

(8) If v„ (z) £ rc„ (z) £ w n (z), where both the sequences (t>„ {x)), {w» (*)} 
are integrable in (a, b), and £ «„ (z) is convergent almost everywhere in the 
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finite, or infinite, interval (a, 6), then 2 J «„ (x) dx converges uniformly in 
(a, b)toj s (x) dx. 

(7) and (8) have been proved in §§ 210, 21 1 . In particular if 2 i «„ (x) [ 
is integrable term by term, bo also is 2 u B (x), for 

- I «» (*) I = “« (*) ~ I (*) |- 

(0) If, in the finite interval (a, 6), 2 u„ (x) converges almost everywhere 
to s (x), and J {«„ (»)}>■ dx is bounded for all values of n, where pis a number 
> 1, then a (®) is summable in (a, ft), and. £ J u n {x) dx converges uniformly 
in ( a , b) to j* a (*) dx. 

(10) If, in a finite, or infinite, interval (a, 6), u a (x) & 0 for all values of 
n and x (except possibly at a set of points of measure zero), and if 2 j u„ (x) dx 
has a definite val'ue, then the series 2 u„ (x) is almost everywhere convergent, 
and s (x) m summable in (a, 6); moreover 2 J*u„ (x) dx converges uniformly 
in (a, 6) to |" s (x) dx. • 

Ir» all these cases there iB complete integrability of the scries, provided 
in (7) and (8) the integrability of the sequences {v„ (x)}, (w„ (x)} is assumed 
•to be complete. 

In case (1), if it be assumed that the convergence of S a (x) to 4 (a) is 
simply uniformly convergent only, this is sufficient to ensure that 4 (x) is 
summable, but it is then not necessarily true that 2 J* (xj dx is a con- 
vergent series. It can, however, be shewn that, whenever this series is 
convergent, it converges to the value of [4 (x) dx. In fact we know that, 
by bracketing the terms of the simply uniformly convergent series 2 u„ (x) 
in a suitable manner, the series is converted into a uniformly convergent 
series 2 v m (x), and the result (1) is then applicable to this series, and thus 

I* v m (x) dx converges uniformly to the value of J 4 (x) dx. It is clear 
that, whenever 2 J u„ (x) dx converges, it must converge to the same 
value as does the series 2 j* v m (x) dx. We thus obtain the following 
theorem: 
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(1 a) If the series £ u (a:) converges simply-uniformly in the finite 
interval (a, b)tos (x), and all the terms u„ (x) arc summahle in tho interval, 
then*, (1) if the series £ j*u (x) dx be convergent it converges to flip 
value j X a (x) dx, and (2) if the series bo not convergent, it may by suitably 
bracketing the terms, and amalgamating the terms in each bracket, lie 
converted into n series which converges to j* s (a:) dx. The convergence is 
uniform with respect to x. 

A practical test that 2 f v„(x)cix = f £ v„ (x) dx which may be 
applied in many eases is tho following: 

If the series £ | «„ (*) | converges everywhere to a sum-function which 
is snmmable in the infinite interval (0, co), then 

«„ (a.-) dx - £^ w„ (a:) dx. 

This theorem is a particular case of 
which £ | it,, (a) [ converges, we have 
of n and x. 


(2), for if (x) is the function to 
| £ u n (z) £ tj> {*) for all values 


215, When, in the finite interval (a, 6), the condition in (5), that Hie 
series £ u n (a;) has no points at wliich tho measure of non-uniform con- 
vergence is infinite is not satisfied, there exists a set O of eucli points wliich 
(see § 04) is necessarily closed, and may be finite. In this caso tho theorem 
may fail to hold good either (1), when £ j* w„ (x)dx is not everywhere 
convergent, in (a, b), or (2), when its sum is not continuous in the interval. 
It may also happen that, in these circumstances, the continuous function 
U (ar) to which the sum of the integrals converges, is not equal to 


dx\ this last integral being assumed to exist. 


Xho following theorem will however be established : 

If the series £ «„ {*), of which all the terms are summahle in the finite 
interval (a, b), converges to the summahle function s (a:) , and if, further, the series 
£ f «•„ (x) dx converges everywhere to the values of a function ivhich is 
continuous in (a, 6), it is a sufficient condition^; that this function be equal to 


* The first part of this theorem w given by Bendixson, for the case in which the fmiclioni 
«„ (i) are all continuous; see Stockholm Ofp. vol LTV (1807), p. COO. 

f This theorem was pi von by Osgood, rimer. Journal, vol. xrx (1897), p* 183, in the ease 
in which the terras of the scries, and its sum, are continuous. The general theorem was given, nr 
ilicmnnn integration, by Arselh, Mem. di Bologna IS), vol. vm (1900), 
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J s (x) dx, that the points at which the measure of von- uniform convergence 
of (he series S u n (*) is infinite should form an enumerable set. 

The closed enumerable set of points at which the measure of non- 
uniform convergence of the series is infinite being denoted by G, let £ be a 
point of {a, h) which does not belong to G. Since £ is within an interval 
contiguous to G, in any interval (£ — e l3 £ + e-) interior to that contiguous 
interval, | £„ (a) j has a finite upper boundary. Denoting by U„ (x) the 
nth partial sum of the series S j u„ (x) dx, and by U (a) the continuous 
function to which U„ (a:) converges, as n ~ «> , a value ii, of n, can be so 
determined that \ U (£) - t/„ (?) | < 8, | V {£ + h) -U n (£ + h) | < S, for 
ti S ii, where £ -f- h is a fixed point within the interval (f — i lt £ + s t ), and 
5 is an arbitrarily ohosen positive number. 

We now have 

|CT{f + A)-Cf(|) U n (£ + h)-U n (£)\ . 28 

r — h k rw 

Since the interval <£, £ + 7t) contains no points of G, it follows that, for all 
sufficiently large values of n, 

j f| + s n (a:) dx - |^ + s (*) dx | < S. 

Therefore we have, provided n is not less than some fixed integor 
|CUf + 7*)-f7„(f) S(£ + h)-S(£)l , 8 

|_ - 

where S (x) denotes j"* s (x) dx. 

From the two inequalities, we have 

I V( ( + h)~V(£) _ S(£ + h)-S(£) | 38 . 

r » ■ ■ I r*i' 

and since 8 is arbitrarily small, it follows that 

Uj£ + h)-U{£)' S(£ + h)-S(£) 


This holds for any point £ that does not belong to G, and for any point 
£ + h in a neighbourhood of £ that contains no points of G. It follows that 
any one of the four derivatives D h U (£), D+U {£), D~U (£), D-U [£}, is 
equal to the corresponding derivative of 8 (£). Since one of the four 
derivatives of the function S (a:), 17 (x) is such that its value is the Bame for 
the two continuous functions, except at points bolonging to an enumerable 
set, it follows (r, § 267) that the two functions differ by a constant; and 
since both vanish at the pant a, they must be everywhere equal. 

When the closed set G is not enumerable it contains a perfect com- 
ponent; and in thatcase the sum of the integrals of the terms of the series. 
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is not necessarily equal to the integral of the sum, even when both exist 
and the condition of continuity of £ j w n (a;) dx is satisfied. 

It will be observed that, in accordance with the theorems which have 
been established, the term by term integration of a scries may fail to give 
the integral of the sum, cither (1), when the set G, of points of infinite 
measure of non-uniform convergence of the series, is finite or enumerable, 
but the condition that the sum of the series S j u„ {x) dx should be a 
continuous function of x is not satisfied; or {2}, when G contains a perfect 
component. 

216. If there exist, in the interval (o, b), points at wliieb the series 
Z n„ (x) is not convergent, such points will be regarded ns points of 
discontinuity of s (x). Let it be assumed that these points form n non- 
dense set with an enumerable derivative, i.e. a reducible set; thus they 
ore contained in a set G which is an enumerable closed set. Lot it bo 
further assumed that, in any interval (a, /?) which contains, within it am! 
ufc its ends, no point of G, the condition is satisfied that | s„ (a) | is less limn 
some fixed number, independent of n and x. Let it be also assumed dial 
Z | v„ (a:) dx is convergent for all values of x in (a, b), and that its sum- 
function U (x) is continuous in the closed interval (a, h). Let it be further 
assumed that J s (a:) dx — S (x) is a continuous function of x; tills will bo 
t he case when s {x) is summablc in (a, b), or more generally when it lias 
u D-integrai, or in particular, an HL- integral in {a, b). The enumerable set 
G contains all points of non-eonvergcncc of the given scries and also every 
point at which the measure of non-uniform convergence of the series is 
infinite. With these assumptions, the proof of § 215 is applicable to 
establish the legitimacy of the integrability of the series £u„ (x). no 
obtain accordingly the following theorem: 

If Ilia series E «„ (i) converges to the function, s ( x ) at every ]>oint of the 
interval (a, 6) which does not belong to a reducible set of points G, and if, in 
any internal [a, fl) which contains within it, and at its ends, no points of 0, 
| s n (a;) | is bounded as a. function of n and x; and if f u„ (x) dx exists as an 
L-intcgral, or as a D-integral, or an IJ L-integral , for every value of n, and the 
series E J u n (a:) i lx, for a 5 z 5 b, converges to a continuous function of x; 
then, if | s (x) dx exists as a continuous function of x. 
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The following theorem which also has reference to the case in which 
there are points at which the measure of non-uniform convergence is 
infinite is doe to Vitali* : 

If the -points of a finite interval at which a convergent series has infinite 
measure of Turn-uniform convergence form a set G of which the measure is zero, 
then term by term integration is -permissible , provided the sum-function is 
summablc., and provided also the integrated scries converges to a sum which 
is the integral of a summablc function. The last condition is dearly also a 
necessary one. when the first is satisfied. 

In this case it is assumed that U (x), the sum -function of £ [ rt„(x)dx, 
is an indefinite integral of a summabie function, that is, that it is 
absolutely continuous in (a, 6) (i, § 218). The closed set G being of 
measure zero, a finite set of intervals (A) of total measure < « can be 
determined which include within them all Che points or the sot G. 
Since V (*) is absolute continuous, the sum of its variations, each 
taken with its proper sign, over the intervals A is < 8,, where 8 t is a 
number which converges to zero with «. An interval (a, fi), one of the 
intervals complementary to the finite set (A), contains no points of G, 
and therefore U (i 8) — U (a) <= S (fi) — S (a) ; where S (x) denotes j” « (x) Ax. 
Now If (b) is the sum of the variations of V (x), taken over all the intervals 
(A) and all the complementary intervals (a, /?), and the same remark applies 
to 8 (f»). It follows that U (b) and S (b) differ from one anot her by less 
than S« + J | a (ar) | dx. As e converges to zero, so also do S f and m (A); 
consequently U (6) and S (6) are equal. By considering the interval [a, x), 
where a.<rS /), it follows also that S (x) -> U (a:); and thus the theorem 
Is established. 

217. It is easily seen that, in case all the terms of the series £ u„ (a;) arc 
non-negative in an interval (o, b), finite or infinite, the term by term in- 
tegrahiliiy of the series for (a, b) implies its comgdcte integrability. 

For if e be any set of points in [a, b), 

/<»> ^ ^ ~ * " ^ dX S L ^ “ * n dx ‘ 

since s (.r) — s B (x) & 0. If the integral on the right-hand sido converges 
to zero, as n ~ os , so also does the integral on the left-hand side. 

The following theorem ha3 reference to sequences which, in a given 
interval, are in general non-convergent : 

In case the sequence {«„ (a:)} is not necessarily everywhere, or almost every- 
where, convergent in the interval ( a,b ), and is such that j s„ (ar) j £ % (ar), 
* Itetviiumti del die. ifat. & Palermo, vot xxm (1907), p. 155. 
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ivhcrc y_ (x) is ftumtnablc in (a ,b), then the upper and lower limits of j* s„ (.T)rfz, 
as n ~ co , are both integrals. 

Let F (*) = lim f s„ (a) dx; and F (x) = Km J" s„ (x) dx, 
then P (a,) — lim j|%„ (x) dx + J a„ (a:) (fej 

2 Km s n (x) dx — (x 2 — x,) J x ( x ) dx. 

Thus P (*,) - F (*,) 2 - (x, - xff A, 

and similarly F (xj — F (x,) £ (a^, — as,) A, 

whore A denotes [ x (*) dx. The sum of the values of the absolute vn rial ions 
of F (x), or of F ( x ), over any set of non-overlapping intervals, whose total 
measure is < «, is less than At. It follows that both the functions ate 
absolutely continuous in (a, b ), and aro therefore integrals of summablo 
functions. 

An extension of the theory of the intogrability of convergent sequences 
to the case of non-convergent sequences which have an upper and a lower 
function, in relation to semi-integrals, has been developed* by W. II. 
Young. 

218. When a convergent sequence of functions is defined in the infinite 
interval (a, ao ), and it is known that the sequence is intcgrablo in ovory 
finite inlorval (a, b), it is desirable to possess a sufficient condition that the 
sequence should bo intograble in the infinite interval. 

The following sufficient conditions may be established r 

(1) Let the series S u n (x) have ns its sum-function s (x), sum viable in 
evert/ finite interval, and let it be such that S j° u„ (x) dx converges to 
j>>* for every finite value of C (> o), then if, corresponding to an 
arbitrarily chosen ] wsitive nvmbcr «, an integer n,, and a value of 0 (> a) 
can be so chosen that J J 0 " s„ (x) dx | < e, for every value of O' (> 0), and for 
all values of n 2 n t , then e (x) is inlegrable in (a, to), although not necessarily 
absolutely summable in (o, co), and L [ u„ (x) dx converges to j « (*} dx. 

(2) On the assumption that the equation j° s (x) dx — j° ti„ (x) dx holds 
for every value of C (> a), then provided '■ that S J" u„ (x) dx is convergent, 

* See Froe. Land. MotA. Soe. (2). to!, ii (1210), p- 2SS. 
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and that 2 J° u n (*) dx converges to the value of 2 J u„ (a) da., when C is 
independently increased, it follows that j° s (x) dx exists, and is equal to 
IJ” u„ (*) dx. 

lt> should he observed that these theorems may be applied to cases iu 
which the integrals j ° «, ( x ) dx, j° a (a) dx exist only aa non-ahsolutely 
convergent integrals such as ^-integrals. 

To prove (1) it is seen that lira s n (x) dx — j° s (x) dx ; and assuming 
that n, and C can he bo determined that j J°" s, ( x ) dr. | < t, for n&n c , and 
for all values of G' (> G), it follows that j J s (i) dx | $ c, for C’ > G-, and 
. since, c is arbitrary, j a (x) dx exists. Assuming that all the integrals 
9„ (*) dx exist, we have 

\j*s(z)dx~ j*s n (x)dx^£\j s(z)dx - s n (a)<fo:j 

Hl>H + lj> w 4 

and by taking a sufficiently great value of n (£ ru), and a sufficiently large 
value of C, the expression on the right-hand sido is < 3e. Jt thus appears 
that 

lira J s„ (x)dx = J s(x)dx. 

To prove (2), wc see that, if e be fixed, 0 may be so chosen that 
| 2 j°u n (w) dx J < e, for G' > G, 

and from this it follows that j s (a;) dx | £ e , for C' > C. Since e is 
arbitrary, J" a [x)dx exists. Also since J s(x)dx = lira j s„ (a:) dx, we see 
that J” a ( * ) dx is the limit to which 2 J s„ (a:) dx converges as (7 — » , 
and this limit is by hypothesis 2 J" u„ {*) dx. 
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SEQUENCES OF FUNCTIONS THAT ARE INTEGRA HLE ( J ?) 

219. Let «,{*), v. (*),... u„ ( 2 ), ... be functions each of which is 
bounded in the interval (a, b), and each of which is integrable (7?) in that 
interval. Let. it. further be assumed that, ill the whole interval, the scries 
«i (*) -f «. {x) + ... + m„ (*) + ... converges to a function s (x). Also let 
it be assumed that e (x) is bounded in (a, 6). It is proposed here todetorinino 
necessary and sufficient conditions that «{£) may have an /t-integrnl in 
( 0 , b). 

Let E be a set of points, in (a, b), of measure zero; and let r be nn 
arbitrarily chosen positive number, and ii an arbitrarily chosen integer. 
Let us suppose that, for each point x t , of (a, 6), which docs not belong to 
a certain component E c , of E, an integer % (> 55) can be determined, and 
also a neighbourhood (% — 8, *1 4- 8'), such that the condition | R ni (a:) | < « 
is satisfied for every point x, in that neighbourhood. Then, provided this 
condition is satisfied for every value of «, and E is such that each point of 
if. belongs to E, , for some sufficiently small value of e, the convergence of 
the sequence {«„ (*)} to s (*) is said to be regular in (a, t>), except for (lie 
set E, of measure zero. 

It will bo observed that, for a fixed e, the integer n, (> ii) depends in 
general upon the particular point * 1 , which docs not belong to E,. More, 
over, since 55 is arbitrary, there exists, for a particular point r, , an infinite 
number of values of »»,; the neighbourhood (x, - 8, x, 4- S') depending 
however in general upon the value of n, chosen. 

In the particular case in which «„ (*) £ 0, for all values of « and *, so 
that the sequence {«„ (*)} is monotone non-decreasing, when the condition 
R„ (x) < < is satisfied for a particular value of n, it is also satisfied for all 
greater values. In the general case this does not, hold; the condition is 
satisfied for nn infinite set of greater values of n, but not necessarily for 
every such value. 

Itis easily seen that, the set. Et must, for each value of c, be a non-dense 
closed sot, although the set E is not necessarily non-dense, and may be 
everywhere dense in (a, 6). For, if £ bo a limiting point of E,, then every 
neighbourhood of f contains points of E,, and it is impossible that the 
condition | (a?) | < e can be satisfied for every point of such neighbour- 

hood. Therefore £ must, belong to E,, and E< is consequently a closed set; 
and since its measure is zero, it must be non-dense in (a, b). 

The following theorem will now be established : 

The necessary and sufficient condition that the bounded function s (x) way 
be. integrable {R), is that the sequence of functions {s„ (*)}, all of which are 
integrablc (If), shall converge to s (x) regularly, except for a, set of jmnfs h, 
of measure zero. 
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To prove that the condition stated is necessary, let it be assumed that 
3 (x) is integrable (U). Since s (z), s, [x), s t ( x ), ... are all integrable (R), the 
set of points at which any one of these functions is discontinuous lias 
measure zero, and it follows that the set of points at which one or more of 
these functions is discontinuous has its measuro zero. It will be shewn 
that a point at which all these functions are continuous cannot belong to 
E t for any value of «, and consequently cannot belong to E. Let £ be a point 
at which all the functions are continuous, and let e be a prescribed positive 
number. The integer w, (> 5) can be eo chosen that | s (f) — s„, {$) | < Je; 
also 8 oan be so chosen that, for every point x, in the interval (f — 8, £ -f- 8), 
the inequalities | s (fl - s (x) | < \c, | s nj (f) - s„ t (z) | < are satisfied.- 
From these three inequalities wo deduce that the inequality 

I * (*) - ««, (*) I < « 

is satisfied for all points in the interval (f — 8, £ + S) ; and therefore £ does 
not belong to the set E,. Since r is arbitrary, it follows that £ does not 
belong to E. Hence every point of E must belong to the set of points at 
which one or more of- the functions « (x), s, (x), s 2 (as), ... s„ [x), ... is dis- 
continuous; and therefore m [B) - 0. 

To shew that the condition stated in the theorem is sufficient, let < and 
5 be fixed, then E. is a non-dense closed set of measure zero. A finite set 
of intervals, the sum of whose lengths is an arbitrarily chosen number ij, 
can be so determined that every point of B t is within one of the intervals. 
The remainder of (a, b) consists of a finite set of intervals {A} ; and for 
any point a:, in an interval A, a neighbourhood (z, - 8, x t + S') can be . 
determined, and also an integer n (> »), not necessarily the 6ame for all 
such points x 3 , such that | R n (x) \ < e for all the points of (x 5 — 8, z, + S'). 
This can be done for every point z, in the intervals (A), and we can consider 
the set of all such neighbourhoods (z, — 8, z, 4- 8'). To tlus set we may 
apply the Heine-.Borel theorem ; and consequentlyafinitesetof the intervals 
(z, — 8, z, + 8') exists such that every point of {A} is interior to one or 
more of the intervals of this finite sot. In each one of the. intervals of this 
finite set., the condition | R n (z) | < e is everywhere satisfied for some value 
of n (> 5i). When the set of intervals of which the sum is rj is excluded from 
(a, ft), the remainder may be divided into a finite number of parts such that, 
in each part, the condition | R„ (z) j < e is satisfied for a value of n belonging 
to a finite set n + + ft, ... S + j> r , of integers all greater than v. 

To shew that s (z) is integrable ( R ) we now apply Riemann’s test of 
integrability. Divide (a, ft) into a number of parts /q, ft 2 , ... h„ so chosen 
that all the end-points of the excluded intervals, and also all the end- 
points of those finite parta for each of which j R„ (x) [ < e, for a single 
value of n, are end-points of the parts ft,, ft,, ... ft,. For an interval ft, in 
the excluded set, the product of ft into the fluctuation of s (z) is less than 
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(M — in) ft, where M, m are the upper and lower boundaries of s (x) in 
(a, 6). For an internal ft, for the whole of which ( J? 5+ , j < c, the fluctuation 
of s (a) cannot exceed that of s s+ „ (a) by more than 2c. It follows that the 
sum of the products of each ft into the corresponding fluctuation of a (x) 
cannot exceed 

(ilf — m) ij + E Eft {2c + fluctuation of s s+ , (rc)}, 

where, in the double summation, the first summation refers to all (hose of 
the ft's which are in an interval for which p lias one and the same value, 
and the second summation refers to the values , p z , ... p r . Since s ntr (x) 
is integrable (U) in f lic interval to which it belongs, and for which p has 
a fixed value, it is seen that, when the number s is sufficiently increased, 
and the greatest of the ft’s is sufficiently small, E Eft x fluctuation of 
*(:+» ( x ) becomes arbitrarily small. Since q and e are arbitrarily small, it 
follows that Ricmnnn’s test of integrabilily of s (x) is satisfied. 

The general theorem having now been completely established, it 
appears, from the foregoing proof, that, it may be stated ns follows: 

If v i (x) + «*(*)+ ... converge# to a definite valve 9 (*), for all point# of 
(a, ft), and the function a «„ ( x ) are all integrable (12) in (a, b), the necessary 
and sufficient conditions that s (x) may be integrable (R) in (a, 6) ore (1), that 
the upper boundary of \ s (as) j in (a, b) be finite, and (2), that, corrcsjmding 
to two arbitrarily chosen positive numbers q, c, and to any positive integer ii, 
a finite set of intervals whose sum is less than q can be excluded from (a, ft), 
so that, in the remainder of (a, 6), | Ra tr (*) | < e, for every x, where p has 
one of a finite set of values which depend on x, but one such that the same p is 
applicable to all points x in a certain continuous interval. 

The condition (2), contained in tliis theorem, was obtained* first by 
ArzclSi, and is expressed by him in the form, that a certain inode of con- 
vergence of the series, called uniform convergence by segments in general 
(convergenssa uniforme a tratti in generate) holds good. This mode of 
convergence differs from that of uniform convergence by segments, con- 
sidered in 5 89, in that a finite set of intervals, of arbitrarily small sum, must 
be excluded from the domain, in order that the condition may be satisfied. 

EXAMPLES 

(1) Let s„ ( 1 ) = 7ize'~* r ', n-hon n is odd, and =0, when »i is oven. In this case the series 
is simply-unifonnly convergent; the Bum s (x) is the continuous function 0. Then 

« 0, 

• “ Suite scrie di funzioni,” Part n. Hem. delte U. A and. d. Sd. di Bologna (01. vot vrn ( 1 
A proof different from that in the text was given by Hobson, Proc. Load. Math. Soc. (-)• vol. I 
(IBM), p. SS2. ft is shewn there that Ara-i.Vs proof is invalid. 
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according as n is odd or even; thus 

UmJ%„(z)d* 

has no definite value, bat jjWdxrrQ. 

The term by term integration fails in thu case, because there is one point z — 0, at which 
the measure of non-uniform convergence is indefinitely great, as may be seen from 
S n m -VSt* (n odd), 
the limit Urn f *„ (r) Jx not existing. 


If a: be different from as 


f X t„ (*) dx = - e-»« x, < <>■ 

, lim J t„ (x)dxmO, but at x=0 the limit is -1; thus, in any 
interval which contains Hie point 0, the function lim j* t„ (z) dx is discontinuous, and 
therefore cannot equal j s (z) dx., which is aero. 

(3) tot « B («)=j^^+n'j:e- ,w * , -(n-l)**e-<’r-^* a i 

we find e (0) = 1 , and e (z) - e* for | * | > 0. 

We have j^t(x)dk’=e?-l. Also lim J^t a (x)dx is discontinuous at the point x-»0, 
which is a point at whlob tho measure of non-uniform convergence is infinite; it couvbrgos 
to e* - } if x > 0, and to zoro if z -0. 

(4) Let ti. (*) - fotVfcL _ 

W * + ».(*))* I+f+MiWP’ 

where h„ is a function oi n, and <f >„ {*), <p n ‘ (z) are finite and continuous in the interval 
• (a, b), and vanish for x=a. Furthorlot it be assumed that <)> n '(x) increaeo indefinitely 
with 7», for avory value of z except a, but so Ural Jim u„ (z) is zero. 


j % ■(*)<&=- in i , tan - * M'„i, (*)} + 1\ ten"! {r 

j%(*)dx = fr, tan"* «,,<*)}; 


l(4 


tho second integral and the limit of the first ate not identical unless 
i*+i tan -1 {&>«(*)} 
has tho limit zero. If <fi n [z)s:h n {x- a) ! , 

whore h„ is positive and incresses indefinitely with n, wo have 
■'m I’b+i t»n _1 l<Pan (*)} = Jw lim 

Hence, if lim tv+i have a finite value, the two expressions have different finite vs 
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A- n+ , increases indefinitely with n, the series of integral, of the terms of the series Se„ (t) 
diverges. The series of intcgralshas in this case a point of discontinuity at x = n ; we find that 



and this increases indefinitely os n increases, and thus the point a is a point at which the 
measure of non-uniform convergence ie indefinitely great. 


(5) Let 
where A. inei 


2k n h„tx-a) 2f-„+,W*-°) 
* ' ‘ “ • +*„ <* “»)* 1 + *n« (* -of ’ 


:s indefinitely with n, and I„ = 


(l0gA„) 0 ' 


In (his case j„^o +^L-^j increases indefinitely with n, ami (hos a ia a point of infinite 
neasuro of non-uniform convergence. 

11m j s„ (z)dr ^l\ log (1 + A, (x -a) 5 ) - lim i „ t , lag A n+ , , x > e, 
ind Km J s„ (x) dx = 0. when x =a; 


also J «(*)<fx=A-,log{l+A,(*-n) s ). 

If |9£l, Km A„ tl log A ntl is not rx-ro. hence the term l>y term integration falls; but 
if fi>l, tills limit Is rero, and the integral of e(r) is equal to the sum of the series of 
integrals, although in either caso the point a is a point of infinite measure of non-uniform 
convergence. 


(0) Lot r ho a perfect set of points constructed ns follows; In the middle of the 
interval (0, 1) lay off an interval (1), of Jongth l t =X - JX, where X Ib a positive number 
not greater than unity. In the middlo of each of the remaining intervals, lay off an interval 
(2), loth of theso intervals to be of the some length /,, and such that (ho total length of tho 
intervals (1), (2) is /, t-2f 3 r=X -}X. Proceeding in this manner, in tho middle of (lie equal 
remaining intervals, after n - 1 such steps, lay oil an interval (n), ail theso intervals to be 
of tho Bamo length l„, and sneh that the total length of ail the intervals (1), (2), .... (a) is 
I, +2t, +2% t ... +2 ■-»/. =A - , 

When n is indefinitely increased, tho set of end-points of the intervals, and tho limiting 
points of theso end-points, form the perfect set r. Let 

^ n (x)=uxc - " 1 ', xgO; 

then form the function 

Ogxsil. 



=0, for all other values of x. 

Let the middlo points of the above intervals (n) he denoted by «/"*, ... . o ,Rt 3 .i-i , 
and let s„ (x) be defined by 

®„ (x) =<#>„ (* -Oj 111 , ij) +</,„(! -8,°', If) 

f a ) + ...+4 B (*-a t a \ l,) 


+d>n( r i n ) + ... + W- 
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Then (*) “ continuouB in (0, I}, and converges to 0 for every value of x; for, if z,, be n 
point of any interval (•), almost ono term in the expression for s n (z) iB different from zero, 
anti this term converges to zero. If x„ does not lie in any interval (i), all the terms of s„ (z) 
aro zero. Every point of tho perfect sot r is a point of infinite measure of non-uniform 
convergence of the series of which «„ (*) is the partial Bum. In this ease the series %j v„ (r) dz 
is uniformly convergent, and thus has a continuous sum, which does not however coincide 
with the value of j * (z) dx. 

[Vi 

Wo find that I <*„ {z -o/«, UdreJ -*“»» 

I -Vt 

j*e n (z)dx*. 2 % l ( 1- e-»). 

whom p„ < 2 n ~', is thu number ol the intervals (n) which fall within (0, x). 

U can now bo shown that lim j *„(*) dx is a continuous r miction o[ z which increases 
from 0 to 1 as x Increase* from 0 to l, whoroas j lim *„ (*} dx »0, for overy valuo of *. 

If auy perfect non-dense set of points 0 be given, and a„, m bo tho middle point of tho 
complementary interval of length the function 

i-ni-kt 

»n (*) = , s ( x -»(.(■ 'I. l) 


will have, at every point of O, an infinite measure of non-uniform convergence to its limit 

«{z). Tlio lntcrvals /,, , arc here arranged in enumerable order, so that If r t , ... 

ho a descending sequence ot positive numbers which converges to zero, 1/. ,, I/, t , .... f (> 
aro tliose of which the longtiis arc fi f|_, nnd >q. 


SEQUENCES OF INTEGRALS OF CONTINUOUS FUNCTIONS 
220. It has been shewn in I, § 430, timt, if/ (x), a function of any number 
or variables, be defined and be eummable in a finite cell A, and «„ bo an 
arbitrarily prescribed positive number, a continuous function <f>„ (x) can be 
so determined that 

r i/c*) -4 >» M i dx< fm . 

Since | f tfW -<j> n (*)} ilx j £ f / (?) - <f>„ (x) \ dx < e„ , 

where E is ntty mensurable part of A, it is seen that, if {c„} be a decreasing 
sequence of positive numbers converging to aero, a corresponding sequence 
of continuous functions {<f> n (x}{ can be so ’determined that, j <&„ (x) dx 

> m 

converges, as n — to , to [ / (z) dx, for every measurable set of points E, 
contained in A, and uniformly with respect to all such pels E. If we. apply 
to the continuous function S„(sr), Weierstrass" theorem (see §§ 159, 1G0), 
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it appears that a finite polynomial P„ ( x ) can be so determined that 
| <(,„ (x) — P„ (x) | < e„, at all points of A; it then follows that 

I /{E ^ " P * dx j = j (E] I <*) ~ p n (*) [ dx S e„m (A). 

It is now seen that we have the following theorem: 

Iff (x) be any junction, summable in the p-dimcnsional cell A, a sequence, 
{P„ (x)} of finite polynomials can be so determined that j P„ (x) dx converges 

to I / (x) <7®, as n ~ » , for every measurable set of points IS, contained in 
J (E) 

A, and uniformly with respect to all such sets. 

The theorem of i, § 430, has been applied in various cases to extend 
properties of the integrals of continuous functions to the ease of L-integrals 
in general. It now appears that sueli extensions can be mode by starting 
from the simplest possible case, that of the integral of a finite polynomial. 

THE OSCILLATIONS OF A SEQUENCE OF INTEGRALS 
22i. Some important properties will be given of a sequence of integrals 
j /„ (x) dx, where the sequence {/„(*}}, in general uon-eonvergent, is 
defined in an interval {a, b). The theory lias been fully investigated* by 
W. H. Young. We shall denote by / {x) and £ (x) the upper and lower 
functions of the sequence {/„ (*)} , and by P {*), F (x) the upper and lower 
functions of the sequence {F„ (x)} , where F n (x) denotes the integral 

jjn (*) dx. 

It will be shewn that: 

If f n (®) has a finite lower boundary with respect to ( n , x), and {F„ (x)} is 
such that at no point is P (z) <= F (x) — + a>, then 

l (*) = j*£ (*) dx. 

Similarly, if f„ (x) has a finite upper boundary with respect to («, x), and 
(*)} satisfies the condition that at no point is F (xj — F (x) = — », then 

It will be sufficient to prove the first part of the theorem. 

Let w„ (x) be the function wliich, at each point x, has the value of the 
lower boundary of the sequence f n {x), (x ), ..., at that point. Then 
{w„ (x)} is a monotone non-diminishing sequence which converges to / (*)• 
Since w n (x) has » finite lower boundary, and is the summable function 
* Pros. Lmd. Math. Soc. (2), roL is (1910), p. 280: it«. (2), vol XI (19J2), Ji. 13. 
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_f„ (x), it is summable, and J w n (x) dx S J f„[x)dx; and from this it 
follows that lim |” v>„ (x) dx £ F (a;). Since 1‘ ( x > is finite, and {?«.•„ (x)} 
monotone, it follows from the theorem of § 2) 3 that {u>„ (x)} is an integrable 
sequence, and thus that/ (x) is summable, and that 

lim j in, (*) dx = j f ( x :) dx; 

therefore F{x)i, [ / (x) rfx. 

It ivill next be proved that: 

If F(z) £ j J (x) dx, then F (z) and F (x) are upper semi-integrals ; and 
if P{x)£ [ / (x) dx, then P (x) and F (x) are lower semi-integrals. In the. 
first case it is assumed that /„ (x) is bounded below, and in the second case 
that it is bounded, aboie, with respect to [n, x). 

An upper semi-integral has been defined in i, § 407, as the sum of an 
integral and a monotone non-diminishing function; a lower semi-integral 
is the sura of an integral and a monotone non-increasing function. 

It will he sufficient to prow. the. first statement in the theorem. 

Since F„ (x + h) = F„ (x) + j /» (x) dx, 

we have fim F n (x +■ h) £ lim F„ (x) + Urn j /„ (x) dx, 
or lim J /„ [z)dx£ F[x 4- ft) — P (x). 

Similarly, it may bo shewn that the lower limit or the left-hand side 
is £F(x + ft) -£(*).' 

Employing the last theorem, we have 

j X+k J[ (x) dx&P (x + ft) - F (x) 

S/’(x + ft)-i’(a). 

We have thus 

[* +A / (x) dx-F(z+h)£ j X £ (x) tfx - F (x), 
and j*’ Hx)dz — F{x + h)£ j X £(x)dx — F[x). 

Hence j f{x) dx - F (x), j f (x) dx — F (x) 

are both monotone non-increasing functions, and therefore F (x), F (x) 
are upper 6emi-integrals. 
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222. The following theorem* is independent of the supposition that 
f (a:) is a su mm able function: 

If lim J /„ (x) dx £ 0, where e denotes any measurable set of 

points in the interval (a, b), then the sequence {F„ (x)} is bounded below, and 
oscillates continuously and homogeneously below. Also if any subsequence 
{F- («}} is convergent, its limiting function is an upper semi -integral, and 
also a lower semi-continuous function, and is consequently everywhere con- 
tinuous on the left. 

We have F„ {x + A) «• F n (x) -t- f f„ (x) Ac; and asn ~to and h ~0, 
the second integral on the right has its lower double limit non-negative. 
Hence, if x ( x ) denote the chasm function of the sequence {F n far)}, wo have 
X (*) £ F (*)• The functions F n ( x ) being all continuous, we have 
F (x) = lim Jim F„ (x + h) £ lim F„ (x + 7() £ x (*)• 

It follows that F{x) •* x (*), and thus the sequence oscillates con- 
tinuously below; since the argument may be applied to any sub-sequence 
of {2‘’„ (*)} , the continuous oscillation below is homogeneous. 

To prove that F„ (x) is bounded below in relation to («,*), positive 
numbers e, a, and on in teger can be so determined that I /„ (x) dx > - « , 

J(c) 

provided m (c) < a, n > a, . 

If E be any measurable set of points in (a, b), the interval may he 
divided into r equal parts, cacli of length < a; and thus the part of E in 
each of these sub-intervals has its measure < a; it follows that. 

f fn {x)dx> — re, 

.'(£> 

and in particular that F n (a) > — re, for n > w l . Hence F„ (x) is bounded 
below, for n > w, , and therefore for all values of n. 

Taking e to consist of a finite set of non-overlapping intervals (x,.,, *,), 
wo have 2 {!’„ (*,) — F„ (*,_))} > — c, for n > provided lbc_ measure 
of the set of intervals is < a. It follows that, n being confined to have 
those values which it has in the sub-sequence {F„ p (x)} that converges to 
the unique function F (x), wc have 

This must also hold when the set of intervals is infinite, provided its 
measure is < a. 

To prove that the function F (x) is of bounded variation, we observe 
that, if it be not of bounded variation, there must be at least one of ihc 
r parts of (a, b) each of which has measure < a, in which the total variation 
* See W. H. Young, Pm. Loud. Mull,. Soe. (2), vol. Si (1012). p. SI. 
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of F (x) is infinite. This sab-interval (a', 6') may be divided into a number 
of parte such that the sum of the absolute variations in those parte exceeds 
a number N, as large as we please. The sum of tho negative variations over 
those parts is numerically less than « ; hence the sum of the positive varia- 
tions exceeds N — e, which is impossible, if N — e is sufficiently large, 
because the sum of the variations, eaoh taken with its proper sign, is 
F (&') — F («')■ Therefore F {x) is of bounded variation, and as in I, § 243, 
may bo expressed by P (as) — N (as), where P (as) is the upper boundary of 
the positive variations over the meshes of all nets fitted on to [a, x), and 
N (x) is tho upper boundary of the nunioricul values of the negative 
variations. The functions P (as), N (x) are monotone non-diminishing; and 
it can be seen that N (*), and consequently - N (&), is an integral. For 
the sum of the variations of N (x) over every finite or infinite set of non- 
overlapping intervals of which the measure is < a is < e ; since, to each 
value of «, there corresponds a value of a, it follows that N (#) is absolutely 
continuous, and is therefore (see I, § 406) on integral. The function F (a) 
being tho sum of an integral and a bounded monotone increasing function, 
is on upper somi-intcgral. That F (a:) is lower semi -continuous follows from 
a theorem given in § 117, that the limit of a convergent sequence of con- 
tinuous functions which oscillate continuously bolow is lower semi-con- 
tinuous. 

It. follows from tho theorem juBt established, and from the corresponding 

theorem for the case lira /„ (x) dx £ 0, employing the theorem in 
•(iH, »-•> I to 

§ 123, that: 

When lim f /„ (*) dx~ 0, the sequence {F„ (»)} oscillate. s contin- 
uously and homogeneously, and there is in every subsequence of {F„ (»)} , a 
subsequence which converges uniformly to an integral. 

■ 223. The following theorem, given* by W. H. Young, is of use in tho 
theory of series : 

if {/;, (a.)}, is a sequence of non-negative functions, such that j*f„ (#) dx 
forms a sequence {F„ (x)} which oscillates boundcdly, there is in every sub- 
sequence of {F„ (*)} , a sub-sequence which converges to a, lower semi-continuous 
function which is an upper semi-integral. 

If the sequence {/„ (a:)} is bounded below, the theorem clearly also holds 
good. From tho theorems given in § 221, it follows, since {/„ (*)} js 
bounded below, with respect to (», x), and F„ (x) is bounded above, that 
P (*), F (x) are upper semi-integrals. Since this reasoning is applicable to 
any sub-sequence, it follows that all the upper functions and all the lower 
functions of the sequence [F„ (a:)} axe upper semi-integrals. 

‘■Pox. Bag. Soe. voL unotvnr (19! 8), p. Ctl. 
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Since /„ {*) is non-negative, it follows that 

Iim f f„ (z) dx £ 0, 

n~», 0 1 W 

and we see, in accordance with the tiieorera given in § 222, that {F n (r)} 
oscillates continuously and homogeneously below. Hence all the lower 
functions of the sequence (a:)} are lower semi-continuous (see § 117). 
Since they arc also upper semi-integrals, that is each is the sum of an 
integral and a monotone non-diminishing function, it follows that nil these 
lower semi-continuous functions are therefore continuous on the left. 

If all the upper or all the lower functions of a sequence are continuous 
on one 6idc at least, the same 6ide for all, then a sub-sequence of the 
functions exists which is convergent (see § 122). This sub-sequence satisfies 
the conditions of the theorem. 

THE LIMIT OF AN INTEGRAL CONTAINING A PARAMETER 
224. If E be a measurable set of points x, of any number of dimensions, 
and /(*, y) is a function which is summablc in E, for all values of the para- 
meter y, contained in some finite, or infinite, linear interval, it is of import- 
ance to possess criteria for the convergence to a limit, of j f (x, y) dx, ns y 
converges to some value y 0 , which may be finite or infinite. More generally 
there may be an exceptional set of values of y in the linear interval for 
which / (x, y) is not summable. This exceptional set may be throughout 
disregarded, even if it be everywhere dense in the interval. Such con- 
vergence differs from the convergence of a sequence /„ (a) dx, as n ~ «, 
Iiei 

considered in §§ 201-213, only in the respect that the pnrameter >/, 
approaches its limit y a , or m , through a continuous (or at least lmeniuner* 
able) set of values, whereas the parameter n is confined to have the 
values of the integer sequence. It will appear that the criteria obtained in 
§§ 201-213, have their analogues in the more general case here considered, 
in which the parameter has values in a continuous linear interval. It is 
sufficient to assume that y is confined to an interval y 0 < y -- y + e » on 
one side of the point y„, or, in case y a is infinite, to the interval A < y. 
When y may have values both greater and less than y 0 , the limits on the 
two sides of y 0 may then be considered separately. 

Let E, in the first instance, have finite measure, and let it be assumed 
that, at each point x, of E, the limit / (x, y a + 0), or f (x, co), has a 
definite value. If, at points of a component of E, of measure xcro, this 
condition is not satisfied, this exceptional set may be throughout disre- 
garded. If e be an arbitrarily chosen positive number, let c s denote the 
set of points of E at which \f(x,y) — f (x, y 0 -j- 0) | £ e, for all the values 
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of y such that y 0 < y S y + h. In case y c is + » , e, A may be taken to 
denote the set of points for which | / {x, y) —/(*,«) | s e, provided y = A. 
If A > A', e k is contained in e h . ; and if A' > A, e A is contained in e A - . Thus 
m (e k ) is monotone non- diminishing as A ~ 0; and in (e A ) is monotone non- 
diminishing as A ~ oo . It can be shewn that ra (e A ) converges to m (E), 
as A ~ 0 ; and that m (c A ) converges to m(B), asi~®. For if 
lim m(E — e h ) ---- It (> 0), 

a sequence {A*} of values of A converging to zero could be so determined 
that lim m (E — %) = k; there would then exist points f common to an 
infinite number of the sets E — and at such a point we should have 
I / <?> Va + An) — / (ar, y„ + 0) | > e for on infinite set of values of n ; and 
this is inconsistent with the existence of the limit / (x, y„ + 0). It thus 
follows that lim m {£ — e*) — 0, or m (i£) — lim m (e 4 ). In a similar 
manner, it is proved that in (E) — lira m (e A ). 

225. Tlie following enforion can now be established : 

If E be a measurable set of points, of any number of dimensions, of finite, 
or of infinite, measure, and if f (*, y) be summable in E, for values of y in 
some interval y 0 < y £ y 0 + a; or in y 5 a, and if, for all {or almost all) 
values of x, the limit f(x, y 0 + 0), or f (x, <x> ), exists, it is sufficient in order 
that I f{x,y t + 0)dx, or [ f \x,»)dx, may exist and be equal to 

■'(B) ■'(E) 

lim J f(x, y) dx, or to lim j f (x, y) dx, that a non-negative function. $ (*), 
summable in E should exist, such that | / [x, y) | * £ (x), for all values of x, 
in E, and the values of y in the interval y„ < y S yj + a, or in y £ «. 

It is clear that | / (x, y a + 0) | fi rp ( x ), or that | / (x, oo ) | a >p (x), and 
thus that / {x, y„ + 0), or f (a:, <» ), is summable in E. Let m (E) be, in the 
first instance, finite, then we have 

[ (»,!/. + !/))<& | ^ J !/*».* + 0) ~f(x,y)\dse 

+ f !/(*» + 0) ~f [x,y)\dx<em (e B ) + 2 f fi(x)dx 
J(E-«„) J (S-c t ) 

< <sm (E) + e, 

provided A have a sufficiently small value. 

Since e is arbitrary, it follows that 

j^f {x, y, + 0) dx = lim (x, y) dx. 

The casein which y v ib infinite can be treated in a precisely similar manner. 



324 Sequences of Integrals [cn.v 

Next, let m (E) be infinite; a part E, of E, such that m (E,) is Suite, 
can bo so determined that I d> (x) dx is less than c. We have then 

J (E-E,) 

i /(B) ^ 2/0 + 0) 30) rfl |=J / (Ei) {/ (*■ + °) -f( x ’ y)) fc ! + 2e a 3c, 

if y is sufficiently near to y 0 . It then follows that 

I / (*, y a + 0) dx = lim f f(z,y)dx; 

.<E) V-V. J(E) 

and similarly, it Is seen that 

f fix, <o)dx= Jim [ / lx, y) dx. 

1<E) W~-" .'(£) 

If in E there exists a set of points of measure zero, at which the limit 
/ ( x t Vt + 0), or f (x, aj ), does not exist, it makes no difference in the 
application of the theorem, because the omission of this set of points from 
E does not affect the values of the integrals. 

As in § 202, the criterion may bo expressed as follows: 

If f (t, y) is absolutely summable in the measurable set E, of finite or 
infinite, measure, for values of y in an interval y 0 < y £ y 8 + a, or y & a, and 
if f (x, y) converges everywhere in E (or almost everywhere) to f (x, y 0 ), or to 
f (x, m ), os the case may be; and if a non-negative function tji (x), eummable 
in E, exists such that | / (*, y) - / {*, y„) I , or | / (x, y) -/(*,*>) | is £ <!> (*), 
then I / (a:, y„) dx, or f f (x, 00 ) dx, exists, and is equal to 

■'(E) • (K) 

lim f / (ar, y) dx, or to lim ( / (x, y) dx. 

v-V. ' (E) tr**> (E) 

For \f(x,y Q )\&\f(x,y)-f(x,y 0 )\ +|/(r,y)| «*(*) + 
and therefore f {x, y 0 ) is absolutely summable in E. Moreover 
l/(*.y )|2 0(*) + f/(z,y o )!, 

which is a summable non-negative function, corresponding to <f> (x). 

In case E has finite measure, wc obtain particular cases of the above 
criteria by taking tf> (ar), i/> (*) constant, and equal to K. Thus wc obtain 
the following: 

If E be a set of points of finite measure, in any number of dimensions, and 
if [ / (*, y) I = K, for values of x in some interval y„< y S y a + a, or y £ aj 
and if for all (or almost all) values of x, the limit f (x, y 8 — 0), or f (x, ® )> 

exists, then I / (x,y a + 0) dx = lim | / (z, y) dx, or 

J (E) v~y, J (E) 

f f(x,<x>)dx = lim ( f(x.y)dx. 

.'(E) y-n .’(E) 



225, 22«] The Limit of an Integral Containing a Par ampler 326 

Iff (x, y) fie summabk in the measurable set E, of finite measure, for all 
values of y in an interval y t <y&y 0 + a,ory&a; and iff ( x , y) converges 
everyivhere {or almost everywhere) in E to f (2:, y 0 ), or to f (x, ® ), and 
\f{x,y)-f{x,y a )\, 

or -/(*.«*) |> « ~ K, then f f(x,y„)dx, or f f{x,<*>)dx, 

J(F.) ■><«) 

exists, and is equal to lim I / (x, y) dx, or to lim / lx, y) dx. This in- 
v~v.J(E) v~°> hen 

dudes as a special case the condition that f [x, y) should converge uniformly to 
f(x,y 0 ), or to f (*, «*). 

236. The following criterion can be deduced from that given in § 226: 
If f («, y) be defined in the measurable set E, of finite, or of infinite, 
measure, for values of y in an interval y e <y£y t + a, or y S a, and iff {x, y) 
be, far all x in E, monotone non-diminishing (or non-increasing) with respect 
to y, in the interval, and. \f{x,y„ + a)\,or\f{x,a)\,i$ summablc in E, (hen 

I f (x, y„ + 0) dx and lim / (x, y) dx are cither both finite and equal, or 

J <2) v~V. HE) 

else both are infinite. The same statement applies to I . f (x, c© ) dx and 
HE) 

lim f / (x, y) dx. 

V-"” l (E) 

The values of y considered may oithor be ajl those in the interval 
y„ < y S y 0 + a, or y S a, or else they may be those corresponding to any 
set of points in the interval, of which y„, or co , is a limiting point. 

The proof will be given for the case y„ = co ; only a very slight modifica- 
tion is required to apply to the case in which y a is finite. 

Since / {x, ■») = {/ {x, co) - / (x, a)) + f (x, a) and f(x, » ) - / (x, a) is 
of fixed sign for all points x, in E, it follows that, when 

J m {/(*.»)-/ (*> «)} dx 

is finite, so is 1 / (.t, co ) dx, and when the first is infinite, so is the second. 
J (E> 

Since |/(x, co)|£ |/(x, a)j + |/(x, «)-/(*,«) |, it follows that |/(x,'« )| 
is summoblo in E if | / [x, 00 ) — / (x, a) | is summable in E ; for by hypothesis 
| / (x, a) | is summable in E. Since 

| / (x, y) - f (x, 00 ) | £ | f [x, a.) - / (i, <0 ) | S | / (x, a) | + J / (x, » ) | , 
it follows that when |/(x, ee ) j is summable in E, if y is in the interval 
y > a, |/(x, y) — f(x, <n ) j is less than a non-negative funotion, summable in 
E. Thus the condition of the theorem of § 225 is satisfied, and consequently 

f / lx, «o ) da s = lim f / lx, y) dx. If lira [ f (x, y) dx— <x> , then for 
■ME) V~«c 1 m j/— so J fE) 

all sufficiently large values oiy, I f ( x , y) dx is greater than an arbitrarily 
■MB) 
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chosen positive number N. In this case / (z, y) is non-diminishing ns y is 

increased , for all values of zin 22; it therefore follows that fix, » )dx>B 

J(E) 

Since N is arbitrary, I / (z, <® ) dx is infinite, of the same sign ns 
J(E) 

lim I f(x,y)dx. 

J (E) 


The case in which / (x, y) is non-increasing can be treated in the same 
manner, the integral J f (x, co ) dx then having the value — to . 

227. From the criteria obtained that j f (z, y) dx may be continuous 
at a point, criteria arc immediately deducible that the integral should bo 
continuous in a finite, or infinite, interval of y. Thus we obtain the following 
criteria: 


If, in an interval (a, /?), of y, we have \f (x,y)\ (z), where (*) a 

non -negative function, summable in the measurable set B, of finite, or infinite, 
measure, and. if f (x, y) be continuous with respect to y in {«, (3), then 
f (*. V) dx *« continuous in any interval of y, interior to (a, 8). If B = to , 

J (CJ 

the integral is continuous in the interval (a', oo ), where a' > a. 

In applying this theorem, <f> (x) may be taken to be the maximum of 
lf(x, y) | in the interval (a, /3), of y. 

If E have finite measure, and | / (z, y) | £ K, in an interval (a, ft), of y, 

and f (*, y) be continuous in (a, f}), with respect to y, then f / (x, y) dx is 

- (E) , 

continuous in any interval interior to (a, fi). If 1 3 = w , it is continuous in 
(a', a> ), where a' > a. 

If I f(x, y) [ be simmable in the measurable set E, of finite, or infinite 
measure, for all values of y in an internal (re, (3), an/l f (x, y) be for all values 
of x either monotone non-increasing, or monotone non-diminishing, and con- 
tinuous with respect to y in the closed interval (re, |S), then j f (x, y) dx is 
continuous in any interval interior to (re, (3). If fi = « , the integral is con- 
tinuous in (a’, oo ), where o' > a. 

Theorems relating to oases in which / (x, y) lias discontinuities with 
respect to y have been given* by Hardy. 


228. In the case of an integral J /(*, y) dx, over the linear interval 
(a, co ), the following criterion is of use: 

If, in every finite interval (a, C), where C > a, the emulition 
+ lim j° f (z, y) dx 

* Quaatrly Joann), rot xxxiy (J903), p. 28. 
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u satisfied, and if, corresponding to an arbitrarily fixed positive number e, 
a number C (> ft) can be determined, and also a valve y, , (> y B ), of y,for which 
r every value of C (> G), and for every valve of y such 
that y 0 < y £ y x , then j™ f (x, y„ + 0) dx exists, and. is equal to lim J* /(*, y) dx. 
This criterion, holds good also when y 0 ~ to , in which case | f f (x,y)dx j < c, 
for every naive of G' (> C ) and for every value of y which is 5 y t . 

It will bo observed that, in this theorem, no restriction is placed upon 
the nature of tho integrals. 

Wohavo J" [f[x,y) — /(*, y, -h 0)J dx 

= £{/■(*’»)-/ (*, Vo + 0)} dx + jj (t, y)dx- (x, y 6 + 0) dx. 
If C be sufficiently largo, since, for y„ <y£y t , 

j c f(*>y)dx =* Hrn^ V) dx ' 
wo have | jj {*, y) dx j s e. 

Also j°f (x, y„ H- 0) dx = Hm j *f (x, y) dx, hence | (x, y 0 + 0)(?*| £ c, 

for all values of O', and thus j j" f[x,y 0 + 0) dx j & e. Also, if y be suf- 
ficiently near to y ( , wo havojj [fix, y) -f {x, y„ + 0)} dx.j<e. Hence, if 

y is sufficiently near to y a , we have j | {/ (x, y) — / (x, y a + 0)} dx < 3e; and 
thus tho theorem is established. Only a slight modification is required for 
the case in which y 0 is infinite. 

An alternative to tho above criterion is the following: 

If, in every finite interval (a, C), where G> a, the condition 
( C f [x.. I/a + 0) dx *» iim I f{x,y)dx, 

Ja V~V. to 

is satisfied , and if Iim j" f{x,y)dx exists, and also lint J f(x,y)dx con- 
verges to the value lim j f {*, y) dx, when C is indefinitely increased, these 
conditions are sufficient to ensure that j / {x,y 0 + 0) dx exists, and is equal 
to lim J” / (x. y) dx. The case in which y B => » is included. 
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In order that j f [x, y) dx may be continuous on the right, at y a , lb® 
additional condition must be satisfied that/ (x, y a + 0} = / (x, y 0 ), or more 
generally that / (*, y„ + 0) - / (*, y 0 ) should be an intcgrablo null-function 
in an arbitrary interval of x. 

229. In case the integrals j f (x, y) dx, for values of y such that 
y B <: y £ y, + a, arc not necessarily i-intograls, but may, for somo or oil 
such values of y exist as D-intcgrals, or os fli-intcgrals, we may apply the 
result of § 210 to obtain a set of sufficient conditions for the equality of 

I f (*> Vo -b 0) dx and lim / (x, y) dx. The case in which y a is infinite may 
J a V~V% -a 

be obtained by a slight modification of the statement of the following 
theorom : 

If S (*« V) converges to a definite limit f (x, y c + 0), for all points x, of the 
interval (a, b) which do not belong to a closed enumerable set 0, and the 
functions f (x, y), for y 0 < y £ y„ + a, satisfy the conditions (I), that, in any 
interval (a, , /?,), contained in (a, 6) and interior to an interval contiguous to 
G, |/(», y) [ bounded with respect to (x, y), and (2), that j f (x, y) dx exists 
cither as an L-iniegral, an HL-integral, or a V -integral, for each value of ij 
such that t/„ <y£y + « ; and (3), that lim [ / (*, y) dx, for a £x£biscon- 

1 1> 

vcrgc.nl and represents a continuous function of x; and (4), I / (x, y, + 0)dx 
exists as an L-integral, an JJ L-integral, or a D-intcgral; then the. equatily 
J / (#i y« 4- 0) <£r - lim j f ( x , y) dx holds good. 

In order to deduce this theorem from that of § 216, it is sufficient to 
choose a sequence of values of y converging to y„ . 


bounded, nnd thud the condition 
(7 be fin'd, 


( 1 ) If y >0, we have j dx — Jir, but when y =0, J* dx vanishes; nnd thus 

j ^ dx is discontinuous at y =■. 0. 

In any interval (0, O) of r, and 0<y <a, 
lim dx~0 is satisfied. But j ( -v nT]( j ] low ., 

a valuo i/i ol y can bo so chosen that Cy, =3 <^j taking O’ siiclt that Cy, " - c have 

f^dx^d^ 

Thus it is impossible to choose O so that J rfr | <«■, for OC an d for every value 

ol y in an Interval (0, a); and thus Ibe condition in the theorem of § 228 is not satisfied. 
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Sinco lira J s ^Jf* dx=0, the condition in the second theorem of § 226, that this limit 
mutt converge, ns C~a>, to the value lim j is not satisfied. 

equality lira j jf (x)/fe y)d* = (x)/(x, th +0) ix holds if |/{x, y) | ii 


(2) The 


founded for all values of x and y such that asxgb, y 0 <y S y<, +a; and provided also $(*) 
is summable in (a, 6), and has inlinito diaeontinuitiea only at points o£ a closed enumerable 
set. For if(z)f(z, y) converges to ijt{x)f(z,y 0 + 0), in accordance with the condition of 
f 229, boundcdly in any interval interior to an interval contiguous to the exceptional ect; 
and the theorem is therefore applicable. The result may be extended to the case in which 
■b—ro, provided if (x) bo absolutely summable in (a, oo); then under the same conditions 
the equality holds. For j J^/(x,y)$(x)tlx | <K j ^\4t{x)\dx, where K is the upper 
boundary of f/(x, y) |i and tlieroforo, assuming tho existence of j*] </>{x)| die, wo have 
J j Q /(*, V) 4 > (x) rfx j <«, provided C is sufficiently great. It follows that J*/ (*■ J/c + 0) if (x) dx 
ovists, and is equal to Hm j" f(x,y)if (x) dx. 

(3) Consider^ (x)dx, where b may be finite nr infinite. It follows from Ex. 2, that 
provided if (x) is absolutely summable in (a, ft), and has at most a sot of points of infinite 
discontinuity which form a reducible set, lim j c"** <#> (x) dx if (*) dx. 

Tho theorem holds, however, whenever J e~y*if(z) dx has a definite value for alf values 
of y such that 0&y£_a, where a is soino positive nurofor. If <f{z) denote tho continuous 
function J 1 tji(x)dr, wo bavo 

f^e-y* <f {*) dr -e'»* + (ft) +y £«"»*+ (*)<£*, 

4 being taken to bn finite. Since | ifr (*) | has a finite uppor limit O’, in [it, ft), we have 
J J e“>“ * (x) tlx | < Ur™ (0 -o), if a > 0; 
therefore lim j t~ vr (z)dz —<f (t) — J <f(x)dx . 


if (x) dx =y J“ c ~ rz Y (*) *= =3» 4* (*)<& + P J , «~ rl <■ 


due theorem, we bftvc 


(*>*=. 


hence, applying the first m 

where % is some number between a and I/-/y. and x s some number greater than l/>/y. 
When y oouverges to tho limit aero, the first term on the right-hand side converges to zero, 
and tho second to the limit (os ), or^* 0 (x) dx. It is sufficient if if {x) have a D- integral in 
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(4 ) The integral j* J{x) cos zydz is a continuous function of y, in any finite int«ri 
y, interior to (0, }, provided either (1), | / (z) j is summable in (0, k ), or (2),/(r) is 
mable in every finite interval, f(x)~0, as x~co, and is of bounded variation in 
interval (A, o»). 


In case (2), if f (x) be monotone decreasing in (A', » ), we have 

j /(z)coszydz=/(4') j ^ c<nxyirJ t -^l{c\nA'"x -aaA'x) 
or | J J(x) cos zydz | provided A <A' <A", where A'" is in the interval (A A 

It fallows that ^f(z) cos zydz ^ <», provided y is in on interval interior to (0, z.J, 

and A' is talcen sufficiently large. 

It is clear that, if / (z) is the difference of two such monotono functions, that is, of bounded 
variation in (A, •» ), and iim /(«) =0, the same result holds good. Denoting the integral by 
/ (y), wc have 

| Uy*h)-I {V)~J 0 /(*> (cos* (y +A) -coszydz] |<2», 
and slnco j f (z) cos zydz is continuous because 

|/(z)coazy| £ \f(x) | and j* ]/<*) j dx 

exists, we have | I{y +A) -/(y) | < 3t, provided | h | is small enough. Thus tho condition 
of continuity of I (y) is satisfied. 

(C) If* is continuous with respect to y in an interval (a, p), for each 

finite value of A < >o), then j J{x, y) 4- M dx exists, and is continuous with respect to y in 
(a, p), if either of the following sets of conditions are satisfied: 

(i) . j a •/•(z)dv exists; /(z, y) is monotone decreasing with respect to *, and £1), for 
each va ue of y, in (n, p); and | /(a, y) | i» less than a number K, independent of y. 

(ii ) , j (z) dx oscillates between finite. limits; /(z, y) is, for enr.h value of y in (a, ft), 
positive and monotone with respect to z; and / (z, y) converges to zero, a»z ~ * , uniformly 
with respect to y. 

We have, by Bonnet’s form of the second mean value theorem, 


/'/(*. y ) ■#>(*) dx =/ (ri, y) J"* <p (z) dr, 
n case (lh |/(ri, y) [ < A', and A may be so 


pp. 43f-f30, whs 
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Therefore | j f(x, y) tfi (i) ix | is less tlitn an assigned positive number, if A lie properly 
chosen, for all values of A' { >A), and for all values of y, in (n.fi). That /(as, y) <j> (x) tlx 

In caso (ii), A may bo bo chosen (list j/(A, y) ) < f, for all tho values of y, and 
j j $ [£) dx J is less than a fixed number, independent of A lii’ja liio eame result follows, 

230. The following theorem is of use in connection with tho theory of 
Fourier’s series: 

Jf 9 (0 ' s a summable function, defined in the cdl or interval (a, b), and 
if f (l) is a nummablc function, defined in the cell or interval (a -1- a, b + fi), 
then [ f(x + t)g (t) dt exists and is a continuous function of x in the cell or 
interval (o, fi), provided either (I), g (f) is bounded in (a, b), or (2), j/(t) (*, 
| g (i) |« are summable in the cells or intervals {a + a, b + /S), (a, b) re- 
spectively, for some positive values of p and q such that ^ ^ = 1. 

In case the variables x and t are in r dimensions, the integral denotes 
rum, son 

^ / IreOl + m, **>•+ »■>, ... , zM H- 

> J(a (11 , nj*>, 

g <<», ... , ti<!) d (fW, trn, ... <W). 

ft, 

A preoisely similar result holds good for an integral f{x — t)g (t) dt. 
This theorem was established* by W. H. Young, for tho linear case, bwt 
the proof given below suffices in the onso of functions of a variable of any 
number of dimensions, 

If P (t) denotes a finite polynomial in l, wc have 

J V (* + «) a mn-J’m** i) - r (* + 1» j w * + e w. 

where Q fx) is tho finite polynomial 

Considering first the case (1), the polynomial P (1) may be so chosen 
that j 3 | / (<) —/(<)) dt < ij, where i] is an assigned positive number 
(see i, § 430). Wo hove then j ^ {/ (* + t) — P [x + t)} g (f) cft.| < g-q, whore 
g is the upper boundary of | g (<) | in {a, b). It follows that, if f bo any 
fixed value of x in (a, fi), and x' any point in a certain neighbourhood of 
i, the difference of the values of J f(x + t)g (f) dt for ? and x' is numerically 

* Proc. Soy. See. (A), voL Lxxxr (19UJ, pp. 4M-108. 
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less than (1 + 2y), or than e, if tj be chosen to be £ </(l 4- 2g) Therefore 
^ / (x 4- /) g ( l ) dt js continuous with respect to * at the point £. 

Next, in case (2), wo see that (see i, § 436) 

is numerically not greater than 

[£ |/t» + 1) - r (* + 1) I'*]’ [£ I ! (I) !■<#]" 

By the theorem givon in § 173, the polynomial P (/) can be so chosen 
that 

then | k {/(* + t) -P (x + <)} g (<) <ff 

is numerically less than ^ Q J y {«) |« 

or than if rj bo properly chosen. Since Q (x) is a continuous function 
of x, in a certain neighbourhood of tlie point f the fluctuation of 6 (x) is 
< Ac; hence the fluctuation of j f(x 4- l) g (<) dt, in that neighbourhood 
is < t, which is the condition of continuity of tlie function of x. 

TFTK DIFFERENTIATION OF SERIES 
231. If s (x) denote the sum-function of an infinite series 
r, (x) + ft 2 (x) + .... 

and it be assumed that, either at a particular point, or in a continuous 
linear interval of x, all the terms «, (a:), w, (x), ... are continuous and 
differentiable, it is a subject for investigation under what conditions s (x) 
possesses a differential coefficient which is the limiting sum of the infinite 
series ft,' (x) + ft.' (x) + .... of which the tcrmB arc the differential co- 
efficients of the original series. It may happen that [1), s (x) possesses no 
differential coefficient, or (2), that the aeries if (x) + if [x) + — » not 
convergent, or both (1) and (2) may be the case, or (3) it may happen that 
s' (x) exists and the scries of differential coefficients is also convergent, hut 
that its limiting sum is not s' (x). 

Writing s (x) = s„ (*) + R„ (x), we have, at any point of convergence 
of the series, lim II „ (x) =. 0; further we have 

s(x + h)-s (x) = s B Jx + h) - s„Jx) R n (x + h) - P„Jx) 
h .- h - - + h 
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On the hypothesis that all the terms of the series have finite differential 
coefficients at the point x, wo have lim *"— ■ — — s n ' (x). If 
R„' [x) exists, at the point x, and converges, as n ~ <x , to the value zero, 

. s' (x) = Jim s„' (x) = lim {it,' ( x ) + a,' (a) + ... + (a)} . 

In case R n ‘ (a) either docs exist, or if it exists hut docs not converge 
to zero, as w ~ oo , the term by term differentiation of the series is inap- 
plicable. 

Let it be assumed that, in a given interval (a, b), the terms of the 
convergent series u t (x) + ttj (x) + ... + m„ (*) 4- ... are differentiable, and 
that thoir differential coefficients are intcgrahlo in { a , 6), in accordance 
with Lebesgue’s definition, or more generally in accordance with that of 
Deujoy. Let it be further ussumed that, for each value of n, 

j u n ' (x) dx u„ (x) — (a ) ; 

tliis condition is uerfoinly satisfied if u n ‘ ( x ) is finite at every point, and 
summablo in (a, b), and u„ (x) is of bounded variation (see I, §653); or 
more generally, if u„ (x) is of bounded variation, and «„' (*) is infinite onty 
at points of a reducible set, and is sumraable in (a, b). In case (x) is 
everywhere finite in (a, 6), J* u n ' (x) dx always exists as a D-integral, and 
the condition J (*) dx — «„ (x) — it m (a) is certainly satisfied (see i, 
§ 471). Let it also be assumed that, the series it,' (x) -j- vf (x) + ... is con- 
vergent everywhere in (a, b); then, denoting the sum-function of this scries 
by ^ (x), we may apply the theorems given in §§ 214-218 to obtain sufficient 
conditions that <f> (x) possesses an integral J </, (x) dx, wliere a&x&b, and 
tliat the series {it, (x) — it, (a)) + {ii 3 (x) — «* (a)) + ... converges to the 
value p rji (x) dx. If the condition that S {«„ (x) — u„ (a)} converges to 
the integral j (*) dx, is satisfied, we have s (x) — s (a) — [ <j> (x) dx; from 
which it follows that, almost everywhere in (a, b), and certainly at every 
point of continuity of 4> (x), the differential coefficient s' (x) exists, and has 
the value <A (x); or e' (x) — S u„' (a). 

Accordingly, ft is sufficient for the validity of term by term, differentiation 
of the series it, (a) + «j (x) + almost cvenjiohere in (a, 6), that: 

(1) J" u„' (x) dx exists as an L-integral, or a Xi-integral, and has the value 
«»(*) -*<*(«)• 
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[oil t 

(2) The sum-function <j> {*), of the series (a) has an integral 
j* <f> ( x ) dx, in (a, b), to which the series {u L (x) — (a)} + {u t (a) — ti. (o)} + ... 

converges. 

Condition (1) is always satisfied if u„' lx) is everywhere finite in (a, b). 

The simplest sufficient condition for the validity of term by term 
differentiation of a series is the following: 

If the series £ U„ (*) converges everywhere in the finite interval (a, b), and 
the terms of the scries £ w„' (*) be all continuous in (a, 6), and this latter series 
is uniformly convergent in (a, b), then s' (*) exists, and is the sum of the stria 
£ (x), at all points of (a, b). 

For, if the series of continuous functions £ u„‘ (*) converges uniformly, 
its sum-function <f> (x) is continuous, and has an Jl-integral j X f (x) dx, to 
which the series £ {w„ (a:) — u n (a)} converges (see § 214 (1)). 

222. The following theorem gives less stringent sufficient conditions 
for the validity of term by term differentiation of a series: 

If £ n„ (x) be everywhere convergent in the interval (a, b), and the dif- 
ferential coefficients all have. finite valves everywhere in the interval, and (i) 
be summablc, and the series £ u a ‘ (x) be everywhere convergent in (a, 6), 
then, almost everywhere in the interval, and certainly at every point of con- 
tinuity of £ it„' (s), the relation jjt x u n (x) ■=£«„' (x) holds, provided 

either (1), £ u„' (x) converges uniformly in the interval, or (2), j £ (x)| 

is, for every value of n and x, less than the value of some summabte function 
•fi ( x ), or (3), if £^«„' ( x ) is continuous in (a, b), and the set of points in 
whose neighbourhood J £ w B ' (x) | is not bounded for all values of in, is 
enumerable. 

Since (x) is summoble, and everywhere finite, the L-integrnl 
j {*) dx exists and has the value u R (z) - n„ (a). It either of the condilions 

(1), ( 2 )i (3), (4), of the theorem is satisfied, it follows from the theorems 
established in §§ 214-216, that £ J* it,’ (x)dx converges to <£ (x)dx, 
where <f> (x) = £ u„' (z); thus both of the conditions in § 231 are satisfied. 
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The condition, of the above theorem, that u n ' (x) be everywhere finite, 
may be so far relaxed, that it may have infinite values at points of a 
reducible set. If then (x) bo still summable over the part of (a, b) winch 
remains when the reducible set is removed, in accordance with t, § 413, 

jV (*)-*(*) -»(»)• 

In this case, the theorem of § 216 is applicable to prove that, under 
certain conditions 2 j (a) dx converges to J* 2 u„' (re) dx. 

Wc have accordingly the following theorem : 

If 2 W„ [x] be everywhere convergent in (a, b), and has a continuous mm, 
u„' (x) be finite except at points belonging to a reducible set, and be summable 
in (a, 6), and if further 2 u„' (x) converges to a function rfi (re), at every jmnt 

which, does not belong to a reducible set G, and so that J S (x) | is bounded, 
as a function of m and x, in every interval that contains no point of Gas interior 
or-end-point, then term by term differentiation holds good almost everywhere in 
the interval. 

233. The following theorem is due* to Fubini: 

If all the functions of the convergent series 2 «„ (x) are monotone non- 
diminishing, or all are monotone, non-increasing, and the. series converges in 
(a, b) to s (x), then s' (x) exists and is the sumrfunction of 2 (x), almost 

everywhere to (a, 6). 

. Let u n («) be monotone non-diminishing; it has almost everywhere in 
(a, b), a differential coefficient (x) S 0. Moreover u„' (x) is summable 
over the set of points at which it exists, and j u n ' (x) dx = «„ (x) — u„ (a). 
In accordance with theorem (10) of § 214, since 2 j (x) dx is con- 
vergent, the series 2 u„‘ (x) converges almost everywhere to a function 
<f> (x), summable in (a, 6), and 2 J* u„' (x) dx converges uniformly to 
j j> (x) (fa; thoreforo s (x) — s (a) = f (x) dx, from which it follows that. 
s' (x) exists almost everywhere, and has the value 4> (x), to which 2 w„' (x) 
converges almost everywhere.' , 

A theorem, similar to this, is the following! : 

If 2 u„ (x) is a convergent series such that u„' (x) is, for each valve of n, 

‘ Brsif. Aec. Linen, (5) vol. sxiv (101D), p. 201, where a direct proof of (ho theorem i« given. 
Another proof has bcon given by. A. Snjchmim nnd S. Soles, Fundaments Mat. vol iv, pp. 211-13. 

t Sen IV. H. Young, Comfi. PH if. Trans. voL XXI (1010), p. 408. 
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finite at every point (hat does not belong to a reducible set of points, and if 
£ v„' (a:) converges almost everywhere to a. function which, is itself a siimmablc. 
differential coefficient, and finite, except, at points belonging to <t reducible set, 
then ■ E (*) = S { x ) almost everywhere. 

For we have, as in the Inst case, j* u„‘ (x) dx = «„ (x) — «„ (a); and 
£ u„' (*) converges almost everywhere to a function <f> (x), equal to n 
function f' (*) almost everywhere. Also, in virtue of the condition that 
iji’ (ar) is summalilo, and finite, except at points belonging to a reducible 
set, we have j <j> (x) dx = fi (*) — ft (a). 

234. The condition of the validity of term by term differentiation of 
the convergent scries £tt (x), at a particular point a of the domnin of x, is 
identical with the condition that the two repeated limits of 
s (n + ft, ij) - s (n, y) 
h 

for h = 0,y «" 0, should exist, and have one and the same vnluo. By apply- 
ing the theorems of I, §§ 305, 306, which contain the necessary and sufficient 
conditions for the existence and equality of repeated limits of a function at 
a point, we obtain the following theorems: 

If the series £«„ (x) everywhere converge in a sufficiently small neighbour- 
hood of a point a, arid the differential coefficients uf (a) exist, and arc finite, 
then the necessary and sufficient conditions that s (x) at x -* a, mag exist 
and be equal to £«„' (a) ore (1), that £m„' (a) be convergent, and (2), that, e being 
an arbitrarily chosen positive number, and rig an arbitrarily chosen positive 
integer, a number q, positive and > 0 can be found, and also a. positive integer 
n > n 0 , such that the condition ■ j + - - j^ — — J < e is satisfied for ibis 

value of n, and for every value of h such that 0 < | h [ < q, and for which a + h 
is interior to the given neighbourhood of a. 

If the series £tf„ {x) everywhere converge in a sufficiently small neighbour- 
hood of a point a, and the differential coefficients uf (a) exist, and are finite, 
then, the necessary and sufficient condition that ^ s (x) at x = a, may exist 
and be equal to 1u (a) is that, corresponding to any arbitrarily chosen 
positive number e, an integer » 0 exists, such that corresponding to each integer 
n > n 0 , a positive number ij, *«■ general dependent on n, can be found, such 
that the condition j — — ~ - | < « is satisfied for every value of 
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h such that 0 < | h \ < y, and for which a + h is interior to the given neigh' 
bourhood of a. 

It iB clear from i, § 305, that^e uniform convergence of S ° ^ — taS?) 

to the limit * ^ + ^ for all values of h, except 0, t» a fixed interval 
(— 8, 8') for h, is a sufficient condition that s' (a) exists, and that the series 
Stt,,' (a) converges to s' («). 


235. The following theorem* is sometimes more convenient than the 
theorems of § 234, for the purpose of ascertaining whether a-f unction defined 
by a convergent scries of funations is differentiable nr not. 

If the series Ew„ (a) converge in (a, b), andthe differential coefficients (a) 

exist, and 'arc finite, then the necessary and sufficient conditions 
may exist atx**a, and be the sum of the series Sw„' (a), are (1), that the series 
2« n ' (a) be convergent, and (2), that, corresponding to an arbitrarily fixed 
positive number e, and an arbitrarily fixed integer m', a positive number 8 
can be determined such that, for each value of h numerically less than 8, and 
for which a -i- h is in (a, b), an integer m (> to'), in general varying with h, 
can be found, for which the three numbers . 

S f ttn (« + &) ~ », («) T[ y lt <ni" + h ) i 

are all numerically teas than e. 

The convenience in application of tills theorem arises from the fact that 
it provides a test in which only a single value of h is employed. To prove 
that the conditions stated in the theorem are sufficient, we liavo 
*M-A)^(a) _ 5 <{a) ^ g 

where li m ‘ denotes the remainder, after m terms, of the series Sw„’ (a). The 
number m' can he so chosen that | R n ' | < e, for n S m‘, since the series 
(a) is convergent. If m be chosen > m', and such that the second 
condition in the theorem is satisfied, wo see that 


1 a fg + h) - s (a) 

I • h 


— 2 1«„' (o)|< 4e, 


provided j h ( < 8; and therefore lim 8 ( a *'~ — . f 1 ?? j 6 £ (a). Tliere- 

forc the conditions are sufficient. 

To shew that the conditions stated: are necessary; it is clear that 
(i) must be satisfied, and therefore that m' can be determined so that 


* ffiol. Onauttagtn, p. 262. 
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| R m ' j < Jr, if m a m'. Moreover, a positive number S can bo determined 
such that 5 ^ ^ (c) is numerically lessthanjc,if j /i | <S, 
Also since S«„ (z) is convergent, for each value of it, a corresponding value 
of m (S m') exists, such that arc each numerically < $f. 


It then follows that, for these values of h and m, the condition 


5r satisfied. Therefore the conditions in the theorem are necessary. 


EXAMPLES 

(1) Lot u„ (z) = -*innr; the sorics Sk„ (x) converges everywhere in any interval, but 
tho scries 2 cob nx does not converge- Tlio term by terra differentiation of (ho given serial 
is therefore inapplicable. 

<2) Lot u„ {x) •»— - tho series 2u n (i) converges to tho Bum-function i (*) mx, in 
tho interval (0, 1). Tbo serial 2 (* n “ 1 -*") convergea to < (*) ■ 1, for all values of * in tho 
interval (0, I), except for * = 1, when it converges to 0, wliioh is not equal to s’ (0|. The 
series 2 (e" - 1 -z") has tho point sr«*l for a point of non-nniform oonrergenoe, and thui 
tho oonvorgonco is not uniform ill tho interval (0, 1 ). 

(3) XI 10 series 5 4" cob (a"z), where 0<b<l, converges uniformly in ony interval. Tho 
series -2 (oi>) n sin (o"z), for ab > 1 . is not convergent. It will bo shewn inter that the function 
defined by tho given series is not differentiable for any vnluo of x, provided ab exceed* it 
certain value. 


INVERSION OB THE ORDER OB REPEATED INTEGRALS 

236. It is an important case of the problem of the inversion of the 
order of repeated limits to investigate sufficient criteria for the equality 
of the repeated integrals 

L dx fj **’ d,j ‘ il dy dx * 

where / (z, y) is a function of two variables, defined in the cell (a, 0; a, fi). 
It will be assumed that / (z, y), whether it bo bounded or not, is mensurable 
in the cell. 

The plane set of points at which / (z, y) > A, is, for eaoh value of d, 
a measurable plane set B A . It has beon shewn in J, § 427, that the section 
of Ea by an ordinate y, corresponding to an abscissa z, is linearly measur- 
able, for almost all values of z; hence the set of points on the ordinate y, 
at which / (z, y) > A, is, for almost all values of z, linearly measurable. 
Assigning to A the values of an enumerable set of numbers, everywhere 
dense in the indefinite interval we see, taking account of a 



285-«37] Inversion of the Order of Repealed Integrals 339 

theorem given in i, § 383, that / (x, y) is, for almost every value ot x, 
linearly measurable with respect to y. 

In order that the repeated integrals J dx j* f (x, y ) dy may have a 
meaning, it is sufficient that J* / (x, y) dy should have a definite value <j> (x), 
cither as an Irintegral, or as a non-absolutely convergent integral, such as 
a D-integral, for almost all values of x, and that J (®) dx should also 
exist; where, in the integration, those points of (a, a) at which (x) is not 
dofinite, forming a sot of measure zero, are left out of account. A similar 
statement will apply to J f (x, y) dy. It. is not absolutely necessary for the 
cxistBiioe of | dx j f (x, y) dy that j* / (x, y) dy, or <f> (x), should have a 
definite value, almost everywhere in the interval (a, a). If, in accordance 
with any definition, <f> (z) has an upper value £ (x), and a lower value ^ (x), 
tho repeated integral may exist where J {<ji (x) — f (x)) dx — 0. This pos- 
sibility will however not be hero further considered; it will be assumed 

if 

throughout that J^/(x, y) dy exists almost everywhere in tho interval 
(a, a), and that J f{x, y) dx exists almost everywhere in the interval (6, /?). 

237. In case it is known that/ (x, y) is summable in the cell (a, h\ a, ft) 
we have the theorem established in I, § 42D : 

If f( x >V) be a function, bounded or unbounded, that is summahle in the 
cell ( a , b; a, (3), the repeated integrals 

/ n * ^ Iy ’ il dy I /**’ ^ ^ 

are equal to one. another, and have the same value as the integral of /{», y) 
over the cell. 

It is of importance to possess a oriterion which does not depend upon 
a knowledge that the function is summable over tho cell, in view of tho 
fact that, in general, an integral over the cell can only be evaluated by 
moan6 of one of the corresponding repeated integrals; and it is in general 
not known, apart from such valuation, whether a given unbounded measur- 
able function is summable, or not. For this purpose, the second theorem 
in i, § 429, may be employed: 

If one of the repeated integrals j dxj \ f fa y) ] dy, j ^ dy J“ \f (x, y) | dx, 
exists as a finite number, then f fa y) is summable over the cell (a, b ; a, /?), 
ml therefore fcdxj^f (x, y)dy = J* dy jj (x, y) dx. 
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In particular, we have the result that.: 

If f fa y) - 0» t» the cell (a, l>; a, /?), and if one of the repeated integrals 
off fa y ) exists as a finite number, then the other exists, and the two have, the 
same value. 

The following test may often* be conveniently applied : 

If <ft ( x , y) be 5 0, and unbounded, and one of the repeated integrals of 
if> fa y) is finite; and tfi fa y) be a bounded measurable function, the repeated 
integrals 

j'dx fV <*. v) ■A fa y) (*> v) *A fa y) 

are both finite, and are equal to one another. 

For the function <f> fa y) \ ft fa y) [ fe summable over the coll, since 
if) (a:, y) is summable and | f> (a;, y) | is bounded; therefore <j> (a:, y) ifi [x, y) 
is Hummable over the (sell, and the result then follows from the first theorem. 


238. If / (a:, y), although measurable, is not summable in the cell, the 
repeated integrals may exist, and they may have different values. An 
oxainplo of this possibility has l>een given in i, p. 578, for the case 


the cell being (0, 0; 1, 1). 


/(*.»)- 


x * — y* 
(x* + y*)*‘ 


For the case in which / fa y) is not summable, or is not known to be 
summable, over the cell, the following general theorem is applicable: 

If (I), | [V (*, y) dx j 5 >f> (y), | j^f fa y)dy^f> { x ), for all values of 

fay) in the cell fab; a, fi); where tf> (y) is some non-negative function, 
summable in the interval ( b , /?), and <f> (*) is some non-negative function, 
summable in the interval fa a); and if, (2), the. points of infinite discontinuity 
°f f fa V ) are distributed oh a limited number of arcs of continuous curves 
representing monotone functions, then 


f o dx Ilf fa d,j ” f. dy I j (x ’ y) dx ' 

In applying the theorem, fi (i/) will be taken to be the maximum of 
j | ffa V) d* | , for a fixed y, for all values of x in (a, a). A similar remark 
applies to <fi (y). The functions^ (a:), i/r (y) may be infinite, or indeterminate, 
for sets of values of x, y which have linear measure zero; and still they may 
be summable in fa a), (b, fi) respectively, when these sets arc left out of 
account. 


* See W. II. Yeans, Carat. Phil. Tram. toI. xxi (1910). p. 3M, where tho theorem in 
in tlightly different form. 
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The particular case of this theorem, which is a generalization of one 
given* by Jordan, that arises when <j> (y) and <p {*) are both constants, so 
that J f (», y) dx, J* / (#, y) dy are both bounded functions of (x, y) in the 
cell, was givenf by W. H. Young. 

Let each point of each curve, belonging to the finite set, be enclosed 
in a rectangle with centre at the point, and sides parallel to the axes, and 
of lengths e„ , ; where {«„} , {«„'} are two sequences of diminishing positivo 

numbers which converge to zero. Employing the Hoine-Borel theorem, 
there exists a finite set of these rectangles which contains all the points 
of the curves. In this manner a finite set A n , of cells, is obtained, such 
that every point of infinite discontinuity is interior to one of them. On 
any straight lino parallel to one of the axes, there are at most r segments, 
in which the straight line intorsectn A„ ; where r is the number of the curves. 

Let /„ (*, y) « 0 at all points in any of the rectangles of A„, and let 
in (*• V) =/ ( x > V)> Rfc nil remaining points of the cell. The function /„ (*, y) 
is summable in the cell [a, b\ a, fi), and tlierefore 

f a dx ll fn **' ^ “ f a dy f/" ^ X ' y ' ,d * = f fn */" (*• y) d ^<y)- 

Denoting J*f„ (x, y) dy by Xn (*). and f /(*. y) dy by x (*), it will be 
shewn that J x (®) dee exists and is equal to lim J x« (*) dx. 

That j x (*) dx exists, follows from the condition (1), of the theorem, 
sinco | x (*) i fi <!> (*), which is summable in (a, a). The difference of the 
two functions x (*)> x« (*) 18 the sum of at most r integrals J f (*, y) dy each 
taken over a segment in which the ordinate, corresponding to tlio abscissa 
x, intersects tho cells A„; it follows that | * (») — Xn (*) I - (*)• There- 

fore, employing the theorem of § 202, wo have 

J x (®) dx •=■ lim j x, («)<&; 

or j‘ dec j^/ (x, y)dy = lira j* dx £/„ (x, y) dy. 

In a procisoly similar manner, it can be shown that 
j dy j f {*, y) dec = lim J dy j f„ [x, y) dx ; 

and the two limits on the right-hand side being the same, tho theorem has 
been established, 

* Oatirs tT Analyse. vol. tT, p. 67. 
t Comb. Phil Trans, vol JOT (1910), p. 365. 
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It can be shewn that: 

In the theorem, if condition (1) be replaced by {1)', that, corresponding to 
any fixed positive number e, pbsitive members ft, , exist, such that 

j £ + V(*> Jt) |< e, ( / (x, y) dy | < <r 

for j A j £ ft, , j li j 3* k , , and for every valve of [x, y) in the cell (a, b; a, (I), 
the theorem holds good; the condition (2) being unaltered. 

The condition (1)' is more stringent than the condition (1); accordingly 
if (I)' be adopted, the theorem becomes less general. For, if the condition 
(1)' is satisfied, we have, since 

{£+/**' + — + /£_”*' }/(*. y)dx, 
where s is the least integer such that sh , s x, and h' $ ft,. 

Now s cannot exceed the smallest integer such that 5/tSa; hence 
| JV (*, y) dx j £ Se, and thus J f ( x , y) dx is bounded, for all points (x, y) 
in the cell. Similarly it is seen that [" / {*, y) dy is bounded. It follows 
that the condition (1) of tho theorem is satisfied. 

When the conditions (1) and (2) of the theorem are satisfied, it does not 
follow that / (x, y) is summable in the cell, but it follows that it has a non- 
absolutely convergent double integral of the kind defined in I, § 308, p. 494, 

subject to the extension that / (x, y) d (z, y) may exist only as an 

J (D.) 

■L-integral, and not necessarily as an U-integral. Such a non-abso!utcly 

convergent integral defined as Iim / (x, y) d (x, y), for a finite set of 

(D„) 

rectangles D n , which contain none of the points of infinite discontinuity 
of / (x, j/), may be termed a restricted Jordan double integral. 

Tho converse does not hold good, that (1) and (2) follow from the 
existence of the restricted Jordan integral. 

Investigations of conditions of equality of the repeated integrals were 
given by de la ValJce Poussin*, and by Hobsonf. The results there obtained 
have now been in the main superseded, owing to the later development of 
the theory of Lebesgue integration. 

* See Annala de la toe. n. de Bnxtlla, vol. m (B> (18921; LiotitrUIc’e Journal (4), vot VOT 
(1892); ibid. (6), vot. V, p. 191. 

t Proa. Land. Stall. Sue. (2), vol. iv (1006). p. 148. 
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If it be assumed only that the restricted Jordan integral 
J{x,y)d(r.,y) 

exists; taking /„ (a, y ) as beforo to bo zero in the finite set A„ of cells which 
indude all the points of infinite discontinuity of / (a, y), wo hayo 

r */{*» V) d {*» V) " Em / K }« (*. V ) d (z, y) --= lim P dx f f„ (x, y) d.y, 

J(u,fc) n»n J (a, b] n^Jn Jb 

and tboroforo j /(*, y) d (x, j/) = j dxj f(x,y)dy, 

provided lim j dx j f {x, y) dy = 0; where A„ (z) denotes that finite sot 

of intervals wliioh forms the section of A „ by the ordinate corresponding 
to llio abscissa a. Thin condition will bo satisfied when the conditions 
(1) and (2) of the theorem of § 238 arc satisfied; but it may be satisfied 
whon (1) and (2) are not satisfied. 

Til ordor to obtain criteria for the equality of the repeated integrals 
of / (Xj y) taken over any mensurable bounded set of points E, we may 
take a cell wliioh contains E, and assume J (a, y) to be defined ovor the 
whole coll by taking its values to be zero at all points of the cell which 
belong to the oomplemont of E relatively to the cell. Tho preceding theory 
will then be applicable to this case. 

EXAMPLES 

(1) For tho function defined ini, §305, Ex. I, only one of tho repented integrals exists, 
in accordance with tho definition there employed; neither docs the Jl-doublo integral exist. 
Tho Lobesguo double integral exists, find has tho vnluo I. For tho sot of points at wliioh 
/(*, V) = 1 has mossuro zero; and therefore the function has tho sumo A- integral as that 
function wliioh, at overy point (x, y). has tho vnluo 2y. Tho other repented integral necessarily 
exists, in sooordanco with Lebcsguc's definition, ns may bo easily vorified; and both tho 
repented integrals have the value I. 

(2) For tho fnnetion defined in I, § 365, Ex. 4, both tho repeated integrals exist, in ac- 
cordance with tho definition there employod, and thoy have the value n; tho double./?- integral, 
however, does not oxist. But the double /-integral oxinta nndlios tho value c; for the points 
at which /(a, y) =c\ although thoy are ovorywiioro doneo, form a sot of piano moftBUto zero. 

(3) Let / {x, y ) « an( i Jot tho domain bo tliocBll (0,0; 1, 1). Tho fanotion is not 

Mitomablo over tho oeli; neither docs the restricted Jordan integral oxist, Forif the rectanglo 
(0,0; ft, ft ) ho excluded from tho domain, tho double integral over tho remaindor of the 

which is equal to Jw - tan -1 and this has no definite limit, os ft and ft converge inde- 
pendently to zero, 
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It. follows that one at least of tho conditions (1), (2) oi the theorem of $ 238 cannot, be 
satisfied; and it is clearly the condition (1) which should bo examined. 

We have '—j— j-tfaj and the maximum value ol this is, for a fixed value 

of y, gp which is not aummable in (0, I); thus the condition (1) is not satisfied. 

(41 It has been shewn in the Example in i, § 308, that the doable integral of - sin - over 
(0, 0; a, b) docs not exist. In this case the rcatrioled Jordan integral exists! for 

/>/>“ 

and this has a definite limit, as «~0. The condition Jim dy j ^ iain •?<!*= Oia satisfied, 
lor .\ B |y) is independent oi y, and consists of the interval {0, i). Tho repeated integrals 
accordingly exist, and are equal to tho restricted Jordan integral. However the condition (1) 
of <ho theorem in §238 is not satisfied, for j j ^ata-rfy j s j^ 6in " | has the maximum 
l> J ~ sin j | which in not summable in the interval (0, a). 

(5) Let/(x, y) =(x -y)" - ’, in the domain (a, 0; l, c), when e >a. In thiscase the function 
is non-negative; in order to shew that, the repeated integrals exist, it is only necessary lo 
verify that ono of them is finite. 

(6) Let tho function* 4ri*) bo defined for the domain (0, 1 ) by the rulo that, for every 

rational vaiuo of x oi tho form — , (n 20). (x) "gv al, d that, for evoiy other value 

of r, ir (x) =0. Let rj, (i, y) aj ^sin - 1 ^(x) in tho cell (0,0; I, 1). Sinco 4 - (r, y) is non- 
negative , it is sufficient to shew that ono of the repea ted integrals is finite, in order to prove 
that 4> (x, y) is summablo in tho coll, and consequently that tho repeated integrals nro equal. 
Sinco + <x) | - sin - 1 is zero for almost all values of x, when y is fixed, we have 

PM ■“Ji+w*- 0 . 

and therefore j dy ^ (x, y) dx=0; therefore the other repeated integral is zero. 

THE INVERSION OF REPEATED INTEGRALS OVER AN INFINITE DOMAIN 
239. Let the measurable function / ( x , y) be defined for the infinite 
domain (a, b ; co , ® ); criteria will be obtained which are snflicicnt to 
ensure the equality of the two repeated integrals 

f o ^x^j[x,y)dy, f b d yjj( x ’ y) dx > 

which are equivalent respectively to 

lim dx Aim (x,y)dy, lim . lim j f (x, y) dx. 

* See Stolt. ffnriHfcflye, vot nt. p. 149. The function * (r) was first given by Do Bois- 
Reymonrf, Crdle't Journal, voL xevi, p. 278. 
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Let it be, for the present, assumed that / (x, y) is a non-negative 
function, summablo in every finite ceil (a, b ; a, fi). Denoting the integral 
-of / (x, y) over the finite cell by F (a, /5); we have 

F (a, /S) = £ (*, y) d (a, 2/1 - *; jV fc, !/) */ = j^j^/ (*, y) dx. 

In case the double limit of F (a, /J), as a ~ «> , /J ~ a>, exists, as a finite 
number, / (a, y) is au mm able over the domnin (a,b; <x , cc) (Bee i, g 437). 
Moreover, since F (a, jS) is monotone non-diminishing, as a increases, and 
also as /3 increases, it is sufficient for the existence of the double limit that 
either of the repeated limits lim lim F («, /3), lim lim F (a, /3) should exist. 

Let ns consider lim lim j" dxj^/fx, y) dy ; it will be shewn that this 

is equal to lim j dx . lim J f (a, y) dy which is J dx j f (x, y) dy. 

Lot x (*> P). denote J* f (x, y) dy, and iet x ( x - <® ) denote J” f {x, y) dy. 
Since x {*, j9) is a monotone non-diminishing function of y, the theorem of 
g 22H is applicable, and shews that 

J xfowjda:, dim £* (*, fi) dx 

are either both finite and equal, or both + «> . 

Thus w© have 

la ^ ^ d ' J = in dX ^ ^ 

if either of these expressions has a finite value; otherwise both arc infinite. 
We now have 

f'dxj f {x, y) dy - lim lim J' dxj f(x,y)dy 

if the repeated limit on the right-hand side has a finite value; otherwise 
both sides are infinite. 

It thus appears that 

(*■ V) dy = lim [‘j "/ {*, y) d (x, y) 

when either of the expressions is known to be finite: otherwise both sides 
are + «> . 

Similarly j*dy £/ (x, y) dx - lim / (*, y)d{x,y), 

both expressions being finite, or both infinite. 
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The following theorem has now been established : 

If f (x, y) be a non-neqalivc measurable function, defined in the domain 
(a,b; oo , co ), the three expressions 

j^dxj^f(x,y)dy, £rfy£ /(*> y)dy, j'j Jf (x,y)d{x,y) 
are all finite and equal, or else all infinite. 

240. If / (x, y) be no longer non-negative, the above theorem may be 
applied to | /(x, y) | . If then either of the repeated integrals 

£dr£|/(x,ff)| dy, ^dy j'\f(x,y)\dx 

is known to be finite, the other one is finite, and | / (x, y ) J is summablc 
over the domain, (a, b; a> , a> ). If/ (x, y) bo expressed by/ + (x^tj) ~f~ (x, y), 
whore f + (x, y),f~ (x, y) are both non-negative functions, one at least of 
which is zero at each point, wo have 

I / te y) I - f + <*. v) + f~ (*. y)- 

Sinoo/+ (x, y) £ | / (*, y)\,f~ (x, y) £ | / (x, y) | , it follows that, if |/(x, !/)| 
is smnmablo in the domain, so also are f + (x, y), f- (*, y), and therefore 
/ (x, y) is summable. 

Hence the repeated integrals of each of these functions are finite and 
equal. 

Since 

£/ (*- 3/) dy = lim [* {/+ (x, y) -/- (x, y)) dy 

= lim | /+ (x, y) dy - lim jj~ (x, y) dy 
when the limits on the right-hand side exist, wc have 

£/ (*. V)dy -* £7+ (x, y) dy - £ /- {x, y) dy, 

and hence 

£d* £/ (x, y) rfy = J dx £/+ (x, y) dy - j” dx £ /- (x, y) dy, 
when the integrals on the right-hand side exist. 

We obtain, in the same manner, the corresponding result when the 
order of integration is inverted. 

If then one of the repeated integrals of | / (x, y) j over the domain is 
finite, j f (x, y) d (x, y) is finite, and since it is the difference of the 
integrals of f* (x, y),f~ (x, y), it is equal to 

£<f* £/+ (x, y) dy - £«&£/“ (*» V) d, J 
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which has been shewn to be equal to j* dx j f {x, y) dy; similarly the 
integral of/ (sc, y) is equal to j dy j* f (a', y) dx. The following theorem has 
now been established : 

If one of the repealed integrals j" dx j” | f (x, y) \ dy, ^ dy | f (x, y) \ dx 
is known to he finite, then, the repeated integrals of f (x, y) and the integral of 
S (*> y) over domain (a, b; <a , w ) are all finite and equal. 

In order to extend the results to the case in which (— co , — os ; co , oo ) 
is the domain of integration, it is only necessary to consider that an integral 
of / (x, y), or a repeated integral, is the sum of .the integrals, or repeated 
integrals, of the four functions / (x, y), f {— x, y), f (x, — if), f (— x, — y) 
over the domain (0, 0; «,<»). 

If / (x, y) bo defined over a measurable set E, of infinite measure, we 
may suppose / (x, y) to bo defined over the whole domain (— m , — m ; 
« , eo ) by talcing / (x, y) — 0, at every point that does not belong to E. 
The above theorems, are thon applicable to any measurable domain, of 
infinite measure. 

We thus obtain an extension of Fubini’s theorem given in i, § 429, and 
applicable to integrals over a domain of finite measure : 

If | f (x, y) | be summable over a measurable domain E, of infinite 
measure, then j f (x, y) d (x, y) is equal to either of the repealed integrals of 
f (x, y) taken over E. 

241. When the sufficient conditions that leave been obtained are in- 
applicable, further criteria will be required. The integrals which are 
employed are not necessarily Z, integrals, but may be non-absolutoly 
convergent. 

Let us consider, in the first instance, the case in which the domain of 
integration is (a, 6; a, oo ). Let it be assumed that, for every finite value 
of /3, the condition 

fj x fc(x,y)dy=f dyj f(x,y)dx 

is satisfied. 

If J dy J" f(x, y] dx exists, as a definite number, it is equal to 
limj a dxf b f(x,y)dy. 

Denoting j* f (x, y) dy by x (*. (3), 

*f X ft dx= j a x(x ’ " * dx > 
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we have 

L dy \j **’ ^ dx = l ?™ie dx 0 ^ = //*/j / (*» rf y- 

We have thus the following theorem : 

On the supposition that the t>vo repeated integrals of f (k, y) over the domain 
[a, b; a, ft) exist, and have equal values, it is sufficient for the equality of the 
repeated integrals over (a, b; a, ® ), 

(1) , that j dy j f ( x , y) dx shall have a definite value, and 

(2) , that j dx j* f (*, y) dy shall converge to zero, as ft ~ oo . 

Sufficient conditions may be obtained that condition (2) of this theorem 

is satisfied. The condition is that lim j y (x, ft )dx= j x (z, «> ) dx, where 

X (*. 0) - f b f (*. V) dy, and x (*. « ) - f”/ {». v) dy. 

Referring to the results in §§ 226-229, it is seen to be sufficient, in order 
that (2) may be satisfied, that one of the foil coring conditions should bo 
satisfied : 

W If is a monotone function of ft for all values of x in 

(a, a). Tkis condition is satisfied, in particular, if f (x, y) fe 0. 

( 2 )" a maximum <A (x), for all values of ft in 

{b, ce ), and </> (i) is summablc in the interval (a, a). This condition is satisfied, 
in particular if J J*f (x, y) | dy is a bounded function of (x, ft). The condition 
may be satisfied when there is an exceptional set of points z, of measure zero, 
at which jf (X, y) dy is oscillatory. 

(2)"' If J f (*, y) dy converges uniformly to j f (x, y) dy in the interval 
{a, a), of x. 

242. Next, let the measurable function f (x, >/) be as before defined in 
tlie domain (a, b; «o , «o ). It will be assumed that the repeated integrals 
j° dx |* / (x, y) dy, J dyj f(x,y)dx exist, and are equal, for all finite 
values of « and ft; let their value be denoted by ft {«, ft). We have now 
lim (a, ft) •= j^dy j f (x, y)dx = lim j dxj^f {z, y) dy, 
it being assumed that this limit has a definite value, for each value of «• 
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If now lim j*dxj^f(x, y) dy = (*> V) */. 

we have lim lim $ (a, ft) = j°dx j°° f (x, y) dy ; 

the aondition that tlus may be the case can bo expressed in the form 
lim J“dxJ*f (x, y) dy ~ 0. 

Similarly, if lim j* dy J f [x, y) dx ~ 0, 

we have lim lim <f> (a, ft) — f* rfy j f (x, y) dx, 

it being assumed that lino <j> («, ft) has a definite value for each value of ft. 

If tho further condition is satisfied that 

lim lim <f> (a, ft) — lim lim f> ( a , ft), 

•then J dx J f (x, y) dy « J dy jj (x, y) dx. 

Tho following theorem has accordingly been established : 

It being assumed that the repealed integrals of J [x, y) in the domain 
[a, b; a, ft) exist, and arc equal, for every pair of finite values of a, ft, it is ■ 
sufficient for the existence and equality of the lvx> repeated integrals of f (x, y) 
over the infinite domain (a, b; oo , oo ) that the following conditions be satisfied. 

(1) That j" dx J* 1 f(x, y) dy, dy j f (x, y) dx have, definite values for 

finite values of ft and a, respectively. 

(2) Thai lim j dxj * f(pc,y)dy = 0, 

aiuf lim f dy Jf (x, y) dx** 0. 

(S) That lim lim j dxj f (x, y) dy = lim Jim f dxj * f(x,y)dy. 

TIUs condition is satisfied, in particular, if J dx j f (a, y) dy have a 
double limit as a ~ <n , ft ~ ® . 

Alternatively, the.' condition may 6e applied to dy j f{x,y)dx. 

Sufficient conditions to be satisfied by f°°f {x, y) dy, j f ( x , y) dx have 
already been given in § 242, that tho condition (2) may be satisfied, 

The condition (3) may he expressed in a somewhat different form by 
making use of (2) ; thus we may replace (3) by 

(3) ' Thai lim j dxj f (*, y) dy = 0, or else lira j dy j“ f (x, y) dx = 0. 
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(3)' is equivalent to the condition that, if e be arbitrarily chosen, n 
number /?, exists such that 

j/o y)^|< c > for P > P<’ 

and. hence that, corresponding to each sucli value of fi, n number A/j can be 
chosen so large that 

for &>{!,, 

and for A > A s . The condition, in this form, might have been deduced from 
the theorem in i, § 305. 

243. The following theorem, due* to de la Vallee Poussin, much more 
restricted in its scope, may be deduced from the theorem of § 242. 

It is sufficient for the existence and equality of the repented integrals, with 
infinite limits, (1), that the repealed integrals between finite limits always 
exist, and are equal; and (2), that J f (x, y) dx be uniformly convergent in an 
arbitrary interval of y;and (3), Chat J f (x, y) dy satisfies the similar condition ; 
and (4), that J dx J f (x, y) dy converges uniformly in the unlimited internal 

°fP ■ 

If J f (x, y) dy be uniformly convergent in the interval (a, a) of x, then, 
for ft fixed positive number 17, /?, can be so determined that | J / (x, 3/) dy j < y 
for /3 a /?,, and for every value of x in the interval (a, a); it then follows 
that | J dxj f (*, y) dy j < y (a — a); for a fixed a, i) can be chosen equal 
to ej(a ~ a), and thus | j dxj f (x,y)dy J < c, for {3 £ /?„, hence the con- 
dition lim J dx j°f (x, y)dy = () is satisfied. Similarly it can bo shewn 
that the other part of condition (2), of § 242, is satisfied. 

The condition (4) of the present theorem may be stated in the form that 
| <f> («, fi) — lim (a, fi) | < « for every value of ffi and for all values of a 
not less than a fixed value a,. Since, on account of (2), 
lim (a, P) =■ j*dyjj(x,y)dx, 

it is seen that j dy j f (*, y) dx | < e for every value of f$, and for a 2 a,. 

• LiotmUe’s Journal (4), vot tiu (1882). p. 401. 
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Thus /(a:,y)(tcjs«, for aSCf, 

hence lim J dyj f (x, y) dx = 0, 

which is one of the conditions ( 3 )' of the theorem of § 242. The theorem 
has been established, since it has been shewn (lint, if its conditions are 
satisfied, so also are those of the theorem of § 242. 

EXAMPLES 

(1) ItvOlbelotmilhst j -{ir, sad (hat J^dyJ^ ^—j^ t dx=in. 
In this case tlio first condition of the theorem in § 212 ia satisfied. For 

*■* rtffisk *-*' /t*/j -«• 

The second condition is however cot satisfied; lor 

js /T*C -a& - -i) -f 

(2) where p>l; then 4/ (=) « ■ • The repeated integral 
dy j ^ <(>' (1 !/) dx =0, but dx iff (xy) dy = l ir. In this case 

J*rfyJ^*'try)dr= -tan-HeT a i>), 

which does not convrrge to 0, as o— eo. Thus the condition of the theorem in §241 is 
violated. 

(3) Wc hsvej^dyj^ cosxydx= x , for a>0, bat J^dr C02 xydy does not exist. 

(4) It may be shewn that j*~ dx J c~ r ’dy~ J dyj c^dx. For e~ zr ^0, and one of the 
repeated integrals exists. 

(6) Lett V— sin me sin try; in this cose we find 

//- J] 

Tho repeated in fcjra ! j* dx j . — does not exist, for j ^ dy, or ha? no definite 

value, for any value of x. Tho double limit lim J^dy f^dx existe, and is equal to zero. 

* Sec Slolz, GrundzGye. voL m. pp. 8. 182, where the example is ascribed to Du Bois-Key. 
mood. 

1 Bromwich, f WXond 


d. Jfott. Soe. (2), voL e, p. 18Z 
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(61 last and /<;c,y)=g£v We find. In this case, 

fj dxj^f(x,y)dy-0, 

but the other repeated integral docs not exist, since / (ar, y) dx has no definite value. 
The double limit lim dx y) dy=0. 

(7) F= lu th5* case, the two repeated integrals 
/„&/, /(^y)dy, l o dyj^f{x,y)dx 

exist, and are both zero. 

The conditions of the theorem oi } 242 are satisfied. We find that 

!', */. /fe ’>■ * m f> frafeV 

since is a bounded function of (x, p), the limit, when 0~cc. of the integral 

ia aeoordingijr zero. The function ift(u,<8)o ; + °f^ — ,; nnd its repeated limits as «-*, 
p~m nro both zero, although the double limit does not extol. 

(8) It can bo proved that the order of integration in j 0 einyrfy/ e^'dx can bo revers'd. 

Since tho function t~ VP sin y ia bounded, its repeated integrate over a finite rectangle 
(0,0; a, p) are equal. Also J%"**‘slnydy«=_-ji--(l (cos/3+z* sin#)); and tho 

expression on the right-hand side is numerically loss than ,or ol * va '°” of SIS*)), 
and this is a summablc function of x in tiro interval (0, to ); therefore 

dx I ^ e~w gin ydy « lim &c J* sin ydy, 

and thus one of tho conditions (1) of tho theorem of § 242 is satisfied. Again 

hence j° e~ vx ' sin ydx is bounded for alt values of y (50). and therefore 
J ^ dy e-ro ein ydx = lim dyj t~' lc ‘omydx, 
thus the second of tho conditions (1) of tho theorem of § 242 is satisfied. 

Wo have also j* dx j”c-**'sanydy = +* s sin p); if wo divide the integral 
on the right-hand side into two parts from 0 to I, and from I to «s , the first of these integrate 
has the limit 0, as p~ai ; the second is numerically less than c-t* dx, or te less than 
J7jj n x-x’dx, and thus converges to zero, as p~x . Therefore the second condition of the 
theorem is satisfied. 
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(9*) Let / ( x , s) *r - e-**)ly, the field of integration being (0, 0; «> , to ). In 
(],€; «,<») wobav(!/tey)£0,ft«din(0 1 0; 1, «),/(*, jr)£0j thus the repented integrals 

Jj <**£/(* S)*lfr Jf (*■!/! 

may conveniently be considered separaloly. Since in each cnee the integrand in of fixed 
sign, we need only show thn.1 ono of tie repeated integrals exists, both when tho range of 
x is (0, 1), and when it is (1, x ). It can time bo shewn tint the repeated integrals are equal. 


DtFPE&ENTIATION OF AN INTEGRAL WOT RESPECT TO A PARAMETER 


244. Let f (a, y) be a function of x defined in the interval or cell (a, b), 
and for each value of y in the interval (y t , y 0 + a). This function f (x, y), 
defined in the p + 1 dimensional cell {x in (a, b), y a S y ~ y 0 -|- »], -will be 
aBRumed to be summable in (», 6) for almost all the values of y. It is a 
problem of importance to find sufficient conditions that 

g^jV (*. V) dx = f a dx - for V = Va- 
nias rule, first employed by Leibniz, is spoken of as differentiation 
under the sign of integration, nnd is an important example of the employ- 
ment of the process of changing the order of repeated limits; a process, the 
validity of winch is always subject to conditions, the sufficiency of winch 
is a subject of investigation. In this rule the differentiation at y„ is on one 
side ; thus — , at y a , denotes the derivative on the right. If the function 
be defined for an interval (y„ — a, y„ + a), of y, the derivative on the left 
may bo treated in a similar manner, and when sufficient conditions on 
bothsidesof y 0 aresatisfied, ^ ^ ^ .aty^mayberegardedasthc differential 
coefficient in the ordinary sense. 


Conditions sufficient to ensure that Leibniz's rule is applicable have been 
investigated by Jordan!, HarnackJ, de la Vallee Poussra§, G. H. Hardy ||, 
and W. H. Young^J, and others. The problem has also been considered, of 
obtaining the differential coefficient when Leibniz's rule is not applicable. 


245. Two methods may be employed to determine the requisite 
sufficient conditions. The first method, which wifi be here developed, 
depends upon the convergence of integrals of the incrementary ratio 
* W. H. Young, Comb. Phil. Trans, vol. XXI (1910). p. 375. 
f Court <T Analyse, vol. IT, p. 155 (2nd cd.). 
t EUmcntc der Stiff. «. Integralrechnun//. 

§ LuawiUe't Journal. (4) vol. vm( 1602). p. 421, and Aire, de la sac. >r_ de Bnzella, vol. xvj (B) 
(18)11-2). 

I) Quarterly Journal of Math, vot xxxii (1901), p. 6fl. 

*J Trans. Camb. Phil. Son. voL xxi (1910). p. 397. 
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H x ' V a \ as It converges to zero. Denoting the value of 
jj(x,.y)dx by we have *~**~ v * - f il x ’ * + *> ~ / <*- &> 

where fi £ a. If then lim y ° + ^ — ^ T ' ^ tfx has a definite value, 

ns the continuous variable h converges to zero, exists, and has the 

same value. 

II fnrtber 

lim fc f J Sth + Qzf . W d* + 

and exists for almost all values of x, we then have 

s gel- cm..-- 

Assuming that exists at all points 3 / interior to the interval 

(j/ 0 , y„ + h), and that / (a:, y) is continuous with respect to y in the closed 
interval (y„ , y a + h), we have, employing the mean value theorem of I, § 2G2, 

iJ&y*± ±pJJbM . jJi) „. hore „ „ „ ch UM0<e < w , 

ft 3y 

thus have “* * ■» J dz; the number 3 depending upon 

7i and *. 

If it be further assumed that ^ y - exists for all the values of z, and 
that it converges to |~^~j > uniformly for all values of x in (a, b); 

we have, provided h is sufficiently small, 

!}_ +m 

where | p {*) j < «, for all the values of x. 

Under these conditions, wc have, since j j p (x) dzj i.s less than the 
arbitrary small number em (A), where A denotes the cell or interval (o, b), 

The condition of uniform convergence of — ^ is satisfied, in par- 
ticular, if is continuous with respect to (x, y) in the (p + I)- 

5y 

dimensional domain [x in (fl, b); y„ £ y £ y a ~ h). 
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Accordingly, the following theorem has been established: 

Iff (x, ij) be defined in the finite (p + 1} dimensional domain 
t* in (a, b)\y 0 £ySy t + a], 

and j f {x, y) dy exists as an L-integral, for every value of y, it is a sufficient 
condition for the existence of the differential coefficient at, y 0 , and for the validity 
of the differentiation of J f (x, y) dy, at y 0 , on one side, under the integral 
sign, that should be a continuous function of (x, y) in the whole 

# ^ ^ 3/toy) * 

[3/ to y)l 

1 '37 "l 


domain; or more generally, it is sufficient that 

uniformly for all values of x in (a, b ). 


- should converge to 


246. Leas stringent conditions for the validity of the rale for the 
differentiation of the integral under the sign of integration may be obtained 
by employing the sufficient conditions givon in §§ 225-227, for the con- 
vergence of jy_to.3to±_^-/tott.) ^ J*u„ j/ toyo+^T/to^ j dx _ 

In accordance with the theorem of § 225, it is sufficient that j-— 
should exist for all values of x, and that a function (x), summahle in the 
finite, or infinite cell, or interval (a; f»), should exist, and bo such that 

{/ («,»» + &) ~/toy.) | « , 


£ <f> (z), for all values of x in [a, b), and all values 
t. This condition is satisfied, in p 

(a, b) is finite, if <f> (x) has the constant value K. In case - J y ' - exists in 


of h such that 0 < h S «. This condition is satisfied, in particular, when 

■ V tog) . 

3 y 

the whole domain [x in (a, b); 3 y £ y g 4- «], the above condition is 

satisfied if j — | i <ji (x), in the whole domain; in accordance with the 
theorem of i, § 280. 

Thus tlie following theorem has been established: 

If ^ ^ exist in the finite, or infinite, domain 

l* l«» b); y 0 2 y & y„ + a], 

and be such that j | = <f> (x), tohere f (x) ts summable ■ in the cell, or 

interval, [a, b); then J — to dx = [ f (x, y a ) dx. When (a, 5) is finite, 

sue may have in particular j | ^ K, a constant. 
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n case ^ ^ ^ is a hounded function in the {p + l)-dimensional do- 
1, finite or infinite, and 4 1 {*) is absolutely Buromablo in (a, b), we have 




If j ?/ b° vn ded in [x in (o, b), y„ y 0 -f a], and i/i (x) be, 

absolutely svmmable- in (a, L), then 

C “ 5 ^ ^ (X) dx “ Sy j / (a: ’ y] * tlx - 

If the theorem of § 220 be employed, it is seen to be sufficient for the 
application of the rule for differentiation under the sign of integration that 
/ fa y° + should be monotone with respect to h, for nncli 

vahio of x, But a simpler condition is obtained by assuming Hint ^ ^ 
exists and is a monotone function of y in the interval y 0 & y-.y„- ¥ a, for 
onch value of x in (a, b). For /fajfo.i/^ — lj cg j n the interval 

bounded by d/fa Vo) an( j df(x,y„ + It) anr j t i lore f ore 
J dy By 

[ b f{x,V. + h)~f{x,y 0 ) 


lies in the interval bounded by j ?/ fo? dx and j — + — dx. 

Since ^/ fa-Jj" — ^ is monotone with respect to h, employing the theorem 
of § 225, we have 

Jim/* ?/fag + *> dx df %’^dx; 

for lim d/ ( x > t/p + h ) d/fo, 3/o j account of the fact that ' fl 

-a oy 3t/ W 

monotone with respect to y, and therefore in accordance with the theorem 

in i, § 283, -/—— is continuous at y B , since it cannot have a discontinuity 


ii„ > * _ (* yjgjA *. 
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The following theorem has now been, established: 

If ^ ^ is monotone with respect to y, in the interval + a, 

for each value of x, in the finite, or infinite, celt { a , b), then 

i * 1/ <*• *> * - £ JV <*• *> *• 

/or y„£ y < y 0 + a, *f fieitiff assumed that j f (x, y) dx exists for each such- 
value of y. 

247. The second method of obtaining sufficient conditions for the 
validity of tho differentiation of an integral under the integral sign depends 
upon tho condition for tho equality of two repeated integrals. 

Let it be assumed that, for almost all values of x, the relation 
f(x, y„ + h) -f(x, y 0 ) - J*‘ + ‘ Ay 

holds good. This is equivalent to the assumption that / (*, y) is an in- 
definite integral in y, lor almost all values of x. 

We have then 


’vsj- . iyjsA+Jttufij-1 & . ‘ f‘ *, [’•“ st<*& dy . 

if now tho order of integration in the repeated integral may be reversed, 
we have 

and then, in case J — ~ dx be continuous with respect to y at the point 
i/„, we. have 

We thus obtain the following theorem : 

If (1), f (x, y) is an indefinite L-iniegral in y, for almost all values of x, 
and (2), the repeated- integrals of — 1— — over the domain 

ay 

[*m(a,6);«feSy£y + «] 

have equal values, and (3), J — dx exists and is continuous with respect 
to y, al y„, then 

The condition (2) is satisfied in particular, when (a, b) is finite, jf 
^ gy* ^ * s summable over the domain [x in (a, b); y 0 S y & y a + a\. 
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[on. v 

In case the function / (x, y) is monotone with respect to y, j s 

By 

of fixed sign, and in this case the condition (2) is necessarily satisfied (see 
§ 237) whether (a, 6) be finite or infinite; we have accordingly the following 
theorem : 


If in the finite, or infinite , domain [x in (a, b) ; y B S y £ y : 4. a ] f f yj t * s 
monotone with respect to y, and is an indefinite L-inteyral in y, for almost 
every vahte of x, then, if also f — ^ dx is continuous with respect to ij at y 0 . 




248. The case in which (a, b) is a linoar interval, and b = ® , may bo 
specially considered; in this case the condition that — should be 
summablc in the domain (aS*< » ; -|- a) is not sufficient lo 

ensure that the order of the repeated integral may bo reversed; it may in 
faot happen that J* — -- dy does not exist. 

We have 

“v„+* “ - Hm f (/ (*. Vo + ft) -/(*. Vo)) dx 

-sJT* 

it being assumed as before that, in the finite domain 

{a & x & X-, y, & y & y a a), 

— g^’ exists and is an H-intcgral with respect to y, whatever value A' 
may have, If is summablc in the finite domain, we have 

-« “/r’v? * ,A) - 

Tf now fim f' + *dyj" ^-dx - 0 (H). 


and further, if I 


-dy be continuous with respect to y at jfo, we have 




In case j — ^ dx does not exist, or the equation (B) be otherwise 
not valid, the equation (A) still holds, and it may in certain cases be applied 

(&,- 


to determine 
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Let us assume* that J dx can be divided into two components, 

so that J — J^ 1 - dx •=■ 6 (X, y) -f- j 4 (x, y) dx, where 4 (%> it) is suc h 
nr,+a 

that lim I 4 S') dy = 0, and where i/r (x, y) is such that 

J dx j"‘ ifi [x, y) dy = J” dy j <p(x,y)dx. 


We find then, provided j 4 (*, y ) dx is 


continuous function of y and 


„ that ^ - j* 4 (*, y„) dx. 


249. In ordinary cases, a special ease of the criteria of § 241 may be 
applied to establish the validity of the inversion involved in the use of 
the equation 

nnd then, provided J dx is continuous at y a , -with respect, to y, we 

havo 


It is thus established that: 

A 8ufiicie.nl condition for the, differentiability of J” f (x, y) dx at y„, under 
the sign of integration, is that J” — dx shall converge uniformly for all 
values of y in the interval (y„, y 0 + a), and shall be a continuous function of 
y<d Vo- 


lt may be observed that: 

The condition, that j ^ ^ (fe shall be a continuous function of y, at 
y 0 , may be replaced by the condition that j ^ ^ dx be continuous, whatever 
value J£ (> a) may have, it being assumed that the. condition of uniform con- 
vergence of J dx is satisfied. 

For j dx — j y - dx + ij (y); where | y (y) j < e, provided 

X is sufficiently large. 

" De Is ValKe Poussin, Ann. it la toe. tc. dt Bnczzlta, vol. m (B) (1892), p. 150. 
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[or.v 


Hence, we have 

j- gj sa+ . t) & _ £ V' f*a> * . _ j x J3Cte|t±*3 _ 3/ <g*t>j fc + 1 

where | £ [ < 2e. From this it follows that, for all sufficiently small values 
of l, J dx~ j "3^ ^ ’ s numerically less than 3c; and 

since < is arbitrary j d* is continuous at i/ 0 . 


EXAMPLES 

(1*) Let / (*. y) — atn ^4 tan -1 2) -^cos ( 4 tan-'|); 

then /*/<*, y)d* * Xsin ^4 tan -1 jQ . 

We find that ^ J^/(x,y)dx = ^s^js c03 * an-1 

therefore, at the point y=0, gjj j* f(z,y)dx The value of J * dir is found lobe 
J? T ,co* ^4 tan -1 when !/>0, and it is aero when y=0. Since this integral it not 
continuous at y =i/ 0 , tho conditions of § 247 for differentiation under the sign of integration 
aro not satisfied at y =0; in fact wo have d* =0. Tho function / (r, y) is discon- 

tinuous at the point (0, 0). 


(2) Oonsidor the integral j ^ *¥±28 rf Z( where y>0. This integral is not differentiable 
under the Rign of integration for any value of t/; for cos ay d* docs not exist. 

(3f) Tho integral J* (x - y>* dx may be differentiated under the sign of integration, for 
every value of y. For it has been shown in §238, P.x. (5), that (a -y)' 1 hnsnn A-inlcgrolin 
tho domain (0, 0; X,h). Also (x - y) - i dx casts and is a continuous fonction of y; there- 
fore the conditions of the theorem of § 217 are both satisfied. 

(4) Consider the integral u^j* dx, where y >0. The integral f” - ] ’*~? dx con- 
verges uniformly for al] values of ij greater than n positive number y„. For, integrating by 
parts, wo find 


jx 1 +z' J,h = [ ■ iiTJf£ *\ jx (I C05 
, if X‘>X>\, the absolute value of tire integral on the left-hand sid 

flShi**®-—*) 


which is <«, if X be chosen sufficiently large. It is clear that x ^^-dzis, for- 
of X, a continuous function of y ( >0), for tho integrand is bounded in the 
(0, y; X, y + A), and thus the theorem of § 225 ls applicable. It thus appears thn 
d it ions of the theorem of § 249 arc satisfied. 


* H smack's DiJJ. and Inf. Cak., Cat heart’s translation, p. 2C0. 
t Hardy, Quarterly Journal of Sloth. voL xrxn (1901), p. 07 
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(5) Let /(*, o) have tlio values (a-l)J-z, 0, (o-arji+z aooocding ae *=a, where 
-I <o <ls then 

(6*5 The integral f (y ±x) (x) dx is differentiable under the sign o£ integration, whore 
•j is in an interval l -A, A) cither ii (1), ip (x) is summable in (a, b), and / (t) has a differential 
coefficient that is hounded in (n - A, b +A), or (2), if both /(t)ia an integral in (o -A, b A A), 
and $ ( x ) fn an integral in (a, k). 

The case (1) Is a particular case of the second theorem of § 246. 

To prove (2), lot T (t) » f‘j ( 2 ) it, then 

- j P{y±x) </"'(*) dx; 

the integral on the right hand falls under case (I), and may therefore be differentiated. Thus 
Ty fffto ±X) *(s)te =[/ (it’d:*) * (*)]* -jj (2/ ±x) p’ (x) d*»/V(y±a) + («) dx. 


250. Let (a, 6) now denote » linear integral, and let/ (e, y) be defined 
in the interval (a — t, b + e), for all values of y in some linear Interval ; and 
let J /( *, y) dx be denoted by u (y, a, 6). 

We have “&*»-+ fc j~ * , *]*+*/ (g , y) fo, . 

and thus gj = lim j ] + / (*, y) dx, provided tlie limit on the right-hand 
side exists. If, for a particular value of y,f(x, y ) is continuous with rospeot 
to x, at x — b, the limit on the right-hand side is equal to/ (fc, y). 

Again, if, for a particular value of y,f (x, y) is, in a neighbourhood of the 
point x - b, the finite differential coefficient of a function F (re) of x, we 
have (see r, § 471) J f(x, y) dx = F (r) — F ( b ), the integral being in 
general a D-integral; and thus ^ = F' (6) = /(f>, y). 

The following theorem has now been established : 

The integral J f (x, y) dx has, for a particular value of y, a differential 
coefficient with respect to b, of which the value is f (b, y), if either (I), / (a;, y) 
be continuous with respect to x at x — b, or more generally (2), if, in a neigh- 
bourhood of x — b, f [x, y) is everywhere the finite differential coefficient of a 
function of x. 

The sufficient condition that the differential coefficient of the integral 
with respect to a is — / (a, y) is precisely similar. 


T. Young. Prac. Roy. Sor, (A), vol. xcm (1017), p. 280. 
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251. Sufficient conditions have now been obtained that w(y, «,6) 
should have, at a particular point (y, a 0 , b 0 ), partial differential coefficients, 
of -which the values are respectively j — ^ ^ dx, — f(a B , y), f [b c , y)\ we 
proceed to determine sufficient conditions that u (y, a, b), regarded as a 
function of (y, a, 6), should have a total differential at the particular point. 

<!/«.«< ,A)- 


should be expressible in the form h 
where p, 


If rf> (z, y, z) be a function of the three variables z, y, z, it can be shewn, 
as in I, § 309, where the case of a function of two variables is dealt with, 
that, it is sufficient, in order that 4> (x, + It, y„ + k, z B + 1) —<p (x„, y„, j 0 ) 

r converge to zero as h, k, l do so in any manner, that 
have definite values at (*b, y 0 , Zg), and that one of these partial differential 
coefficients, say exists everywhere in some three-dimensional neighbour- 
hood of fa, «/o. *o). and is continuous at (Xg, y e , tg), and also that another 
of thorn, say g^, exists in atwo-dimcnsionnl neighbourhood of (x„, tfo), for 
2 = zg, and is continuous at (a*, y 0 ). 


Applying this result to the function u (y, a, b), we obtain the following 
theorems* which are found by replacing in different orders the three 
variables x, y, s by y, a, b. 

Iff {x, y) be. continuous with resjsecl lo (x, y) at the points (a„, y 0 ), {bo> ?»)> 
and if j f (x, y) dx have a- jxirtial differential coefficient with respect to y, at 
the point y 0 , then j ftps, y) dx has a total differential at the point (y a , a B ,b„) 
unth respect lo (y, a, b). 

If f (x, y) is, in neighbourhoods of the points a 0 , b D , for y = y 0 , a finite 
differential coefficient of some summable function, with respect to x, and is 
continuous with respect to x at the point (6„ , y 0 ) ; and. if further u (y, a, b) has a 
differential coefficient with respect to y which is continuous with respect to 
(y, a, b) at the point (y 0 , a„, 6b), then u (y, a, 6) has a total differential with 
respect to (y, a, b) at the point (y B , a g , b 0 ). 

If y,a,b are all differentiable functions of a single variable t, and I lie 
conditions of cither of the above theorems are satisfied, we have 


Tl v.{y 0 ,a a ,b B ] | =f(bg,y B ) ,7 -H,ag,y B )- f + ? 


See W. H. Young. Trent. Comb. PkO. Son. vol. XXI (1010), p. 4<& 
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GENERALIZED INTEGRALS 

252. In I, § 389, the generalized upper and lower integrals of a function 
have been defined in a manner dependent upon the division of the measur- 
able set E. the field of integration, into a finite, or enumer&bly infinite, set 
of measurable parts. The relation of this definition, which iB due to W. H. 
Young, with the definition of Lcbesgue will here be investigated. 

The following preliminary theorem is required : 

If H be a closed set of points, in p-dimensions, and (x) be a function, 
defined in 11, and of which U and L (S 0) are the upper and lower boundaries 
inH, the necessary and sufficient condition that the (p + 1 ^dimensional set of 
points (a, y), defined by [z in H, 0 Ay &<f> (a)] should be dosed, is that <j> (*) 
should be upper semi-continuous in the dosed set II. Also the necessary and 
sufficient condition, that Ike set [z in H , </> (x) & y At V] should be dosed, is 
that <f> (») should be lower semi-continuous in II . 

In the first part of the theorem, it is clear that the necessary and 
sufficient condition is that the set of points {x, <f> (z)) should have no 
limiting point (f, y), such that y>4 (f). This is equivalent to the condition 
that, < being an arbitrarily chosen positive number, a p-dimensional neigh- 
bourhood of £ can be so determined that rf> (x) < <fi {£) + e, far all points x 
in that neighbourhood; and this for every point f, of H. This is equivalent 
to the condition that <f> ( x ) be upper semi-continuous in H. 

The second part of the theorem can be established, in a similar manner, 
from the consideration that the necessary and sufficient condition is that 
the set of points (#, (*)) should have no limiting point (£, y) suoli that 

y< 4 (ti- 
lt is clear that the condition L a 0 may be removed, for, if L < 0, we 
can consider the function <f> (z) — L, for which the lower boundary is zero. 

253. The following theorem will be established : 

Iff (z) be a function defined for all points x, in a, measurable set E, of 
p-dimensions, and if E be divided into two measurable parts and E t , the 
functions /, (»), f t (a) being stick that f t (z) = /(*), over E u and f x (x) — 0, 
over E 3 ; f t (x) = / {*), over E a , and f. (x) — 0, over E, ; then 

f Si (tc)dx+f. ft (x) dx= f f(x) dx. 

IlE,1 i <Ei) i.IE) 

■ Also the corresponding result holds for the upper generalized integrals. 

The set E t can he divided into a finite, or enumerably infinite, number 

of measurable parts eW, such that 2 l ,u m (c<‘i) > f t [x) dx — ; more- 

£(«,) 

over M 2 can be similarly divided into parts e®, such that 
2 fe<*>) > f ft{x)dx-\ e \ 
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where is the lower boundary of/, (*) in et», and 7-P) is the lower boundary 
of /, (*) in e< 4) . Since e<‘* and e® taken together form a set of sub-divisions 
of E into measurable parts, we see that 2 ih'm (el*)) -j. 5 (ePI) forms a 
corresponding sum for the function / (x) in the set E, and this is conse- 
quently * I / (x) fix; it follows that 
i m 

f f(x)dx> ( /, (z) dx+ [ f 2 {x)dx - g ; 

J ( e ) ± (Ei) 

and since e is arbitrary, we have 

[ / (x) dxi ! f l (x)dx+j f t (x) dx. 

im J(B,) J (Ei) 

In order to prove that this relation cannot be an inequality, lot it bo 
assumed that, if possible, E is divided into a set of mcnsumblo ports o, 
such that 

Sim- { c } > [ f l (x)dx+ [ ft (sr) dx. 

These sets e will in general fall into three classes, those, #< JI which contain 
only points of 77, ; those, pP> which contain only points of E t \ and those h, 
which contain points both of E, and of E t . Thus Zlm (c) consists of throo 
sols of terras; let us consider a term Im (A). The set h can bo divided into 
two measurable parts A®, and A* 41 , where //-<*> consists entirely of points of 
Ej, and 7i<*> consists entirely of points of E t . Tlie terra Im (h) will then, in 
this further sub-division, be replaced by tt l hn (Id") + IWm (A< s >), where 
V l) £ l, and l® S l; and thus the term Im (A) may be increased, but cannot 
be diminished. We liras obtain a sot of sub-divisions of E , into measurable 
parts ffM, 7jh>, and also a set of sub-divisions of E. into a set of measurable 
sets j®, 7d’>. It follows that 

EZmfaW) + £ 2 t"m (*!<'>)£ f /, (*) dx, 

Uii.) 

and 22m{j<«) + XiMmfAWlS f /, (x) dx; 

he,) 

adding together the expressions on each side, and rememboring that 
S2tn (7t) £ 2IC‘)jji.{7,U)) + Xl<‘>m(/,W), 

we have 27m (e) 3 f /, (x)dx + ( /. (x) dx, 

7(EJ 

which is contrary to the assumption made above. It now follows that 

f f (z) dx — f f l (z)dx+f ft (x) dx. 

7(E) 7(E) 7(E) 

If we employ u, the upper boundary of the function in a set «, instead 
of 7, a similar proof will establish the fact that 
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Tie following corollary follows from the above theorem: 

If f (x) be a function, defined in a measurable set E, of any number of 
dimensions, and if E be contained in another measurable set F, and the 
function g {#) be defined by g (*) = / (x), in E, and g (x) — 0 , in F — E, than 

I / (x) dx ~ I g (x) dx, and / f(x)dx=j g(x)dx. 

1 (E) J uo J<B) J_(F) 

It can be cnsily seen that : 

If fi (*) S/s {*). then f /j (x) dx £ f f, (a:) dx, and 
J (K) J(B) 


f /i(*} dxif /,(*)<&. 

i<S) 

For j f 1 (x)dx is the lower boundary of all the sums Sit' 1 ) m (e), where 


«W is the upper boundary of /, <*) in e; this sura is £ S «W m ( e ), whore «(*> 
is the upper boundary of f t (x) in (e). It follows that the lower boundary 
in the first case is not less than the lower boundary in the second case. 
Tho scoond part. of the theorem follows similarly from the foot that, in 
any set e, 1(» 2 Z (!) . 


254. It will now be proved that: 

If f (x) be a non-negative function, defined in a measurable set E, of 
finite measure, the upper, and the lower, generalised integrals of f(x) over E 
are equal, respectively, to the exterior and interior measures . of the (p+ 1)- 
dimensional set of points (*, y), defined by [x in E, 0 £ y s / (*)] . 

Let H bo a closed set, contained in E, and let <f> (z) be an upper semi- 
oontinnous function, defined in E, and such that 05^(s)5/(jr). It lias 
been shewn that the set [x in H, 0 S y £ <f> (x)] is a closed set, and it iB con- _ 
t lined in the set [* in E, 0 £ y & f (*)]. 

It will first bo shewn that the lower generalized integral of <f> (x), over 
U, is equal to the measure of the closed sot [x in II, 0 £ y £ (x)], which 

will be denoted by Hf It is impossible that [ <j> (it) dx> m (lit); f° r 

if this inequality held good, // could be divided into a finite, or enumorably 
infinite, sot of measurable parts e,, such that Xl,m.(e,) > m {H t )\ 'where 
l, t denotes tho lower boundary of <f> (x) in e,. A finite number n, of these 
sets e,, could be so determined that 2 l ri m (e,) > m (£f*); further, in each 
of the sets e, (i = 1, 2, ... n), a closed component /, could be so determined 
that S l,m (/,) > m (fif*) ; whore l,, might have a greater value than before, 
when it is taken to refer to fi instead of c,, but could not have a lesser 
value. The set of points (x, y) such that x is in (/,}, when t — 1, 2, ... nr, 
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and 0 & y S l tl , is a closed set, contained in 11$ , and it would have a measure 
greater than that of II t, which is impossible. It has thus been proved that 

1 4> (*) da: £ tn (Iff .) ; and it will now bo shewn that this relation cannot 
■Ijm 

be an inequality. For, let it be assumed, if possible, that 

m(Ih)> ! <j>(x)dx; 
it U) 

and let the net (a a , o,, ... o„) be fitted on to the linear interval bounded by 
the lower and the upper boundaries of <f> (z) in H ; let e r denote the mensur- 
able set of points x, such that a r „ 1 £ </> ( 2 ) < a r , for r = 1, 2, 3, n — lj and 
lot e„ denote the set for which a r _ t 2 (x) £ a„ . We may take the net such 

that tho breadths of all its meshes are loss than ij. Then m (Ilf.) lies between 

2 a r _,«i (e r ) and £ a r m(e r ), which are tlio measures of sots contained in, 
and containing H t , respectively; and these measures differ from ojio 
nnothor by less than rjm (H). Choosing sufficiently small, we now sec 
that 2 a r .m (e.) > d> (x) dx; thus we have, since is tho lower 

r-l tyii 

boundary of <f (x) in tho Bet e r , u finite set of measurable parts of II, such 
that £/, r m («,) is greater than j <j> (a:) dx, which is impossible. 

It has now been proved that m (Hi) = I d> (x) dx. 

ton 

The case will first be considered in which / (x) is bounded in IS. From 
the theorem of § 253, we have 

( <f> (*) dx - [ •(, (x) dx + [ 4 ( x ) dx 

i(is ) I<U) He-m 

= m (Hi) + [ $(x) dx; 


the second lower integral on tho right-hand side is less than Om (E — II), 
where U is the upper boundary of / (x) in E ; and this will be arbitrarily 
small, since H may be so chosen that m (E — II) is arbitrarily small. The 
interior measure of the set [2 in E, 0 & y &f (x)] is the upper boundary of 
tho measures of all closed sets interior to it, and is consequently the upper 
boundary of m (Hf), as m (II) converges to m (E), and for all upper semi- 
continuous functions <fi ( x ), such that 0 s >j> (x) ( x ). For any closed 

set contained in [x in E, 0 f- y S / ( 2 )] has for its seotion by a (/-ordinate 
a closed set of which tho upper and lower boundaries are 4> ( x )> $ (*)> w ^ ero 
<f> ( x ) is upper semi-continuous; and the measure of such a set is clearly 
not greater than that of the set [* in E, 0 £ y 3 <f> (i)j. It thus appears that 
the interior measure of the set [2 in E, 0 £ y £ / ( 2 )] is tho upper boundary 
of f <f> (x) dx, for all functions ( 2 ) which are upper sorai-continuous, 
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and such that 0 £ <f> (x) £ / (x). Let <f> (*) be so determined that the interior 
measure of the set [a in E, 0 £ y 4 / (a)] exceeds J •f (a) dx by less than 

t; since 1 f (a) dz S <j> (a) dx, it follows that the interior measure 
J IB) J (S3 

of f.r in E, 0 £ y £ / (x)l S | / (a) dx + e, thus, since e is arbitrary, it is 
J(E) 

§ f f (a)dx. It is impossible that this relation oan be an inequality, for, 
as before, if it were so, a finite set e. of parts of E could be so determined 
that 2 l,m (e,) would be greater than the interior measure of tho set [ x in 
E, 0 & y £ f (*)] ; and by taking suitable closed parts g l of the sets c, , wc 
should have 2 l,m (g,) > the interior measure of [x in 15, 0£ (a)]; and 

thus tliis last set of points would contain a closed set of measure greater 
than the interior measure of the set itsolf, which is impossible. Therefore 

I / (x) dx is equal to the interior measure of the set fx in E, 0 £ y5>/(x)l. 
J.IEJ 

Let us next consider the funotion XJ -:/{*), then J { V —/(a:)} dx is 
J(E) 

the interior measure of the set [x in E, 0 £ y £ V -/ (a)], which is equal 
to the excess of Urn ( E ) over the exterior measure of the set 
[rin£,Oiy£/(i)]. 

Also j {U —/(*)} dx is the upper boundary of sums £ (V — it,) m (e,), 

or £7tn(25) — Sit, wife,); and is thus equal to Um(E)~( f(x)dx. It 

J(E) 

now follows that j f (x)dx 19 the oxterinr measure of the set 
<B> [xinf?,Ogy*/(x)J. 

The theorem has now been established for the case in which / (x) is 
bounded in E\ we proceed to tho case in which it is unbounded. 

• If I / (x) dx has a finite value, a mode of division of E into measurable 
J <X!) _ 

sets e, can be so determined that 2 it,m (e.) — j J (x) dx = 6e, where 0 is 
snch that 0 £ 0 < 1; c being an arbitrarily chosen positive number. 

The numbers « t can he divided into two sets, those, u' 1 ' which are a N 0 , 
and those, which are > N 0 ; where N 0 is an arbitrarily prescribed 
positive number. 
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Thus S w. w (e.) = E «*"« (e.) + E ufvi (*); 

and the sum E ufm (e,-), being convergent, can bo expressed by 
‘S m (c. ) H- fl'c. 

where 8' is such that OS O' < 1. Let N be greatest of the s numbers «[**, 
where t' = 1, 2, 3, ... s. Amalgamating the two sums 

S«“’r.W, ' 2 «?’•»<«.). 

we have a single stun Zti.ii) (e,), where all the numbers v, are & X. We 

have now, in this new notation 

E«,to(c.) + 0't — f f(x)dz = 8e. 

.-1 J(B) 

Let F denote the 6et Ze,; this set F is a measurable component of 

E, Consider I fWi (*) tlx, where /!*■'> (x) is the function defined by 
■’(f) 

f lK > (at) =/(»), when f{x)&N\ and fBO (z) — N, when f(x)>N. If 

E u,m (e.) — I /<*'* (*) d* > «, the set F may be divided into a set of 
.-i .’(f) 

measurable parts e., such that E ti, m (e.) - [ / ,iV) (z) tlx *= 0"r; where 

J(F) 

0 £ 0" < I. The set E lias been divided into parts t7, (i — 1, 2, 3, ...) and 
«!?’ (.' - s + I, a + 2, ...); thus 

or f /<«(*) da; > [ /(*)d*-2 e . 

(f > J (B) 

Now, by the corollary in § 244, the upper generalized integral of/ 1 "'* (z) 
over F is equal to that, over E, of the function which lias the values JBO (x) 
in F, and the value zero over E — F, and this cannot exceed the upper 
generalized integral of JBO (a;) over E. 

Therefore I fBO {x) dx S I f lx) dx — 2e. 

JIB) J (B) 

co , we have 

lim f /BO (x) dxsf f (x) dx. 

J (E) 


As € - 0, N ~ 
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It is impossible that this relation can be an inequality, for, if it were so. 
JV could be chosen so large that 

j f< ir >(z)dx>j j(x)dx, 

■»<E) J(E) 

which is impossible, since f w > (x) S/ (z) (sec § 244). Therefore 

f f (x) dx = lim f /•*)(*) rf*. 

' IE) W— oJ<E> 

Now j /w (*) dx is the exterior measure of the set 

The exterior measure of the set [i in E-, 0 S. y £ f (z)] being defined ns the 
limit of the exterior measure of [z in E\ OS y £/**•'» (z)], as N ~ m , it has 
now been shown that j / (x) dx is the exterior measure of the set 
Cein.E; 0;£y £/(*)]. 

In a similar manner, it can be shewn that j / (z) dx is the interior 
measure of the set [z in E ; 0 5 y £ •/ (z)] . 


255. In accordance with the definition of a generalized integral given 
by W..H. Young (i, § 389), the integral J f (z) dx exists when the upper 
■ and lower integrals have the same value. Let us consider the case in wluch 
/(z) £ 0; the case of a function which is not necessarily positive, but has 
a finite lower boundary is at once reduced to the case in which / (z) S 0, 
by adding to / (z) a properly chosen constant. 


The integral I /( z) dx exists only when the upper and lower general- 
1 <E> 

ized integrals have one and the same finite value. It will be shewn that, 
when I / lx) dx exists, so also does I / w (z) dx, wliero N has any 
• - . ! £ > , •»(«) 
positive value; when / (z) is bounded, E may, of course, he restricted to 
have no value greater than the upper boundary of / (z) in E. 

Let N' be a number greater than N; then E may be divided in four 
different ways into measurable sots e (1 >, e ra , e” 1 , «M, so that 


0 S £w<'ljn (c n >) — f /t*0 (z) dx < e, 
he) 

OS f /•» lx) dx-Sl^m (era) < 
} sm 

OS £«raj»(era) - f /»“» (x) dx < e, 
J IS) 

0 s f tei J vn (*)<**- (e»')<e. 
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If we define the set e„ crl ns the set common to all the four sets ej,' 1 , e <: \ 
«?\ ef, the division of E into the sets e„ r , may be conceived of ns a con- 
tinuation of each one of the four sets of sub-divisions employed above- 
and the four inequalities will all be strengthened by the adoption of this 
new method of sub-division of E. It is thus seen that, there exists a set 
of sub-divisions of E into measurable parts e, such that, for this system 
(e), the four conditions are satisfied that 

j /t*h (a:) dx -= S-um (e) — Ot, 

f f y (x)dx — 2,1m (e) -r 9’e, 

JjBt 

f fun (a:) dx - £ u'm (c) - B’f, 
f fUn(x)dx=Xl'm(e) + 0’"t, 

JJK) 

where 9, O', 0", O'" are all in the interval (0, 1), and «, l denote the upper 
and lower boundaries of /W (a:), in c, and also u' , l' denote the upper 
boundaries of f y ‘ (a:), in e. 

Wo have now 

{ J jW (x) dx - [ /•« (*)) - {*) dx - j /9H [x) dx J 

= £<«'- V) m («) - £ (w - 0 m (e.) - ( 6 " + O'" -0-0') c. 

In case e consists entirely of points at which / ,wl (x) — N, we have 
u = l = A 7 , u' — l' £ 0; if e contains no points for which fU'i (x) >= N, we 
have u = l = V; and, if c contains both species of points, we have 
l' = l, u' S u. Thus, in all cases u' — l' Zu — l; and the number 
2 («' - l') m(e)-X(u~ Dm (e) 

is according!}' positive or zero, for each value of c. If e now converge to 
zero, it, is seen that the expression on the left-hand side of the above equation 

is certainly 5 0. Therefore / /**> (x)dx - f f ,Ki [z) dx is a monotone 

Jim J_ie) 

non-diminishing function of N, as N is increased. 

It now follows that the excess of the exterior over the interior measure 
of the set [xi n E; 0 2 y S fUn (a:)] does not diminish as N increases. If, 
when A 7 is infinite, this difference is zero, it follows that it must he zero 
for every value of N. 

Thus, iff / {*) dx exists, so also does f /<*> (*) dx, for every positive 
J<E) J(B) 

value of N, and all the sets [x in E; 0 & y £ f m (z)] are measurable. Jn 
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accordance with the theorem established in I, § 427, the section of the set 
[z in E, 0 £ y £ fW (*)] by y =-■ N is measurable, foe almost all values of 
iV in the interval {0, N). This section is congruent with the set of those 
points of E such that / (a) g N, and S N. Therefore, for almost all values 
of N, the set of points £ot winch N * /W (*) £ N is measurable; and from 
the theorem established ill r, § 383, it follows that (x) is a measurable 
function. Since this holds for all values of N, it follows that / (a) is 
measurable (see i, § 400). 

It has now been proved that : 

For any bounded function f (a), and for any function with a finite, lovirtr 
boundary, the definition of an integral given in i, § 389, is completely equivalent 
to the definition of Lebesgue. 

There remains for consideration only the case in which/ {x) is unbounded, 
both in the positive and the negative directions, in the measurable set E. 
Lot it be assumed that j f (x) dx has a finite value ; and consider E u t m(c,), 
for any set of sub-divisions of E into measurable parts, such that, in each 
part, it. is finite. If 2 u.m(e.) is not absolutely convergent, the terms of 
the series can be so rearranged that the series diverges to - » (see § 26); 
and in that, case the lower boundary of E v, m («,), for all possible sots of 
sub-divisions of E, would not exist as a finite number. Therefore the series 
2 v.m (e.) must be absolutely convergent; and it can be arranged as two 
series, consisting respectively of positive, and of negative, terms. Let 
/+ (a) denote the function defined by/ t (x) =f(x), when/(z)g 0,/ + (a) *= 0, 
when/ (x) < 0; and let/, (a) denote the function defined by /_ (x) — /(a), 
when / (a) £ 0,/_ (a) ■= 0, when / (a) > 0. Tho value of j/ + (a) dx is defined 
as the lower boundary of the sum of the positive terms of 2 u, m (e,), when 
all sets of sub-division of E arc considered; and jf-{z)dx is the lower 
boundary of the sum of the negative terms of 2 u.m (c.) ; and both these 

lower boundaries are finite, since I f(x) dx is assumed to exist. Sets 
J(fc') 

e, eW, eW of sub-divisions of E can be so determined that 

S«.m(e,)-T /(*|&, /,(*)*. 

<-i 1(B) .-i J t«> 

«» d 

.-1 J (E) 

are all three in the interval (0, e). If we take a new set of sub-divisions of 
E, of which the type is the set of points common to <%, e£\ we obtain 
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a sub- division of E, which is a continuation of each of those above 
employed, and for which the three conditions 

0 £Sv,m(e,)-f f (*) dx < e, 

•ME) 

OiSE,m(«,) — f f + (x)dx<e, 

■ME) 

03 Eft.ro (c,) — f f_(x)dx<e, 

■ME) 

hold good, where in the second inequality, only the positive values of 
viz. u, are taken, and in the third inequality, only the negative values of 
u„ viz. fi, ore taken. We thus find, since 

2u.ro (e.) — E«,ro (e,) + Xfi.m (e.), 

that J B /+ (*) + j E f- (*) dx differs from j f (*) dx by less thnn t. 

Since c is arbitrary, it follows that 

f U{x)dx+ f f_(x)dx = ] f(x)dx. 

J <B) J (E) J (K) 

Similarly, assuming that I / (x) dx has a finite value, wo find that 
;<s> 

[ f t (x)dx+ f /_ {x)dx •= j f(x)dx. 
i.<E) i(E) JJE) 

We now see that 

is the sum of 

(*) dx “ / (E /+ (®) dx and J /_ (x) dx - (*) dx. 

All three of these are fe 0; it thus follows that, if j j(x) dx exists, in 
accordance with W. H, Young’s definition, bo also do j /+ (x) dx, and 
f /- (x) dx. 

J(E) r 

It now follows, since / + (*) has a finite lower boundary, that j ^/+ (x)dx 

and f /_ (x) dx exist as 2-integrals, having tho same values as before. 
•ME) 

Hence f /(ajldsisthesumofthetwo-Ir-iiitegrals f /+{*) dx, / /-(*) dx, 
■ME) - IE) J <E> 

and this sum defines the 2-integral j f (x) dx. Therefore, when / (x) has 
a generalized integral ovor E, in accordance with the definition in I, § 389, 
it is summablc over E, and the 2-integral has tho same value as the gener- 
alized integral. 
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Conversely, let it be assumed that/ («) Is summable over E. Iu accord- 
ance with the definition of the 2-integral, given in x, § 388, if e, is the 6efc 
o! points at which a r „ l Sf(x)<a r , the two sums 2 a r _ ± m (e r ), 2a r m(e r ) 
differ from one another by less than ipn (E), and the 2-integral j" / (x)dz 
is between the values of the two sums. If u, , l t denote the boundaries of 
/ (*) in e r , we have u, S a , , u, £ o,_ x ; and it follows that 

S u r m [e r ) — E l r m (ef) < gm [E). 

Moreover the lower boundary of Sii ( ra (e,), and the upper boundary of 
EZ r f» (c,), for the system of nets corresponding to a sequence of values of 
i), converging to zero, are both the 2-integral J / (x) dx. It then follows 
that 

f J(x)dx£. ( f{x)dx, and f f(x)dxS. f f(x)dx. 
h&> /(E) J(E) J(E) 

SinC6 / E / ^ dX “ Its/ ^ it follows from these relations that 

I / (a;) dx <■* | f (x) dx =■* I / (a) dx. Therefore the generalized integral 
MB JJS) j( E) 

of/ (a), over E, exists, and has the value of the //-integral. 

The theorem has now been completely established, that: 

■ The definition of an integral , of arty function, bounded or unbounded, over 
a measurable eel E, of finite measure, given in i, § 3811, is completely equivalent 
to the definition of Lcbcsgun: 

Moreover, utilizing, results obtained in § 254, we have the following 
theorem: 

The lower generalized integral of a non-negative function f (x), defined in a 
measurablesetE of finite measure, is the upper boun daryofthe lower generalized 
integrals, over E, of all upper semi-continuous functions (as), defined, in 
E, and such that 0 a tfi (x) 3 / (x). 

If the bounded function / (x) be no longer restricted to be non-negativo, 
a number c can be so chosen that / (*) + c is non-negative, and if <j> (x) 
be any upper semi-continuous function & / (x), the function (z) + c will 
also be upper semi-contanuons, and §/(*)- f c. Applying the above theorem 
to the function / (*) + e, it is scon that the upper boundary of all the 

integrals I {•/ {x) + c} dx . is [ lf(x) + c}dx, and hence that I. <i (x) dx 
J(E) _J(E) /(E) 

has for its upper boundary j f (x) dx. Thus we have the theorem that: 
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Iff ( 3 ) be any bounded function, defined in the measurable, set E, of finite 
measure, the lower generalizedintegral of f (a;) overthe selE islhe-upper boundary 
of the lower generalized, integrals of all upper semi-continuous functions de- 
fined in E, such that <ji (x) £f(x). 

If wo make use of the fact that the exterior measure of a {p *f 1). 
dimensional sot is obtained by subtracting the interior measure of the 
complement of the set with respect to a (p + 1 (-dimensional cell which 
contains the set from the measure of that cell, we obtain the following 
theorem : 

Iff (x) be any bounded function, defined in the measurable set E, of finite 
measure, the generalized upper integral of the function over E is the lower 
boundary of the upper generalized integrals of all loiver semi-continuous 
functions, defined, in E, such that f [x)&f (a:). 


THE METHOD OF MONOTONE SEQUENCES 


256. A method of investigating properties of integrals, depending upon 
the use of integrals of monotone sequences of functions of special typcB, 
has been developed* by W. H. Young. Tins method consists ot the ex- 
tensions of properties of the integrals of the functions which constitute 
fcho monotone sequence to the integral of the function to which the mono- 
tone sequence converges. A general account of this method will bo given hero ; 
itiB possible to use this method conversely as the basis of a general theory of 
integration of all functions capable of analytical definition. 

If / (a) be a hounded non-negative function, defined in a mensurable 
sot E, of finite measure, it has been shewn in § 255, that / (x) dx is the 


upper boundary of the integrals f (a:) dx, for all upper semi-continuous 
functions <f> (x) such that <f>{z)£~f (x). It will be shewn that <f> (a;) is sum- 


mablc in E, so that f <fi(x)dx= [ <f> (x) dx. 

liR) J (E> 


It should be observed that there is no loss of generality in restricting 
the functions <j> (x) to bo non-negative. For, if fi (x) be any upper semi- 
continuous function, it remains so if all its negative, values be changed to 


If {H„} denotes a sequence of closed sets, contained in E, and such that 
each set of the sequence is contained in the next, the sequence can he so 
determined that, if be the outer limiting set of the sequence, 
m. ( H _) = m (£}. 

v See “A new method in the theory of integration,” Prtx. /.and. Math. Soe. (2.), vol. I'X(J9I0); 
also "The general theory ot intern. tkm." Phil. Trans. (A), vol. cciv (1903). See hirttret )lr-. 
of Math. vol. xxvn (1907). p. 148; Pm. Camb. PkO. Sac. voh Siv (1905). p. 520; Proc. Ismi. 
Math. Sac. (2), vol. vi (180S). p. 298; *nd Camples Ttendus, vol. oucit (1910). P- 999. 
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It is known (see I, § 230) that the set K „ , of points of H„ at which 
<f> (x) £ a, is closed, whatever value a may have. Tlie soquence [K n \ has 
accordingly an outer limiting set , which is measurable. Bach point of 
at which <ji (x) a a is contained in U„, for some value of n, and for all 
greater values ; and tho sot of points of H m at whiob tf> (z) S a is measurable. 
The sot of points of E — 27. having measure zero, the set of points of 
E — H m at which <f>{x)Za has measure zero. Therefore the sot of points 
of R at which (x) z a is measurable ; and therefore rf, (%) is eummable in E. 

If / (x) be any bounded function, it can be reduced to a non-negative 
function by the addition of a suitable constant. It has therefore been 
proved that: 

If f (x) he a bounded function, defined in a measurable set E, of finite 
measure, of any number of dimensions, the lower generalized integral of f (x) 
over E is equal to the upper boundary of the integrals of all upper semi- 
continuous functions, defined in E, and such that f (x)z<ji (x). 

If the function U — fix) be considered, instead off (x), it can be shewn 
at once that: 

The. upper generalized integral of the bounded function f (x) over E is equal 
to the lower boundary of the integrals of all lower semi -continuous functions 
i fi (x), such that 0 (*) £ f(x). 

257. A sequence {•£„ (x)}, of upper semi-continuous functions, con be so 

determined that lim I h u (x) dx = / (x) tlx. It 'will bo shown that 

»J{B) fir.) 

the sequence {#„ (z)} can be so determined as to l>e monotone. Taking the 
two functions rj,„ (z), (x), let Xn+i (*) be the function which has, at 

each point x, the value of the greater of the two functions <f> u (x), (x). 

This function. x*tj (x) is upper semi-continuous (sec § 1 1 1 ), and it is S/ (x) ; 
moreover j {*) dx Z [ <f>„ +t {x)dz. Starting with & (x), <j> t (x) a 

monotone sequence (x* (x)} will bo formed, which has the same property, 

in relation to I / (x) dz, as the original sequence. It has thus been shewn 
J<£> 

that: 

A monotone non-diminishing sequence of functions, all upper semi- 
conlinuous in the measurable set E can be so determined that, if (<f>„ (x)} 
denote the sequence, lim j <f> n (x) dx = | / (x) dx; where f (x) is any 
bounded function. Moreover <f>„ (x) £ / (r).~ 

In a similar manner, it can be shewn that; 

A monotone non-increasing sequence of functions, all lower semi-con- 
tinuous in E, can be so determined that, if [>p„ (x)} denote the sequence. 


lim f ^i„[x)dx’= l /.{*) dx, 
J(E 
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The monotone sequence of functions {<f> n (z)} will converge to a function 
<1> (z), which is an fit-function (see § 111), such that <5 (x) sf (z). Since 
| <j>„ (*) ( is bounded for all values of n and x, we have 

f O (z) dx — lim f &„ (z) dx ; 

1(E) «-».'(£> 

and therefore (Z> (z) dx — I / (z) dx. 

HE) 1(B) 

The function (z) may be termed a bounding In-function of / (z). 
Similarly if 'K (z) be the lower limit of the sequence {<p„ (z)}, of lower 

semi-continuous functions, we have | T (z) dx = I / (z) dz; and T (x) 
1 (E> 1 <E) 

is a bounding id-function of / (x). 

In case/ (x) is summable in JJ, we have 

f V (z) dx = f f(x)dx~[ <t> (z)rfz; 

1(E) J (E) 1<E) 

and since Y (z) £/ (z) g <D (z), we see that T (z) — / (x), almost every- 
where, and (z) = / (z), almost everywhere. 

Thus it has been shewn that: 

Whenf{x) is summable in E, functions <l> (z), T (z) which are bounding 
hi-fmclions and bounding id-functions of f (z) are such that almost every- 
where in E, <K (z) = V (z) = / (z). 

The functions 4> (z), Y (z) are not unique, but it follows from this 
theorem that two functions which are both bounding id-functions of f (z) 
differ from one another only at points of a set of measure zero. A similar 
statement applies to two bounding Za-functions. 

258. It will now be shewn that, if / (z) be a boundedsummablefiinclion, 
defined in the measurable set E, a bounding Zu-function and a bounding 
id-function of / (z) can l>e constructed. 

If V and L are the upper and lower boundaries of / (z) in E, let (L, U) 
be divided info n equal parts of lengths (U — L)/n; and let a r denote 
L + - {{7 — L) , where r = 0, 1, 2, ... n. Let g, denote the measurable set 
of points of E at which f (x) S a r . The sets y„_ ,, y„_i, —g a are such that 
each set is contained in the next; closed parts h„. It h„. t , ... 7i 0 of the sets 
g„. J , g„-z , ... g Q can be determined, each one of which is contained in the 
next, and such that m (p 0 ) — m (7/,) is less than - . 

Let the function <j>„ (z) be defined by means of the specifications 
<fi„ (x) = c„_, in rf>„ (z) = o n _j in — A n -i> --• > 

<f> n (*) = a r in h r — 7i ri . lf (z) = C] in h t — 7i.; 
and <j>„ (z) — a„ = L, in all the remaining points of E. 
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Let the function ifi n (x) be defined by means of the specifications 

•frn <*) ” «1 “ *0 - K, in (*) - in K - hty 
fa (*) = «*r* 1 in fa - A rrt , . . . ; fa (i) = a„_ x in *„_ 2 - A„_, , 
and fa (x) = a„ s U in all the remaining points of E. 

The function fa (x) is a -w-fanction, and fa (x) is an 2-function ; the 
sequence {rji n (z)} is monotone non-diminisliing, and the sequence {fa (*)} 
is monotone non-increasing. Moreover fa (x) — fa (z) = — — - , except at 
points of a. set of measure less than i, at which fa (x) — fa (x) = Z7 — L, Tt. 
follows that, except at- the points of a set of measure zero, we have 
<Jj (*) lim fa (a:) *■« lim fa {x) ■= V (z). 

Moreover <D (x), '1' (z) are both equal to / (x), almost everywhere in JS, and 
are thus bounding lu- and id-functions, corresponding to f{x). 

In case tbe set I? is & linear interval (a, b), and the function / (x) is 
monotone in E, the semi-continuous functions fa (x), <p„ (*), constructed 
as above, are also monotone in {a, 6). Let / (x) be monotone non-diminish- 
ing, then the sets g n . lt j„_ 2 , ... g c consist of intervals (a*,*, 6), («„_2, 6), ... 
(« # ,' 6) whioh are closed at the end-point h, but not necessarily at the end- 
points a,_ x ,,« B _ 2 , ... The closed Bets fa. lt ... fa may be taken to 

consist of the closed intervals , b) {/3„_ 2l b), ... (fa, b), each of which 
is contained in the next; where fa — «<-. The function fa (x) -• a„_, , 
when fa_ t £ x & 6; fa (z) — a„. 2l when fa. t £x<fa. 1 -, <f> n (*) =» a r , when 
fa £ x < /3 r+1 ; 4>n ( x ) “ a. when a £ x<fa. Thus fa ( x ) is monotone non- 
diminishing, and is constant in each interval of a finite, set. A similar 
remark applies to the function fa (z). 


258. There remains for consideration the case of ah unbounded sum- 
mable function / fz). Krst lct/(z) SO, then f / fa)dx is lim f ft ‘ v J(z)dz; 

HE) r~«> J(B) 

where {N r } is a monotone divergent sequence o£ positive numbers, and 
fin,l (*) jg the function which has the value of / ( x ), when / (x) £ N r , and 
which has tile value N r when / (z) > JV r . Let ® r (z) be a bounding fit- 

function for the function /W (z), then f <1*, fa) dx = f /W te) dx; 

HP) . HE) 

and thus we have I f ( x ) dx — lim I <l> r (z) dx. 

1 (E) r-» J (E) 


That tbe bounding functions <b r (z) for the functions /W (x) may be 
so determined that {<!>,. fz)} is a monotone non-diminishing sequence is a 
consequence of tbe following lemma; 

Iff ui <*),/« (z) are bounded summabte functions such that / 1'> (#)£/(*> (z ), 
in E, then the corresponding bounding In-functions <IH« fa), (z) can. be so 
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determined that 4>W (x) & (a). Similarly the corresponding bounding id- 

functions ’FI# (a), I'M (a) can be so determined that ’FI# (a) £ T<# (a). 

Let ®l# (a) *» lim ^#{ 35 ), <t> e) (a) = lim <£„'# (a) ; where 
{^,,1# (a)} are monotone non-dimini siting sequences of w-functions. A new 
monotone sequence {?„ (a)} of M-functions can be so determined that g„ (x) 
has as its value, at each point, the greater of the two functions <f> n ty(z), 
(a). At any point at which g n (a) differs from (a), it is equal to 
<£ n (| ) (a) and is therefore ? /I# (a), and therefore also g /I# (a). Also since 

<£„<# (a) 2 (7„ (a), { 6„ m (a) dx £ | g n (a) dx ; and thus 

J(E) J(B) 

lim] ^ n <*'(a)da= lim [ g n {x)dx, 

since the limit on the loft is the highest possible. Thus fcho sequence {< 7 „ (a)} 
may be taken instead of the sequence (a)}, in which case we have 
</>„!» (a) s ^ n ,£1 (x), or <TX# (a) 5 <D ft * (a). The second part of the lemma may 
bo deduced by means of a change of sign of the functions. 

It has now been shewn that there exists a monotone non-diminishing 

sequence {<!>, (a)} of lit-functions such that j f (x) dx = lim <D r (a) dx. 

• (E) r -» J(£| 

If <1» (a) is the limit of {<l> r (a)}, it is an Ww-function, i.e. an fit-function. 

Thus, if/ (a) bo a positive unbounded suramablc function, there oxisls 
an fw.-function d> (a) such that the integrals of / (a) and of <!> (a) over the 
sot E are identical. 

If /(a) be an unbounded summablc function having botli signs, it can 
be expressed as the difference of two positive summablc functions, and 
J / (*) cun be expressed ns tiio difference of the integrals of two fa- 
functions, or as the sum of an in-function and a id-function. Therefore / (a) 
can bo replaced, for the purpose of determining its integral, either by an 
■Hffi-fmiotion, or by a fuf-f unction. 

260. The process of deducing properties of integrals of suramablo 
functions from those of the integrals of continuous functions, or even from 
thoso of finite polynomials, consists of the following stages, in each of 
which a monotone sequence is employed. 

(1) Let E be a closed set of points in any number of dimensions, and 
/ (») a continuous function defined in E. If A bo a fundamental coll which 
contains E. a continuous function may be defined in A which has at every 
point of E the value of / {x) (see § 108). Applying to A the theorem of 
§ 101, a monotone sequence of polynomials can be constructed which 
converges in A, and therefore in E, uniformly to the value /{x}. It then 
follows that j f (x) dx is representable as lim j ^ P r (z) dx, where {P„ (*)) 
is the monotone sequence of polynomials. 



as!), 2 go] The Method of Monotone, Sequences 379 

(2) If / (*) be an upper semi-continuous bounded function defined in 
the measurable set IS, there exists (see § 105) a monotone non-increasing 
sequence { /„ (a:)}, of continuous functions which converges to f (%). Then 

/ / (a) dx has the value Jim I (x) dx. 

J(B) 

Similarly, if / (,r) be a bounded Z-function, there exists a monotone non- 
diminishing sequence of continuous functions /„ 1.x), such that 
lim f /„ (x) dx = [ / (a:) dx. 

(3) 'If / (i') be any bounded function, sum in able in the measurable set 

E, there exists a monotone non-diminishing sequence {rj>„ (a:)} of li-funetions, 
such that da -=- lim J ^ <j> n (a) dx. 

Also there exists a monotone iion-inoreasing sequence {ip„ (*)}, of /- 
functions, suoh that f (x) dx ^ lim <f> n (x) dx. 

Thus / (ar) can be replaced, either by an fa-function, or by a uZ-f unction, 
without alteration of the value of its integral. 

(4) If / (.*) bo an unbounded function, summablc in the measurable 
set E, tho function /(a) may be replaced, without altering t.ho value of its 
integral, either by a ltd-function, i.o. by the limit of a monotone non- 
diminishing sequence of «Z-fiinctiona, or by an idw-function, i.e. by the 
limit of a monotono non-inereasing sequence of Zu -functions. 

It has been pointed out by W. H. Young that, starting with tho 
definition of the integral of a continuous function (or even of a polynomial), 
tho intogral of a tt-fimetion, or of an Z-function may bn defined ns the limit 
of the integrals of tho continuous functions of tho monotone, sequences of 
continuous functions which converge to tho ^-function or the Z-f unction. 
Similarly the integral of a tiZ-funclion, or of an Zu-function, is defined as 
the limit of the integrals of the I-functions, or of the w-functions of the . 
monotone sequence which converges to the gii'en id-function, or the given 
Zlt-function. Tlio-integral of a bounded summablc function is then defined . 
.as that of either the id-function, or tho Zu-function which is equivalent to 
the summablc function. Finally the integral of an unhounded summablc 
function may be defined as equal to that of the equivalent idu-funotion, 
or of the equivalent ZkZ- function; the integral of cither of these latter being 
defined as tbc limit of the integrals of the uZ-functions, or of tho Zw-functions 
of the monotone sequences which converge to them respectively. 

In this manner the method of monotone sequences is employed to 
huild up successively tire definitions of the integrals of the successive types 
of functions. Examples of the application of this method have been given 
by W. ,H. Young*. 

* Proc. Land. Math. Soe. (3), vo!. ix (1910), pp. 3G-50. 
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TONELLl’S THEORY OF INTEGRATION 

261. Lebesgue’s theory of integration depends upon the theory of 
measurable eels of points, and this theory makes use of the multiplicative 
axiom, as has been seen in I, § 130. A mode of defining the integral of a 
function in a finite interval has been developed* by Tonelli, which is 
independent of the general theory of the measure of sets of points. This 
independence also appertains to the theory of integration suggested by 
W, E. Young (§ 260), in which sequences of semi-continuous functions are 
employed, and in which the definition of an integral ultimately depends 
on that of the integral of a continuous function. We proceed to give an 
account of Tonelli’s theory of integration, which also consists of an exten- 
sion of the notion of the integral of a continuous function. 

A set A, of non-overlapping intervals contained in the interval (a, b), 
is spoken of by Tonelli as un plurinlcrmllo ; the set A may contain a finite, 
or infinite, number of distinct intervals. The intervals of the set A may be 
either closed or open; an interval a S x< a, or an interval fl < z £b, 
of which a and b are eDd-points, may be regarded as open. The 6um, or 
limiting sum, of the lengths of the intervals of A is taken to be the length 
of A, whether the intervals are closed or open. 

A function f (a;), defined in (a, b ), is said to be quasi-continuovs in (a, b) 
if a sequence. {A„} , of sets of open intervals, exists such (hat the length of A„ 
is less than - , and is such that f (x) is, for each value of n, continuous in the 
part of (a, b) which remains when all the points of A„ are removed from the 
interval. The sets A„ are said to he associated with f {x). 

It is easily seen that a function which is discontinuous only at points 
belonging to a finite, or to an enumerable, set of points in (a, b) is qunsi- 
continuous, but this doe3 not exhaust the class of quasi-continuousfunctions. 

Let / (x) he quasi-continuoug and bounded in (a, b), and consider A„ 
one of the open sets of non -overlapping intervals associated with / (*). 
Let f in (#) be the function which has tbc value/ (x) at each point x that 
does not belong to A„; and let f in (x) be linear in each interval S, of A n ; 
the linear function having at the end-points of 8 the values of / (x) at 
those end-points. The function / in (z) is then continuous in (a, b). Wc 
have thus a sequence (z)} of functions, all of which are continuous in 
(a, b). The functions / {*),/,„ (x) differ from one another only at the points 
of A„, where the length of A„, being -, converges to zero, as n ~«o. 

The functions {/ in (z)[ arc said to be associated with / (x). 

* Annali di Mai. (4), voL j (1923). p. 105 i >« alfo tbe treotw Fcmdam'Ati di Cakit* foil a 
Variazioni, Bologna, 1912. 
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The integral j f (sc) dx, of the qu asi- continuous bounded function f (a), in 
{a, 6), is defined to be the limit of the sequence of integrals J f in (a) dx, as 
n is increased indefinitely. 

It can easily be shewn that the value of f / (x) dx, so defined, is in- 
dependent of the particular set of associated functions which is employed 
in forming the sequence. 

The definition of the integral of a continuous function wliich can be 
employed is that of C&uohy, of wliich the most general farm is that of 
Rieraann. 

The ordinary properties of J /(*) dx such as 

J V {*) dx =■ JV (x) dx + [*/{a)c£r, 

J* |/(a) | dx, 

+ 9 (*)) ** = |V(*) ixJr \j (*) 

can.be easily established in accordance with the above definition, 

Tonolli lias extended his definition of an integral to tho case of un- 
bounded quasi-continuous functions by the method of de la Valide Poussin 
(1, § 387). 

^ fn, n’ (*) = / (*). whon — N' £ / (a) S N ; f Ni N - (a) *= N, when 
/(a) >17; and /a\w'<*) =- - N', when/ (a) < -N', the integral of the 
quasi. continuous function / (a) is defined to have the value 

Ai 

whenever tho double limit exists; and it is then denoted by j f (a) dx. 

The necessary and sufficient condition for the existence of j / (a) dx 
can easily be shewn to be .that | J fjt.jr (a) dx j is bounded with respect 
to (N, N'). 

Tho theorem • lim f f„ (a) dx «* ^ / (a) dx, 

where | f m (x) | is bounded with respect to (m, x), and the sequence of 
quasi-continuous functions /„ (a) converges to /(a) has been established 
by Tonelli on tho basis of his definition. He has also proved the theorems 
of integration by parts and other properties of integrals. 
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Tonelli’s definition is applicable to the class of quasi-eontinuous func- 
tions, and this class certainly includes all those functions which are defined 
by ordinary processes. If the theory of Lcbcsguc integraiion be assumed, 
it follows that, as has been shewn in § 170, a measurable function is con- 
tinuous relatively to a set. of points G which is perfect, and of measure less 
than b a by less than an arbitrarily fixed positive number «. The com- 
plementary set C (G) can be enclosed in intervals of a set of which the 
measure is < t. It thus follows that every measurable function is quasi- 
eontinuous, in accordance with Tonclli's definition of quasi-continuity. 
Hence every Lcbcsguc integral is also an integral in accordance with 
Tonclli’s definition, the Lebesgue theory of measure being assumed. 


PERRON'S ’DEFINITION OF AN INTEGRA!, 

262. A new definition of the integral of a function in a finite linear 
interval, which is independent of the general theory of measurable 6C(s of 
points, was given* by Perron. It has as its starting point the conception 
of the inverse relation between the integration and derivation of a function. 

If / (x) be a function defined in the linear interval (a, 6), t he greater of 
the upper derivatives D* j (x), D~f (x), on the right and left of the point 
x may be denoted by Bf(x), so that Bf[x) = T as h 

converges to zero, when h is unrestricted as regards sign. Similarly JDf (*) 
may be taken to denote the smaller of the numbers Z> + (x ), />_/ (x). 

In the first instance, let / (x) be any bounded function, defined in (a, 6), 
and let V and L be its upper and lower boundaries in the interval. A 
continuous function «/. (x), defined in (a, b), and such that D<j> (x) £ } (?), 
at all points of (a, b), and also such that <f> (a) = 0, is said to be a miner 
function associated with f (x). Similarly, a function such that 

12 <ji (x) £ / (x), in [a, b), and such that i/, (o) = 0, is said to be a major 
function associated with f (x). 

It is clear that major and minor functions always exist; for example, 
U (x — a) is a major function, and L{x - a) is a minor function. 

If 6 (x) be any minor function associated with / (x), we see that (J, § 280) 
^ ^ - does not exceed the upper boundary of D<f> (x) in (a, b)', that 

is j, (b) & U (b - a). 

It follows that the upper boundary of fi (6), for all minor functions, is 
a finite number g ; and thus there exists a minor function f (x) such that 
rf> (6) > g — c, where c is an arbitrarily prescribed positive number. 

* Sitzungtber, A. Htidetbtrocr Atad. voL v<2 (19H), No. 14. 
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Similarly there exists a number G which is the lower boundary of <[> (/>), 
for all major functions; and thus there exists a major function for which 
P(b) <<? + €. 

Since Df{> (x) i / (x) £ ftf. (a:), 

we have D {p (x) — p (x)} £ Dp (x) — Dip (*) S 0, 

for all values of tc in (a, b). It then follows (r, § 280) that 

[p to) - P te)) -ip fa) - P (*■) ) s 0 

whatever pair of valncs, in (a, 6), x, , x. may have. From this it follows that 
p (x) — p (x) is monotone non-diminishing in (a, 6). Since p (n.) ■=* p [a) = 0, 
it follows that p(x)&p (x), p[b)Kp (b), and G Sg. 

In cdse (?“<?, the function f (x) is said to be integrable in (a, b), and G 
or g is taken to define the value of j f (x) dx. 

It has thus been shewn that: 

For every minor function p (x), and for every major function p (*), 
associated with f (x), the relation p (6) S. j f (x)dx £ p- (b) holds good . , 

The condition for the existence of | f(x)dx is that minor and major 
functions p (x), p (x) can be so determined that p (b) — p (b) <tj, in which 
case p (x) — p (x) < ij, in {a, b); where ij is an arbitrarily prescribed fomtive 
number. 

Perron himself gave an investigation of the principal properties of 
^ / (x) dx, in accordance with this definition. 

283. The definition oan be extended to the caso in which / (x) is un- 
bounded in (a, 6), provided, in snoli a ease, major and minor functions exist. 
The general definition may be stated ns follows: 

In the interval [a, 6), a function f (x) is defined which has everywhere (or 
almost everywhere ) a finite value. Let it be assumed that, continuous functions 
p (x), p (x) exist such that Dp (x) = f (x) 2 l)p (x), when Dp (x) has no- 
where the value -f <a , and jDp (x) has nowhere die value — ro ; and 

Pi *)«=*(»)■=•>; 

then if lim p (x) — lim p (x) = F (x), 

the function F (as) defines (he indefinite integral j /(x) dx in (a, 6), and F (6) 
defines the definite integral j f (x) dx. 

The proof in § 202 is applicable to show that p (x) — p (x), for every 
pair of functions, is monotone non-diminishing in (a, b ) ; it follows that 
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ifi (*) — F (*), F (x) — p {x) are monotone non-diminishing in (a, b). Since 
p (x), tp (a:) can be so determined that p (6) — F (6) < q, it follows that 
<p (x) — F (x) < i), and thus a sequence of values of p (a:) converges to F (x) 
uniformly in (a, b), and therefore F (*) is continuous in (a, 6). Thus the 
functions p (x) — F (x), F (z) — p (as) are monotone non-diminishing con- 
tinuous functions. It may thus be stated that: 

In order that the continuous function F ( x ), where F (a) = 0, may be the 
indefinite integral of f (*), it is necessary and sufficient that, if the positive 
number e be arbitrarily prescribed, a pair of continuous functions p (as), p (i) 
which satisfy the conditions in the above definition should exist, which satisfy 
the conditions 0 < p (x) — F (x) < «, 0 < F (x) — p (x) < «. 

The relation of the integral so defined with the integrals defined by 
Lebesgue and Denjoy has been investigated by Bauer*, Hakef, Aloxnn- 
drofff , and Looman§. It was proved by dc la Vallee Poussin that every 
£-intogral is also an integral in accordance with Perron’s definition; this 
proof is givon in § 437. It was proved by Bauor that a bounded function is 
integruble in accordance with Perron’s definition when, and only when, it 
is measurable, and accordingly intograblc in accordance with Lobcsgue’e 
definition. It was proved by Hake, and again later by Aloxandroff, that a 
function, integrable in accordance with Denjoy's definition, is always 
intcgrable in accordanco with Perron’s definition. The converse of this 
was established by Alexandroff. Consequently it is known that: 

There is complete equivalence between the definition of Perron and Denjoy. 

In view of the simplicity of the definition of Perron as compared with 
that of Denjoy, and of the fact that the former makes no ubc of tho thoory 
of the measure of sets of points, this theorem may prove to bo of great 
importance in future developments of the conception of an integral. 

Perron’s definition was extended by Bauer to the case of functions of 
any number of variables, and it was shewn by him that every Lcbesguo 
integral of a function of any number of variables is a Perron integral, in 
accordance with the extended definition. 


THE SUMMABUJTY OF INTEGRALS 

264. If tho integral j f(t)dt exists for all finite values of x>a, the 
integral ^ / (i) dl exists in the ordinary sense when [ f (<) dl has a definite 
limit, ns x ~ ro. In analogy with the coso of infinite scries, various con- 
ventional definitions of [ / ({) dl can be employed which assign to it a 


* MonaUheJte J. Hath. tr. Pkt/aik, vo). ixn (1915), p. 153, 
t Hath. Anualen, vol. Lxxxm (1921), p. 119. J Hath. ZtttM.hr. 
§ Math. Annalm, vol. xcm (1024), p. 153. 


vol. X* 0924), p. 213- 
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definite meaning in cases when it does not exist in the ordinary sense. 
Such a definition should satisfy the condition of consistency, in accordance 
with which the value of the integral, with the conventional definition, should 
coincide with its value in the ordinary sense when the latter exists. The 
integral j f (t) dt may be regarded as analogous to a partial sum of an 
infinite series, and i | dt^ j 'f (<) dl may be regarded as analogous to the 
arithmetic mean of a partial sum of an infinite series. Thus the integral 
| / (t) dt is said to exist ( G , 1) when Lim i J dti j f (<) dl has a definite 
value. The integral J / (t) dt is then said to be summable {G, 1), and its 
sum (0, 1) is defined to be the value of the limit. 

The extension of Ceshro’s method of summation to summation (C, r), 
where r is a positive integer, is made by defining the sum (O, r ) of the 
integral J / (t) dt to bo 

ItajSj' (I). 

when this limit exists. 

Since |‘*i [7(f)<» = J (<*-*)/(«)<#, 

£*£* |V(t) dl-\ £ & - «)»/(*) cU, 

we have, proceeding in the same manner, for the sum (C, r) of the integral 
j f{t)dt, the expression 

(2)- 

Tliis expression (2) is analogous to the sum of a series by Riesz’s method, 
which has been shewn in § BO to be equivalent to the sum (<7, r). As in 
the case of series, the expression (2) may be taken to define the sum {G, r) 
of the integral f / (t) dt, when r is not restricted to be a positive integer. 
When the integral exists in the ordinary sense, it is summable {G, 0). 

The method of Holder for defining the sum [H, r ) of an infinite series, 
for positive integral values of r, may he extended by analogy to the case 
of integrals. Thus the sum {II, r) of the integral j f(l)dl may be defined 
to be 

when this limit exists. 


.( 3 ) 
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That the definitions (2) and (3) nro equivalent when r is a positive 
integer, has been proved* by Landau. Both of the expressions (1) and 
(3) werof considered by Du Bois-Reymond. 

265. In order to prove that, for r > 0, the definition (2), of sumtn ability 
(C, r), satisfies the condition of consistency, let it be assumed that j J (<) ill 
exists os lim | / (<) dl. 

If e be an arbitrarily chosen positive number, wo have 

|£7w*|<«. 

for all values of A' > A, provided A be sufficiently largo. Also 

j“ (i - j)7w «- (> -ff Q/wa 

for x> A, where a is a number in the interval (A, as). It follows that the 
integral on the left-hand side is numerically less than e, for nil values of x, 
Wo thus have 

for all values of x. Also, since is a monotone function, of x, wo 

have 

(see § 205). Hence 

for all sufficiently large values of a;, provided A is sufficiently large. It 
now follows that lim J ^1 — /{<) dl exists, and is equal to J / (t)dt. 

Thus ttao condition of consistency is satisfied. 

It may be shewn that : 

The necessary and sufficient condition that the integral [ f(t)dt, when 
sumviable (C, 1), should be convergent is that lim - | if (I) dl =» 0. 

Denoting J” / (f) dt by f {*), and J /, (/) dl by f, (x), wc have 

^ J */, w * - /, m - i J“ </(«*. 

from which the theorem at once follows. 

41 Lap:. Ritzvrigiber. voL txv (1913), p. 131. 
t Crelk'a Journal, vot o (18SJ), p. 350. 
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The following is analogous to the theorem given in § C4: 

If \%f (x)\ < K, and j f(t) dt is summable (G, 1), it is also convergent. 

Let g{x) = xf(x), G(x) = j*g{t)dt; 

then ft (a:) = j J{t)dl = 
and thereforo 

i j v, <«) * . A (», _ m . - m + j • m * 

It follows that, with the hypothesis of summability (C, J), the integral 
j (U is oonvorgont; and it will be shewn that this cannot be the case 
unless ^ ^ converges to zero, as x ~ co, from which it follows, by the lost 
theorem, that J /(f) i it exists. If ~~ does not converge to zero, a positive 
number K t exists such that G ( x ) > K t x, or Q(x)< — K t x, for all sufficiently 
large values of x. It will be as Burned that G (*) > K : x, for such values of 
®; wc may take JT, < K. Let X be a value of x such that G (X) > X,X, 
and let X, = (l -|^)X; then, for X t £ x g X, we have' 

. | G (x)~G{X) j - 1 J*f/(t)df |< £ (X -*) S £<X - X,); 
and therefore Q (*) £ G (X) - | G (*) - G (X) | > {K t X. 

Wo now have 

L, iK * x fj “ Jjr ' (r, ~ 0 "53r?x; : 

and therefore j is greater than somo fixed number X a ; clearly this 

ia inconsistent with the convergence of the integral f dt. 


266. A general method of summation, of importance in connection 
with the theory of Fourier’s integrals, has been treated in detail* by 
Hardy, C. N. Mooref , BromwiohJ, and others. 

Let a function r/> (a;), defined in the interval (0, co), satisfy the conditions 
(1), that <f>" (z) is continuous, and is positive when x is greater than some 
fixed number, (2), that 4> (x) has only a finite set of maxima and minima, 
(3), that [ <j> (:t) dx exists, and (4), that <j> (0) = 1. 

* Con*. FKt. Trims, rot xxi (1912). p. 431; nee elao the same volume, p. 39. 
f 2Vww. Artur. Math. Soe voL m (1907), p. 312. 
f Math. Ar.nctcn, vol. LXV (1906), p. 367. 
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It follows from these assumptions that <f' (a.) is negative, for all 
sufficiently large values of x, and that it then increases steadily, oonvergiug 
to 0, as x ~ co . It follows also that $ (*) is positive, for all sufficiently largo 
values of x, and decreases steadily to zero. The integral j <f' [z) dx exists, 
where a S 0 and since <f>' {*) is monotone for all sufficiently large values of x, 
lim (*) = 0. 

Further, since 

J fj>" (<) dt = x<f' (*) — aif’ (fl) + <f (a) ( x ), 

it follows tliat [ x>f>" (x) dx ( a s 0) exists. 

If the function <f (x) be defined so as to satisfy the above conditions, 
the integral J / (z) dx {a g 0) will ho said to be summable (<f), and to have the 
sum s, if lim <f (kx)f(x)dx «= s, the convergence of t to zero being 
through positive values. 

Important special cases of summation {<f) oro when cf (*) — c~ r , or 

4 > (*) = ® - * 1 ’ 

This definition satisfies the condition of consistency, for if j f(x)dx 
exists, aDd has the value s, whether the convergence be absolute or not, we 
see that |” <f (kx)f(x)dx converges to J f(x)dx, or s, since I — <f (kx) 
satisfies the conditions of the last theorem in § 281 , when h has any sequence 
{&„} of values converging to zero. 

The following theorems are given by the writers referred to above: 

(!) If J /(*) dx id summable ((7, 1), and has sum s, and if 
lim <f (lex) j f (l) dl - 0, 

for every positive value of k, then j f(x)dx is summable (<f), and its sum (<f) 

(2) If j f (x) dx is summable (<f), and \ xf (*) j is less than a fixed 
positive number K, then j f(x)dx is convergent, and has as its value the 
sum {ft). 

This is the analogue of the theorem in § 54 for series. 



CHAPTER VI 

THE CONSTRUCTION 03? FUNCTIONS WITH ASSIGNED SINGULARITIES 
THE CONDENSATION OF SINGULARITIES 

267, A method of constructing functions which possess, at an infinitely 
numerous set of points in a linear interval, singularities in relation to 
continuity, derivatives, or oscillations, has been given by Hankol. The 
method depends upon tbo employment of functions whioh at a single point 
possess one of the singularities in question, and consists in building up, by 
the use of 6uch a function of a simple type, the more complicated analytical 
representations of a function which possess the singularity at an every- 
where-denso set of points. To this method, Honkel* has given the name 
“Principle of condensation of singularities” (das Prinzip der Verdichtung 
der Singularitfiten); the name may however be conveniently applied to 
other methods of constructing functions capable of analytical representa- 
tion, which have been given more recently by other writers. 

Let (y) be a function defined for the interval ( — 1, + 1), bounded in 
that interval, and continuous at every point of the interval, including 
- 1, + 1, except at the point y — 0, where however tf> (0) - 0. The function 
<l> (sin mrx) is finite and continuous for every value of x which fa not a 
rational fraction m/n, with n as denominator, and it vanishes for ail points 
at whicli x has this form. 

The series S ^ (sin rare ), ^j 1Gre g > ^ accordance with the fact 

n-i a 

thattj (y) is bounded, uniformly convergent in every interval; and ite.sum 
is a bounded function of x which is continuous for all irrational valuoB of x. 

If $ (y) were also continuous for y — 0, the function represented by the 
serios would be continuous also for rational values of x, but when rj> (y) is. 
discontinuous at y = 0, the properties of the funotion 

fWtziHs. is! 

n-l B 

in relation to continuity or discontinuity at the points where * has rational 
values require investigation. 

The series being uniformly convergent, it follows from the theorem of 
§86, that f (x) fa continuous at every point at which all the functions 

* See hit memoir “Untersuohungen uboc die unotidiich oft unstetigen itn oscilliotondon 
Functional” Inaugural dissertation <1870), reproduced in Math. Anmtm, vol. xx (1882), p. 20, 
The method haa been treated in a rigorous manner by Dini, Grundtagcn, p. 157. 
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rft (sili Mira;) are continuous, i.c. for all irrational values of x. Let us consider 
the values of the function / (a:) in the neighbourhood of a point x pjq t 
whore p and g are relative primes. We may write the value of / (.r) in the 

“ <j, (sin ?i e ira) 1 * ^ (sin qm-nx) 

»,-i~ V + Q'm-i mf 

where v c has those integral values only which arc not multiples of g. 

The first of these scries is uniformly convergent, and its sum is con- 
tinuous at tho point p/g; we therefore find that 

, , . 1 S ^ (^T| rai, ein <7w»7r7i) 

T *n-l m 

where tj# couverges to zero when h does so. 


Case I. Let <j> (y) liavo an ordinary- discontinuity at y = 0; wo then 
havo 


f( Vll - 0 ) -/(p/9) - til “> 5 


, *(+ 0) . 
S’ r 

, <M-Q) 


y _i 

W 

y 1 

■•.W' 


where the upper or lower of the ambiguous signs are to be taken, according 
as p is even or orld. 


If <f> (+ 0), <fi 0) are different from one another, and from zero, these 
relations shew that, at a point p/g, for which p is even, tho function f (r) 
has ordinary discontinuities both on the right and on the left, the measures 
of the two being not identical. Moreover the same statement may bo made 
for a point p/g at which p is odd, unless <f> (+ 0), 4> (— 0) have such valuos 
that one or other of the above expressions vanishes, in which case thcro is 
an ordinary discontinuity on one side, and tho function is continuous on 
the other side. It is easily seen to bo impossible that the two expressions 
can simultaneously vanish, and therefore there is an ordinary discontinuity 
on ono side at least. 


If <\> (+ 0) 0, tf> (— 0) = 0, there is discontinuity on the right at ihe 

points a: = 2p'/<7. and continuity on the left; and at the points® *= (2p' 4- l)/y, 
there are discontinuities on both sides, with different measures. 

If <(i (+ 0) = <(> (— 0), so that tfi (y) has only a removable discontinuity fit 
the point y — 0, then the function / [x) has removable discontinuities at all 
the points x — pjq. 

In every case the function/ (a) is a point-wise discontinuous function, 
because its discontinuities are all ordinary ones (see X, § 239). 

Case II. Let (y) have a discontinuity of the second kind, at y -- 0, on 
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one side at least. In this case it will be assumed that s > 2. Denoting by 
A the upper boundary of | $ (y) | in the interval { — 1, 4-1), wc have 


}(pjq + h) -f(pjq) i|'sin qnh) + if* + 

where f is such that — 1 < 5 < 1 , and is dependent on h. 

If (y) have a discontinuity of the second kind on both sides of the 
point y, *= 0, there are finite oscillations in arbitrarily small neighbourhoods 
of the point on the two aides; if then s be chosen so great that A/Z*-- is 
less than half the saltus at y =» 0, we see that/{*) has discontinuities of 
the second Idnd bn both sides at all the points x «■ pfq. 

If <ji (y) have a discontinuity of the second kind at y =* 0, on the right, 
and have a discontinuity of the first kind, or he continuous, on the left, 
thore is, at each of the points x = pjq , where p Is even, a discontinuity of 
f(x) of exactly the same kind na that of <f> (y) at y — 0. On the other hand, 
if « bo sufficiently large, there is at each of the points x ■- pjq, where p is 
odd, a discontinuity of the second kind on both sides. For wc may express 
/ (P/2 + h) —f (p]q) in the form 

.. , 1 £ <k ( — sin 2r + 1 qrh) , 1 “ ^ (sin Zrqnh) 

* + ? ;?• WTW + T'r-0 (2rj* ’ 

which can, as in the previous case, be reduced to the form 

Vs + 4> (- «7"»} + (sin 2 qnh) + 4- -jj^, 

whore £, , £, are both in the interval (— I, I). Wc thus see that, if s be 
sufficiently great, there are liuile oscillations in arbitrarily small neigh- 
bourhoods of pjq on both sides. 

The existence of the f (tutor 1/5* in the expression for/ ( pjq + h)—f {pjq) 
shews that there are only a finite number of points p/q at wliich the aaltus 
of/ (x) is £ k, where k is an arbitrarily, chosen positive number; and thus 
/ (*) belongs to the special class of point-wise discontinuous functions for 
which the set fiT is a finite set, for each value of Is. 


EXAMPLES 

(1) Lefc<t ( 1 /) = Bin ~ , end (0)*-=0; the function / (i) 1* then defined by 
/(*)=siain(eosccj«me), 

where, when x —'pjq, the terms for which a isamtiltijdeof qarc to be omitted. This function 
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is, at least when a >2, a point-wise discontinuous fonotion which is continuous at all the 
irrational points, and lias discontinuities of the second kind, on both sides, at the rational 

(2) Lot * (!,>= i r %&^“” (2r + I) T' 

where a>I. For 0<jr£l, we hove <#» (y ) = I ; for -l«j/<0, wo have -1; nUo 

<p (O)=0j and thus </> (y) has an ordinary discontinuity at y=0. 

Tho function /(*)=! ((2r + l) = ainn«JJ 

is a point-wise discontinnous function, which is continuous for all irrational values of x 
and has ordinary discontinuities on both aides at all tho rational points. 


(3) With tho eamo valuo of ^ (t/) as in Er. (2), let 

where .»>1. For any irrational value of x, x (*) has Hie value s i, and for any rational 
valuo of x, tho function Is indefinitely great Now let 


then / (i) — 1, for all irrational values of x, and f (z) =0, for all rational values of x. Tim 
function /(*) Is accordingly totally discontinuous. The values of J (x) are improperly 
defined at the rational points. 


268. Let us next assume that <f> (y) is continuous throughout the 
interval {— 1, 1), and has no differential coefficient at the point y - 0, 
where >f> (0) — 0, but that, at every other point in the interval (- I, + 1), 
it has a differential coefficient which is numerically less than Borne fixed 
finite number A. In this case has no definite limit for h ~ 0, either 
when h is positive, or when h is negative, or in both eases; or else the two 
limits both exist, but have different values. 

The numbers | —jp | which are equal to | (fib) [, where 0> 0 (see I, 
§ 262), have a definite upper boundary U {£ A) for aE values of h. 

Assuming that r > 2, we see that the series 

* 4>' (sin nnx) 

7 1 2 n ,-i C0S nnX 

converges for aU irrational values of x, since the general term is numerically 
less tban Bfn ,_1 , where B is some fixed number. 

Consider the series 

5 4> (sin nxr [x + A)1 — 4> (flln »»*) 

7 hn ' 
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where® has an irrational value. It will bo shewn that this series converges 
uniformly for all values of h. Unless n and h are such that sin nit (z + A) 
and sin n-ax are equal, in which ease <$> [sin itrr (z (rin vrrz) = 0, 

we can write the general term of the series in the form 


■s tj> (sin tiTT (x -t- A)} -- <}> (sin nrrz ) 


sin \n-zh 
bnrh 


3S tirr ( 2 : + JA). 


It then follows that the general term of the series is numerically less 
irV 

than where V is the upper boundary of the absolute values of the 
incrementary ratios of the function. Since the series Zl/n'' 1 is convergent, 
it follows that the above series converges uniformly for all values of ft 
which are ^0; and consequently, in accordance with the last theorem of 
§ 234, the function/(®) has a finite differential coefficient for any irrational 
value of x. 


Next let x have the rational value pjq. We may then express 

5 iHaeSsi’SidtS&'USS ± - i £E3” sin mg-rh) 

*1,-1 — An/ " ‘ q'n-i ~ hm‘ ' 

where n c has all positive integral values which arc not multiples of q. In 
accordance with the above proof wc see that S l has, for the 

value x «= pjq, a finite differentia! coefficient which is the sum 

. 5^'tsaajaSa, 

We have now shewn that 




h 



— — cos n,rrpjq -5- ’j* + — 2 




where is a number which converges to 2ero when h is indefinitely 
diminished. 


Case I. Let rf {y) have definite derivatives on the right and on the left 
when y = 0; and thus ^ has one limit <j>‘ {+ 0) for positive values of A 
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g to zero, and snot 
g. Wc thus have, w 

/(-+&)-/(-) • ^'(sin n a irpl9) 


converging to zero, and another limit <j> (—0) lor negative values of h 
converging. Wc thus have, when p is even, 


■^(q 7 ‘) -^(q) f. j»' {e,mn,vp) 


For an uneven value of p, we find 


n 0 wp!q 

, ™j‘ (+ 0) | 1 

— cos n t trp/q 

, (- 0) l _1_ 




1 _ (~ 0) £ . 


r-o(2r+ 1)" 1 ’ 


,:J§. *) {ifL. g j>'(»ln W ig) ro ,„„ p/ , 


lim 


H' (+ 0) ? I , ^(-0) I » 

tf' -1 r-i (2r + l)-> r-i(2r)“ 1 ' 

From these results it ia seen that / (.r) lias, at tko rational points, 
definite derivatives on the right and on the left, differing in value from ono 
another, and therefore, at all these points, the function has a singularity of 
the same kind as (y) possesses at the point y — 0. ( 

Cose II. Let <f> ill) have, on ono side of y = 0 at. least, no definite 
derivative. Unless mqh is an integer, in which case r/> nmingnli) = 0, 

wc liavo 

tf>{ - 1 1 mr sin mqnh) _ <f>j ~ 1 1 m B si n rngnli ) sin uignh Jv_ . 

hm‘ ~T|*» xlamqnh ' mgttk vi- v 

and tills is numerically less tlian . ft follows that 

I X = 1 4> (~ sin qnh) + p 

q’m-i 7«m* q 1 It 

where P is numerically less than t . By taking a sufficiently 

large value of «, the number P may be made as small as we please, and 
therefore 

I X ll^sin mqnli) 

9 5 »-i Am* 
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U for a sufficiently h*ge value* o-HW - the same manner as 

/c+»)-'gL . 

large value of s be chosen. 

BXAMPUeS 

j^*5= .to. the t««to -to. .r the. ««. tot u » »■ ^ 

rsssa^ 

” Mini il°K Bin’ 

P) let. ^(ff)=yein(log/}.tJ«> n /(*) = ^ »' 


(2) let W=V«"l“SirJ, —-ww j 

The function /« b continuooe, end ^^^215^23?^^ 0t 

sswissswtvriiss------ -• 


to nil finite. 


the lett. tor rational vbiul= . 

269. Let it next be assumed that <f> ^ point except at 

(-1, 1), and he. . Unite S to.rf.ry t. it- 

y « 0, but that this differential cocffioien ^ 0 _ In t biR cbso 

absolute magnitude in any neighbour oo « = 0 which is finite or 

coefficients for irrational, values ol , finite number, for 

*' (rfn mrx) are not all numerically le* tna un , cnt of § 268 

such a value of *, and for all values of «i and thus g 
does not apply. 

pjq, we have os before, 


• For a rational point x 

/g+.»)T/g) 

h - - ■ 


. 4gw^±w)-cii”S3!S! 

- +FTfc.«!»«r*). 

•- * "1 tmf 


The theorem .< 105 -ffl 1» «■!»»“ ** ^ 

j the tolto * »f - *■»«* ™“ ° 

bimautarf term hj term diflerortmtion rf the eerie-. 
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The first condition required by the theorem in question, viz. that the 
terms ol the series 

£ £*■ 

tij-i V* 1 "q 

shall be definite, and that this series shall converge, is certainly satisfied, 
To shew that the conditions relating to 

*-(i +4 )| Mgl 

h r I a I 

are satisfied, we observe that R„ (x) < , where V denotes the upper 

limit of | <f> (y) | in the interval (- 1, 1). Let ( be so chosen that 
1 > t > — — — (s > 2), and let m be that integer next greater than | h | -1 
whioh iB not a multiple of q\ wc then have | 7m'- 1 1 > 1 7t [»-(*-»'. It follows 
that, for each fixed value of h, in has been so chosen that 

MH 

aro both less than V | All'- 1 )'- 1 , and are therefore both less than t, pro- 
vided j A | < 8; where S is fixed so that 778 <, " ,) '- 1 < e. It is clear that 8 
may be chosen so small that m exceeds an arbitrarily prescribed integer 
in', for all the values of h such that | A | < 8. 

We have lastly to prove that the sum of the first m terms of the series 
of which the general term is 

* fail. v g + ;,)]- f (..a y, |) (=ia v |) ^ 

hn,' V 1 aosn ,-”< 

is numerically less than e. 

Tiiis series may be divided into two portions 2 and 2, whore wij is a 
fixed number independent of h, so chosen that the sum 2 is less than 

m t n i 

an arbitrarily chosen number i). The aum of the first terms of the 6erie9 
under consideration can be made arbitrarily small, by taking 8 sufficiently 
small; for the number of terms is independent of ft. Wo have then only to 
consider the sum 2. 

Since n a ^ differs from an integer by at least it follows that 
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ft ^sin »,w -'j is numerically less than some fixed positive number U', for 
all values of « 4 . Wo therefore see that 

! ^'(smn.Aosn/j 

[| V «' 2|<^'. 

Further, m has been so chosen that m — | h |~‘ < 1 ; from which we 
hftvem | h | » | h | l ~* + 9 \ h | , where 0 < 0 < 1. If S be now so chosen that 
ji-f -f § < l jig, the two numbers , n a H- Jij differ from one another 
by less than moreover they aro never iutegors, and contain no integer 
between them, and they differ from the nearest integer by more than — . 
It follows that, for all values of y between sin n,ir ~ and sin n,-n -[- 8^ , 
where u t has the values belonging to it in the scries, S,^ ( y ) hasa differential 
coefficient numerically less limn somo fixed number U". 

+ f sin + h)] (sin »yr 2) 

Writing — in the form 

„ ai f sh (| J + &)] " ^ (sin .y. ?) 




*(r + ‘H"K) ; * 2 ' 

wo see that this term is numerically less than V" . It now follows that 

| s' J< (17" -M/'); 

and this is numerically as small as we ploaso, if wo choose r; and S sufficiently 
small. It is therefore possible to ohooso 8 so small that the last of the 
requisite conditions is satisfied, for all values of | h | < S. 

It has now been proved that 






where a and h converge together to zero. 

The second 'series on the right-hand side of this equation can be written, 
in the form 

1 “g* 4- (— i-l"* sin ttg^rb) 1 2 <h(~ l]* 1 * 1 sin nqirk) , 

'3‘n-l An' + ?*n-OT+l Am* 
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where to is fixed as before, for each value of A. The second sum is arbitrarily 
small, for a sufficiently smell value of S. We have then to consider the first 
sum, which may be written in the form 

7i 71 y 1 — il"” 4> (— \\ nv ^nvq-nh) sin vgrrh _ 

»-i n’- 1 TTT["i-sm nqrrh nq-nh ’ 
and we now consider this sum in the different cases wliich arise when various 
assumptions are made as to the Daturc of the derivatives of <f> (y) at the 
point, y «= 0, 

Ca-sc 7. Let 4> (y) have the derivative + « , at y = 0 on the right, and 
the derivative — » , at y ■* 0 on the lefL. It is clear that, for positive 
values of A, all the terms of the series have one and the same sign, 5 having 
been chosen so small that mk is also sufficiently small ; also it is clear that 
the first term of the series becomes numerically arbitrarily great for 
sufficiently small values of A. It therefore appears that the sum of the 
series becomes indefinitely great, as h approaches the limit zero from the 
right-hand side. If A be negative, the terms of tlie series all have flic same 
sign, the opposite one from that which they have when A is positive, and 
as before, the sum of the scries is indefinitely great as h converges to zero, 
It has therefore been shewn that 



bas the limit + m on one side of the point and - <o on the other side. 
The singularities of the derivative of / (x) at the rational points have flic 
same peculiarity as that of tf> (y) at the point y = 0; i.c. derivatives on the 
right and on the left exist, which are infinite, but of opposite signs. 

Cast II. Let (y) have a differential coefficient at y = 0, which is either 

It is then clear that, in case j> be even, 

'g+'Hg) 

h 

has the same limit + <» , or — « , as If p be odd, the terms of the 

series under examination have alternate signs, and no conclusion can m 
general be drawn as to the nature of the derivatives of / (z) at the point- 
X = P 


Case III. Let if> (y) have a finite differential coefficient at y — 0. 
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In tliis case, as is easily seen, / (a) inis, at the point - , a definite 
differential coefficient of which the value is 



Case IV. Lct^ (y) have finite derivatives at y = 0 on the right, and on 
the loft, whloh differ from one another. In this case / {x) has, at each 
rational point, finite derivatives on the right, and on tho left, which differ 
from one another. 

Case V. Let D* 4> (0), D + ^ (0), D~<f, (0), <f> (0) he all finite and 

different from' one another. The function f (x\ has then at - , at least when 
p is even, the some peculiarity as (y) at y — (/. 

EXAMPLES 

(1) Lrt<t(y)=ysin i, c£ (0}=0. Tho corresponding function/ (z) is given by 
olnniuiim 1 

/<»)=f whore s>2. 

This (million is continuous, but ban no definite derivatives at the rational points. No 
assertion can he made an to tho derivatives at Uis irrational points, because the differential 
coefficient ip' (y) has indefinitely great v.-ihim in every neighbourhood of y *»0- 

' (2) Let i/> (y) = (y a )S, where a, ^a^t> positive Integers such that 2n <0, and tbo real positive 
values of tho root are taken, Wc then have 

/W .S (5^2?. 

This function is nnntinuoua, and has, at all rational points, indefinitely groat derive tivea 
on the right, and on tho left, of opposite signs. No .-insertion cun bB raado ns to the 
derivatives at tho irrational points. 

CANTOR’S METHOD OF CONDENSATION OF SINGULARITIES 
270, A method of constructing a function which exhibits, at an every- 
where-dense set of points, some singularity, either in relation, to continuity, 
or to its derivatives, has been given by Cantor*. Let<£ (y) denote a function 
which is continuous for nil values of y in the interval (— 1, 1), except y = 0 ; 
and let ^ (0) = 0. Let G denote an enumerable set of points to, , toj , to, , . - . , 
which may be evcrywhcre-tlcnse. The method of condensation consists of 
the construction of the function ■ 

/(*) (x - 

* Hath. Araattn. voi. sot (1882). p. B88. See also Dini'a OrmHagen. p. IBS. 
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where Cj, a. e„, ... are positive numbers, so chosen that the series Sc 

is convergent, and that 2 c„<ji ( x — a>„) converges absolutely for each value 
of x, and uniformly in every interval. 

This method has two advantages over that of Hankcl. In the first place, 
the points <o lt ai 3 , ... do not necessarily consist of the rational points of the 
interval (— 1, + 1), but may form any enumerable aggregate. In the second 
place, for a value a>„ of x, the singularity in question is exliibited by the one 
term Cjj> (x — a>.) only, of the series which represents / (ar); whereas in 
Haiikel’s method, the singularity of (y) at y = 0 is exhibited, for a: ** p/j, 
by an indefinitely great number of terms of the series which represents the 
funotion formed by condensation. 

Let now (y) be discontinuous at y =» 0; then, for any value of ar 0 of x, 
which is not one of tho values of G, the lorras of the scries 2c„<£ (z - *j„) 
are all continuous; hence, since the series converges uniformly in any 
interval containing x v , it follows that/ (z) is continuous at %. Again, in 
order to consider the continuity of / (x) at the point u>„, we may separate 
the term c„<f> (x — tu„) from the rest of the series. As before, the scries wliisli 
consists of all the tonne except the one ( x — w„) represents a function 
which is continuous at x — u)„, but c n <j> (x — a>„) him at <u n a discontinuity 
of the same character as that of <f> (y) at y =» 0. It has therefore been shewn 
that/ (a;) is continuous at evory point which does not belong to G, but has 
at every point of G a discontinuity of the same character as that of <j> (y) 
at the point y — 0, If <j> (y) liave a finite saltus h at y •» 0, the saltus of 
C u <f> {x — o>„) at a»„ is kc n . Hence, on account of the convergence of 2c„, 
there are only a finite number of points <u„ at wliioli the saltus of / (*) 
exceeds any fixed positive number. The function/ (z) is therefore a function 
that is integrable (R). 

Let it next be assumed that <j> (y) is continuous throughout ( - 1,1), and 
possesses a differential coefficient for every value of y except y — O', and 
that the differential coefficients are all numerically less than some fixed 
positive number B. It then follows that the four derivatives of <f> [y) nt 
is less than some fixed 

number A, for all values of h which are numerically less than some fixed 
number S. 

_• Vf a now see that for any pair of points y 1 , y 2 such that [ y l — y 2 1 < S, wc 
— j < the greater of the numbers A and B, wliich may 


9 all finite; it also follows that I 
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If * be not a point of O, the sum 

» 6 Mltr + h-*> n ) — -A (a? — f*Q? j jg <G S +J 0 ns 

r jT< S ; henco “« »*■ is ““'"“'y <“ oi 

i J ttat i< 1 h | < 8. ™a «*"*”> » “P””'" 1 ' ”, < 1 , * 

la „„ I bo . point ». of 8, wo sopraho from the senes whioh r ”P res “® 

, . it armours then that tliB remaining part of the 

ftmeifon which has a definite differential ooetHoioat A C— ) 

We have therefore 

f fa. + »1 j. A to-i 4- 1. 

U 

■ ; • . „ „„ ,i,_ n d ocs so It thus appears that/ (a:) has no 

singularity as $ (»/) lias at the point 2/ ** °- 
EXAMPLES 

(1) Lot f, (») -y - Bin (1 log Jr)- 

Cray point except y»0 ; (j,) o^tv bet r jjn^ntlol coefficient at every 

Tbo corresponding function / (*} I* rt .Irrivufivo oBciUatos between values 

. point not belonging to Q„. At tho point *““i" 

+ * lw«] *»d Jo, +X' (««). s , has 

m h.«n-.<. o- *'«-♦*• **«.•» 

'wfeT. .li. ~t HI ™*> '™" a 

above, because | <#.' <y) | , lor | y | >0, bus no upper limit. 

-THE COKSTMtcnOh MP m™ 1 ™ 8 

- g 9>5<i that a function / (*) may be 
271. It has been pointed out in i, § 2™, lb ^ thatpojn) . 

continuous at a particular point i, and ye y g d jp, a 

a differential coefficient, either finiU, or infinite with a fixed sign 
simple example of such a function is a sin which at the pom * 
continuous, but whose derivatives, both on the right « on o , 
oscillate in the interval (- 1, 1); similarly the function a* sm con 1 

“ the point . - o tot tho “4.°,“ “ th 

oscillate through the. interval (—»,«)• i 

* This function Zr,, <* “ “-)* bos been JUbl*. Anna!*, 

Btrans-Cantor’sclic Condoniationvcrfahicn,” BloMdm OJv., 18BC. P 320 , whore it is 

vol. u (1899), p. 818. See further Pompeiu, Jfeft. a m j, & ooniinuono funotion 

shewn that, if the aeries bo denoted by 1 . tbo mvcrao lunoao ■ -* ™»viHcd 
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of a continuous function which at no point has a differential coefficient, 
either finite, or infinite with fixed sign, was settled affirmatively by the 
construction, by Weierstrass* of such a non-differentinble function. This 
example of a non-differentiable function, namely the function 
y= £ o n co8(6"7ra:), 

where b is an odd integer, and a is such that 0 < a < 1, and ab > 1 -f 3r, 
was firat published") - by dn Bois-Reymond, with Weierstrass’ own proof. 

Attention has however been directed J by M. Jasek of Pilsen to the 
existence of a manuscript by Bolzano, said to date from the year 1834, in 
which Bolzano defined a function, continuous in a finite interval, which 
Jic proved to possess no finite differential coefficient at any point belonging 
to a certain aet ovorywhore-dense in tho interval. It has been shewn by§ 
K. Ryohlik that, in point of fact, Bolzano’s function possesses no differential 
coefficient, either finite or infinite (with fixed sign), at any interior point 
of the iulerval for which tho function is defined ; at the leftrhand end-point 
of the interval there is a derivative on the right of value •!• «o , and at the 
right-hand ond-point the derivatives on the left are oscillatory. 

An example of a non-differential function was published)! > n 1890, due 
to Cellirior, namely, y ■=- 2 a~ n sin a" x, where a is a sufficiently large even 
integer. There is evidence that Celldrior discovered that function as early as 
1830. Tin's function is however not non-differentiablo in the same Btriot 
sense ns in the case of Weierstrass’ function, for, although it has no finite 
differential coefficient at any point, it has a differential coefficient », 
at the points of an everywhere-dense set of points x, and a differential 
coefficient — co , at the points of another everywhere- dense set. 

A general theory of the construction of n on-difforen tiablo functions 
was given U by Dim, which inoludes that of the WeierstrosBian function 
as a special case. Methods of construction of such functions, dependent 
upon the employment of assigned functional values at the points of 
enumerable everywhere - dense sets, have been developed by Faber** and 
by Steinitzft- 

» Wirkt, rot. it, pp. 92. 87, 223. 

t Crelld* Journal, voL Linux (1876), pp. 21-37. 

j Sits, bcrichtc der b. Bohm Get. ice Wist. (1920-21). 

§ Ibid. (1921-22). 

II Ball, dot Se. Math. (2), voL xtv (1890), p. 102. A discussion of Col Icrier'a function baa been 
published by G. C. Young, Quarterly Journal of Math. voL xlyii (1016), pp.137, 171; seeeto 
Fairings, Giam. di Mat. vol. LIX (1021), p. 137. In both of these writings however the cjintcni* 

Arwali di MaL (2), vol. vm (1877), p. 121; eco ulso Dini-Lurotb, Grundlaftn fUreine 
Theorie dcr Funklionen cinen reranderlichen reelm Grctse, Leipzig. 1892, pp. 205-29. 

** Math. Anaalen, vol. txn (1909), p. 81, and vot r.TTX (1010), p. 372. 

tt Ibid. vol. Ln (1899), p. 08. 
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’ . * . p. « Moore that the space-fitting curves given 

It has ‘been shewn y • 12G-32S) are at each point devoid 

„ Pe.no, Hilbert, V7 urn,™ » 

either of a unique e ^J d l non-diffcrentiablo functions ; although 

"r — - “ d tto d ° ”* 

belong to the claa* considered here. ao „^ Sora iltobl. 

A! l n pl.n..ttadofno» S tm"l»gtaoUoMnrM 5 rf whfah . 

in the strict sense line bam B™“t * M oMi „ in Weie.strnss' 

-** ta " bo " ob “ i " rf br 

other mathematicians. , 

. /te)^-/I*i) for the continuous 

872. Let the merementary ratio jjj-*, ’ 

’ (-■ ^ - 1 *• *> ““^Then lee h’Je 
lies between the two numbers / (*n *) * ind 1 

equal values, I (*», *j) has the same va no- va l u c, either 

If lim / (x. , x), lim / (a,, *} have one and the same umq 

JL« + : .n. Hm K^^isuniqucandhasthesamevalue. 

«« lint 

*,-*.*.-* .. , /(*. , a:) each converges or 

in Which % and a 2 converge to*, then h ^ coeQlc5enb> finite or 

diverges to that value, and there is 

infinite, at the point se. , „on-differentiftble 

It follows that, in order that thejunctm of sc(1 „ences of 

at the point *, it must be possible to oMamt V ^ ^ f ^ ^ 

x i , ij, where eaoh of the four scquonces co diverge to one and the 

does not, for the two pairs of sequences, con qp fcho non-dif- 

same value. This is applicable as a it wih be 

ferentiability of a function at a partici po an j flame unique 

sufficient to shew that l (*,> c), l fcs.- *) be , . [ id, a,). 

Emit a, „ ~ « * or W U* • the on° for <£> ^ ^ 

A, a. important «,mpl. of the J -»-» ^ . tod 

consider Weieratrass’ function / (*) - " 0 ° 003 b t ^ a t 

vela., m,d lot c B be the tatagor, corresponding to «ob ™1™ • 

e n ~i&b”x<c n + i. 

' * Tram.- Avia. Math. Soc. roL I (1*W»), p. 02. c0nUin3 B yery fall reference to the 

t -Mart. ZtitscAr. voL a (1918), p- !• Th “ n>CB10,r 
literetnie of the subject. 
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— , , , c„ — l C„ + i 

First, let *2 — "g;— , <= —• gj 

then I (x lt 3%) = §6" | 2^ a r (cos b r -7rx 1 — cos b r ‘nx l ) + {—])'■ j— ~^j , 

it being assumed that b is an odd integer. 

Since | cos b'trx^ — cos frirXg | S b r rr (x L - | , 

we have I (*, , 3j) = §a"b n ^ + An - , 

where — 1 s A £ 1. In cose 

3l^fl > ab~^l’ or ab>1 +l w ( 1 ~ «)- 
we have I (x lt a,) = (- 1)'* a n b"N„ - ^ , where N n >0. In n similar 

manner, if we take z,' — C "^ B ^ 1 , we find that 

where AV > 0, and - 1 S A' S 1, whcro, as before, ab > 1 + (1 - a). 

In case there is in {c„} a sequence of even integers, it is seen that, as 
c„ has successively the values in thiB sequence, 1 (i„ *,) iB positive and 
increases indefinitely, and I Zj') ia negative and increases indefinitely 
in numerical value. It follows that there is no differential coefficient at 
the point x. The same conclusion can be made in case {c„} contains asequenco 
of odd integers. The theorem of Weierstrass has thus been established 
that, b being an odd integer, if 0 < ® < 1, ab > 1 -f fw the continuous 
function 2 a n cos (b n -nx) is non-differentiable. That the inequality 
ab > 1 + ijn- 

may be, as in shewn above, replaced by the less stringent condition 
ab > 1 -|- Jw (1 — a) 

was proved by Bromwich*. 

G. H. Hardy has shewnf, by a method which is much more abslru6e 
than the one which has been employed above, that, if 0< a< 1, ab 3 1, 
whethor 6 be integral or not, fcbo function S a n cos b n z has no finite 
differential coefficient, and he has obtained other properties of this and 
similar functions. 

It will now be shewn £ that Weierstrass’ function, when the integer b is 
subject to the condition ab > 1, has, at an overywhere-dense set of points, 
a unique derivative on the right equal to — o> , and a unique derivative on 
* Theory oj Infinite Series, p. 490. t Trans. Amer. Math. Sac. to!, xvn (MIC), p. 301. 

i See G.O. Young's memoir. Quarterly Journal, vol. xlvti (1918), p. 167>berelhis is estnblieM. 
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the left, equal to + ® ; and that at the points of another everywhere-denso 
set, there are unique infinite derivatives, +a> on the right and -m on the 
left. In geometrical language, the function has cusps at the points of two 
eveiywhere-dense sets; in these sets the cusps point in opposite directions. 

Consider the point * =» 0, we have then 

^ a" {1 - cos ff'-nh) =2 So* sin 2 \b*-nh\ 
let mi. he the positive integer such that | h j b m £ 1 < 1 7i [ 6"+ I J we have 
> 26™ n iV Bin 1 iby I h I ; 
and ainoo sin $fi*w I h | > i (6 " v | h |) > 6"-**- 1 , we have 


m-m. 2 »- 
h — > v 


iffl+S ® n ^ a> > I.m+S Zl 


■ n b ,r ‘ 2 a n b n 


As m increases indefinitely, h converges to zero, and since for ah > 1, a m b m 
increases indefinitely, we have 

D*fW = D + f(0) - - «, and D~f(0) = DJ(0) = + «. 

Let x — z’ + where r is any positive or negative integer, and m is 
a positive integer; we have then 


/(*) = £ a" <xmb°irx+ £ a" cos 6”was'. 


The first term on the right-hand aide has a finite differential coefficient 
at the point x = and tire second term has a unique derivative — ® , 
on the right, and a unique derivative + w , on the left. Thus at the 
cvcrywhere-densc set of points x = we have D V J (*)**' D+ /{*) = — “> t 
and D-f (*) = />_/(*) « » . If we take s = s' + we have 


/ (x) = S a” coa b"vx — £ o" cos b n -nz'\ 
therefore, at the every where-dense set of points x -- 

■D+/(a) = 2> + /{*) = + « ; D-f(x) = />_/(*) = - 
It does not appear to be definitely known whether a nor 
function can exist which has no cusps. 
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273. The function given by Cell6rier will be now disonsr • ' 


Let / (*) — S -;Sin arx, whore a is an even integer. W> j. 

/ (as + A.) —/(as) = 2 ^ {sin a" (s + h) - sin a*x ) ; 

2 „ 

now h = — , where an is a positive integer, all the terras on the v 


hand side vanish, except the first m — 1 terms; thus 

f(x + *)- /(») m i 1 rin tr -i l -' Cw(a,w ,f, - , ’ ) 

h n _] 2na"~ m STra" - ’" 

The first sum on the right-hand side differs from 2 oos a n x by less than 

S I (-~i\ . if we assume that a> 2; and this is less than ~ . — — - ■ the 
o va'" / 3a a — l 

general term in the second sum is numerically less than hence the 

sum is numerically less tljan —j. We thus have 


l m , /(*+*)-/(*) „ "f 'cos a « x + xe, 

h n-1 

whore | 8 j < 1, and A is a positive number dependent only on a, and 
which may be made as small as we please by taking a sufficiently largo. 
If we take h — • —.the with term in the incrementary ratio docs not 
2 

vanish, but has the value sin a n x\ the succeeding terms alt vanish, 

and we find that = X^coso”* - 1 sin a™x + A '9', where | 8' j < 1, and 

A' is a positive number dependent only on a, and which becomes as small 
as we please by taking a sufficiently large. From the above results wo have 
/„+, — /„ ■= cos a m x + 2A0", 

T„ - /„' = - sin a m x -f 2A'0"'; 


when | 8" |, 1 6'" J are less than 1. It follows that 

is, for all values of in, greater than 1 — 2 (4A 3 0" 3 -i- vr 2 or than 
1 — dw (A* A' 2 )*, which is certainly positive, if a be large enough. 

It ib consequently impossible that I„ and should both have liniquo 
finite limits which have the same value, for it is impossible that both the 
conditions lim (7 m — /„') = 0, Jim {/ mM — 1„) = 0 should be satisfied. 
Therefore, if a be a sufficiently large even integer, / (a;) has at no point a 
finite differential coefficient. In order that I m and I n ' may both have t-ho 
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same infinite limit, + oo , or — a > , it is not necessary that these conditions 
should be satisfied. It will be shewn here that there is an everywhere-dense 
set of points in which Cclldrier’s function has a differential coefficient 
■I- cd . In geometrical language, the curve represented by Coll6rior’s function 
has a set of pointB of inflexion. At the point x = 0, we have 


let m be such that a m j h | & \n < a m+1 1 h [ ; then the sum of the first m 
terms on the right-hand side is positivo, and greater numerically than — . 

The sum of the remaining terms is numerically less than S -L, , or 

n-m+l® | « i 

than ft m be indefinitely increusod ^ ----- ^ ^ ^ diverges to + » , 

whether h bo positivo or negative. It follows that, at the point x = 0, the 
function has a differential coefficient. + oo . Let + where r is 
any integer and m is a positive integer. Wo have then 

/(*) 1 0 "*) 

and this function has a differential coefficient +o at the point x ~ 
since the first sum has a Snito differential coefficient. It has been shewn 
(l, § 208) that the set of all the points at wliich the differential coefficient 
ir infinite has a measure zero. 


The method which hna been applied above to show that Colldricr’s 
fuuctkm has, for a sufficiently large even integer a, no finite differential 
coefficient, may also be applied* to prove tlio same property of Weierstrass’ 
function £ a" cos (b n irx), where 0 < a < I, and b iR an odd integer such 
that ab S 1. 


274. An account will now be given of the mode of construction of non- 
diffcrcntiable functions developed^ by Knopp, and wliich has been already 
referred to in § 271. 

Let it„ (a) be a continuous function, defined for each value of n {0, 1, 2, 
3, ...) for the indefinite interval (— to, to), as a periodic function, of period 
2t, so that ii„ {*) = «*(# + 2J). 

* This hoa been carried out in detail by Falnnga (toe. eft), where however the condition: 

6 must bo odd is omitted, although it ie necessaryia the procese. The possibility w also . ■ 
thnt the function may have an infinite differential coefficient. 

f JllatA. Zeitschr. vol. ir tiff] it), p. L In this memoir geometrical illustrations of the >. 
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If e„ be the greatest value of j «„ (x) |, it will be assumed that the 
series £ e n is convergent, so that, in accordance with Weicrs trass' test, the 
series £w„(x) converges uniformly to a continuous function / (x). Lei. 
the partial aura 2 v„ (x) be denoted by /„ (x), so that / (x) -- lim/„ (x); 
we thus have /„ (a) — (x) — w„ (x), /„ (x) — u a (x). 


It will further be assumed that each function v„ (x) has, in a complete 
period (0, 21) of x, a finite set of maxima and minima, the number of which 
increases indefinitely with n, and so that the greatest interval between a 
minimal point x, of w n (a:), and either of the adjacent maximal points x, 
diminishes indefinitely as n is increased indefinitely. Let £ be any value 
of x, then £ is in an interval (a£ n| , sj+i), whore af 0 and xJ+’j are two 
consecutive minimal points of (x) ; the point £ may coincide with rj n> 
or with *t+i • Lot x'^\ bo the maximal point of «„ (x) next to, and on tlie 
left of, the point a£ n) ; and let be the maximal point of u„ (x) next to, 
and on the right of, the point a£*i, and let us consider the two jncremontfiry 
ratios 


/(*"’,) -/(*!*’) /( 4 «> 



of the function / (x). Since the interval (x* n> , xj"!,) is determinate for each 
value of n, for a fixed point £, we have, us n is increased, two sets of in- 
crementary ratios of / (x) such as are considered in § 272, in expressing the 
condition that the function/ (x) shall bo non -differentiable at the point*. 
Let it bo assumed that, from and after somo value m, of n, the conditions 

/(*■!?,) >/(4"), /<*£? i) > fUS,) 

are both satisfied, for nS,m; tlio two incrementary ratios then have 
opposite signs. In case both the increraentary ratios increase indefinitely 
in numerical value, as n — oo , they diverge to » and — to respective!}', 
and there is consequently no differential coefficient, finite or infinite, at 
the point £. In order to ensure that tliis is tlio case for all points £, let /•„ 
be the upper boundary of the set of absolute values of the incremenlary 
ratios of w„ (x) for every pair of points; this is the same ns the upper 
boundary of the absolute values of any one of the four derivatives of w„ (*) 
(see I, § 280). It then follows that the values of all incrementary ratios 
for the function (x) = ti 0 (x) + w, (x) + ... + (x), lie in the interval 

bounded by the two numbers ± ( A t + 41, + ... + 4„_,). 


fi 


; it now be assumed that 

«n {*' rt-\) > «„ (*,'”), and «„ (I'm) > n„ (4+i). 

’ after some value m, of u, wherever fhe point £ may be ; si 
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functions arc periodic these conditions are finite in number, being all 
obtained, by assigning a Unite set of values to r. 

It follows that 


1/(45, ) -/(4“) >/„ (•'Si) -A (*?’) 
V (4?,)-/ <■£’.) >/. (45, )-/, (47.) ' 


where « E m. 


Let B„ denote the smallest of the finite set of numbors 

«. <*■£?.) - ». (4”’) «. (4-0 - «. (45.) 

5Si~5‘'’ ’ ’ 

where »• has the finite set of values required for points £ in the interval 

(0, 21). 

We see then, since f n (*) — / n _ 2 (*) + a„ (a:), that 


«£’■ >*. - + o, + ... + x„), 

4+i -4 

Sr 1 -' lir- < - + (A + 4 + - + ■*.-,)• 

®r-l — *f-H 


If now lim {B n — (A 0 + A 1 + ... + 4„_i)} — + » the required con- 
ditions aro satisfied by the two incrementary ratios, and the function / fx) 
has consequently at no point a differential coefficient. It has thus been 
proved that: 

If is sufficient, in order that f (x) may be non-dijferenliable, that (I), 

v„ (4+i) > «n (4”*)> and v„ (a:''"*!) > ii„ (4 +i) for nSm, where 4"\ 4+i «re 

any two consecutive minimal points of n„ (a;), in order from left to right, 
4+1 is the maximal point of u„ (*) next on the right of 4+j , andx'r -l the 
maximal point next on the left of 4" ) ; and (2), that 

lim {B„ - (A 0 + + ... + - ■» ; 

'where A„ is the upper boundary of the absolute values of all incrementary 
ratios ofv n (x), ami B„ is the smallest of the finite sets of numbers 

«»(4'+l) — (4" > ) _ U„(4-l ) ~ U „ ( 4+1 } 

4 + 1 - 4 ”’ ’ . 4 ’’-!- 4+1 


275. There arc four specially simple types of non -differentiable func- 
tions which may be defined by the method developed above. 

( 1 ) Let the minima of w„ (x), for re 5 1, be all zero, from which it follows 
that u „ (x) E 0, for all values of x. Further, lot all the maximal and minimal 
points of {*) be at zeros of v„ (x). In this case tlie condition (1), of 
the above theorem, is certainly satisfied, since 

«* (4" J ) *= 0, «„ (4+i> = 0, *„(4+i)>0, ii„ 


(4-1) >o. 
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(2) Lot the maximal and minimal points of i/ n „j lx) be all at zeros of 

«„ (x), for n = 1, 2, 3 In this case / (x) =/„_* (x), at any maximal or 

minimal point of «„_! (x). 

(3) Let the minima of v n (x), for ?i fe 1 , bo all zero ; and thus it„ (x) S 0, 
and let all the minima of (x) be at zeros of «„ <x), but not as in (1) the 
maxima. 

In this case we have / (x) = (x) at any minimal point of (a). 

(4) At every minimal point of (x), let 

«n («). «» (*) + ««« (*) + « n+ i {*) + ... + (*), ... 

all have negative values; and at any maximal point of «„_! (x) lot the samo 
expressions all have positivo values. 

In this case / BtM _ , (x) < (*) at a minimal point of (x), and 

/ntra-i (*) > fn-x (*) a & a maximal point of «„_! (x). 

As a simple example of type (1), let ifi (x) denote tlio polygonal function 
which is defined in the interval (0, 1) by 

ifi (x) =» x, for 0 £ x £ i/i (x) — 1 — x, for $ £ x £ 1 ; 
and which is defined for all other values of x by the law that it is periodic, 
with period 1. 

Let n.„ (z) - a n i/<(6"x), where a< 1, and l> is an evon integer; since 
0 £ </. (frx) £ it is clear that £ a n ifi{b"x) converges uniformly to a 
continuous function / (x). The maximal and minimal points of <f< x) are 

given by x = r , gjsii > where r is a positive or negative integer, or zero; 
and all these points arc zeros of b"x; banco the function is of type (1), and 
therefore the condition (1) of the theorem of § 274 is satisfied. The value of 
A n is the maximum of | (b”z) j which is n n b n ; also B„ - since 

0, ^ are consecutive minima of •«„ (*), and ^ is the distance of the 
3 

minimal point x = 0 from the maximal point x = The requisite con- 
dition (2), of § 274, is that 


lim (Ja"&“ - ab - a 2 b- - ... - ar~' l b”~ l ) 


which is satisfied if ab > 4. 

It has thus been shewn that: 

The function £ a a i{i (b"x), where a< I, and b u 
differentiable, if ab > 4. 
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The function ip (*) was first employed* by Faber, for the purpose of 
constructing a non-differentiable function. The function actually con- 
structed by Faber was the function S ^ (2"'®); lie shewed that this 
function satisfies the wider condition that ^ ^ | ' ^ or 811 

arbitrarily small positive value of e, lias arbitrarily large values. 

In general, the function Za„tp (/3„z), where 2 a„ is convergent, and 
/?„ an integor such that PnIPn-i is an even integer, is non-diflerentiable if 
Kfti - («»ft !• "th -1- — + diverges to + eo , as n ~ » . 

If wo take instead of i /> (a) the function ( sin 7rx j , we obtain the function 
S<t" | sJn6"mB|; when «< 1, and his an even integer, then 2 o n j sin h" the | 
is a noo-cUffbrcntiablc function, of type (1), provided the second condition 
of the theorem of § 274 is satisfied. In this case it is found that A„ = a n b"Tr, 
B„ => ga"6 n , and thus the condition is fulfilled if §a"6 n — diverges to 

+ » , which will be tbe case if ab > 1 + §7r. 

As an example of a non-differcntiablo function of type (2), let x (*) 
denote the polygonal function obtained by joining 

• x (*) * *» for 0& xS 4» x(*) ■* 1 -*,for JfisJS 

X (*) <= x — 2, for § £ x £ 2, 

and oxtending the function so that it is periodic, and of period 2. 

If /W far) — 2 a”x (&"*)• / P1 (*) =* 2 (— l)"o"x (b n x), where 0 < n < 1, 
and £> is an even integer, the maximal and minimal points of 
«n-i (*) = (6— 1 *), or (- l)»- l a"- l x (b"-‘x) 

are zeros of «„ (x). 

If ab > 1, as in the former case the condition (2) is fulfilled, and it is 
clear' that the condition (1) is satisfied. Therefore, when n6 > 1 , the 
functions/ 11 ' (*)»/***(*) arc non-diffcrentiable. 

As before it is seen that the two functions 

2 a" sin fr*™, £ (— l)“a. n sin A" wav 

where 0 < a < J, and 6 is an even integer, are non-diffcrentiable if 
rrft > 3 -t- 

Examples of non-differentiable functions of typo (3) are 
2 a n ^i(b' , x), 2 a” J sin 6” me |, 


(1910), p. 
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where 0 < a < 1 , b is an odd integer, and in the first case ub > 1 , in the 
second ab > 1 + 

Examples of functions of type (4) are: 

£ a”x (£"*)• where 0 < a < 1, b = 4m + 1, ab > 4, 

£ a n sin tkc, where 0 < a < 1, 6 = 4th + 1, ab > 1 + |n-, 

£ {— 1 )" a" x (&"*)> where 0 < a< 1, 6 = 4m + 3, ab > 4, 

£ (— 1)’> a” si n [h n irz), where 0< a< 1, b — 4 m + 3, ab> ] + 

It is easily vorified that, subject to the stated conditions, the conditions 
of the theorem of § 274 are satisfied. If, in the second and fourth of those 
functions we change x into x + J , the functions become the Weicrstrassian 
function £ a” cos b”irx, where b is any odd integer, 0 < a < 1, ab > 1 + Rir, 


THE CONSTRUCTION OF A DIFFERENTIABLE EVERYWHERE-OSCILLATING 
FUNCTION 

276. The first attempt to construct a function with maxima and minima 
in every interval, which should have at every point a finite differential 
coefficient, was made by Henkel*. The function which ho constructed is 
however not an everywhere-oscillating function. Py Du BoiB-Itoymondf 
the view was expressed that no such function can exist, but, DiniJ regarded 
the existence of such functions as highly probable. The first actual con- 
struction of such a function is due to ICopcke, who having first§ constructed 
an everywhere-oscillating function with derivatives on the right and on the 
left at every point, in a subsequent memoir|| obtained a function having the 
required properties. Kopcke’s construction has been simplified by Pcreno'l, 
and the account here given is based upon the work of the latter. 

On a straight line AJi measure off segments AA’, B'B, eacli equal to 
■feAB, Let 0 be the middle point of AB, and draw through 0 straight lines 
r 1( r z , r 3 , ... r.» +1 , making angles with OA of which the tangents are 
1/2", 2/2", 3/2”, ... (2» + Ir- 
respectively. Through A‘ draw a straight line r„ making with A'O an angle 
of tangent 1/2”. Through the intersection (r 0 , r s ) of r 0 and r s , draw a straight 
line r,' parallel to r,: through (r,', r s ) draw a straight line r~ parallel to t s , 

* Math. AnnaUn, vol. XX (1882). p. 81. t Crdle’s Journal, ml lxxix (I87S), P- 32. 

} Gnmdlajtn, p. 383. § Math. AnnaUn, voL xnx <1887), p. 123. 

|| Math. AnnaUn, vote xxxw (1889), p. 161, and xxxv (1880), p. 104. 

U Giorn. di Mai. voL xxxv <1807), p. 132. 
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and so on. The straight lines r„ , r,’, r.', . . . r 4 "_, r««„ form an unclosed polygon 
above A’O. On OB' describe a precisely similar polygon on the other side 
of AB. The figure is drawn for the case w — 2, and shews the half of the 
figure belonging to A'O. The two polygons form a single polygon joining 
A 'll', and crossing it at 0. On r 0 take A ’A" — AA \ and describe an arc of a 
circle touching A IS at A, and r 0 at A". At each vortex of the polygon which 
has been constructed, mark off on the sides adjacent to that vertex lengths 
equal to of the shorter side, and construct an arc of a circle touching the 
two sides at the extremities of these segments so marked off- We have now 
a. figure joining A and B, and composed of arcs of circles and of straight 
lines. This figure, by means of its ordinates perpendicular to AB, defines n 



continuous differentiable function, with a continuous differential coefficient 
which is zero at A and B, and is -- (2 B ->• l.)/2" at. 0. This function may 
be denoted by (A | B)„ . 

Let x, y be a system of coordinate axes in a plane, and draw a quadrant 
of a circlo passing through the points (0, 0) and (1, 0), in the positive 
quadrant. Lot F 0 ( x ) bo the function represented by this quadrant, for 
the interval (0, 1) of x. The function F 0 {x) has a maximum nt x = \ ; also 
F a ' (0) = 1, 2'Y (1) — — 1. If a 0 denote the valuo of F 0 ' {x) at r 0 = J, 
describe the curve of wliioh the ordinates arc c 0 (0 | k ) t , from * — 0 to x — £ , 
and — o 0 (J | 1), , from x = | to x = 1. This curve represents a continuous 
function /, (*) ; and wo have 

/,' (0) (i) =/,' fl) = 0, 

and Zi'tt)- -to,, fi (3) 
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The function F x (x) = F a (x) +/, (x) 

is such that 

= F x (0) = 1. (I) = - 1, F,' (*)-0. 

Thus F l (x) has a maximum in the interval (0, J), a minimum in (J-, 1), a 
maximum at x = J , a minimum in (1 , £), and a maximum in (J , ]). 

Let the interval (0, 1) be divided into sub-intervals, by means of the 
points at which F,' (x) = 0; then, in each of these sub-intervals, F, (x) is 
monotone. Then divide each of these sub -intervals into 2, 4, 8, ... equal 
parts, until tho fluctuation of F t ' (x) in each of these parts is £ this k 
always possible, since F x ‘ (x) is a continuous function. Let 4°, cj“ J , cj 3> , ... 
denote all the points in which (0, 1) lias been divided in this manner. In 
any ono part (c, ’, 4' > ), F x (x) is monotone, and its differential coefficient 

has a fluctuation s J . Let a”*, aj !| , ... denote the values of F x ' (x) at tho 
middle points of the intervals (0, c” > ), (cl’*, cf), .... Describe tho curves 
-O) . .«). „(*> ,„U) i ,(*), „(3) .|8) , (3). 

fl i (0[ c i Is. °j ( c i I c i h ■ °\ ( c i I «i 

these fonn together a continuous curve which represents a function/. (*). 
Let 

J 1 (x) = n(x)+/ 1 (x)+/ 3 (x); 

then F x (x) has, in every interval (e ( 1 ”' l> , c?), a new maximum and n new 
minimum. The length of each interval is < 1/2 2 . 

Proceeding in this manner, let ns-suppose that the function F„ (x) has 
been formed. Take, tho points at which F„‘ (x) vanislies, and, in case F K (z) 
has lines of invariability, the limiting points of those lines; these points 
divide (0, 1) into sub-intervals in each of which F (x) is monotone. Then 
divide each of these sub-intervals into 2, 4, 8, ... parts, until the fluctuation 
of F„' (x) in each part is £ 1/2"; let ... be all the points of 

division of (0, 1) thus formed. In any interval (ej” , r,„ ), the function 
F„ (x) is monotone, and the fluctuation of F n ' (x) is £ 1 /2". Let 
„(i> „<*> 

O n , 0„ , — On , ... 

be the values of F„‘ (x) at the middle points of the intervals ; and, in the case 
of a, line of invariability, take as the corresponding value of the <?„, 1/2“ or 
— 3/2", according as the line of invariability is in the interval (0, 1), or in 
(£, 1). Let the curves a* 1 | c^), 4 j be described, and let the function 

represented by the totality of these curves be denoted by/ n+J (x). Then the 
function 

F nn (x)=F n {x)+f„ tl (x) 

has a new maximum, and a new minimum, in every interval (c n , )■ 

and the length of each of these intervals is less than l/2" +1 . 
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If this law of generation of the functions f„ (x) be employed indefinitely, 
we have a scries 

*,,(*) +/, (*) +/,<*) + ... +/. (*) + 
and it will be shewn that this series represents a continuous function which 
is everywhere differentiable, and which has an cverywhere-dense set of 
maxima and minima. 

277. Let F 0 ' (x) +/,' {*) +/,' (x) + ... +/„’ (*) = S„ {*); 
it will then he shewn that, for every value of n and x, (z) is numerically 
less than II ^1 + gzj , which may be denoted by P. Let us assume that 
( <S„ (sc) | is, for every value of a:, less than II ^ .which may bo demoted 
by P n : it will then be shown that | £„*, (z) | < 

Let the point® be in the interval (c^ 1 *, c£ ! ), whore x < cj,” 1 , the number 
e depending upon tho value of x; we have then, in accordance with the 
construction of the functions, 

A«M-S.W + *£». 

where 1 6 ~ (2 n+1 + 1). 

In the interval (<& -1> , c 1 *), S„ (z) has a fixed sign, the same as that of 
njf 1 , but. this is not the case for S„ f , (z). If or, is positive, we have 

If a* is negative, we have 

it has thus been shewn that if | 8 n (z) | < P„, then also | S„+, (z) j < P nt , . 
Nmv | Fi («) | is, everywhere in (0, I), less than (1 + J), and therefore the 
theorem [ 8 n (x) | < P„ follows by induction. A fortiori \ S„ (z) | is, for 
every value of n and x, < P. 

The numerically greatest value of (z) in the interval (c?* 1 *, cS,') is 
at some point on the left of the middle point of the interval, and that 
value is consequently < | since the length of the interval is 
less than 1 Also, as has been shewn above, a'f < P, and therefore 

and hence, since the terms of the series/, (z) + f t (x) +• ... are numerically 
loss than the corresponding terms of the absolutely convergent series 

J+r + + r 

2C ~ 2 7 ~ T 2 to+3 ~ ' 
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it follows that tlio series/! (x) +/. (x) + ... is uniformly convergent in (lie 
interval (0, 1). It follows that the function F (x), defined as the sum- 
function of the series Jo (x) +f t (x) +/ 5 (x) + .... is a continuous function. 
In order to prove that the function F (x) is everywhere differentiable, 
we shall shew that it satisfies the conditions stated in the theorem of § 233. 

We have first of all to shew that the series /,' (x) + / 2 ' (x) j- ... is 
convergent for all values of x in (0, I). Tn case, for any value of x, all 
the numbers S n (x), S„ tl (x), .... from and after sonic value of n, have nil 
the same sign, say the positive sign, we have 

where m is the value of n in question. Also 

4\,„(«)S «„,(*> +|S>, 


with similar inequalities involving higher indices. From these inequalities 
wc find 


*«» - *. <■>* fit. + + - *%? * £t 


and since m may bo taken so great that Pj2 m is arbitrarily small, wo sec 
that m may be so chosen that <9 m+s — S m (x) is arbitrarily small, whatever 
positive integral value j> may have. It has thus been shewn that, in the 
case considered, the scries is convergent. 

If; may happen that S„ (x) is zero, owing to x being at n point of division 
a'n ; in this case all the functions /„' (x) with higher indices vanish, and 
therefore all the functions S a (x) vanish, from and after the particular value 
of n. It may happen that S„ (x) vanishes, owing to x being a point of 
invariability of F„ (x); in this case <S„ + , (x) may vanish if x is an extreme 
of/n+i (*)• an d then x is a point of division ei*}i , and all the functions <S„ (x> 
for indices m> n vanish. Thus if, for any value of x, S n (x), S„ tl (x) both 
vanish, then S m (*) vanishes for all values ol min. If S„ (x) vanishes, bill 
not S„. i (x) or S n+1 (x), x is a point of invariability of F„ (x), and 



and the same reasoning is applicable as before. Let us next suppose that 
the functions S„ (x) are never all of the 6ame sign, from and after any value 
n, and that for some values of n they vanish; let Kj, ... be the values 
of n for which S„ (z) has a change of sign, for example, Jet <?„, (x) be 
negative or zero, and S„ t+I (x) be positive, and S„ t (x) positive or zero, and 
•Vi (*) negative, and so on. If ,5„, (x) is negative, we iiave 


*Sn,+l (*) = (*) + > 

IS a„,i- (&•+' + 1), 


where 
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and since is negative, wo have 

1 P P 

account being taken of the fact that the fluctuation of F„ i ' ( x ) in the 
interval in which * lies is £ If S„, (i) is zero, so that * is a point of 
invariability of F n , (as), we have 



In any case we find that 

s„„ m < <*> + jfpj < ~ ; + jjj , 

where p *= 1, 2, ... » 4 — »,. 

Similarly, wc find that 

and if S„ t (a) > 0, we have 

IS™ W I < I S,,1 M I + 5S3 < £ , + s&i. 

for p -= 1, 2, 3, ... »i, — 

It is seen from these results thut | S„ (x) [ becomes arbitrarily small for 
all sufficiently great values of n, and thus lim S„ (x) <= 0. It has now been 
shewn that in every case the sorics 

p o (*) +/,' (*) +/»' («) + ... 
converges for each value of x in the interval (0, 1). 

278. It must next he proved that, if « be an arbitrarily chosen positive 
number, then, for a given x, a number S > 0 can be found, such that, for 
eacli value of It numerically less than 8, and for which x + 7i is in the 
interval (0, 1), there exists an integer m; variable with h, and not less than 
a prescribed integer in', such that the three numbers 

F„(x -t-h) -F„(x) a R„{x + h) R„(x) 

_ - A - , - F - 
are all numerically less than e; (x) denoting the remainder of the scries 
which represents F (x), that is, F (x) — (x). 

The case may be left out of account in which x coincides with one of the 
points of division of (0, 1); for the function F (x) is then represented by a 
finite series, and is differentiable, since (<4f > ) = 0, for p > 1. 

Let e, m' be fixed, and let us consider a point x in (0, 1 ) ; then a number 
« £ in' can be so determined that 

-J~i < ^ f . and | I 
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where p, q are any positive integers. For any value of It, such tluit % + h 
falls within the interval (<£* -1) , <£*), the number m can be determined. Let 
h be positive, and determine n, so that x < L s x + h £ £ c! I e> ; then 
it can be shewn that n, 4- 2 is a suitablo value for in. We have 

ri'Vil-O; 

I /.».■„ <«£« ±*> | 4. for p£ I. 

The point is in general between x and x +- h, and therefore it deter- 
mines two segments, k u k,, where 

x ■* <71, +1 — kii ® + A = c, (| ^.i -i- 

We have therefore 

and 80 on; and from these inequalities we find that 

IWM<»i{|Ba + i5i» + ~}«»3k. 

and similarly that 

i *.„,<* + »> i 

Since A,, h, are less than h, we have 

lb has thus been shewn that m *=■ «, + 2 is a valuo of in which satisfies 
the required condition. The case in which h is negative can be treated in 
the same manner. 


We have now to prove that 

I ?sm (g ± B ~ F *«* fr) _ 


, pi±MrikM _ S-1>1 M J + | / w fe ± ») , rA M Ml , 

and iix,x+ k are points in (c£~ n , c™), the absolute value of the firat term 
on the right-hand 6ide is not greater than l/2">. 

We consider therefore 

/m+1 (* + A) —/ ni +i fa) ,, 

} fn t «W- 
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From the construction for /„ ltl (x), we have 

f^(x+h) 4 ' 

7, - 2m+i * 

since re, x + h are in the interval (c£~ 11 , c’l). Let ns take the case in which 
f'„ l (x) increases from to ; then, for any point x in the interval 
between these two points, we have 

/•cu ( * + &)-/,,«( *) *4^ 

A 2*»+ l " 

We shall find also a lower limit for this incrementary ratio. The point x is 
suoh that the ordinate of (e|£ -1, Je£ , ) IllH is below the x-axis, and if, for 
that point, the differential coefficient is negative, we have 


Let the sides of the rectilinear polygon wliich was employed in the con- 
struction of a„] («&" I> | <£>)„« be denoted by 

T 0‘ r l> ••• r, 2*i+»-l» r as+' + l' V* ®o > 

where >■„/ is equal and parallel to On r,', produced beyond (r/, r 4 '), 
take a segment equal to r s '; then this segment is equal and parallel to <%', 
and the line joining the end of this segment with [s 2 ‘, s,') is parallel to r 3l 
and will out. r,"in a point p, . But s,' is parallel to r s , and passes through 
(%VO« therefore this segment is the prolongation of « 3 ', and is conse- 
quently inclined to the avaxis at an angle whose tangent, is — 3^^. 

Hence, for a point between <£, and Vi . for which the ordinate i8 positive, 
wo have 

/.,+! (» + h) - /„ I+1 (x) _ „ a* 

s 

But the greatest value of /'„ 1+1 (®), in this ease, is and therefore 


/,u +> (» + *)-/*.«.(*) > 


If a point p 2 on r E ' be detennined, by making a similar construction with 
instead of n', then, for every point on the arc p, , p 2 , except p 2 , 

/., +i (s + *) > _ 4 gff 


But the maximum value of the differential coefficient is, : 
therefore also in tlris case, 


4 «i? 

h >/»!+!(*} 
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This condition holds for every point on the curve which lifts a positive 
ordinate. It holds also for points with a negative ordinate; beennso for 
such points with a negative differential coefficient the relation 

/„„(*+ »)-/«« 

holds; and for points where the differential coefficient is positive, the 
expression on the left-hand is positive, and that on the right-hand is 
negative. 

Jt has now been established that 

w - * jSi * £$,, 

and it lias already been proved that 

-"* (* t h) h ~ F ” 1 - F' n , (x) + £ , where 1 a 0 2 , - 1. 


We now see that 



h "» + 2 “> + 2 "* + ' 


and hence | + ( - ) - S„ l+i (x) j < e , 

since a™ < P, and P/2"* -2 < J«, and [ 5/2"> j < P/2”> < j|e. 

It has now been established that the function F (a:) has at every point 
a finite differential coefficient which is the sum of the convergent sene'; 

*•'(■»+/»'«■) +/*'(*) + •••• 

Lastly, it must be proved that F (x) has an everywherc-dense set of 
maxima and minima. 

It has been shown that, in evoryinterval (c?^ 1 *, the fu notion ,F n (sc) 

has a new maximum and a now minimum, and that the length of the interval 
is less Ilian 1/2". If Xq is a maximum of F„ (x), we have 

F n (*„) - P„ +1 (a*), and F„‘ (*,) = (*<,) - 0. 

Moreover f M (x) is negative in the neighbourhood of the point x 0 , and 
therefore F„ +l (x c + h) — F s+1 (ar 0 ) is negative or zero, provided J ft [ is less 
than some number k. It thus appears that (x) lias also a maximum at 

x 0 . If x 0 is a point of invariability of F„ (x), it is no longer one for F (x), 
and cannot be a point of invariability of all tbefunctions with higher indices. 
If x„ is a limiting point of a line of invariability, F ntl [x] will have a 
maximum or a minimum, or else a point of inflexion at x 0 . In every case 
P n .,., {x) will have a maximum and a minimum in every line of invariability 
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of F„ (a:). Fo: any given interval, as small as we please, n can be determined 
so great that the interval contains one of the intervals fin-i) in its 
interior, and all the functions F„ (x), F„ fl (x), ... have maxima in this 
interval; and it follows that F ( x ) also has maxima therein. 

It may be remarked that F' (ar), although definite at every point, has 
discontinuities of the second hind at an everywhere -dense set of points. 
At every point of continuity, this differential coefficient must vanish (sec 
I, § 285). The function F" (x) is not iutegrable in accordance with Riematm’s 
definition. 



CHAPTER VC 

THE REPRESENTATION OF FUNCTIONS AS LIMITS OF INTEGRALS 
THE GENERAL CONVERGENCE THEOREM 

279. In the theory of the representation of a function / (x) ns the sum 
of a series of some special type the method of procedure usually consists 
of the partial summation of the series; the partial sum being expressed ns 
an integral which involves the number n of terms of the series as a parameter, 
followed by the determination of the nature of the limit of the integral as 
n is indefinitely increased. 

The general theory of the evaluation of a limit of the form 
Iim j f (F) 4> (x\ x, n) Ax', 
or more particularly of the form 

lira J / (xf) <J> (*' - x, n) Ax’, 

is, in its modern form, due to the investigations of Hobson* and of 
Lebesguet, but an earlier theory, of a less general character, was given 
by Du Bois-Reymond J and Dini§. Further developments have been given || 
by Hahn. 

In this chapter the two investigations arc welded together into a unified 
form, with a view to the attainment of the greatest possible degree of 
generality. The theory is in part extended to cover the case of functions 
of any number of variables, and to the case in which the function of a 
single variable is non-summnble, but has either a Z) -integral or an II L- 
integral. 

The following theorem, which may be referred to as the general con- 
vergence theorem, together with specializations and generalizations of it, 
ia of fundamental importance in this connection: 

Theorem I. Let f (a:') be a bounded or unbounded function, svmmablc 
in the interval (a, b) of the variable x'. Lei <]) (x\ x, n ) be a function defined 
for all values of x' in the interval (a, b),for all values of n in a sequence of 
increasing numbers without an upper limit (in particular the sequence oj 
integers), and for all mines of x in some, sel of points G. Further let <f> (x\ x, n) 
satisfy the follmmng conditions: 

* Free. Land. Math. Soc. (2). toI yi (1803), p. 349, and {2). vol. xn (1912), p. 105. 

t Annate I 4<t Toutoun (3), vol. i (1909). p. 23. 

i Crdtt'e Journal, rol. Mix (18G8), p. 93, and roL Kin (1875), p. 38. 

| Scric di Fourier, Pisa (1880). 

II I)t.nhic)tr. 4, Wiaur A had. vol Xcm (1916), pp. 585, 657; also Wiener Her. rol. ewvn 
(1918), p. 1703. 



279 ] 


4-23 


The General Convergence Theorem 


(] ) For each pair of numbers x, n for which 0 (x', x, n) is defined , that 
function of x' is equivalent (see i, § 394) to a function which does not exceed 
in absolute value a fixed number K, independent of the particular values of 
x and ». The trivial case in which, for a finite set of values of n, this condition 
is not satisfied may clearly be disregarded, since stick values of n may be 
removed from ■ the sequence. 

(2) For each pair of values of a and ft, such that aSaS fisb, 
j 0 ( x x, n) dx' 

exists as an L-integral, for each pair of values of n and x (in 0), and it con- 
verges to zero, uniformly for all values of x in O, as n ~ <*> . 

Then j f («') 0 (x\ x , «) dad converges to zero as n ~ to , uniformly for 
aU values of x in 0. 


It. is dear that there will bo no loss of generality if the condition 
| 0 (*', x, «.) [ £ K is taken to hold for all the values of x', x, n without 
Exception. 

It should be observed that, in case 0 («', x, n) £ 0, for all values of 
x',x, and n, the condition (2) may be replaced by the condition that 
rb 

I 0 (x‘ , x, n) dx' should convorgo to zero, os n ~ oo , Uniformly for aU 
values of a; in 6. 

To prove the theorem, we observe that, in accordance with the theorem 
in i, § 430, a continuous function <f> (d), defined in (a, b), can be so deter- 
mined that J |/(»')- (*') ) dx' <^; where e is a prescribed positive 
number. The interval (a, b) may be divided into a number of parts (a, o,), 
(“j. Oa). ••• (a, -i, 6), so chosen that the fluctuation of f (*') in pacli of these 
parts is less than ^ Lot ft (a:') be a function which, in the interior 

of each part (a,_, , a,), where s = 1, 2, 3, ... r, has the constant value 
c, = 4> . At the extremities of the parts we may take i/i ( x ' ) to 

have tlie value zero. Thus ifi (s’) has the finite set of values c, , a,, ... e,, (J. 


Since | </> (s') - (/' I < g > everywhere except at the end- 
points of the r parts of (a, 6), we have 

and therefore j (/(*') — <!' (*') | dx' < 
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The integral J f (*') 4> (*', x, n) dx' may be expressed by 

j b {f(x')->}> (*')} * (*', x, n) dx' +• *2 c t f“' <I> (x’, x, v) dx‘. 

Hence we have 

j j f (*') <b (i', x, n) dx' | < 2c + fjc.fl j ’ <h (x',x, j. 

From the condition (2), of the theorem, a number n,, belonging to the 
sequence of values of n, can be so determined that 

f°‘ <I> (x‘, x, w) dx’ j < — e - — , for s<- 1,2,3, ...r; 

Ua "' ' SJo.1 

and for all values of x in 0, provided n £ n,. It now follows that 

| J /(*') (*'. *. «) da' | < &:> provided nin,, 

for all valuos of x in O. Sinoe e con be arbitrarUy chosen, the integral 
rb 

I / (#') (a', x, n) dx' has been shewn to converge to zero, as n ~ «■ , 

uniformly for all values of * in 0. 

An examination of the proof of Theorem I shews that the theorem may 
be stated more generally. In the first place the poijit x' may bo taken to 
be a point in a p-dimonsionat cell a ( *>, ... «W; 6< l >, b&, ... i (rt ) which 
will replace tlio linear interval (a, b ) of the theorem. The theorem of 
X, § 430, holds good for a function in a p-dimensional domain, and in the 
proof, the coll (a, b) will bo divided into r parts in each of which the 
fluctuation of the oontinuous function <f> (a;') is, 


< K(b<» - a<») (A'=* - o' 1 *) ... (AM - e<»>) * 

Instead of (a, p) a cell (ctd, ad, ... rW; P v , /?*>, ... /S |p| ) will be employed 
in the condition (2). 


Moreover the set O may be a set of points in any numbers, of dimensions. 
Further the numbers n may be replaced by a set of numbers » H >, . .. nW, 
each of which belongs to a sequence with no upper limit. To the number 
» c tlicre will correspond a set of numbers ... such that all the 

integrals 


provided n (li s »J°. S w' 2> , ... n w Sk n ( ‘K 

The single limit, as n ~ oo , will thus be replaced by a t ~ pie limit, as all 
the numbers n a) , «.<*>, ... n ln diverge to oo . 
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For example, if sc' is in a two-dimensional cell, and n is replaced by two 
numbers «**>, n®, the theorem states that 

lim J a[u) / (*">', x&’) ® (*«', sc®', a:, n<», n&) d (*«', z®') = 0, 

and that the convergence is uniform for all points x in the given set G. 

It should also be observed that it is possible to extend the theorem bo 
that n may be taken to be a continuous variable which diverges to ro, 
, such that A s n, where A is some fixed number, provided the conditions 
(1) and (2) of the theorem are satisfied in such a domain of n. Also n 
may consist of a group ji 11 ', »(*), ... n (,) . of such continuous variables, each 
diverging to «. In this connection the remarks made in i, § 211, on the 
relation of the two definitions, by Cauchy and Heine, of continuity of a 
function at a point are relevant. 

It is clear that, instead of the interval or cell (a, 6), any bounded measur- 
able set may be considered. For, if / (x') is defined in such a set E, by taking 
an interval or cell (a, 6) which contains E, we may assume / (sc') — 0 in 
the complement of E -with respect to (a, 6) ; then the theorem can be stated 

for the integral [ / (a:') <J> (x\ x, n) dx'. 

HE) 

A generalization of Theorem I may be obtained by supposing that the 
condition (2) is modified as follows: 

(2*) For each ‘pair of values of a and f), suck that a £ a 2 0 £ b, 

J <J> (s', x, n) dx'- 

exisls as an L-integral, for each -pair of values of n and x (in G), and it con- 
verges for each, value of x, in G, to zero, asn~«>. 

Itwill be observed, that, on account of the condition (1), the convergence 
is necessarily bounded. This condition is that j j <b (s', s, n) dx' J is less 
than some fixed number independent of x and n, and that for each value 
of x it converges to zero, as n oo . 

The condition {2*} is then less restrictive than the corresponding con- 
dition (2), in which uniform convergence is postulated. The result of tbo 
theorem when (2*) is introduced instead of (2) will he that 

J f (k') <t> (#', x, n) dx' 

converges bonndedly io zero, as n — w , for the values of x in G. 

Only a slight modification of the proof is necessary to make the ex- 
tension. In the first place the proof as it stands may be employed to shew 
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that, for each single point *, of 6, the convergence takes place. To shew 
that the convergence is bounded, we have only to consider the inequality 

j [ / (*') 4> (*', x, n) dx' j < 2e -(• £ J c, j | J*' tj) (a:', x , v) dx' | , 
which shews that, subject to (2*), the condition of boundedness is satisfied. 

280. Theorem I is valid when the interval (a, 6) is indefinitely great, 
provided the condition (1) holds in the indefinite interval, and (2) holds 
for every finite interval, and provided further that f (a;’) is absolutely 
snmmablo in {— «o , oo ) ; that is, lim j | /(*') | dx' exists. 

For all values of /?’ (> fi) we have 

| ]*/(*') ® <*'. ®> ») dx'\&K j* | f[x') | dx'. 

Since f} can be so chosen that the integral on the right hand is less than 
e/K, we have, for all values of /9' (> /?), | j f (x/) <!> (r.‘, x, n) dx' j < c, for 
all values of x and n. Similarly a may be so chosen that 
I J f {*') «I> (a', x, n) dx' j < t, for n' < a, 
and for all values of x and n. We now have, if /3' > p > a > 

JJ /(*') <I> (*',*, n)dx’ j < 3e; 

for all values of n not less than a fixed value a ( , and for all values of i 
in G, since the Theorem I holds for the interval (a, /?). 

It follows that | j f (*') <1> (*', x, ») dx' j £ 8e, for n £ n r , and x in G. 

Therefore J f (*') <D (*', x, n) dx' converges uniformly to zero, as n ~ * , 
for all values of x in G. The case in which the condition (2*) is employed 
instead of (2) leads, by a slight modification of the foregoing proof, to the 
corresponding extension of the theorem. 

In case <1* {*', x , ») is non-negative for all values of x\ x, and n, and 
provided J" d> (a/, x, n) dx' exists and converges to zero uniformly for 
all x in G, it is not necessary that/ (*') should be absolutely summable in 
(— oo , oo ). It is sufficient that, outside some finite interval {^4, B), \ f{%‘) I 
be bounded (say < 17), and / {*') be snmmablc in every finite interval. For 

j J*f (x’) 4> (x 1 , x, n) dx" j < uj” ® (x',x,n)dr/ 
provided jS' > > B. Hence, if n a n?\ the expression on the left-hand 
side is < e. Similarly, if the limits of the integral be a', a, where a' < a ?.■ A , 
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the absolute value of the integral is less than e, provided n £ n* 2) . If n, be 
the greater of the two numbers w” 5 , raj* 5 , both the integrals are numerically 
less than e, provided n in,. As bofore it follows that 


f /(x')<l>(x',x,n)rfx'~0, 

as n ~ ■» , uniformly for all values of * in G. In case j 4> (*’, x, n) dx' 
converges boundcdly to zero, for all values of x, J / {x') (a/, x, n ) dx' | 
is less than a fixed number independent of a, rz n and the corresponding 
extension of the theorem can be made. 


It may happen that, for a particular function ( t> (x' y x, n), the condition 
to which / (o') must be subjected is less stringent in character. If x (»■') bo 
such that the function <Ji, (a- 1 , x, n) e x (x') *h (x', x, ») satisfies the con- 
ditions (1) and (2) of Theorem I, it will be sufficient in order that the 
interval - (a, b) can bb taken to be the indefinite interval (— oo , c© ), that 


j j ^ | dx' have a finite value. In case x (*') 4* (*\ ®, n ) £ 0, it will 

be sufficient that be summable over every finite interval, and that it 
be bounded for all values of z? outside some interval (A, B). 


It is clear that, with the necessary slight changes of statement, all 
these results are applicable when x' denotes a point in a domain of any 
number of dimensions. 


281 . There ore oases besides tlio case considered in § 280, in whioh / (s') 
is not noccssnrily absolutely summable in the interval (— to, oo), in which 
Theorem I holds for the infinite interval. 

. Let it be assumed that p may be so chosen that the total variation 
of / (a) in the interval (ft ft), l 7 ? / (x) is finite, for ft > ft, and converges 
to a finite limit, as ft ~ co ; in that enso the total variation of J (x) in 
, (ft eo) is said to bo bounded. Let P (x), — N (x) denote the total positive, 
and negative variations of / (x) in (ft x), then/ (x) ~ f (ft) + P (x) — N (»), 
where P (x) + N (x) has a finite limit, ns x ~ co ; and consequently 
P (x), N (x) have finite limits p, j>;'tho limit of / (x) being / (P) + 7> — 
Wo may now write / (x) = /, (x) — f 2 (*), where f x (x) =/(ft -1- p — K (*), 
/j (x) s — P (x); and thus /i (x), /, (x) ore monotone non-increasing 
functions, bounded in (ft, as). In case /(x)~0, as x — - co, wo have 
f(P)+p — v=* 0; and both the functions /i (x), / s (x) are non-increasing 
functions whioh converge to zero, as x — co . 

Similar considerations apply to the neighbourhood of thopoint » ~ — co . 
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Let it now be assumed that a and f) can be so chosen that / (z') is of 
bounded variation in the intervals (/3, oo), (— oo, a). We have 

f /,(«')» (»',*, ») *• -A If) ff ® (*■, x , «) *' +/, if) f <f P , *, ») *c, 

where /?" is in the interval (/J, /S'). Let it now be assumed that 
j j <!> (x\ x, n)dx‘ j 

is, for every value of (S’ (> p), and of x, less than some number l : n , which 
aonverges to zero, as n ~ co . 

We have tlien 

| j* f 1 (x')<t>(x r ,x, n )<ix'l<k„ i/, os) i + zt„ i ^ an i? 

<3fc„j /,(£)!; 

thus the expression on the right-hand side is less than a fixed multiple of 
Ji„, for all values of fi'; hence | [ /, {*') d> (x’, x, n) c lx' | does not exceed 
a fixed multiple of h„ ; and since the same result holds for/ s (x), we have 
lim j / (*') ® {x\ x, n) dx' — 0. 

The case of the integral over (— as, a) may be treated in the same manner. 
It follows that Theorem I is applicable to the case in which a and b arc 
infinite, when /(*’), <t>(x',x,n) satisfy the specified conditions, provided 
the conditions (1), (2) are satisfied in the interval (a, /?). 

Next, let it be assumed that /(a:’) converges to zero, as z' and 

as *' ot, and also that a, can be so chosen that / fx') is of bounded 

variation in the intervals (/?, co), (— co, a). In (ft, as) we hRvc 
f(x)-A(x)-f t (x), 

where each of the functions /, (x), / 2 (a;) is monotone non-increasing, and 
converges to zero, as x ~ co . 

Wc have f /, (ar*) <D (x% x, n) dx' — /, {£) J <h (x, x, n) dx' , 
where ft" is in the interval {ft, (?). Let it now be assumed that 
| j <D ( x' , x, n) dx' j < It, 

where k is some positive number, independent of n, x, and ft . Then wc 
have, applying the corresponding result for f t (x ), 

j ® (*', X, »)*■ |a *[/. if) +/, m- 
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Since p may be so chosen that /, (j3), / 2 (§) are both arbitrarily small, 
wo have, for a sufficiently large value of ft, 

j j f /<*') 4> (x 1 x, n) dx' j < e, 

lor all values of n and x. With the corresponding result for the integral 
taken over (— os , a), it is now seen that the Theorem I holds for the interval 
(— co,oo), provided the conditions (1) and (2) are satisfied in every finite 
interval. 

The following results have now been obtained: 

Theorem l holds for (he infinite integral (— co, to), when the conditions 
(1), (2) hold far each finite interval (a, b), provided also one of the following 
sets of additional conditions holds ; 

(а) f(x') is absolutely svmmable in (— <o , co ), and the condition (I) holds 
in that interval. 

(б) Outside some finite interval f (x‘) is bounded, also >1> {#', x, n) is 
non-negative, and J 0 (x', x, n) dx ’ exists, and. converges uniformly to 
zero, as n ~ « , for all values of x in 0. 

(o) Numbers a, p can be so chosen that f (a') is of bounded variation in 
(p, in), and in (— co, a), and that 

|J* n) da' j, J [ <1) (r\ *, n) dx' | 

are, for every value of jS' (> /?), and every value of a' {< a), less than a positive 
number k„ , independent of x, which converges to zero, as n ~ . 

(d) f (a:') converges to zero, as x' ~m, and as »' — eo, and numbers 

a, p can be so chosen that fix') is of bounded variation in (ft co), and in 
(— and also j j <t> (x', x, n) dx' J , j [ <D (x\ z, n) dx’ | are both less than 
some positive number k, independent of n, x, a', P'. 

There is another case in which, for an infinite interval, the absolute 
snmmability of/ (*') can be dispensed with. The following theorem will be 
established : 

If f (x') be summable, but not necessarily absolutely summable in the 
infinite interval {a, » ), and if 0 («', x, n) satisfies the condition (l ) of 
Theorem I in (a, <o ), and the condition (2) in every finite interval, and also 
the further condition that its toted variation in the interval {a, to ) is less than 
some fixed number L, independent of n and x, then J” / (x') 0 (z‘, x, n ) dx' 
converges. to zero, as n ~ oa , uniformly for all values of xin Q. 
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Let a < A < A', then, from i, § 424, we have 

J j f[x r )<t>(x',x,n)dx' — 4> (A,x,n)dx’j f (x')dx'j 
£ Vji <I» (x., x, n) x the upper boundary of | j*f (a;') dr! j, 
where A &a£ ft & A'. If 19 be a prescribed positive number, A may be 
so chosen that j J f ( x‘ ) dx’ J < > 7 , for all values of a, ft that nro not less 
than A. We thus have | j ^ f (a:') <I> (x', x, m) dx' j < {K L) ij; and the 
number 17 can be so chosen that {K + L) ij < t. We then have 
| j f{x') <I> {x’, x, n) dx' | < j j /(x')<I>(x',x,7i)rf«'| + «; 

and if n it n, , where n, is some number belonging to the sequence of values 
of n, 

J j /(*') ^ (*'> *■ n ) J < 2*, for n 2 n , , 

and for all values of x in G. Thus the theorem has been established. 

It is easy to see that the result holds also for 
J / (x') <T> (s', x, n) dx', 
provided similar conditions arc satisfied. 

282. In case the function / (x) is such that | / (x) |“ in summablo in 
(a, b ), for some value of g > 1, the condition (1) in the Theorem I may bo 
replaced by the follow tig less stringent condition : 

(1 a) For each -pair of numbers x, n, for which <l> (x',x, n) is defined, 
that function of x is such that | <I> (x', x, n) (s - 1 is summable, and such that 
J ] <D (*', x, ji) |' /_1 dx' does not exceed a fixed number independent 
of the particular values of x and n. 

The condition (2) will be unchanged. 

In accordance with a theorem given in § 173, a continuous function 
(x') can be so determined that 

By applying an inequality given in 1 , § 435, we see that 
{J* (/(*') - <f> (*')> 4> (x, x, n) dx' | < e. 

If, for every continuous function (x’), j <f> {x‘) <!» (x‘, x, n)dx' converges 
to zero, as ti — co , uniformly, or more generally bouudeAly, for all values 
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of x in <7, it is clear, since e is arbitrary, that the theorem holds for / (s'). 
Thus it. will be sufficient to consider the integral j f> (s') 4’ (s', x, n) Ax', 
where .j, (x') is continuous in (a, b). As in § 279, a function <f> (*') which 
has only a finite set of values Ci, Cj, ... c r , 0 can he so determined that 

j if> (s') — tj> (s') | < £ — , , except at points of a finite sot. The integral 

K (6 - a )* 

j if> (s') «1» (s', x, n ) Ax' may be expressed by 

£ (j, (s') - ./, (x')} <D (s', x, n) Ax' + *S c.p <1 >(x',x,v)Ax'. 

The first integral does not in numerical value exceed 

?. szi 

(*') - i > (*') N *'}' 1 • |/ o [ 4> (*'. *»«) I *" 1 * . 

and this is Jess than <. As before, if condition (2) be assumed, the 
expression S c, j «1> (s', x, to) dx' is numerically Jess than e, for to £ 
and for all values of x in G. If condition (2*) be assumed, the expression 
is bounded for all values of to. 

Thus J J rf> (s') 0 (s', x, n) dx' j < 2c, if niv,, and the theorem has 
been proved for the function tf> (s'), and therefore for / (s'), in case con- 
dition (2) is assumed. In oase condition (2*) is taken, 

| (s') 0 {%', x, to ) Ax' | 

is shewn as above to converge to zero for each value of x, and the con- 
vergence is bounded for all values of x. 

283. In ease / (x) is bounded and summable in (o, 6), the condition (1) 
of Theorem I may be replaced by the following condition : 

(16) J | 4> (s', a, to) | dx' exists, and does not exceed a fixed number K, 
for all values of n and x (in G); and also, for each measurable set ■ t contained 
in (a,, b), j (s', x,n) dx ‘ converges to zero, as n ~ » , uniformly, or more 
generally, boundedly, for all values of xinG. 

The condition (2), or (2*), of § 279, is contained in the second condition 
of the theorem. 

If -i) be an assigned positive number, a function tj>, (x) can be so defined 
that j / (x‘) — <f>, (s') | < i), and that fi, (s') has only a finite set of values 
Ci, Ci , ... c m which it takes in measurable 6ets e, , e i , ... e„ (see x, § 385). 
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We have 

j j tji^ (x‘) <I> (a:', x, n) dx' j £ £ | rv | j J (]> (x',x,n)dx' j; 
also, provided m S ji<, some number dependent on e. 

If © (xf,x,n) dx' 1 — ; 

|J <*> 1 £K| 

and thus we have 

| J <j>, (#') © (a/, x, n) dx' j < e, for w £ jw, 
and for all values of x in Q. 

Again I J *{/ (*') - <f-i (*')} 4* (*'. *, n) dx' | < jj J | © (x', x, n) \ dx' < ijK. 

It follows that 

Jj fi 3 ?) ® (*',», Ji) fat | < i)K + e, for Jign,, 

and for all values of x in O, in case condition (2) holds; and accordingly flic 
proposition is established, since ij and e are arbitrary. 

If condition (2*) holds, it is seen that the convergence is bounded. 

284. In case /(*') have only ordinary discontinuities in (n, fc), (ho 
condition (1) of Theorem I can bo replaced by the following: 

(I c) j | © (a:', x, ») | etc' is less than xome fixed number K, independent 
of n and. x (fn G). 

The condition (2) or (2*) will be unchanged. 

If k be a positive number, the set of points of (a, b) at which the saltus 
of / (*') is £ k is finite (see I, § 23SI). This finite set of points divides (o, b ) 
into a finite number of parts ; if (a, /3) be one of these parts, it may be divided 
into a finite number of smaller parts in each of which the fluctuation of 
the function that has the values of / (»') at all interior points of (a, P), and 
has the values f (a + 0),/ f/5 — 0) at a and ft respectively lias a value < k, , 
where \ is a number chosen to be > k. The whole interval (a, b) can 
accordingly be divided into a number of parts such that the inner fluctua- 
tion of / (*') in each one of these parts is < Jc , . Lot <f> {x‘) have in all the 
interior points of each one of these parts the value of f {x') at the centre 
of the part, then |/(a:') - rfi [x') | < kj, except at the points of division of 
{a, b). In these end-points we may take j> (z') = 0; thus <f> (z'> has only n 
finite set of values. 

We have j (x r ) © {x' t x,n)dx' ^ 2c m J © [x', x, n) dx', 
where o,„ is the value of {x') at x' = 4 (c„ + b m ), and tn has only a finite 
set of values. 
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It follows from condition (2) of Theorem I that j <f, (x‘) il» {®', x, «) dx' 
converges to zero, as n ~ » , uniformly for all points x in G . From con- 
dition (2*) it follows that j $ (x') ® {X 1 , x, n) dx' is bounded for all values 
of x, and n converges to zero for each value of x. 

Again J {/(x') -<f> (*')}<& (*',*, n) dx' < k,j [ $ (x\ x, m) | dx' < !c L K 
for all values of x and n. Therefore 

| Jim J / (x r ) <h (x‘, x , tt) dx' j ^ k)K. 

Since k and fe, are arbitirarily small, we see that if condition (2) is 
assumed to hold J /(*') <I> (*', x, n) dx' converges to zero ns n ~ oo , 
uniformly for all values of x in G; 

If condition (2*) holds, the convergence for each value of * is established 
os above, and it is seen that the convergence is bounded. 

285. In case / (x') is of bounded variation in (a, b), the condition (1) 
of Theorem I may be replaced by the following : 

(Id) j | <X> (*', x, n) dx ' j does not exceed a finite number M, independent 
of a, p, n, and x ( in G); where (a, P) is in (a, b). 

, The condition (2) or (2*) will be unohnnged. 

Since every function of bounded variation is the difference of two 
monotone functions, it is dearly sufficient to consider tho, case in which 
/(*') is monotone in (o, 6). 

It has been shewn in i, § 249, that / (x") =■= <f> (*’) + e (x r ), where <{, (x') 
is continuous and monotone, and s (x') is the limit of a sequence s r (*'), 
such that the total variation of s (x') — a, (x') in (a, 6) diminishes in- 
definitely as r increases. Moreover s, (*') is constant in each interval of 
a finite set into which (o, b) is divided ; also s (a) = g, (a) = 0 . 

Employing the theorem given in I, § 424, we see that 

| Jjs (*') - s T {*')} <t> (x', x, n) dx' | < MV „* {s (»') - s, (x‘)}. 

Also lira j <s, (x‘) <1> (x',x, n)dx* = 0, the convergence being uniform 
with respect to w ; since the expression is the finite sum of multiples of the 
integral of *3> (x', ®, n) taken through intervals contained in (a, 5). 

It follows that J s (x*) (*’,•», n) dx' converges uniformly to zero, as 

~ oo . We have accordingly to prove the theorem for the continuous 
monotone function <f> (s'). 
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F irst, if <f> (s') is an indefinite integral j x (*') dx' + A, wo need only 
consider j x (*') dx'- By integration by parts we have 
j <f> (s') 4> (s', x, n) dx' — j X ( x ) dxf . j 1’ (s', x, n) dx' 

-/%(*')[/'«> 

The first terra on the right-hand side converges to zero, as n ~ a> , uniformly 
for all the values of s, in case condition (2) holds; and it converges 
boundedly if condition (2*) holds. 

Moreover j y (s') J «I> (f, *, n) d£ J is less than the summable funotion 
jUy(s') and it converges to zero, as n~w, hence, by the theorem ot 
§ 203, relating to integrablc sequences which involve a parameter, wo have 

Hm j\ (x-) (f, x , ») df] a - 0, 

the convergence being uniform for all values of x in G. 

If p (x‘) is not an indefinite integral, a new variable t can be so chosen 
that x' — p (<), f ■= f lx") — p{p («)), and the function p ({) is raonotono 
non-diminishing; thus p {p (<)} is monotone and non-diminislung ns I 
increases. The variable t denotes the length of the arc of the curve 
y' =P (a'), so that p‘ (t) £ 1. We have then 

jj (*') <t <*", ») <» -// V (<)} ® (* (').*, ») f w i «. 

where 1 = 0, when x‘ « a; and 1 = 1, when x' — b. 

Denoting p {p (<)} by p x (t), and O (p (t), *, n) p' (t) by <l>, [l, x, «), wo 
have to consider the integral j ^>, (t) <[», {£, a:, n) tU. 

On account of the equality J $ (*’, x, n) dx' = j <I>, (t, x, n) dt, where 
a', ft’ are the values of l which correspond to a and ft respectively, we see 
that j j <!>, (f, x, n) dt | < M ; moreover <!•, ({, x, n) satisfies the condition 
(2), or (2*), of Theorem I. Also p 1 (<) is an indefinite integral ; for Its total 
variation in a set of points £, of measure < e, is given by 

2 1 A^,«)| = S| &p (x') | = SI Ay' [ S S (At) < e. 

It follows from what has already been proved that 
j pi{t) ( b l (t,x,n)dx' 
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converges to zero as n ~ » , uniformly for all values of s in G; and there- 
fore the same statement holds for j <f> (s’) <f> {£, x, n ) dx'. The sufficiency of 
tlio conditions {1 d), (2) has now been established, 

•mu GENERAL CONVERGENCE THEOREM IN THE CASE OF NON-SUMMABLE 
FUNCTIONS 

286, Theorem I can be extended to the case in which / (a:') is no longer 
gumiuable in the linear interval (a, b), but has an /fX-integral in that 
interval, provided <1* (s', x, n) satisfies the additional condition that its 
total variation (*',*, n) in the interval (a, 6), of x', is less than some 
positive number A, independent of x and n. 

If /i (s') *»/ (s') at all points of (a, b) except those of a finite set A of 
intervals which enclose the points of non-summability, and if/* (s') « 0, 
in the intervals of the sot A, wo have 

J /(s') <b (s', x,n) dx' j {/(s') —/a (s')} <i> (s', x, n) dx' 

+ J /a (s') 'h (s’, x, n)dx'. 

The limit, as n ~cc, of the second integral on the right-hand ride is zoro, 
since /a (s') is smnmable, provided <1» (s', s, ») satisfies the conditions of 
Theorem I, the convergence being uniform, or bounded, according as 
condition (2) or condition (2*) is assumed to hold. 

The first integral is, in accordance with the theorem of i, § 424, equal to 
<b (a, s, rt)p{f(x > ) - /a (s')} dx' + VJ> C> (s', z, n) M, 
whore M is the upper boundary of j [* {/ (s') - /a (s')} dx' | for all intervals 
(a', A') contained in (a, 6). In accordance with i, § 463, this is numerically 
less than Ke + At, where A can be so chosen that t is arbitrarily Bmall. 

Thus we have 

l iro j f (s') d> (s', x, n) dx' <{K +^4)c. 

The following theorem has now been established. 

// 4 (s’, x, n) satisfies the conditions of Theorem I, either with (2) or (2*), 
and also the additional condition that F 0 6 ®(s',s,n), ike variation of 
® (s', x, a) in the finite interval (a, b), of s', is less than some fixed positive 
number, independent of x and n, then lim J J (s') (s', s, n) dx' converges 

to zero, os n ~ oo , uniformly, or boundedly, as the case may be, for all points 
x, in G ; where f (s') is any function which has an HL-inlegral in the linear 
interval ( a , 6). 
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In accordance with I, § 453, if b' be any number in the interval (a, b), 
I {/(*') — /a (a?)) dx' Is numerically less than r, for all values of b' in 
(a, b). It is now easily seen that j f ( x‘ ) <& (V, x, ?i) dx' converges to zero 
as » ~ oo , uniformly for all values of V in the interval (a, b). 

In order to extend the theorem to the case of an infinite interval (a, m ), 
it is necessary to introduce the restriction that fl> IV, x,n) is, for each pair 
of values of x and n, a monotone function of x in the interval (a, co ). The 
condition (1) being assumed to hold in (a, co ), <J> (V, x, n) is also bounded 
in the interval (a, oo ). We have then 

J J (»') C* (as', ar, n) dx' =» 4> (a, x, n)jf (V) dx' + <I> («', x, n)j f(x") dx'. 

If j f(x')dx' exists as IiroJ / (V) dx', a may be so chosen that 

j J* / (s') rf*' | < ij for all values of /J > a. We then have 

| !j <^ dx '\ <r t’ \jj & ) dx ' J < 2 V< 

and if the condition (1) holds in the whole interval (a, » ) we have, for all 
values of a', 

| <I> (a, x, n) | < K, | <I> (a', x,n) j <K; 
and thus J j f (*'} <t> (V, x,n)dxt^< 3K q 

for all values of a' > a, provided a is sufficiently large, and thus 
j /(*')<!> (V, x,n)dx' 

exists, and is numerically S ‘SKq. Since the theorem is applicable to the 
integral j f (*') fl> (V, x, n) dx', we Ree that it is also applicable to 
J f (*') <1> (V, x, n) dx'. 

The following theorem has now been established: 

Iff(x') has an HL-intcgral in (a, co ), and <I> (x', x, n) is monotone, jot 
each jxiir of valves of x and n in the interval (o, co ) of V, and satisfies in 
that interval the conditions (1), and (2) or (2*) of Theorem 1, then 

j /(V) <J> (V, x, «) dx' 

converges, uniformly or boundedly, as the case may be, for all valves of 
x {in G ) to zero, as n ~ oo . 
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It will be observed that, in this case, the condition (i), that 
| O (*', x , ») | < A, 

for all values of x, n and x' in (a, «> ) , includes the condition that F” <b (x 1 , x, n) 
is less than a positive number independent of x and n. 

287. Let it be assumed that / (a;') has a D-integra! in the interval {a, b). 
Denoting J f (») dx by F (*), which is continuous in (a, 6), we have, if it 
be assumed that <1> (x\ x, n) is, for each value of x and n, of bounded 
variation in (a, 6) and has a Unite differential coefficient 
at every point of (a, b), 

J"f (x‘) <P {x\ x, n) dx' ~ F (b) <P (6, x, n) - j V (*') — dx', 
sinoc, in accordance with i, § 474, integration by parts is applicable. Let 
it now be assumed that satisfies the condition (1), of Theorem I, 

that I — I < K, for all the values of x aud n, or more generally 
that it satisfies the condition (1 c ) of § 284, that J [ — ~ [ dx' < Ii 

for all the values of x and n. Since 

f 3tl> %’ X ’ ^ ** " ° ( P‘ x > - * < g - *• ”)> 

the condition (2) of Theorem I will be satisfied by — ’ ^, a! ’ if, for each 
point x' of (a, 6), <D (s', w, n) converges uniformly to zero, as w for , 
all values of x in G. If both these conditions are satisfied, 

converges to zero, as n ~ oo, uniformly for all value3 of s in G. 

Since 1> (6, x, n) converges to zero, as n ~ w, uniformly for all values 
of x in G, it is now seen that J f (x') <!> (s', x, n) dx' has the same property. 
The following theorem has accordingly been established : 

Let f (*') have a D-iniegral in the finite inter ml (a, b). Lei <I> («', x, n) 
be for each •pair of values of x and. n, where x is any point of the set G, of 
bounded variation in (a, b), and have at each point a differential coefficient 
W zither of the conditions 
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is satisfied, where K is independent of x and n, and if <J> (x', x, n) converges 
to zero, as n~ to .for each, value of x' in (a, b), uniformly for all points x of G, 
then lim j f (*') 4> (x r , x, n) dx' =» 0, the convergence being uniform for all 
valves of x, in G. 


necessity or tee conditions of the general convergence 
THEOREM 

288. It Las Leon shown that the conditions (1), (2), to be satisfied by 
the function <I> (x‘, x, n ), ore sufficient in order that Theorem I may Hold 
good for every summable function / (xf). It will now be shewn that these 
conditions (1) and (2) are necessary in order that the convergence may take 
place for every function f [x') that is summable in (a, b). Jt will in fact 
be shewn that: 

Unless the conditions (1 ), (2) of Theorem J arc both satisfied, a function 
f (*') eummabla in the interval (a, b) exists, such that the corresponding 
integral does not converge to zero, asn ~ <o , uniformly for all points x, in G. 

The particular case of this theorem which arises when the parameter 
* is confined to have a single value, and therefore disappears, was given* 
by Lebesgue. 

In order to shew that the condition (2) is necessary, let / (x') bo defined 
to have the value I in the interval (a, /?), and the value 0 at all other 
points of (a, 6). Unless J <D (x\ x, n) dx' converges to 0, as n ~ *> , 
uniformly for all points x, of G, this function / (*’) is such as is required, 
This -will be the case whatever be the interval (a, (6) ; hence the condition (2) 
is necessary. 

For each pair of values of x and n, | <J> (x‘, x, n) | must be equivalent 
to a function which has a finite upper boundary in (a, b), U (x, n), which 
is finite; for otherwise a Hummable function / ( x' ) could be so determined 
that / (x') 0 (x\ x, n) is not summable (sec i, §397). For a particular 
pair of values of x and n, there exists a set E> , of points of x', of measure 
> 0, for which 

| (*', *, m) | > U ( x , n ) — A, 

where A is a positive number, provided the smallest possible value of 
U lx, n) has been taken. 

For each pair of values of x and n, the function *h (x\ x, n) may be 
replaced, in this manner, by an equivalent function. There is accordingly 
no loss of generality in assuming that <t> (*', x, ») is such that, for each 


r it Toulotiu (3), voL I (1903), p. 63. 
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positive value of A, and for each pair of values of x and n, the set of points 
x', at which 

| O [x\ x,n)\> U (x, n) — A 

has a measure greater than zero, and such that at no point is 
| fa, x , ») j > V (z, n). 

In order that the integral may converge for each value of x, in G, for 
such a value of x, V [x , «) must have a finite upper boundary u (*), as 
n~t>. If this fa not the case for a particular value of x, there must be 
a sequence of increasing values of », Bay n,, v t , « 3 , . . . such that 17 (x, Kj), 
V {x, n,), V (*, « a ), ... forms a divergent sequence of numbers; and for 
each value of p there is a set of points x' of moasure > 0, for which 
| <J> (s', *,*„)[> V (x,n,)-e. 

It will be shown that it Is then possible to construct a function / ( x '), 
suoh that the integral diverges as n ~ » , for the particular Value of x. 

If u {*) is finite for each value of x, it may happen that u [x) has no 
finite upper boundary for all values of x in G, and then the condition (1) 
is not satisfied. If this is the case there must ho a sequence x„ *j, z,, ... 
of values of x, such that the sequence w fa), « (zj), n fa), ... is divergent. 
There then exists a sequence » 3 , « 2 , ... of increasing values of it, such that 
the sequence XJ fa, it-,), ZJ fa, nj, U fa, x,), ... diverges. It then follows 
that there exists a sequence 7^, kj, t,, ... of increasing numbers, such that 
the sets of points x‘ at which ) <I> fa, z,, «,) | > k v have a measure > 0, for 
all values of p. It will ho shewn in this case that / (z') can bo so constructed 
that the integral does not converge to zero, uniformly for all the values of x. 
In case z„ is independent of p, we get back to the case first considered for 
which there is divergence of U (x, n) for one particular value of x, for a 
sequence of values of n; and this case is accordingly included in the case 
in which the z„ are not all identical. 

Wo therefore assume that, for a sequence of pairs of values z„, n p of 
x and p, | <D fa, x „ , n r ) j > k B , in a set E„ , of points x , such that m (E„) > 0 ; 
where {fc„} is a sequence of increasing numbers without upper limit. 

The set E,, must have a part F„, of measure greater than zero, so that 
for all points of F P , T fa, x P , n p ) is of the same sign and is numerically 
> and this is the case for each value of p. Suppose that, for an infinite 
set of values of p, fl> (*', x p ,n p ) is positive, and jn (F p ) > 0. There is no loss 
of generality in this assumption, because if the sign were negative, it would 
become positive by changing the sign of 4* fa, n, x) throughout. 

We may suppose all those values of p and k r removed, for which p does 
not belong to this infinite set of values of p. It may therefore be assumed 
that <f> (*', x„ , 7i p ) > fc„, in F„, and m (F p ) > 0, for till values of p. 
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The sets {F,} may be replaced by sets {c,} , such that e„ is a part of _F„, 
m (c p ) > 0, no two of the sets e p have a point in common, and. 

m (e„) > m (Cp +1 ), 

for all values of p. To sec this, wc observe that the sets Jf" jt F it ... may bo 
so diminished, without making any of their measures zero, that 
m (JP,) > 2 m {31 {F«, F t , ...)}• 

We then obtain e, by removing from F r the points whiob it has jn common 
with M {Ft, F 3 , ...); then m (c,) > m {if ( F t , F,, 

Next, by diminishing F 3 , F 4t ... we may make 


we obtain Cj, by removing from F t all the points that it has in common with 
M{F a ,F t ,...)-, thus m(e I )>m(e 3 )>m{M [F a , F <, Proceeding in 
this manner we obtain the sets e,, c-, ej, .... no two of which have a point 
in common, all of which have measures > 0, and such that 
m(e l )>m{et)>m{e 3 ) .... 

In e„ , we have <1> (*', x„ , n„) > k t . 

Let p, be a value of p, and consider /i ri I ih (*', x„, n p ) dx', where fi„ 

is a constant suoh that fi Pl m (e„) — J. If the integral docs not converge 
to zero, as p ~ , the function f (*') defined by / (*') — ft n , in c n , und = 0, 

elsewhere, is a function such as is required. If it does converge to zero, 
we have I p PI I fl) (»', x T ,n v )dx'\< 1, provided p £ p [,) . 

[ •'('’».) 1 

Let l„ denote the lower boundory of d> (a:', x v , n t ) in e r , and let U r be 
the uppor boundary of | «I> {*', n„) | in (a, b); then both l p and U f in- 

crease indefinitely with p. 

There exists a smallest integer p, S p (l) , such that > 2 ?U t ,\ lot 
be such that /i n m (e ft ) = - 

lf ll * !(> ® (x ’’ X ” ’ n#) '**' + 1 1 * L )° Z ” 1 ” p) dx ' 

does not converge to zero, as p — <» , the function defined as having the 
value /i PI , in e„, ; p tl , in e^; and elsewhere zero, is a function such as is 
required. If it does converge to zero, its absolute value is < I, provided 
p is not less than some number p ,J| ; there exists a smallest integer p 3 (S p m ) 
such that l„ > % , U n \ let (e„) = . 

Proceeding in this manner, we may bo able, after a finite number of 
steps, to define a function / (**) having the values p tl , ••• /V * n 
sets e„,, e*,, ... e Pr , respectively, and elsewhere equal to zero, which will 
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be a function such as is required. When this is not the case for any finite 
value of r, let / (a/) have the value in e^,, for every value of m. This 
function / (x‘) is summable, for its integral in (a, b) is 

2^, m (e„) = , 

and this latter series is convergent. Also, we have 

JV {*') ® (*'» «»,) da! = ft Ha * (V, x ^ , n„J dx' 

+ £ ft„( ^{z’.x^.njjda! + X p , r f {x',x,, m ,n rm ) dx'. 

r-I J(«„) r-ntl Jff,,) 

.. The first term on the right-hand side is g Z rjn m (c,„), which is 


The second term is > — 1, and the third term is greater than 

- P»» r _| +l /v TO M> 

or than - > ~J£ £ > - i. 

It follows that J /(a’) 4> (s', n^) dx' > J; and since this holds for an 

infinite set of values of m, the integral j f ( x ') 4> (as', x, n)dx' cannot con- 
verge to zero uniformly for all values of x in Q. Hence the condition (1) of 
Theorem I has been shewn to be necessary, in order that the uniform 
convergence may take place for overy summable function / (»'). 

289. It can be shewn that the conditions given in §§ 282-286 are 
necessary in each case, in order that tho uniform convergence shall hold 
good for every function / (s') of tho particular type. The proof will here 
be given that the conditions (1 c), (2) are necessary in the case iu which 
/ (s') is restricted to have only ordinary discontinuities. 


It is clear that the condition (2) is necessary, for we may take/ (s') = 1, 
in the interval (a, /3), and equal to zero outside that interval. If the con- 
dition (1 c) is not satisfied, it will bo possible to determine a sequence 
(«i, »j), {.v,, rc 2 ), ... (*„, n „) ... of pairs of values of x and w, such that 
J | <1> (s', x v , n f ) | dx' increases indefinitely as p and n P do so. Let us 
assume that this integral exceeds L t , where L 1 ,L i , ... is a divergent 
sequence of increasing numbers. It may happen that, for all values erf p, 
the values of x r lire identical; but this case will -be included in the gonoral 
case. It will be shewn that a continuous function / (a') can be defined for 
which the uniform convergence does not hold. 
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Wo have j | <!> (s', % , »h) I ^ x ' > L, ; let xi (*') — 1 , or — 1 , according as 
<i> (x',x l , «,) is 6 0, or negative. Thus (a;') = 1, in a sot I?,, and Xi (s') = — 1, 
in the act G {EJ. The eet E, can be enclosed in the intervals of a 
non-overlapping sot, of measure < nt (E,) + e; and a finite set of these 
intervals of total measure > m (£?J can be chosen. Let g l (s') = 1 in the 
intervals of this finite set, and let g t (s') = — 1 in the rest of the interval 
(a, b), except that g t (a) «* g i (b) — 0. 

The functions (*')» 0\ (*') differ from one another only at points of 
a sot of which the measure is < «. The function g, { s' ) is the limit of a 
sequence of continuous functions (s')}, all numerically < 1. Moreover 
we can take all tfie functions A* (s') so that they have the value zero at 
a and at b, since g 1 (s') has this property. Since the functions (s') arc 
all bounded, we have 

lira J ki ' 1 (s') <t> (s', s, , «j) dx’ = J g, (s') <l> (s', s t , n,) dx'. 

By a proper choice of e, me can ensure that 

J * ffi (»') 4> (**. *D «i) ds' > Wt 
and by choosing a sufficiently large value of t, say t, , we have 
rb /, v 

I Ai (s') 4> (s', s lt n,) dx' > L t . 

rb j , » 

If [ hi (s')4>(s', x„,n r )dx' docs not converge to zero, as p~<x, wo 
have obtained a continuous function hi (s') winch vanishes for s' « a, 
s' o, and is such that I hi (s') d* (s', s, n) ds'docs not converge to zero, 
as n ~ « , uniformly for all the values of s, in <3. If it does convcrgo to zero, 
then, for all sufficiently large values of p, it. is numerically < 1. Take p. 
such a value of p that L n > 2 2 L, ; and let kg'* (s') bo tlie function corre- 
sponding to /ti“ (s'), wliorc 

J a I * (*'- x v,.*- n ) \ dx 1 > L„,. 




does not converge to z 


, then the function h + • V/' 


is a function such as is required. If it does converge to zero, it is numerically 
< 1, provided p is sufficiently large; let p 3 (> Pi) be 6U*ch ft value that 
j J <J> (s', s Bj , jj^) J dx' > L n , and also such that L Tl > 2 3 L ri . Let hs (x ) 


be the function corresponding to ki" 1 (s') and 
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H "’M+ 

does not converge to zee 


p ~ » , the continuous function 

iVLtSV) 


2L„ 




is (i function Buch as is required. Proceeding in this mannen, and assuming 
that L„ > 2 r Z- w _, , we may, after a finite number of steps, obtain afunetion 
such as is required. But if not, we have a function 

+ + «V u... 

defined by a uniformly convergent scries of continuous functions; thus 
the function / (s') is continuous, and / (n) ^ / (6) = 0. 

Moreover 

//<*') * <*'. *rr» «,,) / V’ (*') » (*',*»,«*)*>' 

+* j £ i ^ nr ' } ^ 

+ .-H X 2»£~ [**'*(*)*(*'•*»>*»)**'• 

The first term on the right-band side is > gT-yj— , or> 2. The second 
term is > — 1, and the third term is greater than - L p , 2 g^rfjr, — or 
> — J. It follows that [ / (s') ‘I* (s', s,, f , 7i„.) <te' > J, for every value of r, 
and thus that/ (s') is a continuous function such as is required, for which - 
J / (*') ® (*', s, n ) <fs' does not converge to zero, uniformly for all points 


aiNODIfAR INTEGRALS 


290. The following theorem may bo deduced from Theorem I. 

Theorem H. Lei F (s', s, n) be defined for each point x in a eel G, con- 
tained in (a, b), and for each value of n in an integral, or non-integral sequence 
of increasing numbers without upper limit, and for all values of s' in the 
interval (a, b). Lei ft denote a positive number (< b — a), and let F (s', x, n) 
satisfy the following conditions: 

(1) For each pair of values of x and n, and for all the points s' in (a, li) 
such that | s' — 1 1 S ft, the function F (s', s, n) is equivalent to a function 
that does not exceed in absolute value a positive number K y , independent of 
the values of s and n. 
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(2) If a, be any Itco numbers such that a & a A ft S b, J*F (x‘, z, n) dx’ 
exists as an L-integral, for all valve s of n, and for all those values of x which 
belong to 0 and are not interior to the internal (a — y., (3 -f /t); and as n is 
indefinitely increased, it converges lo zero, uniformly for all such values of x. 

Then j /(*') F (s', x, n)dx\ j fix') F (x\ x, n)dx‘ converge to zero, 
as 7i ~ <x> , uniformly for all values of x, in G ; for any function f ( x ') that it 
summable in (a, 6). 

To prove the theorem, let the function <I> (x\ x, n) of Theorem I bo 
defined to have the values of F (x', x, n), for each pair of values of x and n, 
and for all values of x' in the interval ( a,x — f)-, let fl> (ar' ( x, n) « 0 
when x’ is not in the interval [a,x - y.). Thus if> (x',x,n) satisfies (he 
conditions (1) and (2) of Theorem I. 

Also J <t» (x\ x, «) dx' ~ J F {x\ x, n) dx' \ it thus follows that the 
convergence of j* F (*', x, n) dx' to zero, as a ~ m , uniformly for all the 
points x of G, is established. The second part of the theorem is proved in 
a precisely similar manner. If the conditions of the theorem hold good 
when y, = 0, it is then identical with Theorem I. In accordance with 
Theorem II, the question of the nature of lim j f (x‘) F (z\ x,n)dx is 
made to depend upon that of lim J X+P f(x') F (x', x, n) dx ' ; the integral 
over the neighbourhood [x — /x, x + y.) of x. Jn this matter the character 
of the summable function / {%') outside this neighbourhood of iris irrelevant. 

An integral J f (x‘) F (x‘, x, ») dx', for which the conditions of Theorem 
II arc not satisfied when p — 0, may be termed a singular integral. It will 
be seen that, in the theory of Fourier’s series, and of other modes of repre- 
sentation of functions by means of series or integrals, the theory of singular 
integrals is of fundamental importance. 

In the case of an integral f / (x') F (x\ x, n) dx’, where x is confined 
to belong to a set of points G, contained in the finite interval (a t , hj), 
we may take an interval (a, b) which contains (a t , b,) in its interior, and 
consider separately the three integrals taken over the intervals (— «, a), 
(a, b). (6, co ). Theorem II can be applied to the integral over (a, b), and in 
case the integrals 

f fix') Fix', x, n) dx', [" fix') F(x', x,n)dx’ 
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converge to zero, as n ~ro, uniformly for all values of x, the theorem 
can be extended to ^ f (x') F (*', x, n) dx'. Sufficient conditions that 
these two integrals may 60 converge are obtained by employing the 
theorems of § 281. 

291. It is easily seen that Theorem II can be extended to the case of 
a function of two or more variables. For simplicity, the following theorem 
will be stated for a function of three variables only. 

Let /(a s’, if , z‘) be summablc in a given rectangular parallelepiped A, and 
let F (*', y‘, z', x, y, z , ») be defined for dll points (x r , y',z‘)in A, and all points 
(x, y, z) in a given set 0, contained in A; and for all values of n in some in- 
creasing sequence of numbers with no tipper boundary. Let the function F 
satisfy the conditions (1 ),for each set of values of x, y, z, n, and for all points 
(x\ y', z’) such that (*' — x) 8 -f {y' — y) 2 4- (a' — z) a £ y 2 , the function 
F (*', y’, z’, x, y, z, n) is equivalent to a function that does not exceed tit 
absolute value some positive number K r , independent of n, and of (*', if, z'), 
(x, y, z); and (2), in every cell A, contained in A, and for aU points (x, y, z), 
of O, which are at a distance £ y from every point of A 1 , 

j-^F (x', y\ z\ x, y, z, n ) d (z‘, f, z') 

exists as an L-integral, and converges to zero, as n ~ « , unifortnly for all 
values of (x, y, z). Then 

f f ( x '< V'< *0 F (*'. ft z '* *■) d ( z '» y‘> ®') 

J (4— S) 

converges to zero, as n ~co, uniformly for all values of x, inO; S denotes, for 
each point (x, y, z), the set of points (x', f , z') at which 

(s' - x)* + (y' — y) 2 + (z' - z)* < yK 

In order to prove the theorem, let <l> [x , y', z*, x, y, z, it) have the value 
F (x‘, y' , z', x, y, z, n) whenever (x' — x) 1 + (y' — y)* -I- (z‘ — z) s £ y", and 
when this is not the case, let O (x', jf, t! , x, y, z, it) have the value zero. 
We have then only to apply Theorem I to the function 
<I> (*', jf, z', x, y, z, n). 

Another case of Theorem II which is of importance in the theory of 
double and multiple Fourier’s series may be given for the two-dimensional 
oase, and can bo immediately extended to the ease of any number of 
dimensions. 

If (x, y) be a point in the reotangle A, a point (x', y'), of A, for which 
one at least of the numbers | x' — x \ , j y' — y | is S. y, is said to be in the 
cross-neighbourhood {y) of the point (x, y) ; that cross-neighbourhood con- 
sisting of the totality of all such points (x', y'). 
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The theorem maj- be stated as follows: 

If (F x\ y\ x, y, n) be defined for each point ( x , y) in a set G, contained 
in the cell A, and for each value of n in scnne increasing divergent sequence, 
and for all valves of ( x y') in A; and if F ( x' , if, x, y, n) satisfy the following 
conditions : 

(1) For each set of values of (x, y, n), and for all points x' not in the 
cross-neighbourhood O'.), of (*, y), the function F (x‘ , y', x, y, n) is equivalent 
to a function that does not ■ exceed in absolute value a positive number A',, 
independent of {x, y) and n. 

(2) If A x be any cell contained- in A, j F ( x ' , if, x, y, n) d (*', y') 
exists as an L-intcgral, for all values of n, arid Jor all those valve's of (x, y) 
which belong to G, and are such that A, has no point which belongs to the cross- 
neighbourhood (p) of (x, y), and it converges to zero, uniformly for all such 
points (*, y). 

Then ( ^ ^ J (*') F (*', y', x, y, n) d (x\ y') converges to zero, uniformly 
for all points [x, y) in G, for any function f ( x’ , y') summable in A; where 

(x, ij) denotes the cross-neighbourhood O'), of (x, y). 

The importance of the theorem arises from the fact that, when it holds 
for every value of /' (> 0), however small, the limit, asn-ro, of 

L/ ( ‘ X '’ ^ F y ’’ *' V ’ ^ d ***' y ) 

depends only upon that of 

I / (*'. ’/) F (*'. V', x, y, n) d (x', y’) 
taken over the arbitrarily smail cross-neighbourhood O') of the point (x, y). 

In order to reduce this theorem to Theorem I, we have only to define 
<!> (*’, y', x, y, n) as having the value zero in the cross-neighbourhood (/i) 
of (x, y). and as having the value F (x\ y', x,y,n) outside that. cross- 
neighbourhood. 


THE CONVEBGEN'CE OF SnTGTTT.AB IKTEGIiALS 
292. The most important of the applications of Theorems I and H lo 
the theory of series and integrals arise in the case in which the function 
F (x‘, x, n ), of Theorem II, has the form F (x’ — x, n). It will be assumed 
that this function satisfies the conditions (1) and (2) of Theorem 1 1, for 
nil positive values of p. The question of the character of 

lim j f (x’) F (x’ — x, n) dx 
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then reduces to the investigation of the limit of 

j~7 (x r ) F (x' - x, n) dx', 

or of j f (x + t) F (f, «) dX\ where x‘ = x + t. 

It thus appears that the character of the limit of the interval at a point x 
depends only on the properties of the function / (x"j in the neighbourhood 
of the point x. 

Let it be assumed that the function F (l, n) satisfies the two conditions, 

(a) lim J 1 " F (f, it) dt = 1, 

wiiere A is a positive number independent of n and ft. 

We have 

I* J (x + t)F (t, n) dt - /(x) j * F ( t , n ) di 

+ jjf (* + !)- f n) it. 

Let it bo first assumed that the function / ( x ) is continuous at the point x, 
then ft can be so ohosen that \f(x + t)—f(x)\ <ti), for all values of l in 
the interval (— ft, ft), where -q is a prescribed positive number. 

It then follows that 

J hm j“ f (x + l) F (t, n) dt - / (x) | < ij4 ; 

and since jj can be taken to he arbitrarily small, by proper choice of ft, we 
have 

lim j f(x') F (x' — *,») dx' =/(*). 

If the set 0 consists of all the points of an interval («, p) in which / (x') 
is continuous, the continuity at a and /? being on both sides, ft may 
be so determined that the condition [ / (x + 1) — / (x) | < ij is satisfied 
for all the points x of the interval (a, P). In that case the convergence 
of the integral to the value / (x) is uniform in the interval [a, p). 

The following theorem has been now established: 

If the function F (x' — x, n) satisfies the conditions (1) and (2) of Theorem 
II, and satisfies the conditions 

{«) lim J F (t,n) dt — 1, 

(b) \F(t,n)\dl£A, 
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where A is indepen dent of p and n,for all sujjicien (hj small values of p (> 0) , then 
j f {*') F (*' — x, n ) dx' converges, as n ~ <x> , to the mine f (x) at a jmnt x 
at which f {*') is continuous; and it converges uniformly tof (x) in any interval 
{a, /}) in which / (*') is continuous, the continuity at a and ft being on both 
sides. The function f (x‘) is any function that is summable in (a, b). 

In case/ (»') ia a. function of ono of the types considered in §§ 282-285 Dio 
conditions (1 a), (1 h), (1 c)and (1 d) maybe substituted for iho condition (1), 
It should bo observed that, in case F (t, n) is never negative, the condition 
(6) is contained in the condition (a), since, if necessary, a finito set of values 
of n may he disregarded. 

293. In the ease in which p can he so chosen that the function/ (*’) 
is of bounded variation in tho interval (x — p, x + p), it is sufficient, instead 
of the condition (b), to assume that the condition 

(6') j ( l , n) dx j S A 

is satisfied, for every interval (A, , X t ) contained in (— p, p). For in that 
caso, in accordance with the theorem of i, § 424, 

!/' tf <* + <)--/(«» -F <!,*><» | 

cannot exceed A multiplied by the total variation of / (s + f) in tho interval 
(- p, p) of t. This is seen by dividing tho interval of integration into the 
two parts (0, p) and (—p, 0). In any interval in which / (s') is continuous 
and of bounded variation, it is expressible as the difference P (*') - N (*') 
of two continuous monotone functions. In the interval (- p, p) of /, the 
total variation of f(x+t) cannot exceed the sum of tho variations ol 
P (* + t) and N (a: -f- 1), which >r 

| P ( x -|- p)~P[x- p) | -I- 1 N (x -l- p) - N (a: - p) (. 

For a point x of the interval, these arc both arbitrarily small, by proper 
choice of p. Moreover, if a be confined to an interval interior to tho interval 
in which / (x') is continuous and of hounded variation, p can he so chosen 
that | P [x -j- p) — P (x — p) j , | N (* + p) — N (a: — /i) | are both lew 
than an arbitrarily prescribed number, the same for all tho values of x, 
It then follows, as before, that the integral converges to / (®), at a point 
in the neighbourhood of which/ (*') is of bounded variation, and uniformly 
in a whole interval interior to another interval in which/ (»') is of bounded 
variation and continuous. 

The following theorem has been established : 

If the function F {x’ — x, n) satisfies the conditions (1) and (2) of 
Theorem II , or one of the conditions (1 a), (1 b), (1 c), (1 d) instead of (1), 
in case f (.t') belongs to one of the corresponding classes of functions, and if 
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further F (x' — x, n) satisfies the conditions (a) and ( b '), then at a point x 
in a neighbourhood of which f ( x ' ) is continuous and of bounded, variation, 
[ / (*’) F (*' — x, re) dx' converges to f (x), as n ~ =» . Also for an interval 
which is interior to an interval in which f (a:') is continuous and of bounded 
variation, the convergence of the integral- to the limit f (x) is uniform in the 
interval. 

294. Let us now consider the convergence of the integral at a point x 
at which the function/ (a:') has an ordinary discontinuity, so that/ (x -j- 0) 
and / (a — 0) have definite values. 

The following theorem will be established : 

If the condition (a) of the theorem of § 292 be replaced by the conditions (o') 
lim j* F (t , «) dt = lim j F (l, re) dt =• 4, 

the condition (fi) remaining unaltered, then at any point x of ordinary dis- 
continuity of the function f (*'), 

lim F (af - X, n) dx' <= i [f [x + 0) + / (z - 0)}. 

We have 

f{x + l)F(l,n)dl 

- J* {/ (x + t) -f ( x + 0)} F [t, re) dt A- fix + 0) F (t, re) dt 

+ J° {/(* -I- 0 ~f(* ~ 0)) r V, n)dl+f[x~ 0) f F { t , re) dt. 

It can bo assumed that p is taken so small that 

l/(* + <)-/<* + 0)1, !/(* + #)-/(*_ 0)1, 

for t in (0, p) and in (— p, 0), are both less than jj. 

It follows that 

| lire J* /(i + t)i’(t,n)<ft-i{/(*+0)+/(a : -0)}j 
<vf* \F (l,n)l<%<A v . 

Since ij is arbitrarily small, we have 

lim J* / (x’) F [x' — x, re) dt' = l [f [x + 0) +/(*- 0)). 

In case the point a; is a point in a neighbourhood of which / (a:') has 
bounded variation, the condition (6) of the theorem may be replaced by 
the condition (6')> that J j" F (l, n) dt j £ A for every interval (A t ,A,) 
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contained in (— ft, /t), and for all values of n. The proof is precisely similar 
to that in §293. Thus: 

1 f the conditions (a'), (6') are satisfied by F (t, n), then at any jioint x, 
in a neighbourhood, of which f (*') is of bounded variation, 

lim J f(x‘) F (*' - x, n) dx’ = £ {/ (« + 0 ) + / (x - 0}). 

295. It has been shewn in § 294 that-, subject to the conditions of 
Theorem II, and the conditions (a), [b) of § 292, the singular integral con- 
verges to J {/ (* -I- 0) H-/(x — 0)} at any point of continuity or of ordinary 
discontinuity. If we assume that the value of / (a:) at any point of 
ordinary discontinuity is taken to bo A {f(x + 0) + / (x — 0)}, the integral 
then converges at such a point to the value / (*). It can, however, he 
Bhown that, provided F (t, n) satisfies certain conditions, the convergence 
of the integral to / (a:) holds good at all points of a set wliicli includes 
points at which / (x) has a discontinuity of the second kind. 

It will be assumed that F (f, n) is an even function of l, and that it 
possesses a continuous partial differential coefficient F y (t, n), with respect 
to t, for each value of n. It will further bo assumed that F [l, n) convorgos 
to zero, as m ~ <w , for each value of t that is f- 0. 

We have 

j“ f (x + t)F (t, n)dt — j <f> (0 F (t, n)dl + 2/ (x) J“ F (t, n) dt, 

where <f> (t) denotes f (x 1) + f (x — l) - 2/ (x). The second term on the 
right-hand side converges to/ (x), os n ~ <*> , in accordance with the con- 
dition (a) of § 292. 

There then remains for consideration the integral J r/> (<) F (t, n)dt, 

which may be expressed as F (ft, n) — j (i) F t (t, n) dt, where 

J o 

if>, (l) denotes J <f> (/) dt; since F (0, n) is finite, and <j>, (0) — 0. 

Let us assume that J tp (l) dt has a differential coefficient equal to zero 
at the point i = 0 ; we have then (<) = lx (<) , where y (<) is continuous, 
and x (0) = 0- It is known' (see i, § 432) that this condition is satisfied for 
almost all points x, in (a, b). We have then to consider the limit of 

/'awr, «,»>*; 

the term <f>i (/-0 F (ft, »), or /ty (ft) F (ft, »), converges to zero, as t 
The integral j* y {{) [lF x {t , »)] dl converges to zero, as » 


i , if the 
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function (F t (t, n ) satisfies the conditions (1 c), (2) of § 284, for the interval 
(f, jx), and the conditions (o), (6) of § 292, for {0, pf). "where y.' < yr, 
since x (t) is a continuous function of bounded variation in 0*', y). 

If a', fi' be such that 0<p , Sn l <fS y, ■where y is ft fixed number 
(< y), we have 

j* IF,. (/, n) it = jtF (f, n )J F (/, n) it. 

Since F (t, n) converges to zero, for t = e', and t — fi', and since F p, n) 
satisfies the condition (2) of § 284, it follows that the integral on the left- 
hand side converges to zero, as n — <® ; and thus that lF t (I, n) satisfies 
the condition (2) of § 284. 

The condition (1 c) that J | lF t (t, n) ( it should be bounded with 
respect to n is satisfied if the condition that j' | iF 1 (t, n) | it is bonnded, 
and is included in the latter condition. 

Since 

I <?. «. ») 1 - 1 1 (if <<, ») - f (<■ »)) | « | | (/? «, .» | + 1 r <i. ») |. 

we sec that J* | tF l (f, n) j it is bounded with respect to n, if 

/; || (,f 

is so, and if J* | F ((, it) | it satisfies the condition (6), of § 292, which 
we assume to be the case. Now | ^ {IF (l, n)> j it is the total variation of 
f ~ {tF (t, 7l)} dl (see i, § 415), or of tF (t, n), in the interval (0, y). 
Therefore the condition (i c) of § 284 is satisfied if tF [l, n) has a total 
variation in the interval (0, y), less than some fixed number independent 
of ». Moreover 

lim J tFj (t. n) dl = — lim J F (f, jj) it — — J; 

it being assumed that the condition (a) is satisfied. Hence it is seen that 
lira J* x (*) [tfj (*. ”)] it “ 0, since x (°) = 0. 

The following theorem has now been established: 

If F {if — x, 7t) satisfies Ike conditions (1), (2) of Theorem, II, for ail 
valves of y. (> 0), and also the conditions (a), ( b ) of § 292, and if 
Km ffr" - *,*1 = 0 
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when x' j* x, and F (i t , n ) is an even function of t; then, provided IF ((, n) has 
a total variation in (0, ft) less than a. fixed number independent of n, 

j f ( x ') F (x' — x, n) dx' 

converges to f {x), as n ~~ <z> , for every point x in ( a, b ) for which 

/'(/<* + <>+/<*- i) - 2/ M) * 

has a differential coefficient alt — 0, equal to zero; this is the case for almost 
all values of x. 

In ease F ( l,n ) is not an even function of i, we may define <}>, {/) to 
denote /(* + <)—/ (x), or / (a; — <) — / (x ) ; and thus 

f j (« + 0 r (I, ») <»-/'•* «) T (<, ») * +/ W f F (I, n) *, 
and by proceeding as before, it can be shewn that, subject to similar 
conditions, the convergence bolds good at every point x at which 

/*</<* + ")-/(*»*, «"<i jjrfr-v-m)* 

have differential coefficients equal to zero; and this is the case for almost 
all values of x. 

296. Making, as in § 296, the assumption that lim F (/, n) ~ 0, for 
each value of t, except zero, we have 

/' x m-iF , «, ») m - {/“ + /' [ 2 W t>r» «. ”)j * 

Let it be now assumed that J [ $(t)\ dl has a differential coefficient fori - 0, 
equal to zero ; tills is the case (see x, § 432) for almost every value of x. 
We have then J \<f>{l)\dt = i*i (<), where xi (<) is continuous, and 
Xi (0) - 0. 

We have now 

| j" x (I) IT , «, n) dt | < J ~ I * (().«■, C<, *) I * < » K) | 

where Jlf (n„) is the maximum of | fjF, ( t , n ) | in the interval (0, a„); and 
since j \ x (0 [ dt = a R x (°n , )i where 0 < af £ a „ , the absolute value of 
the integral is < a„M (c„) x (a*'). 

If it be assumed that M {c„) a„ has a finite upper boundary with 
respect to n, and that a„ converges to zero, as n ~ » , we have 

| f“x«)tr, (i, »)*|<«. 

for all sufficiently large values of n. 
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Next, consider J or J* pzjP, (t, w)J dl. Since 

has bounded variation in the interval (a*, jt), the integral is numerically 
less than V“„ |^~| multiplied by the maximum of j jllFj (i, n) dl | for 
all intervals interior to (a„ , ft), where |^~| denotes the total variation 

of * in the interval («,, ft). Hence 

||‘ x (D. 1 P. {(, »| * | < if («J K. |s|3j , 

whore N («„) denotes the absolute value of the maximum of Jiw, (t, n)dl, 
for all intervals interior to (a„, ft). Wo liavo also 

j' ip * _ [i j‘t + 2 f'j j j'# (i) *} * 

= ^xM + 

Tims 

and this holds good when /t is replaced by any number l in the interval 
K, Mi- 
lt follows, employing the theorem in x, § 415, that 

s /l | # #| < " +2 /3»w ,i ' 

ft a n \a„ n) Xi 

when xi is the maximum of Xi (t) in the interval (a„, ft). 

It follows that' 0,1^. |^| S xj (/t) + $Xi < «. provided ft he chosen 
sufficiently small. We have now 

and thus, provided — ia hounded with respeot to n, the integral on 
the left-hand side is loss than an arbitrarily chosen number. If then also 
j a x M (<!„) j is bounded, wc seo that j‘ d (<) F ( t , n) dt converges to zero, 
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The following theorem has been established: 

If F (*' — x, n ) satisfies the conditions (1), (2) of § 290, for every value of 
p (> 0), and a sequence {«„} of positive numbers converging to zero, as n ~ « , 
can be so determined that, for a sufficiently small fixed number p, a n M {a„) 
and are. both less than fixed positive numbers independent of n, then 

rb 

I f (x')F (*' — ar, n) dx' converges to f (*), for all points x, interior to (a, 4), 
at which j \f(x + l)+f(x — l) — 2f(x)\dt has a differential coefficient 
at t = 0, equal to zero. The number M (a„) denotes the maximum of 1 1 j 

in the interval (0, a n ), and N (o,) denotes the absolute value of the maximum 
of it 2 dt, for all intervals interior to (a„, p). 

It is clear that at any point x, at which I |/(* + 1) — /(») I dl, 
J o 

J ( f (x — 1) — f (x)l dt both have, at l = 0, differential coefficients of which 
the value is zero, then j \f(x + t)+f(x — l) - 2/ (x) [ dl has at* the Bamc 
property. It follows from the theorem given in I, § 432, that this property 
holds for almost all values of * in the interval (a, b). 

It is clear that, in the proof of the above theorem, there may be sub- 
stituted for F t (t, any function >{i (t, n) which satisfies the same condi- 
tions as F t (l, n) does in the theorem. 

Thus wo obtain the following theorem, due to Lebcsgue (loc. eft.): 

For any point x at which j ]./>{<)]<& has a differential coefficient for 
t — 0, equal to zero, 

/' [['#(<) *] 'Ml, n)il 

converges to zero provided i { [l, n) satisfies the conditions that, for 

some sequence {cr„) of numbers converging to zero, a„M (a„) and are 
bounded, for all values of n; where M (<r„) denotes the maximum of \ tfi (f, n) | 
in the interval (0, c„) and N {«„) denotes the absolule value of the maximum 
of jt z t/i (t., n) dtfor all intervals interior to (a„, p). 

297. Let u (t) denote lj‘{f( x + l) + f(x- ()} dt, and let ft be assumed 
that u [t) has bounded variation in the interval (0, p). For t = 0, wo may 
lalce u (0) =a(+0); then u{l ) is continuous in the interval (0, p). We 
denote /{* + () +/ ( x — <) by $ (i). 
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Wo have 

J* 4 , (t) F ( l , n) dt = yu (y) F (y, n) - j*u (t).lF, (t, n) dt; 
if it be assumed that | iF (l, n) j < K, for ail the values of t and n, then since 
y.u C/i.) F (y, n) = {u (y) - « (+ 0)} y F (y, »> + «.(+ 0) yF (y, n), 
we have lim {yu (y) F (y, «) — «(+ 0) yF (y, n)) < i;„ 
where t; M ~ 0, as y ~ 0. 

Again, considering J u (l) {tFi (l , »)} dt, we have 

J j’ (« (l) - « (+ 0)1 if, (;,»)* | _ FJ {« (ID L <rt, 

where L (/x) is the absolute value of the maximum of iff*, (l, n) dl in 
intervals contained in the interval (0, y). 

Since jlF, (l, y) dt = [tP (t, /*)] - Jj (I, n) dl, 

.we see that L (y) is less than a fixed number independent of n, provided 
tho absolute maximum of Jf (t, n) dl for all intervals contained in (0, y) 
is bo. Since lim V% {u (f)} ~0, as y ~ 0, it follows thRt 
hra | J*{« (t) -u(+ 0)} IF, (l, w) dt j < 
where ~ 0, as y ~ 0. 

It is now seen that 

i7m|{/ o * (() F {l, n)dt ~u (+ 0)J> (t, n)d< j|<ifc + &; 

and assuming that F (i, »), an even function of t, satisfies tho conditions of 
Theorem I, for every interval (y’,y) when 0<y' <y, the above limit is 
zero whon //. instead of 0, is the lower limit in the integrals. 

We then have lim j ( t)F ( t , n)dl ~u (4- 0) lim j^F (t, n) dl. 

The following theorem hna now been established: 

If F (t, n) be an even function of t, and satisfies the conditions of Theorem l, 
in every interval (y, y),[y'> 0), and if \tF{t,n)\<K, for ali values of n, and 
all values of t in the. interval (0, y), then j f {x) Fix' — x, n) dx' converges 
to w (H- 0) lim j^F (t, n) dt, at any -point at which the function 

has bounded variation in some interval (0, y), of i. 
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This theorem is a generalization of a theorem given by do la Valldo 
Poussin for the ease of Fourier's series (see § 345). 

THE OSCILLATION OF A SINGULAR INTEGRAL 

298. Let it be assumed that F (t, n) £ 0, for all values of t and n, and 
that the condition lim j F{t,n)dt= 1 is satisfied, together with the con- 
ditions (1) and (2) of Theorem II. 

If Jlf^ , tn„ denote the upper and lower boundaries of / (z') in the interval 
(a; — p, x -J- p), and V, L ate the lower and upper boundaries of if„, »n„ 
as fi ~ 0, the number p can be so chosen that M h < M + p, m„ > w - ij. 

We have 

[“ f (* -I- 1) F (l, n) dt < {M + rj) j" F (l, n) dt > [m - y)J* F (l, n) ill. 

It follows that 

, r& 

lim | / (*') F ( x ' — x, n) dx' < M + ij, 
and lim j f (x') F ( x ' - x, n) dxl > m - q. 

Since y becomes arbitrarily small, by choosing p small enough, wo have 
the following theorem : 

If F (t, n) £ 0, for all values of t, n, and satisfies the condition 
lim J' F (t, n) dt = 1, 

then provided the function F (x‘ - z, n) satisfies the conditions (1), (2) of 
2 ’keorem II, we have 

M £ lim |" / (x 1 ) F (*' - x,n) dx ' £ lim j f {x') F (z' — x, n)dxZm, 
where M, m are the maximum and minimum of f (x r ) at the point x. 

THE FAILURE OF CONVERGENCE OR OF UNIFORM CONVERGENCE 
OF THE SINGULAR INTEGRAL 

299. When the function F (t, n ) is such that the condition (5) is not 
satisfied , so that j \ F (t, n) | dt increases indefinitely as n~ , it is possible 
to define a function f (*'), continuous in (a, b), and such that, at a particular 
point x, j f (»') F (x' —x,n)daf does not converge to f (x), as n ~ « . 

One at least of the two integrals j \ F (t, n) J dt, J° ] F (l, n) \ dt is 
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unbounded ; let as assume that the first of these is unbounded- It has been 
shewn in § 289, that a continuous function x (9, such that x (®) = X (/'■) = 0, 
exists, such that j x (9 F (9 n ) dt does not converge to zero, as n — m . 

Let Six') — 0, in the interval (a, x) and in the interval [x -f ;i, b }; 
and let / ( x ') = x (*' — *), in the interval (x, x + ft). 

We have then 

j f (a') F (x' — x, n) dsf = j **/ (x‘) F ( x ' — x, n) dx' = j\ (0 F (t, n) dt. 
If follows that j f (s') J (s' — x, n) dx 1 does not converge to zero, which 
is the value of the continuous function f (s') at the point x. 

The following theorem will now be established: 

If J [ F (t, n) | dt increases indefinitely as n ~ m , it is -possible, to define 
a continuous function f (x') such that J" f (x 1 ) F (x' —x,n)dx' converges 
tof (S), as ft ~ co , at a prescribed point x, but does not converge uniformly in 
any neighbourhood of x. 

It has been shewn in § 289, that it is possible to define a continuous 
function (s'), of which the numerical maximum is M, such that, for 
a given point x, j <p (s') F (s' — s, n ) dx’ has a value which exceeds 
M j ) F (s' — *, n) | dx' — e, where e is arbitrarily assigned. Moreover this 
function tf>(x) can he so chosen as to he of hounded variation; because 
it b clear that a function which is constant in each interval of a finite set, 
and is elsewhere zero, can be taken to be the limit of a sequence of con- 
tinuous functions of hounded variation. 

Also, if >p (s') be a function which has the value 0 in the interval 
(r — k, x + h), and is numerically not greater than 31, we have 

| J V F(x’ —x,n)dx'js MB (h), 
where B (A) is the maximum value of 

F (s'- x, n) ( dx + | F (s' - s, n) | dx 1 

which is finite, on account of the condition (1) of Theorem H. Consider 
a sequence of intervals no two of which overlap or abut on one another, 
and such that their end-points have the point x for limiting point. Let 
their lengths be 4h lr 4h t , ... 4h P , and let *„ x., ... be their 

middle points. Let I: v be the distance from x of the nearer end of the 
interval of which the length is 4h„. 
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A function f v (a/), continuous and of bounded variation, can be so 
determined, that it is numerically < I, < 1, and such that, for n 

| £7, M r (*' - *„ »„) <u | > p + as <y j 

the number n T may be so chosen as to exceed any proscribed integer. 

Let <j> s (*') = / p (x‘), in the interval (x, — h„ x„ + A,), and Ict^pfx') «■. 0 
outside the interval (x, — 2 h p , x r + 2 h v ). Tliis function ( x ') may be so 
determined as to be continuous and of bounded variation, and such ns 
to satisfy tho conditions j <f> p (x') J < Z„ < 1 , J </> c (x‘) —f p (x ') | <1, in the 
whole interval (*„ — 2 h p , x T + 2h v ), 

We have then 

I £», M -I, (*')} J <*■-*„»,) | £ S (J,), 

and therefore 

1 1 V, (*') F (*' ~ x m n„)dx'\> T + R (ft,). 

Now let / (x‘) ■» <p p (x') in each interval (x„ — 2 h„, x p + 2U P ) ; and outside 
all these intervals lot / (a:') — 0. Then 

| J J (x 1 ) F (x' - *„ n„) dx' | > p + 11 (\) - It (2/i„) S J>; 

it follows that j f{x')F(x' - x, n„) dxd cannot converge uniformly to 
/ (a:) in any neighbourhood of x; since the numbers n p , x r can bo so chosen 
that the integral increase indefinitely with p. That / (F) may be so dofined 
that J / (*') F (%' ~ x, n) dx' converges at the point x, to the value zero, 
may be seen as follows. 

The integral is equivalent to 2 j ’ <j> p (*') F (x' — x, n) dx ; and 
the terms of this scries are numerically ^ess than those of the series 
S l„R (h p ). If we take l r equal to the smaller of the two numbers 
Benes convergent. The series which represents 
J / (x’) F (x' — x, n) dx' therefore converges uniformly with respect to », 
and since each term converges to zero, as n ~ » , it follows that 
J t f(x')F(x'-x,n)dx’ 

converges to zero, the value of/{x') at the pointx. It is clear that the point 
x is a point of continuity of the function/ (x'); it is an isolated point o 
non-uniform convergence of the integral 
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The above constructions of a series which is non -convergent at a single 
point, and of a series which although convergent, converges non-uniformly 
in every neighbourhood of a particular point, are due to Lebosgue (foe. cit.). 


APPLICATIONS OF THE THEORY 


300. As a first application of tho preceding theory, let 




2 (1 - f-Y tfi 


when Oder's ), and tho sot 0 consists of the points of tho interval (0, 1}. 

To show that the conditions of Theorem IT aTe satisfied, wo Bee that 
if | x' - a: | £ n, 

m _ „3\* r<i -**)"<« , 

r W. ».*)* -t V ---- " -" — 


2 J (l - t*) n dl J l (1 — i s ) n ( 


" 2/t ’ 


thus the condition (1) is satisfied ; we onn take • 


V 


2j fl ( 1 -/*)»«» 2j o (l -**)«* 


since J* (1 _ r-)” dt > j^*(1 - t 1 )' dt> ~(l - ; 

it has hero been assumed that a: is not interior to the interval (a t — p, /9, + p). 


Weh “ ve ~fe “° : 


where 1 + A — ; Hence the condition (2) of Theorem II is satisfied. 

1 - #** 

Again, we have 


and writing tho integral hi the form 1 


f(l -W* 

F (t, n) dl ~ <*! 

; ° 2 I (1 — t s ) n dt 

jy-r-r* 


limit of the integral is I. 
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It now follows from the theorems in §5 292-294, that 

lim — — fi = i{/(* + 0)+/(®-0)}. 

2 I (I - t s )» dt 

at any point x interior to (0, 1), at which / (a:) is ordinarily discontinuous. ■ 
It follows also that, in any interval in which / (z) is continuous, the con- 
tinuity at the end-points being on both sides, the convergence to / (*) is 
uniform. The function / (z) is in general subject only to the condition 
that it is summable in (0, 1). 

The asymptotic value of j (l — <*)" dt is /t j ^ ; hence the limit 
lim p[l - (*' - x)*j" dx‘ 
has the same values as the above limit. 

This singular integral was studied by Landau*, in the case in wlucli 
/ (x) is a continuous function, who applied it to obtain a proof of Weier- 
etrass’ theorem (§ 159) that a function that is continuous in a given interval 
can be uniformly approximated to by a scquenco of finite polynomials. 
Since j [1 ■- (*' — x) a ]" dx' is a polynomial of degree 2?t in z, if / (») is 
continuous in the interval (0, 1 ), then in any interval (a, b), interior to 
(0, 1), the sequence of polynomials obtained by giving n the valucB 

1, 2, 3, ... in the expression \/ 7 ~J f ( x ‘) [! — (*' — z) 2 ]" dx' converges uni- 
formly in (a, b) to the value of the continuous function / {*). 

The theorem of § 295 may be applied to the funotion 

We have [IP (t, »)] = ( 1 - f*)" ->■ { 1 - (2n + 1) «*), 

and thus tV {l , ») increases steadily from t — 0 to l = and t * 1011 

steadily diminishes. The total variation of IF (t, n) in the interval (0, ft) 
is therefore 

"'J ^vsr+ 1(’ _ jiVi) 

* Pend. dieirt. mat. d i Palermo, voL xxv (J908), p. 337. Thu above theory for oav summable 
function was given by Hobson, Proa. Und. Math. See. (2), vob vi (1908), p- 3M. 
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and this is less than , whatever value n may have. Thus the conditions 

of the theorem of § 295, being satisfied, it follows that 

•/iff con -<»'-*)=]•*' 

converges to / (x) at every point at which 

/'{/(* + «)+/{*-«) - 

has a differential coefficient at t = 0, of the valuo zero, and this condition 
is satisfied at almost all points of the interval (0, 1), 

It has thus been shewn that: 

///(*) 6e summable in the interval (0, 1), the limit, as n~<n, of the 
sequence of polynomials f f (x‘) [1 - (#’ -#)*]" <fa’ is f (*), at any 
interior point of the interval at which 

J‘ 0> + <)+/<*- ‘I - 5/M I * - » «); 

and which is the case almost everywhere. The convergence (of (x) is uniform 
in any interval of continuity of the function, the continuity on, both sides at 
the ends of the interval being presupposed. 

301. The limit llm~j f(x')e-”'( x '- x >'dz' 

was considered by Wejerstrass, and was employed by him to prove his 
fundamental theorem relating to continuous functions. It will here be 
assumed that / {x) is summable in every finite interval, and that, outside 
a certain finite interval (—A, A), it is bounded. 


■ have, if tip, F [t, n) S 


and since e~ nV has the single maximum — j== C' 
VV b yV%r 


' pVzT ’ 

5, when * is not in the interval (a' — p, /S' — p), we have 


and this converges to zero, as n ~ a> , uniformly for all values of a? in 
finite interval (a, jB), 


any- 



462 Representation of Functions as Limits of Integrals [ch. vii 


We have 


and the first part of the expression is less than a fixed multiple of 


For all points a; in a fixed interval interior to (— A, A), this converges 
uniformly to zero, as n ~ a> . 

The second part of the above expression converges uniformly to koto, 
since the conditions of Theorem I are satisfied. Further, wo have 


( * ~ dx' — -7= ( ne~" v ' tU >= f e~ n dt', 

Jx Vir V-nJo VnJ 0 

and the limit, as n ~ « , is $. Similarly the limit of J ~ e -n ’ <*'-*)' dx' 

is 1-. 

Wo have now established the following theorem : 

If J (x') is summable in every finite interval , and is bounded outside some 
fixed futile interval, then [ J (a:') dx' converges to 

Vlt J -CO 


J{/(* + 0> +/<*-())} 

at any point at which f (x) has an ordinary discontinuity, or is continuous. 
Moreover, in any interval in which f (a:) is continuous, the continuity being, 
at the ends of the interval, on both sides, the convergence is unifonn. 

Since [te ~ nV J = e- n ' P (I — 2n 2 P), we see that te- nH ' increases steadily 

up to a maximum at l — — -L- , and then steadily decreases. The total 
V2b 

variation of ~ te - n ' r in the interval (0, p) is accordingly 
" v - 

which is less than ^/- e~t. Hence, in accordance with the theorem of 
§ 295, we have the theorem that: 

I f [x’) dx' converges to f (*) at any point at which 

f {f(x -i- 1) -!-/{* - t) -2f(x)}dt 
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has a differential coefficient at t — 0, which has the value zero: and this is the 
case at almost every ■point of any finite interval. 

If /(*'} have an //i-integral in (~ A, B), and is bounded outside that 
interval, since the total variation of te~ vH ' in an interval (y , «) is 
n -- c _ *‘ v ), for all sufficiently large values of n, and this is less than 

— ~n 6" ! , ivliich is independent of n, it is seen that the condition of the 
hVZ 

theorem oi § 28G is satisfied; therefore: 


4=. J / (*') e- n '< x '-*y dx‘ converges to £ {/ (x + 0} +f(x -I- ())} at any 
ordinary point of discontinuity, where f ( x ') has an HL-integral in (— A, B) 
and is hounded outside, that interval. The convergence to f { x ) takes place at 
all those points of the intervals complementary to the set t of points of nmi- 
simmability of f (a;) at which j {/ (a: + *)+/(»-*) — 2/ (*)} dt has, for 
i = 0, the differential coefficient zero'. 

The condition in the above theorems, that /{*•') should be bounded, 
oulsido some finite interval, may be replaced by a less stringent condition. 
Tt oati in fact be shewn that it is sufficient that for | x ) > ,4,'tho condition 
1/1*) I < «**' should be satisfied, where A, q are fixed positive numbers. 
We have only to oonsider the part 

of^-J f (x‘)t- T ‘ , &~ xV die". This is less than a fixed multiple of 

2-o-p 2-o-t’ 

J ^ e»' dt + J e” dt. 

For n>Vq, this has a definite meaning, aud it converges to zero, uniformly 
for all points x in an interval interior to (— A , A ), as n ~ » 

Other examples of singular integrals, the convergence of which maybe 
investigated in accordance with tho methods here given, are 

5 Vi /[/(*'> 

J\ lj w [“ 1 - “ !]"*'■ 

The first of those has been investigated by de la Vall6e Poussin' 1 '. Other 
applications of the theory given in the present chapter will be given in 
later chapters, in commotion with the theory of Fourier’s series and 
integrals. 

* Bull, it fa cad. ny. it Belgique (1608), p. 103. 
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The interval (a, b) may in this case also be replaced by a cell of any 
number of dimensions: 

Ji w: employ the results obtained in § 212, we obtain the following 
theorem : 

If s„ (x) converges almost everywhere in (a, b ) to s (x), and the condition 
is satisfied that j \ s n (s) | * dx < K, where K is independent, of it, for some 
value of p> 1, then J / (x) s n (x) dx con verges to j f (s) s [x) tlx, where f(x) 
is any function such that \ f (s) is summable in (a, b). 

304. Wo find also the following results, by employing tho theorems 
in §§ 283-285: 

It is eufiicienl, in order that j f (id) s„ (s', x ) dx' should converge to 
eb 

f / (»') 4 (*'• *) dx', uniformly, or bomulcdly, for all values of x in G, for all 
bounded and summable functions f (s'), that 

(1 b) j | s (a;', a;) — s„ (if, x) \ dx' does vat exceed a fixed number K, 
independent of n and x, and that, for every measurable set c contained in 

(a, 6) {a (s', x) — s„ (s', s)} dx' should converge to zero, as n ~ ■» , uni- 
J«s) 

formly, or boundedly, for all values of x in G. 

11 is sufficient, in order that j f (s') s„ (s', s) dx' should converge to 
J f (x')s (s', s) dx', uniformly, or boundedly, for all values of x in G,for every 
function f (x‘) which has only ordinary discontinuities, that 
ri • 

(1 c) I | « (s', s) — s„ (s', s) | dx should not exceed a number K, inde- 
pendent of n and x, and further that the condition (2) or (2*), of § 279, be 
satisfied, as the case may be. 

It is here assumed that (a, 6) is essentially a linear interval. 

It is sufficient, in order that j f (s') s„ (s', *) dx' should converge, to 
f f (*') s (**» x ) dx', uniformly, or boundedly, for all values of x in G, for all 
functions f (s') of bounded variation in the linear interval (a, b), that 

(1 d) jj (s (s', s) — s„ (s', s)} dx' J does not exceed a fixed number M, 
independent of a, /J, », and x, when aS®Sj8£6; and further that the 
•condition (2) or (2*) be satisfied. 

It will be observed that, in ease s„ (s', x) converges to s (s', s) uniformly 
for all the values of s' and s, both conditions of the theorem arc satisfied. 
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305. Taking the function d> (x', x, it) of Theorem I, let it now be as- 
sumed that the set 0 consists of the points of the interval (a, b), for which 
J 0 (*', x, n)f (*') dx' is considered. Let <0 {*', x, n) be defined by 
Q (x', 2, m) = s (*') — S„ (x'), for and <J> (s', x, n) = 0, for x’ > x; 

and let the Theorem I bo applied to this function; there may be a set of 
points s', of measure zero at which the definition of <I> (x', x, n) does not 
apply. 

The function <!> (*% x, n) is taken to satisfy the conditions 

| «(**)_ «„(*•)!< E, 

for all values of n, and all {or almost all) values of x' in (a, b ); and further 
that J {a (s') — a n (s')} dx’ converges to zero as n ~ oo , uniformly (or 
moro generally boundedly) for all values of x in (a, b). 

We obtain thus the following theorem : 

///(*) be summable in (a, b), and | s (x) — s„ (x ) ) is bounded for att the 
values of n and- x [a set of points of measure zero being possibly excepted), 
and if J s„ (*') dx! converges uniformly, or boundedly, in (a, b)lo j s(x')dx', 
then J f (s') «„ (s') dx converges uniformly, or boundedly, as the case may be, 
in (a, 6), toj f (s') s (s') da!. If the interval is {a, <n ) the theorem holds provided 
f (s) is absolutely summable in (a, «o ), the convergence of j f (s) s„ (s) dx 
to j f {%) s (s) dx being then uniform, or bounded, in any finite interval. 

In case s n (x) converges to s (x) almost everywhere, and bo that, at the 
points of convergence, either (1), j s (s) - «„ {*) | < K, at aU the points of 
convergence, or (2), | «„ (s) ( is bounded, it is known (see § 204) that 
J s„ (x)dx converges uniformly in any finite interval to J s{x)dx. We 
thus obtain the following theorem : 

If $„ (s) converges boundedly to a (x) (with the possible exception of points 
of a set of measure zero which may be disregarded ), and f (s) be absolutely 
summable in a finite or infinite interval, then j f (*) s„ (x) dx converges 
uniformly to J f (s) s (x) dx in any finite interval. The same result holds if 
s„ (x) converges to s (x) so that ] s (x) — s„ (x) j is bounded for all values of n, 
and almost all values of x; provided f (x) s (x) t» absolutely summable. If, 
in either case, s (x) — s„ (s) S 0, for dll values of n and x, it is sufficient that 
f (x) should be summable in every finite interval, and bounded outside some 
finite interval (a. A). 
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306. By applying the modification of Theorem I, given in § 284, we 
obtain the following theorem : 

Iff ( x ) i‘ ave only ordinary discontinuities, and be absolutely summahle in 
the finite or infinite interval (a, b), and if J | s (x) — s n (z) j dx is found'd 

as n varies, and j «„ (z) dx converges to j s (x) dx uniformly in (a, b), or 
in case b = v. , in each finite interval (a, A), then j f (z) (z) dx converges 

uniformly to j f (x) s {x) dx, in (a,b), or when b = m, in a finite interval 
(a, A); it being assumed thalf (x) s (z) is summahle in (a, b). 

Since J | s (z) - s„ (z) j dx £ | \s{x)idz-i-j | *„ (x) j dx it follows that, 
rii 

if I j s n (z) | dx is bounded in (o, 6), and | e (z) j is summahle, then 

/„ I * “ s ” ( z ) I 

is bounded. We have therefore the following theorem: 

Iff (z) have only ordinary discontinuities in {a, b), and if s (z),f (z) s (*), 
/ (z) s„ (x) be absolutely summahle in the finite or infinite interval, then if 
j | «„ (z) j dx is bounded and j s n (x) dx converges either uniformly, or not, to 
j e ( x ) dx, in each finite interval (a. A), | / (z) s„ (z) dx converges uniformly, 
or bovr.dedbj. os the case may be, to j f (z) s (z) dx in any finite interval (a, A ) 
contained in (a, b). 

A very similar theorem has been given by W. H. Young (foe. cit.) in 
which f (z) is taken to be bounded as well as to have only ordinary dis- 
continuities. 

307. Xext, let the Theorem I (a) of § 282 be employed, in tbe case in 
which the set G consists of the points of the finite, or infinite, interval 
[a, b). Let 4> [x\ x, n) have the valne s (z') — e„ (x‘). when z' S z, and Jet 
it have the value 0, when z' > x. It then follows that, [/ (z) J', for some 
value of g > 1 , being summahle, j f (z') s„ (z'j dx? converges uniformly 

in any finite interval (a, A) to j f (z') s (z') dx?, provided tbe condi- 
tions are satisfied that j ) 8 (z') — s„ (z')\*~ s dx? exists and is less than 
a fixed number independent of n, and further provided that j s„ lr?) dx 
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converges uniformly to j s (x’) dx' in {ft, b), or in case b is infinite, in each 
finite interval (a, A). 

It has been shewn in § 212 that this last condition, is satisfied if either 
(1), ]a{x)|®~i is siimmable in (a, h) and j |* (a-.') — s„ (x')|«-i dx exists, and 
is bounded j where s„ (x‘) converges almost everywhere to « (x‘); or (2), if 
j <te exists and is bounded as n varies, b„ (x 1 ) converging almost 

everywhere to a { x '). On changing x' into x, we obtain the following 
theorem : 

If s n (a) converges almost everywhere in ike interval (a, b), where b may 
be « , to s (a), then, if f(x) be any function, such that \f (x) I*, where q > 1, 
is Hummable in (t t,6), j f(x) s„ (x) dx converges to J f (x) s (x)dx, uniformly 

in (a, b), or if bis infinite, in any interval (a, A), provided either (1), {s (x)}*^ 
is summable in {a, b), and J* (e (x) — s„ (a:)}® -1 dx exists, and is bounded 
as n varies, or (2), if J" {«„(x)}®^ dx exists, and is bounded. 

The theorem holds also when it is not assumed that s„ (x) converges to s (x), 
provided J/ (*)i®, |s \s„(x)\"- 1 arcBummablc. j |s (x) — s„ (x)|« vr dx is 

bounded as n varies, and that j s n (x) dr, converges to j s (x) dx, uniformly 
in (a, b), or in case b = « , in each finite interval (a,A). 

The first part of this theorem was given in dificrent forms by Lebosgue* 
and W. H. Youngf, for the case q -*■ 2. 

308. In the theorem of § 285, let <h (*', x, n) denote s (x 1 ) — s„ («'), or 
7,cro, according ns x £ x', or x > x', when tho set G, the field of x, consists 
of the interval (a, b). The function f (x') being of bounded variation in 
[a, 6), the conditions to be satisfied are that j j {a (x') — s n (x')J dx' j is 
bounded for all values of x in (n, b), und for all values of n, and that for 
each value of x it converges to zero uniformly, or boundedly.. These 
conditions will be satisfied if J *„ [x') dx' converges boundedly, or uni- 
formly, to j s (x') dx'. Wo Lave thus the follow ng theorem: 

// j s„ {x)dx converges uniformly, or boundedly, to j s (x) dx in the 

* Annates it Taataute (3). *o[. i (1900), p. 60. 

+ Free. hanJ. Math. Sac. (2), rot. ll (l9It), p. 409. 



470 Representation of Functions as Limits of Integrals [cii.vij 

interval (a, 6), and f (x) be any function of bounded variation, in (a,i), (hen 
I s n (x)f(x)dx converges uniformly, or bovndedly, to J 9 (x)f (*) dx, in 
the interval (a, b ). 

In the ease of an infinite interval {a, to ), it mu3t be assumed that the 
total variation of/ (x) in (a, A) has a finite upper limit, as A is increased 
indefinitely. 

We have 

| fjt (*) _ {*>}/ (*) dx-f(A) Jjs (x) - s„ (*)} dx | < If . V A ’f (X), 

where M denotes tlie upper boundary of JJ {s {x) — s„ (x)} dx | for all 

intervals (a, j 9) in (A, A'). By choosing A large enough f(x)<t, 
for all vlaues of A'; and if / (x) converges to zero, as x ~ co , A may be chosen 
so small that ( / (.4) | < e. In this case | j ^ {s (a:) - s n (x))f (x) dx j is less 
than a fixed multiple of e; it being assumed that | J {« (*’) — «« (*')} dx 1 J 
is bounded with respect to (», a:) in tho whole interval (a, m ). Since c is 
arbitrary, the theorem holds for the case of the infinite interval. 

If instead of the condition that / (x) converges to zero, as * ~ » , it 
be assumed that (z) dx exists, and that the convergence of ^s n (x)dx 
to j s (x) dx is uniform in [a, to), the result will also follow. Thus: 

The above theorem Judds for an infinite interval [a, to ) provided either 
(1), / (x) converges to zero as x ~ w , or (2), j s„(x)dx converges uniformly 
to j s (x) dx, in (a, co). The convergence of j s„ (x)/ (x) dx, in (a, to ), to 
J s i x )S (*) is bounded, and is uniform in. each finite interval, in case 
J s„ (x) dx converges uniformly in each finite interval to J*s (x) dx. 

309. Let a denote a parameter which is confined to have values in 
some set G, of points in one or more dimensions. Let s„ [x, a) be positive 
and steadily diminishing, as x increases in (a, to), for each value of a and 
each value of n, and let | s„ (o, a) | be less than a fixed number A, inde- 
pendent of n and a. Let be a divergent sequence of positive numbers, 
and let/ (x) be summable in the infinite interval (a, »). Further, let it 
be assumed that, in any fixed finite interval, $„ (x, a) converges to a (x, a) 
for each value of x in the interval, uniformly with respect to a. 
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Taking thn theorem in § 270, let. ® (x, a, n) have tho value 
s* ( x i a)- 8 (x, o), 

when a & x 4 and let it have the value zero when A,, < x. 

In accordance with the hypotheses | <5 ( x , a, n) | is bounded with 
respect to (x, a, n), and thus the condition (!) of the general theorem in 
§ 270 is satisfied. Again J" {*„ (x, a) — s (x, a)} dx, for each pair of values 
of «i and l>i in {a, eo), converges to zero, as n ~ co, uniformly for all the 
values of a ; since | s H (*,<*) | < | i„ (d, a) \ < K (see § 203), thus the con- 
dition (2) is satisfied in any finite interval. 

Tho total variation of 4> (x, a, n) in the interval (a, co) is 
e„ (a, a) ~s (a, a), 

which is lees tlian a fixed number independent of n and a. It. thus appears 
that all the conditions of the lastjheorem in § 281 aro satisfied. 

The following theorem has been established ; 

If (1), s n (x, a) is positive for all values of n, x, a , and steadily decreases 
as a; increases in the interval (a, co), for each, value of n, and each value of 
the parameter a in some set of points of one or more dimensions, and (2), if 
j f ( x ) dx is convergent, and (8), s„ (x, a) converges to s (*, a) for each value 
of x, uniformly for all the values of the parameter, and if {A„} be a divergent 
sequence of positive numbers, then J / (x) s„ (x, a) dx converges to 

J # /(*)«(*. a)dx, 

as n — oo, uniformly with respect to a. 

In case there is no parameter, which is equivalent to taking the set 
of points to which a belongs to he a single point, we have* the following 
theorem : 

If s„ (x) is positive in (a, oo), for all values of n, and decreases steadily 
as x increases, for each fixed value of n, and. if J f (x) dx exists, then 
lim J*"/(x) (a) dx = /(*) s (x) dx, 

where s„ (x) converges to s (x) for each value of x, and s n (a) is less than a 
fixed number independent of n, and {A,} is <j divergent sequence, 

• Sea Bromwich’s Theory of Infinite Strict, p. 443. In Bromwich’s statement it is postulated 
that tho convergence of t n (x) to t(x) is uniform in ony fixed interval. This assumption is un- 
necessarily restricted, since (..)} is monotone for each value of x. 
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EXAMPLES 

(1) Consider^" x*(l + zj-’logzife, where p + 1> 0. If 0 < e< J, the Bcrira 

I - lx + 3** - ... 

converges uniformly to (I + *)-* also z r logr is hounded in the interval (0, e). Tims 
j zffl + *)- 5 log*<£e may be obtained by substituting the expansion and integrating 
term by term. 

Koxt consider j x*(\ + z)- ; \ogxix~ j (1 - x’)’’{2 - t']-~ log (1 - x‘)<lz'. 

(2) Consider j (I + x)~ i ^z p (log x^dx, 

310. In the theorem of § 286, let «I> {at , x, n) = s {%') — s„ (*'), for 
x' £ x, and <!' (*', x, n) = 0, for at > x, where the set G, the field of x, is 
takon to be the interval (a, 6). In accordance with the condition (2) or 
(2*), j s n (x') Ax' converges uniformly, or boundedly, to J s (*') Ax'; dIbo 
in accordance with condition (1 ), | s (x') - s„ (x') | is bounded for all values 
of n and x' {in the interval (a, 6)). If it be assumed that s„ (*') converges 
everywhere to s (at), and that V a a n (x') is finite, and bounded for all values 
of n, then it can easily' bB shewn that F„ s (x') is finite, and consequently 
T'o {« (*') — ■?„ (x')} is bounded for all values of n. Wc have accordingly 
the following theorem : 

If in a. finite interval (a, b), a sequence {«„ (x)} converges to s (x), and 
| S (x) — s„ (x) | is bounded for all n and x, and consequently f s„ (x) dx con- 
verges uniformly to J s (x) dx, and if F^s„ (x) is finite, and bounded for all 
values of n, then if f (z) be any function which has an HL-intcgral in (a, b), 
f f (x) s„ ( x ) Ax converges uniformly to j f (x)e (x) dx. 

In particular, if the functions s n (x) are all monotone (increasing or 
diminishing) in the interval (a, b), s„ (a), s„ (b) are bounded, | s„ (x) | is 
then bounded for all values of n and x, and it then follows that j s„ (x) dx 
converges uniformly to J s (x) Ax. 

We therefore have the following theorem : 

If in any finite interval (a, b), *•„ (x) is monotone in the interval (a, b) 
{increasing or diminishing) for all values of n, and s„ (a). «„ (6) are numerically 
less than fixed numbers independent of n, and s„ (x) converges everywhere to 
s(x), then, if f(x) be any function which has an lIL-inlegral in (a,b), 
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f/(*)*n (x)dx converges uniformly to J f (x) s (x) dx. The theorem also 
holds for an infinite interval (a, « ), it being assumed that lim s„ (a) is bauiidetl 
for all values of n. 

The extension to the ease of an infinite interval is made by an applica- 
tion of the mean value theorem. 

If wc apply the theorem of § 287, to the case in which O consists of the 
points of the interval (a, 6), and ® (z', a, to) *= s [x') - s„ (s'), for x' & x, 
and <b (*', a, «) = 0 when x' > a, wo obtain the following theorem : 

Leif (x') have a D-integral in the finite interval {a, b), and let it be assumed 
that s„ (a') converges toe (a') everywhere in (a, b), and that 

£|£i.w-«.w>|<w 

exists and is Jess than some number K, independent of n, and that (a'), s (a') 
are, for each value of n, of bounded variation in ( a , b), then J f (z‘) s„ (z‘) dx‘ 
converges, uniformly in (o, b), to J /(a') « (z')tfa'. 

311. Instead of Theorem I, of § 270, the following theorem is sometimes 
iisornl for application: 

// <0 (a', a, n), f (a') are such- that f (a') '!> (a', a, to) is anmmable for each 
value of n, and for each value of x,in G, and if, ( 1 ), j j /(*') <I> (a’, a, to) dx' j < c, 
when « is arbitrarily chosen, provided m (E) <y,, n > N,, where -q, con- 
verges to zero with, e, whatever value x may have, in <3, and if,(2),J <l>(x',x,n)dx‘ 
converges to zero, turn , uniformly for all values of.x, in G, whatever values 

a, P may have, such that a & a< fi £ b, and if, (3), | J<!> (z',x, n) dx' J < e, 
provided- n > AY and m (B) < rf; then J f (a’) «I> (a*, a, n) dx' converges 
to zero, as n ~ to , uniformly for all values of x in G. Further the integral 
may be taken over any measurable set H, in (a, 0), instead of over the whole 
interval. 

Let A bo a fixed positive number, and let / (a*) fa (a') + <fit/ (a'), 
•where fa (a') = / {a'), </> N (a*) = 0, when [ / (a') | £ iV, and <f> N (a') = / (a'), 
/jv (“') «= 0. when [ / (**) j > N. A function <1>n (*') having only a finite set 
of values, all in the interval (— N, A), can bo so defined that 
0 =/.v (*') — ’I'ff (*') < y> 

and ipx (a') = 0, when fa {id) = 0; where i) is an arbitrarily chosen positive 
number, ' 
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We have now 

j f (a') 4> (x‘, x, it) <Ix' — J fa {x') <I> (a', x, n) dx' 

+ (*') - fa (»')} *>* (*'. *. *) dx’ + j* ^ / ( x ’} <fi (s', x, n) dx', 

where E# is the set of points at which fa (s') ^ 0. The number N raav he 
so chosen that the absolute value of the third integral on the right-hand side 
is < l, for n > H{, and for all values of x in 6. 

We have J fa (*') <l» (s', x, rt) dx' = £c ^ <I> (x‘, x, ») dx', 

whore the numbers c are the values, finite in number, of fa {x'), and c c is 
the set of points at which fa (x‘) = c. Each set e c can be enclosed in a set 
of intervals of winch the total measure is < m (e 0 ) + m', and a finite set A { 
of these intervals can be so chosen that the measure of the remainder of 
them is arbitrarily small. The set e t consists of a set e^\ oontnined in A e , 
and of a set e ! a !> in the remaining intervals; also m (A — e e ) < ij t '. 

Thus f G> (x', x, n) dx' = { I - f -f [ t <I> (x\ x, •») dx'. 

J{t,\ ( J (a.) . , (4.-e. <0 ) 

Since j <t> (x 1 ., x, n)dx' converges to 0, us n ~ x > , unifonnly for all 
x in O, and since m (fa — ej, 1 *), m (e£* > ) are arbitrarily small, it follows that 
jj" ^ <t> (x' t x, n)dx' j < provided n is greater than some number n„ 
where r denotes the number of values of fa (*'). 

Since this holds for each value of c, we have 

[ j fa (*') <* (*'. x, n) dx' J < t], 

provided n is greater than n. the greatest of all the numbers n t . We have 
further 

I j‘</s M - fv Ml | < vfj * (*', *. »1 I *'■ 

It will be shewn that it follows from the conditions (2), (3), of the 
theorem that J | <J> (a:', x, n) \ dx' is less than a fixed finite number A, for 
all values of x and n. 

Since [f '!> (x\ x, n) dx' j < e, for all sets E such that m (/?) < if, 


| J d» + (x r , X, 71) dx' J ~ (*'. x, n) dx' j < c, 

for n > Nt, where 4> + ( x' , x, n) is the function which is equal to <!> if, x, n) 
when this latter function is 5 0, and is otherwise zero; E, denotes that 
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part of E in which <t> + (s', x,n)dx‘ > 0 ; this set E 1 depends on s but its 
measure cannot exceed y c '. 

Now divide tho interval (a, b) into s parte, each of length < jj/ ; we see 
[b 

that I G» + (s’, x,n)dx' < re, provided n > N/, and for all values o£ * 
in Q. Therefore j <h + (s', x, n ) dx' is, for all values of n and x, less than 
some fixed number, when, if necessary, a finite set of values of n is rejected. 
The similar property can be Bbewn to hold for the corresponding function 

4>- (s', x, n). Therefore I I ® (s', s, n) | Ax' cannot exceed a fixed number 
J a 

A , and honce 

|J. ( fir (**) - fa (*')> (*'. *. n)dx'\< At). 

Lastly, wo have j j ^ <!> (s', *, n) Ax' j < e, <^, for all sufficiently large 
values of », whatever value x has, in Q. The same holds for (A- 4 !> ). 

It has now been shewn that j f (s') <J> (s', x, n) Ax' is in absolute value 
loss than on arbitrarily chosen nurabor, provided n exceeds some value 
dependent on that number, whatever value x may have, in G. 

Lot <T> (s', s, «) — s ( s', *) — a, (s',s); we havo then the following' 
theorem: 

If f (s') s (s', s) and f (s') «„ (s’, s) are summable in ( a , 6), for all values 
of n, and for all values of the -parameter s, in G, and if J s„ (s', s) Ax' con- 
verges to I* s (s', s) dx', for each pair of values of (a, /3) in (a, &), uniformly 
for all points x in G, and if 

lim j . / (s') {«■„ (s', s) — s (s', *)} Ax' *= 0, 

»’<«"-♦ ' <B) 

lim . j {«. (s', x) — s (s', s)} Ax' = 0, 
a~-o J(B) 

unifornilij for all x in G; then 

lim j fix’) s„ (s', s) Ax' = J f (s') s (s', s) tfs', 

and the interval (a, b) tmy be replaced by any measurable , set of points in 
(a, b). 

The particular coso of this theorem when G consists of a single point, 
so that the parameter x may bo omitted, was established otherwise by 
W. H. Young. In that ease the conditions are simplified, because 

lim I / (s’) s (s') Ax’ and lim s (s') Ax' are both zero. . 
m(O~0J(E) ■ 



CHAPTER Vni 


TRIGONOMETRICAL SERIES 

312. The theory of the representation of functions of areal variable by 
means of series of cosines and sines of multiples of the variable is of flic 
highest importance, not only on account of the fact that such mode of 
representation is at present an indispensable tool in the various branches 
of Mathematical Physics, hut also because this theory has exercised the 
most far-reaching influence upon the development of modern Mathematical 
Analj’sis. Historically, the questions which have arisen in connection with 
this theory have influenced the development of the theory of functions of a 
real variable to an extent which is comparable with the degree jn whioh 
the theory of functions in general has been affected by the theory of 
power series. The theory of sets of points, winch led later to the abstract 
theory of aggregates, arose directly from questions connected with trigono- 
metrical series. The precise formulation by Riemann of the conception of 
the definite integral, and the gradual development of the modem notion of a 
function as existent independently of any special mode of representation 
by an analytical expression, are further examples of the results of the 
study of the properties of these scries upon Mathematical Analysis. 

It is a significant fact that the theory of this mode of representation 
of a function had its origin in the attempt to investigate the form of a 
stretched string in a state of vibration. The problem of the expansion of 
the reciprocal of the distance between two planets in a series of cosines of 
multiples of the angle between their radii vectors* led to an independent 
development* of the theory of trigonometrical series. The discussions 
which arose in connection noth the first of these problems were, however, 
of much greater importance in the history of the development of the theory 
of functions; they form the first stage in the development of what is known 
ns the theory of Fourier’s series, in intimate connection with which the 
modem theory of functions of real variables had its origin. 

THE PROBLEM OF VIBRATING STRINGS 

313. The first general solution of the differential equation =a fe' 
which determines the form of a string vibrating transversely, was given by 
d’Alembertf in the form y — f (x + at) ~ (j> {x — at). He further shewed 

* Tlic importance of this fact has been emphasized by H. Burihordt in bis work "Entwck'- 
Innjen n»ch oscillirenden Fonctionen," published as s JahrcfbtriM do devlt&tn llalf-emahto- 
Vminigung, vol. x (1901}, and Infer. 

+ J Itmeirt of the Berlin Academy, 1747, p. 21!. 
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that, if x = 0, x = l, represent the fixed ends of the string, the form of the 
string at any time t is representable by y ~f {at -h x) — f {at — x), "where 
the function / (z) is subject to the condition /(z) = / (2 1 + z). D’Alembert 
was thus led to the search for analytical expressions which remain unaltered 
when 2f is added to the argument. In a second memoir, d'Alembert ob- 
served that the motion is determinate if the values of y and ~ be assigned 
at 6ome fixed time. Thus, in modern notation, if y = /, (x), —fs (*)• 
for 1=0, then, for all values of x between 0 and l, 

/<*)-/(-*)"■ />(*). 

/(*)+/(-*) = zj/t (z) fa; 

it follows that/ {*) is determined for all values of x between l and — I, and 
thenoe, by means of the condition / (z) — / (2f -f z), for all values of x. 

The treatment of tlie some problem which was shortly afterwards given 
by Euler* was in form of a similar character to that of d’Alembert, but 
the difference of meaning assigned by these writers to the word " function ” 
was of fundamental importance in the controversy which afterwards arose 
between the two mathematicians in relation to this problem. D’Alembert 
understood by a function y = f (x), a single aoolytioal expression, whereas 
Euler employed the same expression and notation to denote an arbitrarily 
given graph. Both, however, hold the view that two analytical expressions 
which are equal for values of the variable in a given interval. must also bo 
equal for values of the variable outside that interval. D’Alembert argued 
that Euler's mode of determination of the function in the solution of the 
problem presupposes that y can be expressed in terms of * and i by means 
of a single analytical expression, and that thus an undue restriction is 
imposed upon the modes of vibration of the string. For example, in the 
case in which the initial figure of the string is polygonal, d’Alembert 
regarded the solution of the problem as impossible. The general effect of 
the controversy is to exhibit on the one hand the narrowness of the restric- 
tion of tlie conception of a function as held by d’Alembert, to functions 
possessing at every point differential coefficients of all orders, and on the 
other hand the looseness of the conception of Euler that the ordinary 
methods of the Calculus are applicable without restriction to quite arbitrary 
functions. 

314. The formal solution of the problem by means of trigonometrical 
series was given by Daniel Bemoullif in a memoir in which he shewed that 
the differential equation and also the boundary conditions of tlie problem 
* Uamh of At Berlin Academy, 1748, p. 65. 
t Ibid. 175.1 



478 Trigonometrical Series [CH.vm 

of the vibrating string, for the case in which there are no initial velocities 
are formally satisfied by assuming 



He asserted that this represents the most general solution of the problem, 
and that the solutions of d’Alembert and Euler must t herefore be contained 
in it. In a later memoir, he considered the case of a massless strinn- loaded 
with n masses vibrating transversely, and indicoled an indefinite increase in 
the number rt. A criticism of Bernoulli’s theory was published immediately 
afterwards by Euler, who pointed out that a consequence of Bernoulli’s 
formula was that every arbitrarily assigned functi on of a variable x could be 
represented by a series of sines a, sin x + « s sin 2x + a n sin 3* + .... This 
appeared to Euler to be a reduciio ad absurdum, since such a scries could 
represent only a function which is odd and periodic; the notion that a 
function could be capable of representation by a certain analytical expres- 
sion only in a limited interval being contrary to established opinion at 
that time. Bernoulli’s solution was consequently regarded by Euler us 
lacking in generality. A considerable controversy* took place on the 
subject between Bernoulli and d’Alembert. 

This problem, together with the related problem of the propagation of 
plane waves in air, was next taken up by Lagrangef, who obtained Euler’s 
results by the method of starting with a finite number of masses fixed at 
intervals on a massless string, and then proceeding to the limit whon the 
number of masses becomes indefinitely great. In the course of his analysis 
Lagrange came near to the determination of the form of the coefficients 
in the expansion of a function in a scries of sines of multiples of the 
argument. The defect of Lagrange’s method lies in the Jack of any in- 
vestigation of the validity of the process of passing to the limit; no restric- 
tions upon the nature of the arbitrary functions were recognized by lum as 
necessary. The remarks made by Euler, d’Alembert, and Bernoulli in the 
course of the discussion of Lagrange’s work failed to elucidate the difficulties 
connected with this point, and no generally accepted theoretical views 
emerged from the lengthy controversies, the general course of which Jms 
been indicated. 

The difficulties felt by the mathematicians of this period in regard to 

* Fora detailed liistory ol Iheae controvcnriefl,aee Iturklmrdl’s Berichl, vol. I. The early history 
of fho theory of trigonometrical series is giveu by Ricmaon in his memoir, “Ucbcr die Dawtcll- 
burkeit. einer Function durch cine trigonomotrisehe Rcihc,” Math. Works, p. 227. For the general 
history of the theory of these series see Sachs, “Vereuch einer Oeschichte tier Darstellung will* 
klirlicher Functionen einer Vnriabeln durch trigonometrisebe Hcihen," Schlomilch* a Zsiteekrifl, 
vol XXV, supplement (1880), p. 231, and Bulletin do sc. math. (2), vol. rv, 1*80; also Gil/TOfl, “On 
the History of tho Fourier Series,” Proceedings of the Edinburgh Math. Soe. vol. vr, p. J37. 
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the generality of the representation of a function by a trigonometrical 
series arose in large measure from their restricted conception of the nature 
of a function. To them it was conceivable that a function given by a 
continuous curve might be so representable, but since they regarded a 
function obtained by piecing two or more such curves together, not as one 
function, but as several different functions, it seemed to them impossible 
that such a broken enrve could be represented by ono trigonometrical 
series; a separate series seemed to be required for each separate portion of 
the given composite curve. Moreover, the idea was unfamiliar that a 
particular mode of representation of a function need only bo valid for 
some restricted range of values of the abscissa; and thus a portion of a 
noil-periodic curve was regarded as incapable of being represented by 
means of a periodic series. 


8PK0IA1, CASES OF 1T1IO 0 NO METRICAL SERIES 
316. Independently of the discussions of the problem of vibrating 
strings and of other physical problems, a number of trigonometrical scries 
representing special functions of a simple character were obtained by Euler, 
d’Alembert and Bernoulli. The methods employed by these writers for this 
purpose arc of a character which fails to satisfy the requirements now 
regarded as necessary for the establishment of such results; moreover, in 
many cases the ranges of valueB of the variable for which the representations 
of tiie functions by the series arc valid were not assigned. 

For examplo, the series 

sin x — A sin 2z -|- i, Bin 3* — \ sin 4x'+ 

COR X — } COS 2a + J COS 3* — -fa cos 4x — .... 
were obtained by Euler*, as representing la, — {z* respectively; the 
range of values of x (— n, s) for which these representations are valid was 
however not given by Euler, who appeared to regard them as valid for all 
values of a. These series were obtained by integration of the scries 
cos a - -5- cos 2a -t- cos 3a + the sum of which was maintained by Euler 
to be — A . 

By D. Bernoulli - ] - the series S - sin nx was obtained as a representation 
of l (s — a), and the range of values of * (0, 2 v) for win eh this representa- 
tion is valid was assigned. It was also observed that the sum of the series 
is discontinuous for a =- 0, 2ir, 4s, ... . The following scries were also 

* Ptirop. .V, Conn. l/fit-K, an ft P<lrop. ,V. Azla, 1789, 
t rump. A'. Covm. 1772. 
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obtained by Bernoulli, and the ranges of the validity of the equations were 




The following results among others obtained by Euler may bore be 
mentioned: 


1 _ " / ,„cos (2 r + l)* 

4 r ?o'~ ' 2r + 1 ’ 


= js (- i r" 


n ( 2r + I ) x 

(2r + l)* ’ 


- jf o <- J) r 


cos(2r + \)x 
(2r+I> • 


The true range of validity of these equations will appear later. 


EATER HISTORY OF THE THEORY 

316. No further advance was made in the subject until 1807, when 
Eourier, in a memoir on the Theory' of Heat, presented* to the French 
Academy, laid down the proposition that an arbitrary function given 
grapliically by means of a curve, which may be broken by (ordinary) dis- 
continuities, is capable of representation by means of a single trigono- 
metrical series. This theorem is said to have been received by Lagrange 
with astonishment and incredulity. 

Fourier shewed, in a variety of special cases, that a function / (r) is 
representable for values of x between — — and w, by the series 
£« 0 4- (a, cos * + bj sin ar) + (a s cos 2x + 6 t sin 2x) + .... 
where a n = ^ j f{x) cos nxdx, f (x) sin nx dx, 

Fourier’s results in connection with this subject- are best studied in the 
collected form in which they appear in his Thiorie de la Chalcur, published 
* Bulletin dee eeieneee de la etc. jAihmathvpte, roL I, p. 122, 
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in 1822. Trigonometrical series of the above form, in which the coefficients 
are determined as above, are known as Fourier's series. It should, however, 
be remarked that Fourier also studied other trigonometrical series, in 
which the co Bines and sines do not proceed by integral multiples of the 
argument. 

Although Fourier attained to correct views as to the nature of the 
convergence of the infinite series he employed, he did not give any complete 
general proof that the series in the general case actually converges to the 
value of the function; he indicates* however a process of verification of 
such convergence which was not actually carried out until Diriclfiet took 
up the subject. 

317. An attempt to prove Fourier’B theorem was made by Poisson, who 
started with the formula 1 }' 

f-JW 1- 2Vo«V-V) + K* dx 

- £ /”/(*') *=' *•/’/(*) «* * <* - *') dx', 

which holds provided — 1 < h < 1 . 

Poisson proceeded to shew that, as h approaches the limit 1 , the integral 
on the left-hand side of the equation approaches the limit / (is), and 
argued that / (x) is represented by the series obtained by putting h — 1, 
on the right-hand side. Apart from the questions connected with the 
limit of the integral on the left-hand side, the conclusion is invalid unless 
it is shewn that the series obtained by putting h .-='1 is convergent. In 
accordance with a known theorem, given by Abel, for power series (see 
§ 126), in case the power series is convergent for h *■- 1,-it converges to the 
limit of the sum of the series for values of h which are < 1, as h approaches 
the value 1 : but no conclusion can be made immediately as to whether the 
series is really convergent, or not, when A <« 1. A direct investigation of 
its convergence would be required to make (lie proof a valid one. It will 
however be shewn later that, by the employment of a theorem due to 
Littlewood, Poisson’s proof may be mode oomplcto in the case when / (#) 
is of bounded variation in the interval (— n, it). 

Two proofs of the validity of the representation were given by Cauohy; 
one at least of these is certainly invalid in its original form. Both of them 
depend upon the theory of functions of a complex variable, and will conse- 
quently not be discussed here. An example of an invalid proof of a similar 
character to one of Cauchy’s; and also to Poisson's, is the proof given in 
Thomson and Tait’s Natural Philosophy. 

* See the Tkiorit lie fo cMatr, chap, is, especially scot 423. 

t Journ. it Vimlt jabjt. cah. 19, 1823, p. 404. See also hie Thiorit anahjliqUQ it la eialtur. 
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In 1829, Diiicblet* gave a proof that, in an extensive class of cases, 
Fourier's series actually converges to the value of the function. His proof, 
the first rigorous one, was based upon a recognition of the distinction 
between absolutely convergent and conditionally convergent series. 
Since a Fourier’s series, when convergent, is not necessarily absolutely 
convergent, it is impossible to obtain a proof of the convergence from the 
law according to which the terms diminish, as Cauchy had attempted to do. 
As Dirichlet’s proof, apart from its historical interest, still repays a careful 
study, on account of the light it throws upon the mode of convergence of 
the scries, it will bo given below, with somo modifications and extensions 
which arise from later advances in the Theory of Functions. 


TUB FORMAL EXPRESSION OF FOURIER’S SERIES 


318. Let / (®) denote a bounded function, defined for the interval (0, l ) 
of the variable x. A finite fcrigonomofcrioal series of the form 

Znx , , . snx . , . (n — llwfc 

■ 1 -.n—j— + sin. — 


% sin -j- + « 2 sin — } — I- ... H- c 


can be so determined that ite value is equal to that of the function / (x) at 

each of the points x . ... — It must be shewn that the 

r n n n n 

coefficients a,, a s , ... a,., can be determined by moans of the linear 
equations 

,/f\ . -rr , . 2n . (n — 1) 7 t 

/(- j a, sm - + o 2 sm — + ... + a«_, sin - — , 

,/2 1\ .2 a- , . 2.2tt , , . 2 [n-l)rr 


f [rl\ ttt . 2 nr ,r(»—I)jr 

/ (-J - a, mn - + a 4 ern _ + ... + a,-, sm — 


,/» %-\l\ . (»-l)w . 2(w -1)« . (»— l)(n - 1)« 

“Oi sin ' — - - + a, sin — — + ... -t-a n _jSin- — - - • 

Multiply the expressions on the two sides of these equations by 
. sn . 2s7t . (ti — 1 ) sir 


* Cr lilt's Journal, voL rv (1829), p. 167, "Sur la eoDvarganco das uirici trigonomdlriqucs, 
rjui serveut fr repn-sontor un© ionction arbitrairo entro des liroites doflndea. ,,r See also bis memoir 
in Dove and Monor'B EcptrlonumfBr Phyrik, vol. 1, 1837. Memoirs by Dirckr.cn. CrclU’i Journal, 
vol, lv (1829), p. 170, and by Bessel, Aflron. Naehrichlon, vol. xyi (1839}, No. 301, are on eimllar 
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respectively, and add the expressions on each side together. It can easily 
he verified that 

sin — sin— + sin —sin — + ...+ sin sin ( n ~ 1 '> sir . 0j 


provided r and e are 
can be shewn that 



"qua! integers not greater than n — 1 ; and also it 


Using these two identities, we have at once 


and thus the coefficients in the series have been determined so that the 
series satisfies tho prescribed condition. Lot us now assume that the 
function / (a) is integrable in accordance with Riemann’s definition, and let 
the number n be indefinitely increased. Tlie limit of the expression for a, is 
then seen to be /{*') sin dx. This process suggests tho possibility 
that the function f (x) may be represented by the infinite series 

nX . 2nx . sirX 

a t sin -y- + a, mn —j- + ... +• a. Bin 

where the coefficients a, are given by 



for points x within the interval (0, l ). It will be observed that the scries 
cannot possibly represent the function at tho poiDt x — 0, unless / ( 0 ) =» 0; 
nor at the point x = l, unless / (Z) =■> 0. This limiting prooesR is entirely 
insufficient to shew either that the infinite series converges at all, or that, 
when it does converge, its limiting sum is at any point equal to the value 
of the function / {*) at that point. 


It will later be shewn by various methods that, for extensive classes of 
functions, the aeries 

|_Zdn ??('/ (*■)■■>“'*' (!) 

actually converges to the value / (a:), for values of x within the interval 
(0, l), at wliioh / (x) is continuous. This series is known as Fourier's sine 
series. 

Let us now assume that the function J (x) sin ~ is represented within 
the interval (0, l ) by the Fourier’s Bine series. 
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This series is, in the present ease, of the form 



which is equivalent to 

\ *, 7 J/M [oosi^is: _ 

or to 

and this by hypothesis represents the function / (r) sill 

It thus appears that, on the assumptions made, the function / {*) is 
represented by the series 

jj/ (*')<&' + | j£ cos^jy (x') cos <te" (2). 

This series (2) is of the form 

n . n wz r, 2lTX „ SjtX 

Pa + ft eos -J + Pi cos —f t- ... + p, cos 
and is known as Fourier's cosine series. 

The cosine series, nnlike the sine series, may possibly converge to the 
values /(O), / (1), for r. = 0, l respectively, when these functional values 
are not necessarily zero. 

319. Assuming foT the present that the function / (z) may be repre- 
sented for the points of the interval (0, l) by either of these series (1) and (2), 
wo proceed to consider some obvious properties of the series themselves. 
The sum of tho sine series (1) has, for the point — x, the same value, with 
the opposite sign, as for the point z. If then we suppose that the function 
/ (x) is defined not only for tho interval (0, l J, but for tho interval {— I, l), 
it appears that the scries can represent the function for the whole interval 
{— l, l), only in case /(—*) = — /(z); that is, in case the function / (z) be 
odd. Further, the series (1) is unaltered by adding to x any multiple of 2 (, 
and thus the series, considered as existent for all values of x, defines a 
periodic function, of period 2Z. If / (z) be defined for all values of z, it cau 
only be represented by the series, for all such values of z, provided / (zj 
is periodic and of period 2 1, and also / (z) — — / (— x); otherwise the 
representation of the function by the series is valid only for the interval 
{0,Z). 

The cosine series (2) is unaltered by changing z into — z; therefore tho 
series represents the function f (z) for the interval (— l, l), only when 
/(- x) = f (z), i.e. when /(z) is an even function. The cosine series, like 
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the sine series, considered as existent for all values of x, is periodic, and of 
period 2 i; therefore the series can represent a function / (a), defined for all 
values of x, only when f (a:) is periodic with period 2Z, and also 
/(*) =/(- *)• 

It is thus seen that, if the function / (a:) be defined for the interval 
(— l, 1), it is in general not represented by either the sine or the cosine 
series for the whole of that interval, although it may he represented by both 
the series for the interval (0, l). For the part of the function / (x) in the 
interval (— Z, 0) m in general independent of the part in the interval (0, 1); 
neither of the relations /(— x) «* — / (x), /(—*)=■/ (z) being in general 
satisfied. In fact there is in general no relation between the values of a 
function, defined for the interval (— l, l ), at the two points ~ a, a. 

It is however possible to obtain, from the series (1) and (2), a series 
containing both sines and cosines, such as to represent the function / (a) 
for the whole interval (— Z, i). The function i {/(*)+/ (— *)} is an even 
fnnotion, defined for the whole intervnl Z, Z), and in accordance with the 
assumptions, representable for that interval by the series 

ilf, </<*’>+/<- x '» *’’ + j <** "t (i/« !-/<-*)] 00. 2j£*f. 

Again, the function £ (f (z) — /(- z)} is an odd function, defined for 
the whole interval (— Z, Z), and is accordingly representable by 

jjs “ t 5 /! (o’) - / < - o')) *> 'f *'• 

By addition of the two series, we find the series 

!i I'j ( o'> dx ‘ + ! ,§, f_, «“ T ( * ~ r (’O ' 1 u (a) ' 

which is of the form 

i«« + (a t cos ^ + ft ^ + (“* cos IT + & *** lF) + " ' j 

as representing the f inaction / (x) for the interval (- l, l). This series (3) is 
known as Fourier’s series, the sine and cosine series being regarded as the 
particular cases cf it which arise when /(- x) => — / (a:), or/ (— x) ~f[x) 
respectively. 

320. With certain assumptions, the form of the series (3) may be 
obtained directly. Let it be assumed that a function / (x), defined for the 
interval (— Z, l), can be represented by the series 

H + (»,co,” + i, »nS) + . + + 

in the sense that, for each point x in the interval, the scries converges uni- 
formly to the value/ (z) of the function at the point *. It then follows that 
/{*) is continuous in the interval (— Z, Z), and that f (l) — f (— Z). 
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The fundament. 'll property of the functions 



is that the integral of the product of any pair of them taken over the 
interral (— l, l) has the value zero. On account of this property, the set 
of functions is said to be an orthogonal set of functions for the internal (— l, I). 

On account of the uniform convergence of the series to the value / (.r) 
through the interval (— w, tr), it is legitimate to submit the series to term 
by term integration, oven when it is multiplied by cos -^5, or by sin 
Observing that j dx = 21, j cos 2 dx *= j ^sin and em- 
ploying the property of orthogonality, we obtain in this manner, 
j j (z‘) cos dx' — a„ , for n = 0, 1, 2, 3, ... ; 
and jj ^ (id) sia^Y d * ' = for n — 1, 2, 3, .... 

Therefore we have, for the interval <— l, l), as the series representing / (x), 

a fj <*’> *' +„?, {j “• rfj <*'> “* t u 

+ j sin J ( x ') sin ~2L 

» > + j, } /'.,/M ~ " V ~ O */. 

If we replace ^ by *, no essential change will be made in the formula ; 
thus there is no loss of generality in taking (— w. w) to he the interval in 
which / (x) is defined, and for which it is represented by 

J J (*') + 2^ ~ j f (*') cos n (x' - x) dx' (4). 

This expression (4) will be taken to the standard form of Fourier’s series. 

321 . In the above process, by which the form of the series 1ms been 
obtained, it would have been sufficient to have assumed that the con- 
vergence of the series to the value of the function is simply uniform 
in the interval (— n, tt). In that case the convergence becomes uniform 
if a suitable system of bracketing the terms of the scries is carried out 
(see § 67). More generally, it is sufficient to assume that, whether the 
series is convergent or not, when a suitable system of brackets is intro- 
duced, the new series, in which the terms of the original series that are in 
a single bracket are regarded as a single term, converges uniformly in the 
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interval (— w, n). The tmifonnly convergent series would then take the 
form 

4- 2^ (<7.„ cos vx + b„ sin nx) J + 2 ' («„ cos nx + b„ sin nx) 

+ 2 ^ (o„ cos nx -|- b 9 sin nx) + ... , 

which is assumed to converge uniformly in (— n, tt). The original nn- 
brackcted scries does not necessarily converge for the values of x in the 
interval. We find, as before, that 

j ' f (x’) cos nix’ dx‘ = j cos mx ’ . S’*’ (a„ cos nx + b„ sin nx) dr 


whore m is one of the numbers n p + 1, n t 2, ... n p +, . In a similar manner 
we find that j f (*') sin mx' dx' =■ nb „ ; hence the form of the series lias 
beon obtained. 


THE GENERAL DEFINITION OF A FOURIER’S SERIES 
322. Wc now take tho series 

\.J ^ +„?, \ \_J 003 71 (*' “ *) ,lx ' 

ns the starting point, independently of any aSBumption as to its con- 
vergence. In order tliat the series may be said to exist, whether it converge 
anywhere, or not, it is necessary that the coefficients 

' 4r / / (**) dx', ^ j / (*’) oos »*' dx', f ( z ') sin nx' dx' 

should liavo definite meanings, whatever value n may have. 

Until the last few decades it has been assumed that / (x) is cither 
bounded in the interval (— tt, n), and intcgrable (It) in that interval, or 
else tliat/ (a) is unbounded in that interval, hut possesses in it an integral 
in accordance with one o£ the earlier definitions winch were employed to 
meet such cases. The recent extension of tho definition of integration, due 
to Lebesgue, to the case of functions which, whether bounded or not, are 
not integrable (R), has led to a corresponding extension of the range of 
Fourier’s series. It has been proposed by Lebesgue* to assign to the series 
(4) tho name Fourier’s series, in every ease in which / (x) is summable, and 
consequently also f (x) cos nx, f (x) sin nx are summable, in the interval 

* Lebesgue’ e treatment of the gerk-fa b contained in a memoir, “Snr log series Irigonomitiiquee,” 
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(— j r, if), whether the function be bounded or not. This terminology will 
bo hero adopted. The two series 

~J^f (*') ds* + ^ cos nx J / (,') cos nx' rlx’, 

2 ~ sin nx j f (*') sin nx' fix', 

in which/ (as) 16 taken to be snmmablo in the interval (0, n-), will be termed 
Fourier’s cosine series, and Fourier's sine series respectively. The first of 
these series is the Fourier’s series corresponding fco/fi), provided / {x) is 
an even function of x, so that it exists in the interval (— ir, % r), and the 
coefficients 

~j / (*') tin nx’ dx' 

then all exist, and have the value zero. The Fourier's sine series is the 
Fourier’s series corresponding to /(*), in case / (x) is an odd funotion, 
defined for the interval (— n, ir), in which case the coefficients 
i j’ j (*’) dx\ i j W J (*’) cos nx' dx' 
all exist, and have the value zero. 

Each extension of the definition of an integral, beyond that of Lobesguo, 
loads to an extension of the scope of the series. Thus cases may bo con- 
sidered in whioh the coefficients exist as //^-integrals, ns D-intcgrnls, as 
DK F-integrals, or as F- integrals, or as integrals existing in accordance 
with other definitions which have been suggested. All series of these kinds 
may be termed generalized Fourier’s series, but the only kind which will 
he considered in this work will be those in which/ [x] and consequently 
/ [x) cosnx, / (a) sin nx, have D-integrals, or in particular, HL-integrals, in 
the interval (- it, it). Such series will be termed Fourier's D-ecries or 
Fourier's (//£.) series. There may exist also Fourier's D-cosinc-serics, 
and Fourier’s D-sine-series, which as explained above are Fourier’s D- 
series in case the absent coefficients exist and have the value zero. 

EXAMPLE 

Let us consider the function f(r.) = 4*3, witcre <p(z) is summriblc in tiio interval 
(- n, it), then the coefficients JL J' dx, l . J’ ^ cos nx wili not in general exist, 

cither ns L-intcgrais or as .D-intcgrafe. Thus the function wilt, in accordance with the 
definition given above, have no Fourior’s series, or Fourier's W-sories, corresponding to II, 
although the coefficients ! j” sin nx dx will exist as L- integrals. The series 

- s sin ax j’ sin nx" dx’ 

•will, however, exist, but if ib not a Fourier’s sine-series, because is not Minimal! 1 ' in 
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(0, it ). For oxainph*, let tj,[x) — )jc col -\x, rf, (0) = 1, in tbo interval (0, ir). It is easily 
found that - j r I cot 4* sin nx ix = 1. but i J cot Iz cos a* t£z does not exist. It follows 
that sins + sin 2a: + sin 3r + ... is a generalized Fourier's sino-sorics conespending to 
tho (unction i cot J*, non-fitimmabjo in tho interval (0. v), but it is not a Fourier’s D-seriee. 
Discussions o{ such scries lisve been given by THcbmarshf and by Perron?. 

It should he observed tliat all eummable functions which are equivalent 
to one another correspond to one and tho same Fourier’s series. Conditions 
have been, investigated By Corath6odory§ that, among the functions that 
are equivalent to a function / [%) to which correspond the Fourier's co- 
efficients a 0 , a,, 6„ a t , b t ... , there should exist one which is intograblc (R), 
so that tho Fourier’s series defined by moans of these coefficients should 
he a Fourier’s /^-series. 

A series of the form i o a 4- 2 (o„ cos nz 4- b„ sin nx) is not necessarily 
a Fourier’s series, even assuming that a„ = o (1), 6„ o (1 ). An example 
is the series 2^ • 

THE 3‘AKTIAl SUMS OP A FOUItlER’s 8BIHE8 


323. It being assumed that / (*), as defined for the interval (— w, it), is 
such that the coefficients in the series (4) exist, either as //-integrals or as 
/)-integrals. We denote by s, B+1 (x) the finito sum 

gj jlj (**) & + ^ cos rx jj (t’> cos rx' tlx' 

4- ~ sin rx j f (.r') sin rx' cte' j , 

Or l - j / (*') [l + oos (*' - x) 4- oos 2 (x' -x) + ... 4- cos n {*' - x)] tlx. 

$ 4- cos (x' - x) 4- COS 2 (** -x) 4- ... 4- cosn (*'-«)«= 7— , 

2 sin — vj- 

. sin (2n 4 - 1) 

we have s M+I (*) = ^ J J (*') y - dx\ 

sm 2 


If we change the variable x' by taking r'-r-f 2z, and write 2n. 4- 1 — m, 
tho expression takes the form, 

s 01 (x) = if ,< ’ f(x. + 2z) 'h, 

vI-k.+z) sms 

where m •■= 2n 4- I. 


* See W. H. Young, Pm. Load. Mali. Hoc. (2), v»L rx (101 1|, p. 431. 
t Pm. Loud. Hath. Sac. (2). vol. xxin <1824). Record!, p. xir. 

$ Math. Atmohn, vol. irxxxvn (1922), p. 84. 

I Math. Zeitmhr. vol. I <1918), p. 309. 
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It is convenient to extend the definition of / (a;) so that it may apply 
to all values of x outside the interval (— t, tt). We assume that / (at) is 
so defined as to be periodic, of period 2 jt; thus f (as) =/(a r ~ 2rjr), for all 
integral values of r. In case, in the original definition of / (x) for the interval 
(— 7 r, it), the values of / (w) and / (— zf) arc unequal, it will be necessary 
to alter the value of the function at one of the points n, — n, in order that 
the function, in accordanoe with the extended definition, may be periodic. 
This can be done without affecting the values of the coefficients of the 
series, or the value of s m (x). Taking the function / (*) then to be periodic, 
so that it is defined for all real values of x, it is clear that in the expression 
for s m (x) the limits of the definite integral may be altered to any two values 
which differ from one another by v, without altering the value of the inte- 
gral. We have thus 

- 1 + 2z ) +f<* - & )i 

The integral of the form | * F (z) dz is known as Dirichkt'e 
integral, the term being, however, generally applied !.o the more general 
form j F (z) dz, and also to j F Z dz, where a is such that. 

0<«S*v. 

If we take i + cos (»' - x) + cos 2 (x' — x) + ... + } cos n (#’ - x) 

dn (2» + 1) 

which is equal to p 

we see that 

»s-«+> (*) “ 2 ^. f J (s') cos n{x’ -x 


, , , , , 1 sin n (x‘ - x) 

- i co, n (x - x), or to j ’ 


Thus 


(x) has its value* dependent upon an integral 


F { z ) -T-- dz, 


of a form very similar to that of Dirichlet. 


* SecNeder, Math. Annatcn, vnL lxxxiv (1921), p. 120, o'fiereil is pointed oni *}jn 1 1 Ji 13 Torm. 
(or ( 7 ) can Boinottnies lie conveniently employed. 
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THE CONVERGENCE OF FOUBrBIi’s SEB1ES 

324. If the function /(*) bo summable in the interval {— rr, t), the 
coefficients in the Fourier’s series corresponding to/ (z) all exist, and are 
given by 

= / (*) cos rut dx, 6 S = ^J / (a:) sin nx dx ; 

and this independently of any assumption as to the convergence or non- 
convergence of the series at points of the interval. Thus, corresponding to 
any summable function / (z), there exiRt the numbers a„, a, , f> 1 , a 3 , b s ... , 
which may be termed the Fourier’s coefficients, or Fourier’s constants, for 
the summable function/ (z). The relation of the constants to the function 
may bo expressed by* 

/ (z) — la t + (a, cos z -h b, Bin z) 4- (o 2 cos 2x + b t sin 2z) + ... 
which does not involve any implication as regards fcho convergence of the 
series. It will bo seen that all equivalent functions liave the same set of 
Fourier’s constants. 

A similar definition will apply to the Fourier's (2)) constants corre- 
sponding to a function/ (z) which has a .©-integral in the interval (— ir, w). 

It will be Been lalor that the Fourier’s constants of summable functions, 
and of particular classes of such functions, possess important properties 
which do not depend upon tiie convergence of the Fourier’s scries. 

The question as to the convergence of the series in the whole, or in a 
part of the interval (— or, at), or at assigned points of that interval has 
been fundamental in the history of the subject, and the earlier investiga- 
tions, from the time of Dirichlct’s investigations onwards, were almost 
exclusively concerned with this question. In considering this question, two 
lines of investigation may bo pursued, according as the function itself, 
or the series as dofined by its coefficients, is taken as the starting point. 
In the first of those lines of investigation, the question takes the form — 
what properties must the function have, in order that the Fourier’s series 
may converge at a particular point, or in the whole or a part of the interval ? 
In the second of these modes of approach it is not usually assumed that 
the series is a Fourier’s series, and the question takes the form — what 
can be inferred as to the convergence of the series from the existence 
of special restrictive properties of the coefficients? All account will he 
given of investigations of both these classes; in the earlier investigations 
the first of these modes of investigation was alone employed. In the first 
instance an account will be given of the investigations, by various writers; 
which have as their object the determination of sufficient conditions to be 
satisfied by the summable function / (x) in order that the series may con- 
* See Hureitz, Math. Anrutlat. voL ivii (1903), p. 427. 
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verge either through a whole interval, or at particular points of t he interval 
(— w, it). It will appear that, for a summable function/ (e), the convergence 
or non-convergenco of the series, at a particular point, depends only upon 
the nature of the function in an arbitrarily small neighbourhood of that 
point; and is independent of the general character of the function through- 
out the interval (— ct, w); this general character being limited only by the 
necessity that the function shall be summable in the whole interval. These 
investigations have resulted in the discovery of sufficient conditions, of 
considerable width, which suffice to ensure the convergence of the series 
at particular points, or generally through the whole or a part of the interval 
for which the function is defined. The necessary and sufficient conditions 
for the convergence of the series at a point of the interval, or throughout 
any particular portion of the interval, have not been obtained. This is 
not surprising, in view of the very general character of the problem; 
and indeed it may be the ease that no such necessary and sufficient con- 
ditions may be obtainable. It is possible that the mere fact of the conver- 
gence of the series at a particular point characterizes the nature of the 
function in the neighbourhood of that point in a manner incapable of 
reduction to any simpler form; so that, although the characteristics of 
various Sub-classes of the functions which satisfy this condition may be 
obtained, as has in fact been done, yet. the whole class of such functions 
has no property capable of being stated in any form essentially different 
from, or simpler than, the mere statement of the fact of the convergence 
of the scries at the point. It will appear that there exist functions, and 
even continuous functions, for which the sories fails to converge at every 
point belonging to an cverywhcrc-dcnse set of points. The question whether 
n Fourier's series, corresponding to a continuous function, can be so 
determined that it fails to converge at all points of a set of measure greater 
than zero, or in particular almost every where, has not yet heen answered. 

In order that the Fourier’s series, corresponding to a summable func- 
tion / (x), may converge at a point x, it is necessary that s m (x), or 

\ 

should converge to a definite limit, as the odd integer m is indefinitely 
increased. 

It will appear (§ 434) that - j / (x'j cos n (x' — x ) dx' converges to 
zero, as n ~ go , consequently it is necessary, for the convergence of the 
series at the point x, that the integral 

1 ft' , , „ . sin 2«z , 

should converge to a definite limit, as n ~ os . Either of these expressions 
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may be used in llie investigations, but Dirichlet’s form will be here- 
employed. 

It was first shewn by Dirichlefc that, for an important class of functions 
/(k), a m (x) converges to the value }(x) at every point x interior to the 
interval (— w, w), at which / (a) is continuous; that, at a point of ordinary 
discontinuity of/ (#), the series converges to the value 
£{/(*+0)+/( a: -0)}, 

which is, of course, not necessarily equal to f (.r) ; and that at the points 
7r and — it, the series converges to tlie value £{/ (w — 0) +/ (— n + 0)}. 
Although Dirichlet’s investigation has now been superseded by the em- 
ployment of methods applicable to a wider class of cases than was con- 
sidered by him, ltitt investigation has still an interest not exclusively 
historical. It will therefore be given in § 328, in a form in which certain 
modifications and simplifications will be employed. 

More recent investigations, an account oi which will bo given, shew 
that the Fourier’s constants have important properties which are related 
to the functional values, independently of whether the series converges 
or not. It will appear that, in important classes of cases, Fourier’s series 
may be employed, Independently of whether they arc known to converge, 
for the representation of functions, and that such series may be validly 
subjected to many of tbo ordinary processes of Analysis, such ns substitu- 
tion for tho function in a definite integral and subsequent term by term 
integration. Much of the recent progress in the Theory of Fourier’s series 
is due to the employment of tins conventional sums of the scries, especially 
those of Riemann, Ceso.ro, and Poisson. By this means a representation 
of a function by means of a convergent sequence con be obtained when tho 
Fourier’s series corresponding to the function is not convergent, or is not 
known to bo convergent. 

PARTICULAR CASES OF FOURIER’S SERIES 
325. Before proceeding to the theoretical investigations relating to 
tho convergence and the properties of Fourier's scries, it will be instructive 
to consider some simple cases of tho use of the series. It will be assumed 
that, for the functions employed, the aeries corresponding to a function 
/ (a) converges at every point to the value £{/(* + 0 )+/.(* — 0)). 

If we employ the sine series to represent the function defined, for the 
interval (0, rr), by y -= £ (it — x), we find on evaluation that 

Hn-x)onnxdx = 
and thus the series is of the form 

sin x + £ sin 2* + J sin 3* + ... + — sin n* + ... . 
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The function defined for all values of x by 



is represented graphically in the figure. The function is discontinuous at 
the points 0, 2 w, 4ir, ... — 27r, — 4sr, the functional value being zero 
at all those points. Itisseen that the series represents the function A (>r — z), 
not only for the interval (0, it), but for the interval (0, 2 j t), except at the 
points x = 0, * = 2w, where the sum of the series is zero. For the interval 
(— In, 0) the function represented by the series is — A (it +- a:), except at 
the ends of the interval. 



ThiB series may be employed to illustrate some important points con- 
nected with the convergence of the series in the neighbourhood of the point 
x «= 0, at which the function represented by the scries is discontinuous. To 
this cud we shall examine the series by a method employed by Fourier*, 
and further developed by Knescrf- 


Denoting sin x + £■ sin 2x + ... + - sin nx, by s„ (x), we have 
ds„(x) , „ , sin (n +■ A) * , , 

Tr-“‘ +»> 2 * + - +“•**- sarji - Jl 

therefore 

f* 8in(n + i)x 


•a (*) = 


dx — \x + I 


n[n + i)x 


-r 


On integrating by parts, we find that 

a: — 2 sin \x cos {n + \)x f* C os(» + i)x 4 sin^x-x’cos^ 
1 {X> ~ 2x sin Jx n + i + Jo n + i ’ 4** sin* lx 


* Thlorh de la cltalcur, chap. LIU sect. 3. 

t Silzangtber. of tlx Balia Hath. Soc. (19W). p. 28. Sec also Bocheris “In trod action to the 
theory of Fourier’s series," Annalt of ilathematiet (2), vob vn (1D0D), p. 81, whe» numerics 
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„„ . x — "2 sin lx 4 sin* lx - x : cos lx , , 

Ihe expressions fi|n both become in- 

definitely groat, as x increases up to 2n; but if x bo confined to the interval 
(0, b), where 0 < b < 2n, fclioy are both bounded functions. It. follows, since 
| cos (n + Jr) 1 ft I, 

that a positive number /l can be determined, independent of n and x, such 
that | / (*) | < A/(n + J), provided * is in the interval (0, b). Hence it 
appeal's that 1 (#) has the limit zero, when n is indefinitely increased, 
whether x varies with n or not; in fnot ]/(*)) is arbitrarily small for 
sufficiently great values of ti. 

We havo now 

. . . . i*t»+H*Mns , , , M 

3„ (x) — x (x) - [ _ az ~ In + , 

provided 0 S x & b\ where 0 is such that — 1 < 0 < l. 

Also {«„ (as) - » (*)} •- ; 2 — V-j-— , if 0 < x & b ; 
and therefore *„ (a) - a (x) has maxima and minima at the points x »» , 

where A ■»» 1, 2, 3, ... . 


It can now be shown that, for sufficiently largo values of «, at least, 
/ to \ / 2n \ /_4n \ / 4 tt_\ ( Oir \ (Jin \ 

*? \2ti 4- \) ~ \2n + 1/' " U» + 1/ Uw + 1 )' " \2u +l/ ~ *U» -I- 1) ’ 


arc alternately positive and negative, tlio first, of these differences hoing 
positive. 

We havo 


i : r* - j;- e - -.h+d * - ■■■ +.-»)* 

" ttl - it, + tta - ... + (~ l) M 'l£ A , 
whore if, , « s , ... «* arc alt positive, and «, > «. > « 3 ... > Also 

** * (*-'»)•. ■* « er-Tj-i- 

hence lim »* ■*« 0. 

Further, it is well known that lim j ~L- <tz, which is the improper 


1 ntegrnl j ds, is equal to In ; i l follows that u , , «, — iu , u t ~ «, H- , , 

id less than in. Since 

2« + 

jcs of n , it thus appears 1 hr 
/ 2An ^ _ /2A|ln\ 


aw alternately greater and less than in. Since 2f) ^ is arbitrarily small, 
for sufficiently groat values of n , it thus appears that the differences 

/2A“r-!n\ 
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are alternately positive and negative for A — 1, 2, 3, ; and that for A — I 
the difference is positive. 

It thus appears that, for large values of n, the form of the curve y = «* (x) 
in the neighbourhood of the origin is as in the figure; consisting of a wave- 
form passing above and below the straight lines which represent y = s [x), 
The firet maximum on the right of the point x =* 0 has as its abscissa 
x — 2 n +\ ’ its height above the point whose coordinates are — 
s j) * 8 ne^ly [ B ~~ ds — £?r, which is independent of the value 
of n. The first minimum on the right of the point x — 0 has for its 
abscissa x = , and is at a depth approximately Jtt — f ^2* d- 

below the corresponding point, of the locus y ■= s (a). 



As 7i is continually increased, the abscissae of the maxima and minima 
of s„ (») — s (*) become indefinitely small, the magnitudes of these maxima 
aud minima remaining however nearly unaltered. If a particular value of 
x can be chosen, n can be so determined that | s„ ( x ) — s (*) | is arbitrarily 
small, for such value of n, ajid for all greater values; but if a particular 
value of n be chosen, there is always a value of *, viz. ^ , for which 
s„ (*) — s (ar) is nearly equal to [ dz — 

The graplis y = s„ (a:), us n becomes indefinitely gi'eat, tend to the form 
given in the figure, which consists of the continuous curve formed by the 
straight lines of length 2 j dz (> w), through the points * — 0, 2rr, 

— 2ir and of the series of oblique straight lines which belong to the 

curve y — s (»). The graph of the curve y = s (x) = lim «„ (») has been 
already given. The limit of the graplis of the curves y = «„ lx), and the 
graph of the limit of s„ (x) differ in the respect that, for the abscissae 

x = 0, 2v, — 2 jt the former contains the continuous straight lines of 

length 2 | ^2-? dz, whereas the latter contains only the single points on the 
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a-axis, Corresponding to any point P on the straight line LM through the 
origin, it is possible to determine an indefinite number of pairs of values of 
x and n, such that the distance of P from the point whose coordinates are 
x, s„ (#), is less than an arbitrarily prescribed positive number *. Thus the 
double limit lim s n (x) is indeterminate between (lie limits of inde- 
terminacy J" B ~- ds, — j dz. 



By letting n increase indefinitely, and x. at the samo time diminish to 
zero, in such a manner that nx has a as its limit, where a is any fixed positive 
tmmbor not exceeding it, we have as the particular value of lim s„ (a), 
or lim s„ the number dz. It will be observed that tlie ropoated 

limit lim lim s„.(a:) has the value \ir, or — hr, according as x approaches its 
limit from tho positive, or from the negative side. The repeated limit 
lim lim «„ (a;) has the value zero. 

The distinction between the graph y = s (x), which represents the 
series, and the limit to which the graphs y = «„ (») tend, is clear, if it bo 
borne in mind that the limit y = 8 (*) is obtained by tho special mode of 
first fixing a value of x, and then letting n inorease indefinitely; thus, for 
example, a (0) •= lim s„ (0) = 0; whereas, a3 wo have seen, lim s n (x) 
is indeterminate between limits whiab have been found abovB. Tho 
difficulty which has been frequently felt in understanding bow a series, 
of which the terms arc continuous, such ns the scries here considered, can 
represent a function which is not continuous, will be removed if the point 
just explained be fully grasped*, that the sum of the series at a point x 

discontinuity, mode by Sehladi, CrdU't Journal, voL LXXH {(1870) p. 284), and by fin JJoig- 
Koymand, Maib. Aimak*, voi. vn «1874)p. 244), vkoro it is maintained that tho sum ot tho Gorics 
is indeterminate, an duo to a lack of appreciation of thie point. 
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means the limit obtained by first fixing the abscissa x, and then afterwards 
making the number of terms increase indefinitely. 

It has already been shewn, in § 82, that the points x = 0, In, - 2jt, ... , 
must he points of non-uniform continuity of the series; moreover, other 
examples have been already given, in which the peaks of the approximation 
curves y — s„ (ar) remain of finite height above the curve y — s {x), however 
great n may be. That the portions of the limit of the graphs »/ = s n ( % ), in 
the present cose, have a length greater than v, the measure of discontinuity 
of the function, was pointed out by Willard Gibbs*. 

In tins and all similar cases, the non-coincidence of the upper and lower 
double limits of s„ (*), at a point f, with the upper and lower limits of it(») 
as aj~f, is spoken of aa Gibbs’ phenomenon. The phenomenon, however, had 
been discovered earlier, in the ease of the series cos* — | cos 3* JeosC*— .... 
by H. Wilbrahamf, at the point ar= $sr. The phenomenon lias been fully 
discussed by GronwallJ, Dunham Jackson §, and Bficher||. 
f!n+5)i s ; n z og .4 

The expression J — — dz — in + , which has been found 

above, for s n (x) — s (x), provided 0 < x £ b < 2ir, may bo employed to 
shew that the series converges uniformly in any interval (n, b), such that 
0 < a < b < 2tt. For, by choosing n so great that [' ds, for * S a, 

differs from for by less than a prescribed number Je, which is possible on 
account of the convergence of the integral, and further choosing n so groat 
is Been that n can be chosen so great that, for the 
chosen value of n, and for al! greater values, | s n (x) — s (*) j < e, for all 
values of * in the interval (a, 6). This expresses the fact that tho scries 
converges uniformly in the interval (a, b). It is clear that the smaller a is 
taken, the greater must be the value of n, so that (n + £) a may be suffi- 
ciently large to satisfy the requirement that | J — dz — fot | < ic; 
and that this value of n increases indefinitely as a is indefinitely diminished. 
This is a verification of the fact that the convergence of the scries is non- 
uniform at the point a; = 0. 

326. Let f (*) be defined for tbe interval (0, n), by the specifications 
/ {*) = c, for 0S*< in', /(*) = — c, for \n £ x & n. 

* Se© tm interesting discnEsion on tfaiB subject In Mature, vol. lvjji (1698), pp. 5)4, 509; 
vol. L1X (1899), pp. 200, 271, 319, 000 ; voL LX, pp. 52, IOO, iu which Gibbs, Michclson, l/ove, Mcr 
and Poincare took part. 

t Camb, and Dublin Math. Jaunt, new aeries, voh in; old series, vol. vu (184H). pp. 108-200. 

j Math. Annalen, vol. lxxd (1912), p. 228. 

f Mend, di Palermo, vol. xxxn (1911), p. 257. 

!l Crelle’e Journal, vo!. oxuv (1014), p. 41. So© *t»o F«jdr, CrtlU't Journal, vol. c xlu (1013). 
p, 105, where methods or© given ior detonnining the eeltuB, and the functinnol limits, at a 
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To find the sine series for this function, we have 

I f(x) ain nxdx c j sin nxdx — cj siniircJr 
= - (cos HIT — 2 COS ftt7T + 1). 

This integral vanishes if » is odd, and also if n is a multiple of 4, but if 
n — 4m -f 2, it has the value 4 cjn. The series is therefore 

— (J sin 2x + J sin Ox 4- sin 10a: -!- ...). 

For unrestricted values of x, this series represents the ordinates of the 
series of straight lines in the next figure, except that it vanishes at the 



points 0, it, — £rr, — n It will be observed that, if the meaning 

of f(x) be altered, so that it denotes the sum of the sine series for every 
value of x for which that sum is continuous, then at the point tr, for example, 
/(w + 0 ) - c, /(„ - 0) - - c, 

and the series represents at the point n the arithmetic mean of these two 
values. 
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In a similar manner, we find that the function defined for the interval 
(0, 7i ■) as before, is represented, for the interval (0, it), by the cosine series 

— (eos * — J cos 3® -f- 4- cos 6x — ...). 

For unrestricted values of x, the series represents the ordinates of the 
straight lines in the figure, except that its sum vanishes at the points 

\7t, — \n, §7r 

327. Let / ( x ) = x, for 0 S.x S in, 

and / {pc) *■- -a — #, for 

In this case we find that 

J / (z) sin nxdx " a sin nxdx + j (jt — x) sin nxflx 

2 • ■ 

— -j sin inn. 

Hence the sine series is 



For general values of x, the series represents the ordinates of the line in 
the figure. The broken line in the interval (— n, n) is repeated indefinitely 
in both directions. 
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Tlic cosine series, which represents the same function for the interval 
{0, -), will be found to be 

This series represents, for general values of*, the ordinates of the line in 
the second figure. As before, the broken line in the interval (— sr, sr) is 
to bo repeated indefinitely in both directions. 


m^rorc that t 

oprestmts, ii 
Vet any i 
< is a posith 
ora oi tlio si 

V" 


- \ sin 2r + J tin 3* - i sin 4x + ... 
represents, iaz tbo interior ot the interval ( - », tr), the function Jr. 

I'or any value oi a -which is not a multiple of it, tho attics represents J (r-2tr|, where 


o that the scries 

»z - icos2r + > cos3r - ,> 5 cosir + ... 
represents tho iunclion jtjir* - Jr*, for (ho interval (- w, w). 

(Strove that 

Jrr & ninz + }«in 3r + { sin Gr + .... forO<z<ir{ 

Jr = cosz - J cos3r + i cos hr - for - Jr < X< jr. 

(4) Provo that 

v/ }rz = Binr- ~ain3r + Isinor- .... for-*rSz£jr. 
(C) Provo that 

t (I - « l ’cos»ir)sianr, forO<Z<w, 


r n -t£» + 

_ e*' - 1 2t " «*■ 


S - — — . — cos nr, for 0 < 


(0) Prove that 

•S r sin fa r sinx _2sin2r 3«in3i 
2 sin Jhr = l r - P ~ £'-~-L- + 3 1 - t 5 " 


where 05i<r. 


k not being integral. 

(7) Prove that 

v sink kx sin x 2 an Sr 3 rin 3r 
2 siSfit? “ I s + t? “ 2 s V k? + 3= + H " 


+ k- 2- *■ lr r- + e 


where 0 £ : 
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DIRIOIILET S INVESTIGATION OF FOURIER'S SERIES 


328. As a preliminary to the consideration of Dirichlet’s integral, some 
properties of the integral 


?e required. 
Wc have 




J ^air Tz ° j t 1 + 2 cos 2* + 2 005 4z + ••• + 2 cos 2tiz]dz - 

If wo divide fcbc interval ^0, of integration into the portions 

we see that, in these portions, the integrand has alternately positive 
and negative signs; thus if we write 


At -(-<)" j’„“, 


we have 


to “ Pi + Pi + ••• + (- l) r_l Pr-i +... + (— 1)" Pn, 


where all the p a are positive. 

In /v_,, sin me is always of the same sign, and - 
z increases, hence 


decreases 

Pr-, < (- l) r_1 


{r_ 




and similarly 


p._, > — cosec — . 
rT 1 m m 
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It follows that, if 2p < n, 

o < ft - Pi +Pt~ — +P:p- 


and 


5 > Po - Pi + pi - 


Let uh suppose that the function F (z) has n finite upper boundary, 
for the values of z such that 0 £ a S |u, and further, that it is in the whole 
interval positive and monotone non -in creasing; it is consequently nn 
integrnble funotion. 


In the in login 1 




*d2, 


where « & Iir, we proceed to divide the interval of integration ns in the 
case of 

{*™ —its 
Jo sin z 

into alternately positive and negative portions; thus if 


lH F(z)^~dz, 


whero ij is a positive integer such that 


fV(z) 




.. + (- I)'- 1 


• + (- l)"*., 


mn z 

where « 0 , s, , s . , ... s„ are all positive. On account, of the supposition made 
ns regards F (:), we have 

Pr-,F ( r - s *r-i s Pr-1 F , and s B £ P, P . 

From these inequalities it follows that 

and this holds for all values of r from 1 to q. 

Wo have consequently the result, that 
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is less than + a t — ... — s Sp _j + s lvl 

and greater than s, — s, + — ... — where 2j) £ q. 

From these inequalities, with the help of those obtained above, we have 
V > ( Pn - Pi ) F g) + 0** - Ps ) F g) + .. . + ( Pi ,_ s - P ^) F (1E>) 

> F ( (po ~ Pi + Pi — Pz + — + Ptp-t ~ pt,-i); 
also V < paF (+ 0) - F (p, - p„ + p t - ... - p Sp ). 

On using the theorems which have been proved relating to the p’s, 
wo obtain 

»»<l U < p, ^ (+ 0) - F (&)} + (| + F (?S?) ; 

where, in accordance with the supposition made, p is any integer such that 
2 pSq< 

Now let to and p both increase indefinitely, but In such a way that 
has the limit zero. Since 

2prr 

2 J_ Hi 

P*” < . iijnr < pn . 2mr’ 

TO sin 1 sin 

we see that p sp has zero for its limit; and hence 

'( 50 ( 5 --) 

has ^?(+0) for its limit. Again 
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It has been proved that Z7 lies between two numbers, eaob of which 
has ^ .F {-!- 0) for limit, when m and p are indefinitely increased in such a 
way that ^ has the limit zero; hence the limit of 
t7 3 j‘F(z)^& 
is |-F(+0), 

where a is such that 0 < a £ Jw. 

It follows, as a corollary from this theorem, that 



has the limit zero, when m is indefinitely increased; where a, fi are two 
fixed numbers, such that 0 < < a £ hs. 


329. We have now seen that, if F(z) be a bounded and positive 
function which never Increases as * increases from 0 to hr, the integral 

converges to the value ^ F (-{- 0), as m is increased indefinitely. The func- 
tion F (z) may be freed from the condition that it must be positive in the 
whole interval. For if F Qjj is negative, we may apply the theorem to 
the function G + F (a), where the constant C is chosen so that. 


is positive; thus 
converges to the limit 
Now 


0+? © 
j * {C -f Pfs»§ n ^ Z 
| { C + .F<+0}}. 

c psm wz dz 
Jo sin z 


converges to the limit ^ C ; hence J F (z) <lz converges to ^ F (-P 0), 
where F (z) is not restricted to he positive. 

Again, the theorem holds for a function F (z) which is monotone and 
never diminishes; for we can apply the theorem to the monotone function 
— F (z) which never increases. 
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The theorem has now been established, that if F (a) be any hounded, 
monotone function, defined for (he interval (0, Jit), then 



converges, as the odd integer m is increased indefinitely, to the value ^ F(y 0), 

The theorem also holds if the upper limit of the integral be any fixed 
number a, such that 0<u£ Jtt. 

It has been shewn, in i, § 244, that any function with bounded varialion 
is expressible as the difference of two monotone functions. Hence the 
results which have been established can be immediately extended to 
functions of this class. We have, therefore, the theorem that, if F (z) be 
a function defined for the interval (0, Jw), and with bounded variation, then 
the integrals 

J>>srr* 

where 0 < a 3 \ir, 0 < a < p £ \ir, 

converge, as the odd integer m is increased indefinitely, to the mines j F (+ 0), 0 

respectively. 

Tf wo apply this result to the two integrals contained in the expression 
for s„ (x) , the sum of the first 2re + 1 terms in Fourier's series, we obtain the 
theorem that, if f ( x ) be a function with bounded variation, defined for the 
interval (— it, tt), the sum of 2n -f- 1 terms of the scries 

i J / (*') dx' + S nos nx j f ( x ') cos nx'dx’ 

Converges, asnis indefinitely increased, to the value 
i{f(x + 0)+f(x-0)}. 

It will be remembered that a function with bounded variation is 
integrable, in accordance with Riernann's definition; and that it win 
have discontinuities of the first kind only, so that at evciy point the 
functional limits / (* 4- 0 ),/(* — 0) exist. 

In the case x = ± n, the limit to which the sum of the series converges is 
i U> - 0) +/(- TT + 0)). 

At a point x of continuity of the function / (*), the limiting sum of the 
series is/ (a;); at a point of discontinuity of/ (x), the limiting sum of the 
series agrees with tiie value of tho function at the point only if 
f(*) = h<f(x + 0)+f(x-0)). 
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At the points w, — ir, the limiting sum of the series agrees with the value of 
the function only if / (ir), or / (— 77), is equal to 

H/(«r-0)+/(->r + 0>}. 

330. It is now clear in what sense the given function/ (x) is represented 
by the corresponding Fourier’s series. The representation is necessarily 
complete for all points at which the function is continuous, with the possible 
oxccption of the end-points ± n, whioli cannot both be points of continuity 
of the extended function, unless/ (77) =/ (— w). At a point of discontinuity ,• 
or at an end-point ± v, the series represents the function only if tho 
functional value is properly chosen in relation to the functional limits at 
tho point; in the case of the end-points these functional limits arc those 
of the periodic function obtained by extension of the given function beyond 
the domain for which it was at first defined, this extension being BUch that 
/ (w) = / (x + 2 -tt), as explained in § 323. 

Tho functions with bounded variation include, as a particular case, 
functions which satisfy the following conditions: 

(1) The function is continuous in its domain at every point, with the 
exception of a finite number of points at which it may have ordinary 
discontinuities, (2) the. domain may be divided into a finite number of 
parts, such that in any one of them the function is monotone ; or in accord- 
ance with tho more usual expression, tho function lias only a finite number 
of maxima and minima in its domain. 

Those conditions are known as DiricKUt’s conditions, and his proof f in 
its. original form, applied to the, case only of functions which satisfy theso 
conditions. 

331. Dirichlet extended his results to the case in which there are a 
finite number of points in the domain {— 77,77) in the neighbourhood of 
which 1 / (*) | has no upper boundary. In this case the Fourier's series must 
be so interpreted that tire integrals in the coefficients are the improper 
integrals 

J f(x) dx, j dx, 

the function being such that these improper integrals exist. From our 
somewhat more general point of view, we shall suppose that the function 
/ (#) is such that, when arbitrarily small neighbourhoods of these infinite 
singularities arc excluded from the interval {—77,77), in the remaining 
part of the interval f (x) is of bounded variation; and further it will be 
assumed that the improper integral 
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•exists, and is absolutely convergent. Under these conditions, it can be 
shewn that the theorems still hold, that the integrals 

H F (z> 1ST *' for 0 < ° < & ~ 

and j F (z) dz, for 0 < a £ Jw, 

converge to zero, and to g F (+ 0), respectively, as m is increased in- 
definitely. 

If, between a and /?, there is a point r, in whose neighbourhood | F (z) | 
has no upper boundary, 

is interpreted by Dirichlet as the limit of 

P“* p ( 2 ) 5^?? dz H- f* F (z) dz, 

J, ' sin z Jc+, sm z 
where 8, « have, independently of one another, the limit zero; assuming that 
such limit exists. 

Let S’ < 8, then 

I [)* ' “ j" *] F (2) 1ET * | < 00800 ® |°.j I * W f *5 

where the expression on the right-hand side is arbitrarily small, on account 
of the absolute convergence of the integral of F (z), and is independent 
of the value of tn. 

Now, if J ~F (a) dz converges absolutely at the point c, we can cliooso 8 so 
small that, for every 8' < 8, 

coseoaj | F (z) | dz 
is arbitrarily small ; hence the integral 

J* * F ( z ) “"nl 2 dz - 

for a fixed m, converges to a definite value, as S converges to zero. Similarly 
it can be shewn that 



converges to a definite value, as c converges to zero. It has thus been 
shewn that 

/' f M £'“r w ‘i” * 

-f- lim F (z) dz = fa (m) -I- fa (»n) ; 
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and we have now to shew that & (m), ifi s (m) converge to zero as m is 
increased indefinitely. It has been already seen that S may be so chosen 
that, for all values of m, 

|£”** M 1KT dZ ~ {m) I < 7,1 

where ij is a fixed arbitrarily snail positive number. Now, for a fixed value 
of 5, m, may be chosen so great that, if mSw,, 



where £ is arbitrarily small; hence, il 

and therefore *p t (in) converges to the limit zero ; similarly i/i t ( m ) converges 
to the limit zero. 

If, between a and /3, there are any finite number of points such as c, we 
may divide the domain (a, ft) into a finite number of parts, such that each 
part contains only one such point as c, and apply the above result to each 
of the integrals wliioli are taken through one such part. 

The integral j F (z) dz can be divided into two parts 

where a, is so chosen that all the points of infinite discontinuity of F (z) are 
in (a,, a); wo thus sec that | F (z) & z converges to | F (+ 0), when 

m is indefinitely increased. 

It has now been shewn that: if f (x) be such that, when the arbitrarily 
small neighbourhoods of a finite number of points in whose neighbourhood 
]/(#)] has no upper boundary have been excluded, f{x) becomes a function 
with bounded, variation, then the Fourier’s series 

i j'_/M df + E i fj M ««»,(«_ *’) ix‘ 

converges to the value §{/(* + 0) +/(x — 0)}, at every point in (— v, n), 
except at the points of infinite discontinuity of the function, provided the 
improper integral J f (x)dx exists, and is absolutely convergent. 

APPLICATION OF THE SECOND MEAN VALUE THEOREM 
338. An alternative method of investigation of the limit to which the 
partial sum of Fourier's series, corresponding to a function of bounded 
variation in the interval (— w, -n), converges, is obtained by the employ- 
ment of the second mean value theorem (i, § 422). This method was first 
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employed by Bonnet, who used his form of the menu value theorem*. 
The method was also used in his treatise by C. Neumann}, and by Jordan} 
who applied it to the ease of functions of bounded variation. The method 
is also employed, and discussed in great detail, in Dini’s treatise^. 

We have need of the following lemmas : 

(1) f K g” n ”^ dz = Jtt, m being an odd integer. This has already been 
proved in § 328. 

(2) If 0 < a < 0 S in, f dz = o (1), and j* dz = o (]). 

To prove this, we have, by the second mean value theorem, 

I ® dz ri -j-i— f Y sin mz dz + -ri- v P sin mz dz, 
mnz einaj. stn/3J r ’ 

where y is in the intorval (a, /?); and therefore 

|/ # ^inV < ^ Z ] < ^ ^ cosec a + cosec P) < ^ cosee a, 
from which the result follows. The second part of the theorem is proved 
in a similar manner. 

(3) // 0 5 a < /J, then | J' d0 1 & n. 

By the monn value theorem, if 0 < a < h, |J s ’^~ d8 1 < ^ + 1; and 
therefore |j and if a S w, wc have jj 

It is clear that, as a increases from 0 to w, J dO diminishes, Binco 
j dd does so. Therefore, since J - Jw, we have 



if « < tt, and it has been shewn to be < in, if a S n; hence 


for 0 £ a. It now follows that | j S ^~ dd | £ w, where 0 £ a < ft. 

After having established these lemmas, we proceed to consider 
j 1 F (2) dz, where F (s) is monotone, and non-diminishing, in the 

interval (0, in). 

* Mdmoires dee Savants iirangae of the Belgian Academy, voL xxnx. 

t Uebtr die neck Kreie- Kvgd- mu l CyiindtT-junttiantn JorUvlrthin/len Jleihcn, Lcipvc, 1881. 
J Court £ Analyse, vol. n. § Bopru la Strit di Fourier, I’ita {1880J. 
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If ft bo a fixed positive number, we have 

- j {f (i) - r n o» 5t”J * + j”<r (•)-?<+ on ^5? *. 

Oil .applying the second mean value theorem, we haw 

f "r w 5!” * - b,r <+ o) - j'a («) QXjz 

+ <r M - r (t 0)1 /'■ + {J? (J,] _ r (+ o» [ * '!?-!£ It, 

where £, is some number in the interval (/*, $*r), and G (z) denotes the 
monotone, non-diminishing, function (F (z) — F {+ 0)}^— . 

Again, 

[' S fej.SSi?* _ a M j' S?J2 * - e (rt J“ !tj! *, 

where £ is in the interval (0, ft). 

The number £ depends on m, and on the function G (a); it may happen 
that, as m is indefinitely increased, £ diminishes indefinitely in such a 
manner that vi£ lias a finite limit. Whether this happens dr not, we see 
from (3) that | G (z) ~ dz j does not exceed - | (? (/t) J , and p may 

be so chosen that this is less than the arbitrarily chosen positive number t. 
Since 

| j '"g“' dz J < — cosec fi, j| coseofj < i coscc jr, 

it is seen that both integrals converge to zero, as m ~ =o , notwithstanding 
the fact that is dependent upon m. It now follows that /i and m- l can 
be so chosen that, for mim,, 

I j> (z) “ d: - f**' (+ o) | < a*. 

Since e is arbitrary, it follows that 

lim j^F (z) d ~ = (-<- 0). 

Since any function that is of bounded variation in the interval {0, Jr?) 
is expressible as the difference of two monotone non-diminishing functions, 
it follows that this result holds lor any function F (z) which is of bounded 
variation in the interval (0, 4 jt). Writing / (x +2z) d-/(* — 2z) for F (z), 
we see that 

lm ||' (/ <* + U) + / (z - Z=)l *-)=(/(* + 0) +/{* - 0)}. 
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Thus the convergence of the Fourier’s series at any point x of the interval 
( — 7r, it) has been established. The following theorem has been established: 

If f {*) have bounded variation in the interval (— n, v), the Fourier’s 
series corresponding to f(x) converges to the value f {x) at any point within 
(he interval, at which, the function is continuous; it converges to the value 
i {/ (* + 0) +/ (* ~ 0)} at any such point at which the function is discon- 
tinuous. At the points rr, — it it converges to the value 
i{f(-w-M>)+/(w-0)}. 

333. It is known that a convergent series of continuous functions 
is non-uniforraly convergent in the neighbourhood of a point of dis- 
continuity of the suin-function, but that the series is not necessarily 
uniformly convergent in an interval in which it is continuous. In the 
case of the Fourier’s series corresponding to a function f ( x ) which is of 
bounded variation in the interval (— u, u), it can be shewn that the 
series converges uniformly in the whole interval (— n, u), provided tho 
function obtained by extending / (*) beyond the interval, as a periodic 
function, is continuous in tho closed interval (— w, it). This requires 
the condition / (w - 0) =/ {- w + 0) to hold, in which case tho complete 
continuity holds if the values of / (tt) and /(— n) axe the same as those 
of / (w — 0) and /(— w + 0). The funotion then converges uniformly to 
/(«) in the whole interval (— it, n). 

It can further be shewn that, provided / (s) is of bounded variation in 
(— 7T, rr), thB series converges uniformly to / ( 2 ) in any interval ( a,b ) in 
which the function is continuous, the continuity at the points a, b being 
on both sides. 

It has been shewn in § 332 that 

i/> <*) TE?* -|J(+0)|<*|<JMI \rw-rt+rn 
+s±;.i i, «" ) - 2 ' <+0)1 ' 

where F (z) is monotone non-diminishing. Using tins inequality, and the 
corresponding one for — F (— s), and writing / (a; + 2 z) +/{® — 2z) for 
F (z) + F (— 2 ), we have 

I (*> - J it <* + 0) +/ (* - 0» I < I O M I + 1 «■ M 1 

+ + 2rf -/(* + °) I + !/(* + •) + 

+ I/(Z- V) -/(*-0)| +|/(z- *)-/<* -0)11 
< I o M f + 1 0i (/*) I + ^ oosec /*; 



513 


332, S33] Application of the Second Mean Value Theorem 
where A is a fixed number dependent on the upper boundary of / (a:) in 
the whole interval (— w, i r), and 

<?(!*) = {/(*+ *M> - / (* + 0)} v. cosec pi, 

Oi (ft) = {/(*- 2 p) - / (a - 0)} ji eoseu p. 

If now/ (a) is continuous and monotone in the interval (a, b), and is 
continuous at a and b on both sides, on account of the uniform continuity 
of the funotion, p, can be so determined, that, for all points a: in the interval 
(a, 6), | / (a + 2p.) —/(*)| and j / {* — 2p) — / (a:) ] arc both less than ^ , 
provided p S p,. Also p cosec p < hr, thus |<?(p)| and | ffi (p) | are 
both less than \t, provided p. S /x,, for all values of x in {a, 6). Therefore 
I (®) — / (*) | < < + — cosec ^ , for all values of x. The number ft, 
having been fixed, an integer *n, can be so determined that — cosec ft, < t, 
for mi S w, , and therefore j a M+ , (x) —f(x) j < 2 *, for msnt,, and for nil 
points x in {a, 6). Since e is arbitrary, this establishes the uniform con- 
vergence of « w+ , (a) to / (a) in the interval {a, 6). The funotion /{*) has 
been taken to be monotone, but a function of bounded variation may 
bo expressed as the difference of two monotone functions, each of which 
is continuous in [a, b) when / (a) is so. Therefore the theorem holds for 
any function of bounded variation in (— n, t). 

It has thus been shewn that: 

Iff (a) 6c of bounded variation in (— tt, ir), the Fourier's series converges 
to f (a), uniformly in any interval (a, 5) in. which f (a) is continuous, the 
continuity at a and b being on both sides. 

Returning to the general case in which the function / (a), of bounded 
variation in (— rr, w), may have discontinuities in an enumerable set 
of points of tho interval, wo see that, if p bo a fixed number, O (p) and 
Gj.(fi) are bounded for all values of a in the interval (— -n, rr), since/ (a) is 
a bounded function. Wc find that 

! «i« + i (a) [ < K - 1 - ~ cosec ft, 

where K depends only on the fixed number ft, and ou the upper boundary 
of the functions | / (a) | in the interval (— n, n). When / (a) is not monotone, 
the result can be, as before, immediately extended to any function of 
bounded variation. Since | «jb+i (a) | < K + A coseo pi, it is seen that 
I 5 sn+i (*) I > B bounded for all values of n. 

We have accordingly established the theorem* that: 

If /{a) be any function of bounded variation in the interval (— w, it), 
the Fourier’s series converges boundedly to the value J {/ (a + 0) + / (a — 0)} 
throughout the interval {— rr, ir). 

* See 17. H. Young, Pnc. Land, itath. Soe. (2), tcL IX, p. 453. 
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THE LIMITING VALUES OF FOURIER'S 00 E FFIOIENTS 

334. The following general property of the Fourier coefficients of a 
aummable function was first established by Lcbcsgue* : 

If a n , b„ denote the Fourier's coefficients corresponding to any summabk 
function f (*), then a, == o (1), 6„ = o (I). 

This theorem is a generalization of the theorem due to Rioinannf in 
which the function is restricted to bo integrable {R). It is consequently 
frequently known as the Riomann-Lebcsgue theorem. The case when the 
funotion is continuous^ was treated by StackcL 

Lebesgue’s theorem can be obtained as a special case of tho 
general convergence Theorem I, of § 279. Consider tho interval (a, J), 
and let «1> (*', x, n ) = ^ ns.', the sot Q consisting in this case of a single 
point, so that * does not ocour. The conditions (1) and (2) of the theorem 
are satisfied, since \ sai vud 5 1, lim j Sin nx' dx' ™ 0; from which it 

| COB | n~®f«COB 

follows, in accordance with the theorem, that lim I / (*') cos ns' dx' = 0, 

n*» Ja 

and lim [ / (*') sin nx' dx' = 0. It will be observed that n may divorgo 
as any sequence of positive numbers, not necessarily integral. 

It has been shown by Lcbesgue§ that this theorem cannot bo made 
more precise; that, in fact, if u (n) be any function which converges 
monotonely to zero, as a~oo, a continuous function / (*), such that 
| / (x) j ± 1 , can be constructed, for which tho coefficients arc not of order 
superior to that of u (»). 

The following more general theorem may bo given : 

If f(x) be summable in (he finite interval (a,b), then J f(x) 
converges to zero, as n ~ oo , uniformly for all intervals (a, ft) contained in 
(a,b). 

To deduce the theorem from Theorem I, of § 279, let the set G be a 
two-dimensional sot consisting of all points (a, j9) such tliat a* ft 
a A a & b, a& fi Hb. Let 0 (x‘, x, n), when x = («, ft), be defined by 
<D (*', x, n ) = nx', for all values of x' in the interval (a, f), and 
<t> (*', x, n ) — 0, when x’ is not in that interval. 

* Annate# tc. de r&ah normals tup. (3). voL si (1893), p. 471. 

| da. Wait, 2nd od. voL i, p. 254. 

f Lcipt. Btr. to!, un (1801), p. 147; also Noucdla Annates (4), vol. n (1002), p. 57. 
j Bulletin de la toe. mat. de France, vol. Etrvm (1810), p. 184. 
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Since | G> [si, x,n)\ S 1, for all points x, x, and for all values of n, 

/ s' 2 

0 (x\ x, n) dx' £ - , which converges to zero, uniformly for all 
points x, the conditions of the theorem are satisfied. Therefore 

J'/M “»*'*• 

converges to zero uniformly for all pairs of values of a, /S in the interval 
[a, b). 

Jfcis of interest to have a direct proof of the theorem. Flint let 0 < a < b ; 
we then prove the theorem for the particular function, / (z) = x T . 

Since j J^a'^iurda: j j J ja^6 T , 

where y is in the interval (a, f3), the theorem is established for this case. 
Next let / (ar) — P (x), where P (x) is a finite polynomial ; the integral is 
then the sum of a finite number of integrals, each of which converges 
uniformly to zero, as n ~ co . It is clear that the condition that a and b 
should be positive can he at once removed by changing the variable x 
into a new variable f = * -*• fc; P(x) then becoming a polynomial P (f). 
Thus the complete theorem holds for a function which is a polynomial P (x). 
Next, if / (x) be any function, summable in (a, 6), a finite polynomial P (x) 
can be so determined that j \f[x)—P[x)\dx<t (see r,§ 430). We have 
then 

jy <*> si ** ' *’ ~j‘j w s *• * + r <*» “ ■ «• 

The second integral on the right-hand side is numerically less than e, 
whatever values a, jB, n may have. The numerical value of the first 
integral on the right-hand side is also < e, provided n. t> n«, for all values 
of a and /?. Therefore 

| J /(®)g ( ^ 7 I 3 : ' i;E j< 2e > ifn>««, 

for all the values of a, fi, in the interval (a, b). Since e is arbitrary, the 
theorem has been established. It may be observed that the theorem holds 
good if n be a continuous variable which increases indefinitely. 

It may be observed that the extension of Theorem I, in § 280, to the 
case in which the interval [a, 6) is indefinitely great, when/ [x) is absolutely 
summable in the indefinite interval, furnishes a proof of the following 
theorem : 

Jff[x) is absolutely summable in one of the intervals (0, » ), (— m , a> ) 
j 9 f (*) ^ rat dx = o (1), or j~j (x) ^ nx dx = o (X}. 
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335. In case the function/ (pe) is bounded and monotone in the interval 
(— 7r, tr), we have, 


_/(*) c| 


»-/(-» + 0 ) +/(»- 0 ) 




xdx j < — , where A is a fixed number depending only 
upon the upper boundary of /(*) in (— ir,v). Since any function of 
bounded variation in (— w, v) can bo expressed as the difference of two 
monotone functions, we have clearly 


!/' 


/(*)“ 




where if is a fixed number. It has now been proved that: 

Iff (*) have bounded variation in the interval (— tt, tt), then a„ = 0 (»••*), 

b„ =* 0 (n- 1 ). 

It is clear that, if / (*) be of bounded variation in the interval {a, b), 
then j [ / (*) ^ J < ^, where K is a fixed number, independent of 
n. The number n may be taken to be any positive number, not necessarily 
integral. 

EXAMPLES 

(1) Lot /(s) = - * + lim j (l + co8x)(l 4 cos4x)... (1 4 cob^ 1 "- 1 *)*; then /(*) ill 
a continuous periodic function, of period 2*, and it is of bounded variation in tho interval 
(- v.tt). 

It owi 1)0 shewn that the Fourior’a cocfficionta of this function are snob that nb„ = 1, 
when n is a power of 4. This example was givon by F. R-iosz* to illustrate tho fact that, 
for a continuous function of bounded variation, tho condition a n ~o^, 6„ ■= o aro 
not necessarily satisfied. 

(2) If/ (x) is of bounded variation in tho infinite interval (a, m ), and converges to iwo 
as x ~ co , tho integrals j f{x) ^ nxdx exist, and aro 0 ^ . 

Wo have/ (x) ~P (z) -if (*), where P (*), N (*) ore monotono non- increasing, and con- 
verge to zero, bb*~°o. 

If A'>A >o, we have j J* nxdx | =F(A> |j£ nxix | < ? P (A). 

Since P{A) is arbitrarily email, if A bo sufficiently large, the integral on the left-hand 
side is <», for all values of A', when A is properly chosen. Therefore j P (*) nxdx 
oxiBts. Also J P(s) *^ru:tix=sO and since J P{x)^7i*dr = 0^^,wchavc 

A similar result holds for if (nr); therefore “ mix =0 

* MaO. Zatidr. vol n (1018), p. S12. 
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(3*) If the even function /{*) is continuous, and is of bounded variation, and is an 
integral in any interval which docs not contain the point *=0, then a„ -a {^J- 

Since/ (i) is an integral in the interval (,>, k), it has a summable difiereiitial coefficient 
/'(*), thus 

J /(*)cosii*(l»= -/( 9 )?S52_i j }'{x)nnnxix. 

Since / (x) is continuous and of hounded variation in (0, ij). we have, expressing f[x) 
as the difference of two monotone functions/, (x), /, (x), 

£/,(*) ooa *n6e=/»(0) ^2-'+/.(l) 

^AWecnxdx^fO)^^- ♦/,(,) 
where ij ', tf‘ arc in the interval (0, 1). Wo now find that 

*/ a /Wcoenxdx. - j /'(x)rinnxdx +[/, (0) (i)]e[n nij'+f/,(0) -/,(>?)] sin nij", 

hcnco the expression on the left-hand side is Jem than 3>, proviilod ij bo chosen sufficiently 
email, and n sufficiently large. It has tlius been shewn that a„=o , 


(4) If /(») is summablo in evciy finite interval, and g (x) is of bounded variation in 
(a, h). then j” J (x +ie) g («) ^ nud« converges to zero, as n ~ to , uniformly for oil values 
of X in any finite interval. 

It is sufficient to assumo that g (u) is monotone, then 
j b /(x+u)g {«} “to nudu =g (a) j* f (x +«) ^ uuilu +g (ft) jj (x t-tt) ™ nurfu, 

where A is in the interval (a, i), and deponds on » and x. It is sufficient to show that the 
result holde for each of tho integrals on tho right-hand side. Let rtssr, then it is easily 
seen to be snffioient that the integrals j / (v) nvdv oouvergo to zero, as n ~ «o , uniformly 
for all values of a and pin a finite interval. This has been shown In § 334 to bo tho ease. 


336. Let the function f (x) be assumed to have, in the whole interval 
(— it, -n), a differential coefficient /M (a:) of order r, which is continuous in 
the interval, or more generally a differential coefficient (a:) wlrioh is 
on indefinite integral. 

The integral j f{x) ^ nx dx may then be expressed by r successive 
integrations by parts, and its value depends upon that of 
^/*/ w (*) 


See W. H. Young, Proc. Land. Hath. See. (2), voL X (1911), p. 250. 
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which exists, since /■'> (*) exists almost everywhere in the interval, and is 
summeble. Ab the integral converges to zero, wo have the following theorem: 

Iff (x) have a continuous differential coefficient f f,) (x), of order r, or more 
generally, if fi r ~ v ‘ (*) exists and. is an indefinite, integral, then a n - o (a-'), 

K ~ 0 (»"')• 


337. Let ns consider the function f {x) = \x\~" (x), where 0 < v < 1, 
and <p {x) is of bounded variation in (— n, rr). 

We have 

!’ ^^ annxdx “‘ F.^fxf Mnnxdx + j J,(z) Bin nxdx, 

where fi (*) « Jo-J* * n * n ^ rva ^ 8 (~ w > ~ H-)* (l *> lr ) a,1 d has the value ( 
in tlio interval (— ft, /*)• The function ip (x) is of bounded variation in tlu 
interval (- it, v), and therefore j f <ar) sin nx dr. ^ O (n~ l ). Wo non 
consider the integral f 6,n ** d®, where x fa) denotes <j> (a) + <f> (- x) 
Dividing the interval (0, ft) into the two parts ^0, —-)j and , /tj, wi 
have 

J* 2L^il sin nxdx = J B ' n nxdx — j ^ sin nxdx, 

v^n V» Vri 

where P (®), Q (x) are two nou-incrcasing monotone functions. The ox 
prossion on the right-haud side is, applying Bonnet’s form of the scconc 
mean theorem, numerically less than a fixed multiple of -«* r , or n*’"' 1 
Also 

where tj is in the interval fo, ; also a similar result holds for I? fa). Wo 
thus find that 

where A and B are fixed numbers, independent of n; we now have 
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It is known that 


j 0 *r“*“2«in inr.rw 

and if the indefinite interval of integration be divided into parts (0, ir), 
(it, 2rf), ... , the integral is represented by a series — J. 4- 1 3 — ..., 
when I„ denotes 

(— l) m +> f — ; thus /,>/.> / a ... 

Jo fa ' - 


o (x + n 


-I-*)’ 


It now easily follows that j dx is numerically less than a fixed 
number, independent of a and p. It is thus seen that 

is less than a fixed number, independent of n, and it then follows that 

I \[ *£? Rin nx * x \ - 0 + 0 (n-‘) = 0 (*"'). 

We have now 

| yffQ sin nxdx^O (» _1 ) + 0 In’- 1 ) =< 0 (»'"*). 

A corresponding result can bo obtained when cos nx takes the plaoo 
of sin nx. There is no loss of generality in taking any point p of the interval 
as the singular point instead of the point O, because the interval (— w, n) 
can be replaced by the interval {p — it, p + n), the function / far) being 
taken to be periodic. The following theorem has now been established: 

Iff (x) he defined as where p is any point interior to (— it, it), 

v is any positive number less than unity, and (a;) is of bounded variation in 
the interval (—tt,tt), the Fourier's coefficients of f (x) have the property 
a„^0 («->), b„^0 


338. The following tiieorem is of use in some parts of the theory: 
If f (x) be summable in (a, b), then 
limj f{x) j fdnnx\ dx ™ Jimj f(x) | cos nx | dx= f (x)dx, 
where n is unrestricted. 

Let the finite polynomial P (x) be so determined that 
j b \f{x)-P(x)[dx< v . 
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If P (x) = S A,& , 

■we have j P {x) | sin nx | dx = £ A,j x' [ sin nx | dx. 

Dividing («, 6) into intervals (a, p) in each of which sin nx is of fixed sign, 
J P (*) | sin nx [ dx = £ A, | £ J a^[ sinna: [ dx | 

%*’«!-*} . 

where is equal to 2, for all the intervals (a, P) except possibly the two 
extreme intervals, in which it may be < 2; and $(., P j is some number in 
the interval (a, fi). It now follows that 

lim j P {x) | sin nx | dx *= ? £ A, 1 1 Was j = ^ [ P (*) dx. 

rl> rb 

Since / (*) | sin nx | dx, P (as) | sin nx | dx differ from one another 
by less than tj ; and since j f (a:) dx, j P (x) dx also differ from one another 
by less than rj, it follows, since j? is arbitrary, that 

lim j /(*) | sin nx | dx — ^ j / (as) dx. 

The case in which cos nx takes the place of sin nx can be treated in the 
same manner. 

339. If / ( x ) have a D-integral in the interval (a, b), let <j> (z) denote 
the continuous function j f (x) dx. Employing the method of integration 
by parts (I, § 474) we have 

jV (*) cos nx dx = |V (*) COB nxj^ + n (x) sin nx dx. 

Now tf> (ar) is summable in (a, 6), and ^ {x) cos «xj is bounded; wo thus 
see that ^ | / (xj cos nx dx converges to zero, as Similarly 

~ j f (x) sin nx dx can be shewn to converge to zero. We thus obtain as 
the analogue of Lebesgue’s theorem of § 334, the proposition: 

Iff (as) have a D-inUgral in {-■*, w), (he Fourier’s [D) coefficients a„ b„ 
have the ’property a„ •— o (n), b„ — o (n). 
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Tfae statement in this theorem cannot be improved. It has in fact, 
been shewn* by Titchmarsh that, if A («) be a positive monotone de- 
creasing function of n which converges to zero, as n — so. then, however 
slowly 1/A (ft) tends to os, a function which has a single point of non- 
summability, and which has a non-ahsolntely convergent integral, exists 
for which a,±o {a A (a)} , b r ^o{n \ (»)} . 


cojromoxs < 


F COSTEEGESCE AT A POIST OEB AS IXTEEVAI. 


340. It has been shewn in § 323 that the partial sum of the Fourier's 
series corresponding to a function / (x), snmmable in the interval (— w, =•), 
is given by 

. .. sin (2a 4- 1) — -w - 

«*♦. (*) - £j . *-* • **'■ 


In order to consider the behaviour of the Fourier's series at any point x,, 
interior to (— w, jr), let p be a fixed positive number, so small that the 
interval (x x — p, Zj p) is inferior to (— and let the function/! (x) 

be defined to be equal to / (x) in the interval {x 1 — p, zj — p), and to be 
zero in the rest of the interval (— w, 57). Let/j (r) be such that 
(*)-/(*); 

so that/ 4 (x) has the value zero in the interval (x 1 — p, x y 4- p), and has 
the value/ (x) in the rest of the interval (— ir, it). 

In the general convergence Theorem I, of § 279, let G consist of the 
single point- x,, and let O (x\ x,, n) be defined to be zero in the interval 


(z, — p. Zj 4- p), and to Iiave the value - 


n( 2 n t- 1 ) - 


- within the 


two intervals {— tt, z — p), (z 4- p, w). 

“We have then j ® (x',x l ,n) j = cosec ip, for all values of x and n; 
and j 0 (x' s x lf n) dx’ converges to zero, as 71 — cc , since cosec is 

suramable in the intervals id which <t> (x\ x, rc) is not zero, and thns the 
theorem of § 279 is applicable to the function /. (z). It follows that, since 
the conditions of Theorem I are satisfied, 

_ sin (2n 4- 1) 


* Proc. ImS. Mdh. Sos. (2), roL tttt (1524), £jecnh, p. zs 
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converges to zero. Since/ (a.-') * /, (*') + /* (s') it follows that lim «,„ tl (*,) 
l sin ( 2 » + i) 

depends only on lim — J /, (*') — — dx ’ ; or on 

, + 

1™ 2^ J, J (*') a t ' -x d *' ; 

sm — g— 

and this is independent of the values of / (a') outside the interval 
(*t - b, *1 + /*)■ 

We have accordingly established the following theorem which, in the case 
of functions that are integrable (if), was given by Ricmann* : 

The behaviour of the Fourier's series corresponding to the summablc 
function f (»), as regards convergence, divergence, or oscillation, at a particular 
point, depends only on the values of the function f (a) in an arbitrarily small 
neighbourhood of the point. 

It will be seen that this theorem is an immediate consequence of tbo 
Ricmann-Lcbesguo theorem (§ 334) as applied to the funotion 

f t (x) cosec X T , 

It has been assumed in the proof that *, is an interior point of (- v, v). 
This does not involve any roal limitation, because, when / (x) is defined to 
have the period hn, we may take for the intorval any intorval of longtli 
2w, instead of (— it, tr) ; and such interval can he chosen so that cither of 
the points v, — it is interior to it. 

If the function / ( x ) is of bounded variation in the interval 

(*i “ h. 

the function /, (a;) is of bounded variation in tlie interval (— ir, ir). Applying 
tlie results of § 332, to /, (x), we obtain tlie following theorem : 

If, for a summable function f (x), a neighbourhood of thb point can be 
determined so that f (x) is of bounded varialion in it, the Fourier's series 
converges at the point x, to the value i {f fa + 0) + f (x, — 0)), which is equal 
to f (x L ) in case the function is continuous at Xj. 

This sufficient condition of convergence was given by Jordnnf, and is 
known as Jordan’s condition. 

341. Next, let an interval {a, b) be taken, interior to (- v, n); nnd let 
p be a positive number such that (a — p, b + p) is interior to (- v, ir). 

• Seo his memoir, " Uober dte DftfRtollbsrkoit," Math. T Verts, p. 227. 
f Coats &A r.aiyjr, eoL n, 2nd «d., p. 237. 
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Lefc/j (as) =/(*) in tlie interval {a — p,b + p), and let it have the value 
zero in the rest of the interval (— it, v). Let /, (w) be given by 
/(*)’=/«<*)+/*<*). 

so that / a (*) has the value zero in the interval (a — p, b + p), and the 
value /(*) in the intervals (— tr, a — p), (6 + p, tt). 

It in the Theorem I of § 279, we take 0 to consist of all the points «, 
of the interval (a, b), and <1> (s', x, n) to be defined as 

sin (2« +1)£~ 

s'-* 


within the two intervals {—it, a — p), (b + p, tt), and to have the value 
zero in the interval (a — p, b + p), it can be shewn that this function 
satisfies the conditions of the theorem. For | <t> (*', x,n)\s ooseo ip, for 
all values of n, and for all the values of x; thus condition (1) is satisfied. 
Again, if (a, @) be any interval contained in (6 + p, tt), 

[* , . , . , , „ w-*> sin (2n + 1) z , 

-J ih (x , as, ») as 2 ^ — ~~ ^ z * 

and by the second theorem of $ 334, since cosec z is summable in the interval 
(ip, Itt — Ja) whioh contains tho interval {$ (o — x), J {/3 — x)}, it; follows 
that this integral converges to zero, as n ~ » , uniformly for all values of 
x in (a, b). The corresponding resuit.can bo shewn to hold if (a, j9) is con- 
tained in (- tt, a - p). Taking the sum mablefunction/j (as), it follows from 
the result of Theorem I, that 

, ein (2» + 1) 

/, (tc >) g m M 

stn— g— 

converges to zero, uniformly in the interval (a, b), of x. 

Therefore, in the interval (o, 6), lim Sj.,,., (a) depends only on 

sin (2n + 1 ) 

2 ^ lim I /j (as') . dx' 

, r »+, 8in(2n+l)?^lf 

01 on L/ (z ' } — — dx ’' 


We thus have obtained the following theorem*: 

Iff (a) be summable in (— n, it), and (a, 6) fie any finite interval contained 
* Sec Hohflon, Proe. load. Mali. See. (2), vol. v (t007), p. 282. 
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within {— it, tt), the behaviour of the Fourier’s series corresponding to f (x)in 
the interval (a, b) as regards convergence, divergence, and oscillation, depends 
only on the values of the function f (z) in the interval {a ~ ft, b + p), where p 
is an arbitrarily small positive number. 

In case / (z) is of bounded variation in the interval (o — p,b + p), 
fj (x) is of bounded variation in (— v, «■), and consequently the results ot 
§§ 332, 333 can be applied to the function /j (x). We obtain accordingly 
the following theorem : 

///(*) be summable in (— n, it), atid (a, b) be an interval which is con- 
tained in another interval (o', 6'), in which f {z) is of bounded variation, the 
Fourier’s series converges uniformly to the value f (x) in the interval (a, 6), 
in case f (x) be continuous in (a, b), the continuity at a and b being on both 
sides. If f (sc) is not continuous in (a, b), the series converges boundedhj 
in the interval (a, 6 ) to the value £ {f (pc + 0) -f / (x — 0)}. 

342. It lias now been shewn that, in all cases, the question of tho 
convergence of the Fourier’s series at a point a depends upon tho con- 
vergence of ^ | {/ (x + 2z) + / (x - 2z)} 8 * n ^ gfo ' g ^ Z <k> where < is an 
arbitrarily small positive number. In fact, it has been shewn that 

I in ; /’’ (/(* + 2») +/<* - — ,EV-- * - »■ 

Since [* ii— dz = \rr, for all values of n, and 

Jo sin z 4 

ft* an (2 m 4- 1)3, „ 

lim I dz — 0, 

wo see that lira j S * n tfz = £v. 

Thus the condition that the Fourier’s series may converge at the point x 
to the value lim £ {/ (x + t) + f (x — <)} is that 

lim Jj/(x + 2z) + / (x — 2z) - lim {/ (x + <) + /(x - 0)1 S ‘” n ^ ~ <lz ~ 

At a point of continuity of / (x) this reduces to the condition 

lim £ {/ (x + 2z) +f (x - 2z) - 2/ (x)} " °- 

-in mz , . * sin * 

It can be shewn that, in this integral, — can be replaced bj' — 
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Par the function 

[/ (a + 2s) +fi{x - 2z) - Inn {/(* + 1) +fi (x - 1)}] 
is sununahlc in the interval (0, e); and therefore, by Lebesgue’s theorem, 
)im | [/{* + 2z) +f(x - 2z) - lim {/ (x + 1) +f (x - f)}} ax^te'j rfz _ 0 

Thus the condition of convergence to lim {/(% + ()+/(% — *)} is 
lira | o f/(*+ 2 *) +/(* - 2z) - hm{f(x + t) +/(* - /-)}] e ' n ™ z dz =* 0. 

Writing for oonvenience 2« = t, /{* + t) + fi (x — t) = <f> (t), the condition 
of convergence is 

lim I' sin fat dl - 0. 

This condition is certainly satisfied in case the function — _<M+_0) ^ 

Hummable in tlio interval (0, e), on account of Lehesgue’s theorem (§ 334)*, 
and the condition of summability is satisfied in particular if ^ M °) 

is bounded in (0, e), or if j <j> (l) - <f> (+ 0) | £ At 1 -*, where a < 1, and A 
is a fixed number, in the interval (0, «). 

In case f (x ■¥ 0), / (a: — 0) both east, it will be a sufficient condition 
of convergence of the scries to the value •§ {/ (x ,+ 0 )+/(* — 0)}, that both 
'J*_+0) nn( j ij ? — 0 - / (* — ? ) ghouiti be mimmable in the 
interval (0, c). 

We thus obtain the following sufficient conditions of convergence of 
the Fourier's sorics at the point x. 

(o) If e can be so chosen that — — is summable in the interval 

(0, «), twiiere f, (<) denotes fi (x + t) +/(* — ()> then the Fourier’s series is 
convergent at the point z. This condition is satisfied vdien.fi (x ■+■ 0),/ (* — 0) 
both hart i'fi.iu ml.er, and f J*±JL~J± ±S, 
arc both summable in (0, «); or else when f {z + 0), / (x — 0) arc not definite 
but $ (+ 0) is so, and ■ is summable in (0, c). In either case 

ike scries converges to £ lim {f(x + t)+f(x — 4)}. 

(b) Ifixbea point of continuity of fi (z), the series converges at the point x 
to the value fi (x) if ^ X ^ is summable in the interval 
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(0, «)/ and in particular if LiZ±£Lzll& t /(g~0-/W gK ^ JW|) _ 
matte in that interval. 


Tills condition, which is known as Dini’s condition, is satisfied, in 
particular, in case the four derivatives of / (x) at the point x are all finite, 
and in particular if /{*) have a finite differential coefficient. Wo thus haver 

(e) At a point of continuity of the Junction f (x) the Fourier's scries 
converges at the point x to the value f { x) if f [x) have a finite differential 
coefficient at the point, or if all the four derivatives D'f (x), D+f (re), D-f (i), 
-£>_/ (*) arc finite. 

Further we have the following condition: 

(d) The Fourier's series converges at a point tn rf> (+ 0), if, for all values 
of l not greater than some fixed positive number t, \ >f> (J) — i/> (+ 0) | 5 At*, 
where A and k are fixed positive numbers. 

At a point of continuity off (x), the series converges if 
\f(x+t)-f(x)\£At*, 

where h, A are positive numbers, provided t is numerically less than some fixed 
positive number e. At a point of ordinary discontinuity it is sufficient that 
both | / (k + f) — / {* + 0) | and \ J [x - t) -f (a: - 0) | should satisfy this 
condition. 


Tliis condition was given by Lipschitz*, and was also given by Dlni. 
A more general sufficient condition of summability of t 

in the neighbourhood of l = 0, is that, in a sufficiently small interval (0, t), 

I *<S -*(+0)|*— ; YTT5, 

log - t log log - ... 1 log Jog ... -j 

where A and a are positive numbers; we therefore obtain the following 
sufficient condition of convergence ; 

(e) The Fourier's series converges, at a point x, to the value 

J fim {/ (x + 1) +/ (z - «)}, 

if, for all positive values of t not exceeding some fixed number c, the condition 

l#W-4(+o>l* — i f-T nro 

log y log log J ... [log log ... - I 

be satisfied; where A and a are fixed positive numbers. In particular it is 
sufficient that both \ f (a? + t) — / (* + 0} [ and \f(x — l)—f(x~0)\ 
should satisfy this condition. 

* CrtUe't Journal, voL 1330 (1864), p. 200, 
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It may be observed that, of the two tests of convergence of Diricliiet’s 
integral, at a point, that of Jordan and thill of Dini, neither includes the 
other. 

For, considering the function / (x) = ^log j-j-J , this does not satisfy 
Jlini’s condition that \^—~r [ * R summable in the neighbourhood of tlic 
point x 0; but it satisfies Jordan's condition that it is of bounded varia- 
tion. 

Again the function /(*)?* ] x fr sin j^j , where 0 < p H I , satisfies Dint's 
condition, but not Jordan’s. 

343. The condition lim f -iSjlJS H in {ml dl ~ 0 may he trnns- 

- n*nJ0 ' 

formed so as to yield a sufficient condition of convergence of a very general 
character. 

We have sin Iml rff ■= |” x (0 sin i m l r ft 

<»» 

+ %L’ L„J x <0 - x (' * I)} *“■ 4m "" 

J Wslll? * ((> S ”‘ rff ' 

wiiere * V) denotes ~ . and 4 (q +1J ~ ~ • 

The last integral is numerically less than the integral of | y (t) | over the 
interval (i — ~, , and therefore it converges to zero, The 

first integral is numerically less than v times the upper boundary' of 
— <j> (-1- 0) | in the interval ^0, of t, and this also converges to 

The remaining expression is numerically less than 

and thus (lie series converges if 

Ita fjx('!-x(i + S)!*”0. 
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We have thus obtained the sufficient condition of convergence in the 
following form : 

At any point tc at which Jim {/ (:r + t) + / (z — t)} exists, the Fourier's 
series converges to the value \ Jim {/(* + <)+/ (x — !)}, if 

where ■% (!) denotes 

j [/(* + <)+/>-<)- </(* + 0 +/(* - TO 

In particular, at a point of continuity of f (z) the series will converge to 
/ (z) i/Urn | xi (0 - Xi (‘ + 8 ) I * “ 0, awllim | (0 ~ Xt V + 8 ) I * - 0, 

. 

This condition, -which contains the preceding conditions, was given by 
Lebesgue*. 

The condition may bo stated in the equivalent form that 

whore F (!) denotes <f> (t) — <f> (-)- 0), or 

/(* + <) +/(* - f) - Km {/(* + t) +/<* - <)}• 

For, if 8, denotes a number suoh that S < 8, < e, the difference between the 
two integrals docs not exceed 

J‘ * + j' I X » - X (■ + 8) I * 

the first integral is less than g- j \ F (l) — F (f + 5) [ dl, therefore the 
two integrals converge to zero, as S ~ 0, since F (t), % (!) are summable in 
the interval (8,, e) (see I, § 431). The number 8, can be fixed so that 
I F (f + 8) | < e, 

in. the interval (8, 8j) ; thus the third integral is less than e log 2. Thus, since 
the difference between the two integrals is less than an arbitrarily chosen 
number, when 8 is taken sufficiently small, the equivalence has been 
established. 

At a point at which <f> (+ 0) does not exist, the preceding investigation 
* Math. Annaltn, vol. LH (1905), p. 261. In thi* memoir there is contained o detailed ae- 
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can be applied to the function / [x + () + / (x — f) — 2f (*), In this 
we have x W = ^ ^ * ■ ^ ~~ , and the integral 

j x (0 hnti dl 

is numerically less than Jra J j f(x + t) ■)- / (x — t) — if [x) | dt. This will 
have the limit zero if the condition is satisfied that 

has as differential coefficient, at the point l => 0, the number zero. We have 
thus the following theorem, which includes the preceding thoorom : 

At any point % Hie Fourier' a series converges to j (z) if 

f |/<* + I) +/<* - I) - 2/«l <“ 

has, at the point t = 0, a differential coefficient of which the value is zero, and 
if also lim J | X W — X (t + 8) | dt -> 0, where x (t) denotes 
f [ x + t)+f(x-l)-Zf(x) 
t 

344. Returning to the expression 

I* “> - 1 (‘ + 1)} •“ ** 

this expression is equivalent to 

/a I- i {* ( l + ^ m ~ 2 ~) ~*( t + j Bin * 

^ *J^)\ . „ 

i + (4p - 2) *r t + ipu J 8,11 
where F (t) denotes <f> (f) — <j> (4- 0). ThiB iB loss numerically than 
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The second integral is less than the maximurn of J F J f Qr 

all the values 1, 2, ... q, of p, or of the maximum of | F (<) | in the interval 
(0, e). The first integral is less than + g + — + ~j multiplied by 

the upper boundary of j F — — ) — P | f° r all values 

of t in the interval (0, Zrr) and all the numbers 1 , 2, 3 , q, Nov 


is equal to (C, + log 2q), when C v tends, as q increases indefinitely, to u 
fixed number, Mascberoni’s constant. 

Writing S = the upper boundary of 

j r (1+53") _ j. (*.+ Jr?) j 

is that of | F (t) -- F (l + S) | in the interval (0, «). Thus the first integral 
converges to zero, as m ~ <a , if tlic maximum of ] {F (l) - F (f -f 8)} log 8 1 
for all values of t such that l + 8 is in the interval (0, <) converges to two, 
as 8 ~ 0, 

The second integral may be taken to be arbitrarily small, by choosing 
e sufficiently small. 

We hove now established the following sufficient condition of conver- 
gence at a point *, of the Fourier’s scries: 

At a point at which f {x + t) -I- f {x — t) has a definite limit, as t — 0, 
the Fourier's series converges to { lim [f(x + 1) +/(* - <)}> if an interval 
i~o 

(0, £) can be determined such, that 

I {/(* + t) + /(* -*)-/(* + < + 8) -f{x - t - 8)} log 8 J 
converges to zero, as 8 — 0, uniformly for all values of l in the interval (0, t). 
This condition will be satisfied, in particular if both 

| iffr + Q -f(x + t+ 8)> log S | and. Uf{x-l)-f{x-t + b))logi\ 
converge to zero, uniformly for all values of l, in the interval (0, e) of t. 

This condition was given by Dini*. 

In this condition a condition givenf by Lipschitz is included. Thus it 
is sufficient for convergence at the point x that 

| /(* + 1) +f(x-l) -fix + 1 +«) -fix - t - 8) | < CV, 
in the interval (0, e), of f, where C and h are fixed positive numbers. 

• Serin di Fourier, p. 49. f Crdlde Journal, veil, urn /18<M], p. S03. 
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345. I11 accordance with the theorem provod in § 297, if, in an interval 
(0, n), jj {f(x + t)+f{x — t) — 2f (x)) <f(, or xi (0* has hounded variation 
in (0, ft), thou provided | tF ( fi , n) ] is bounded for all values and n and t 
in (0, jt), we have 

lim J 1 * {/{* + *) +/<* - ()) F (t, n)dl~ % (+ 0) lim J" F ( l , n) ill, 

where F (f, n) satisfies the conditions of Theorem I, of § 279, in every 
interval (jt, ft) of t, where 0 < ft < ft. 

In the present case F (t, n) — 4* ^ ' 1 11,1 ^ ^hus tF{t, *) ' B hounded . 

Tho following sufficient condition of convergence, first given by do la 
Vallfie Poussin*, has thus been obtained: 

The Fourier's series corresponding to f (z) is convergent at any point x 
for which | {/ (* + 0 +/ (* - <)} dl has bounded variation in some interval 
(0, ft) of t. 

This criterion inoludes tho case in which / (z) lias bounded variation 
in the neighbourhood of the point x. To see this we need only consider tho 
case of a monotone function ; the functions j [ / (z + l) dl, j ^ / (z — t) dl 
are then also monotone, because the mean value of an increasing function 
increases when tho function increases. Therefore 

has bounded variation when / {*) hiis hounded variation in the interval 
{* — n,x + fi). 

Again, it will he shewn that if dl exists in a neighbourhood of 

t — 0, where <p (l) — f (x + t) + f (x ~ l) - 2f (a), then also j j xf (0 1 dl 
exists in that neighbourhood ; and thus (0 is an indefinite integral, arid 
accordingly of bounded variation in the neighbourhood. 

We have 

»' (i 0 - V w _ ■ ( . + +;ix _ ,, _#(«))*, 

it being assumed that/ (z) is continuous at *, or else that 
lim {f(x + 1) +/{z - <}} 

* Beniiamli tli Palermo, vol. xxxi (1811). p. Another proof of tlio theorem was given Ly 

W. H. Young, Proe. Imi Math. Sot. (2). toI. x (19 11), p. 2 CD. 
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. exists and is taken to be the value of 2 f (x). Thus 

and thus [ # | Xi' (0 1 dt £ (J [ dt + J* ^ J* | </> (<’) I dt'. 

The integrand ill the repeated integral being positive, we may change the 
order of integration, after changing t' into -ut ; the second integral on the 
right-hand side then becomes 

J o f f 0 I ^ (**) I Au ‘ or fl du J g I 4> («*) I \ dt. 

or J 0 du | 0[ I 4> (0 | j. which is less than j j dt. It follows (hat 
J o I Xi (0 1 di exists when | J dt does so. Therefore de In Vallfo 
Poussin’s criterion includes Dini’s criterion ( b ) of § 342; and it 1ms been 
shewn to include that of Jordan. 

346. The following test of convergence has been given* by W. H. 
Young; 

If, at the point x, f (x + t) + f (x — l), or <f> (<), converges to a unique 
limit <j> (+ 0), as t ~ 0, it is sufficient for the convergence of the Fourier's series 
at the point x, to the value \<j> (+ 0) that, in some neighbourhood of the point, 

J‘ldwmi~om. 

If if. (») be a function of bounded variation in an interval (a, b), tfie total 
variation may be denoted by J \d4 (x) |, which represents, as in the 
definition of the JZ-integral, the limit of the sum of the absolute differences 
of <f> (x) at the ends of a mesh of a net D„ , belonging to a system of nets, 
as n ~ co. In order that the notation may be justified, it is necessary, in 
order that the total variation so defined may be independent of the par- 
ticular system of nets employed (see i, § 246), that $ (z) should have no 
external saltus at any of its points of discontinuity ; and we may assume 
that this is the case, since the set of points of discontinuity is enumerable, 
and thus a change of the values of the function at points of this enumerable 
set is sufficient for the removal of any external saltus which may originally 
exist. Thus, it is assumed in the above test that the function if (0 has 
hounded variation in some neighbourhood of the point 1 — 0. 

In order to prove the validity of the test, it will be sufficient to show 
that, when it is satisfied, Lebesgue’s test, given in § 343, is satisfied. That 
* Comjifcj flewim, vol. aunt (19 16), pp. 187, 975; also Proc. Tsmd. Math. Soc. (2), TOl. .tvil 
(1916), p. 206. 
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this is the case has been proved* by Hardy, in connootion with a general 
discussion of the relations between the teste given by Dini, Jordan, de la 
Vall6e Poussin, Young, And Lebesgne. 

Let it then be assumed that, in some neighbourhood of the point f = 0, 
tip (j) is of bounded variation, thus that l {<p (l) — <p (+ 0)} = ff, (t) — g t (t), 
when p, (<), i/ ? (<) are both monotone noii-diminishing functions, and that 
tho total variation of tip (t) in (0, (). when divided by {, is bounded in a 
neighbourhood of the point t = 0. 

We have, denoting <p(t) — <p (+ 0) by F (t), 

ft(*+8) l«B , f« | ftp) ftP+8) |<P 

+JJ-1 — irnr+JJ— TfT - IT’ 

where 1 < m, and snS < e. 

The first integral I t on the riglit-hand side does not exceed 

izspau, 

and is tlioroforc not greater than 2/x log m, where /x is the upper boundary 
of F (t) in the interval (0, m + 18). 

Tho second integral J, docs not exceed 

Of these parte, the second integral is less than h j 0 — y^ dl, or 
lf ft (<) in 

- is bounded in a neigh* 


thnn k log — — - , where k is tlie upper boundary of ® in tho interval 
{0, « -I- S), and is a finite number, since fe-fiLtfeM k 
bourhood of l = 0, and the numbers S, c can be so chosen that S 4- c 
that neighbourhood. Tho first part of J, can be expressed as 


f' + ‘ ft(<) j, [' 3,(0 

f P “ 8) Jcit (l- 


f ,+ * ftW 
J{ut-M)2 t P +8) 

is less than 


fp + 5) 
ftP) _ p 


<ft+25 1 - ' -iPia . _ r _ftP)_ rf< 

'(*+,)« *(t*-**) )„,nt + 8) 


-ftP) At 

mm-*) 


J*. fp + S) . 

•-oner of Math. rol. ilix <1010), p. 
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This is less numerically than k log “py + % ^°S ^ I thus 

h >s less than k ^log~^ + log ( + log ~fj) ■ 

Pirst m may he so chosen thai k ^log ' R l® 83 thnn nn 

arbitrarily chosen positive number ij, then 5 may be 60 chosen flint 
b log c ~^ - g < ij ; thus If < 2ij. Similarly by proper choice of »n and 8 wo 
have I 3 < 2 n). 

Also S may be so chosen that 2p. log m < ij, since F (!) converges to 

It has now been shewn that j & (* + ^ I r ]t < provided 8 

is sufficiently small, and therefore Lebesguc’a test is satisfied. 

Thus Young’s test of convergence at a point is included in Lobcsguo’s 
test. 

Young’s test includes that of Jordan, for assuming that Jordan’s test 
is satisfied, we have 

J' I i {If «» I £ J' | F (!) | it + f‘l | a (!) | 
«„(i)+lj'|.ff(l)| 

- 0 ( 1 ). 

That Young’s test does not include that of Dini is seen by considering 
the function | x |* sin , where p > 0 in the neighbourhood of * ** 0. 
We have 

i (IP (!» - i |(p + I) V «ta \ - V- oo» |J it, 

and the condition J f r_1 j cos j | dt = O (i) is only satisfied if p S 1 , whereas 
Dini’s test is satisfied when p > 0. Since de la Vall4e Poussin's test in- 
cludes that of Dini (§ 345) it follows that Young’s test does not include 
that of de la ValMe Poussin. Conversely, it has been shewn by Hardy 
(Joe. ci£.) that de la Valiko Poussin’s tost does not include that of Young. 
He has shewn that, if F (f) = sin ^log j'j y/log j, then Young’s testis 
satisfied, but dc la Valiko Poussin’s test is not satisfied. A proof has been 
given by Hardy that Lebesgue’s test includes that of de la Vallde Poussin. 
It thus appears that Lebesgue’s test includes all the other four. 
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347, If wo employ the general convergence theorem of § 279 in a 

modified form, since t + 1)4 . g jj 0un ded, we obtain the following 

sin t 

theorem: 

Iff ! (x)./ 2 (x) is summable in tins interval (— tt, -n) and, in some neigh- 
bourhood. of a point x,f t (x) is of bounded variation; and further if / 2 (x + 0), 
/,<,-«] exist, m mmM »„ 

some interval (0, y.) oft, then the Fourier's series corresponding to f t (x) . f 2 (x) 
is convergent at. the point x. 

SOT7MCIENT COHDITIONS OB' TO1FORM CONVERGENCE OB FOUBIEU’S SERIES 

348. Sufficient conditions will now be investigated that the Fourier’s 
series, corresponding to a given uummable function /(x), may be uniformly 
convergent in an interval (a, b), contained in (- n, v). It hns already been 
soon that this will also cover the case in which (a, 6) contains one of the 
points ir, - a m an end-point or an interior point, because any interval of 
length 2 tt may be substituted for (— n, ir) without essential change, tho 
function / (x) being token to he periodic. 

It is convenient to employ the following theorem* wliich may be 
deduced from the general Theorem I, of § 279. 

The function f (x) bring summable. in the interval (— n, n-), each of the 
four integrals | / (x ± 2z) * (z) ^ mz dz, taken through any interval ( a , /?). 
such that 0 iS a < f}£ jir, converges to the limit zero, as the positive number m 
is indefinitely increased, uniformly for all values of x in the interval {— n, it); 
the function x ( z ) being any function that is bounded in the interval (a, /?). 
The function f \x) is assumed to be such thatf (x ± 2n) =/ (»). 

There is no restriction on the number m. 

It will be sufficient to consider j /(* -f 2z) x ( z ) mum* dz\ the cases 
of the other three integrals can be treated in exactly the same manner. 

Taldng (— 27 t, 277 } as the interval for wliioh/ (x) is defined, lBtthe set O, 
in § 279, consist of the points x of the interval (— n.rr). Let <1> {x 1 , x,n) 
denote x s ^ n m ~ %~~~ ^or x 2«s j'4i + 2/3, and let 

(x' p x, n) = 0 

in the remainder of the interval (— 2 tt, 2w). Since | x s * n m % 2~ * J 

is less than a fixed positive number, for all values of x, and n, the 
condition (1) is satisfied. 

* See Hobson, Pro c. Lonl. Math. Soc. {2), ml. v (1 907), p. 277. Tho restriction there music, 
end also in tho filat edition of this wotfc, § 458, that X (a) is at hounded variation, ie onnocessaiy. 
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and since (J (A — a), \ (B — a)), is contained in the interval 

a ia - *>> t c« + *». 

whatever value * may have, it follows from the theorem in § 334, tlmt the 
integral converges to zero, asm~«o, uniformly for all values of x in the 
interval (— it, «•); thus condition (2) is satisfied. Therefore 

I2u f {x>) x ^rr 1 ) 6in m Sr 5 dx '' 

or J J{z+ 2z) x (z) sin mz dz 

converges to zero, as m a > , uniformly for all values of x in (— it, n). 

349. Let it be supposed that, in an interval (a, b), the funotion / {*) 
is continuous, thB continuity at the points a and 6 being on both sides; 
and let / (* + 2z) +/ (x - 2z) - 2 f (i) be denoted by F (z). In accordance 
with the theorem of § 348, J* ~~ Z ~ s ' n mz converges to zero, as»~», 
uniformly for all values of x in (— ir, w), eince ^ is bounded in the interval 
(/x, \tr). In order that the series may converge uniformly, for all values of 

f(x) in the interval ( a,h ), it is necessary that {’ — ^ sin mz dz should 
.'0 * 

converge uniformly to zoro in the interval (a, b), of x. Since 



it will be sufficient that, for all values of x in (a, h), j' J 1 <lz should 

exist and be less than a number , independent of x, which is such that 
lim = 0. For, in that ease, p can be chosen so small that <ij', and 

thus j j —■ sin mz dz | < Zij, for all values of * in (a, 6), provided m is 
not less than some fixed number m„. As rj is arbitrary, the condition of 
uniform convergence is then satisfied. We have thus obtained the following 
theorem : 

II is a sufficient condition for the uniform convergence of the Fourier's 
series in an interval [a, b) in which f ( x ) is continuous, the continuity at the 
points a, b being on both sides, that 

re if <*+_? *)_+/(*- 2 »l-yw I dz 
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should exist for all values of x in (a, 6), and should converge lo zero, as y <— 0, 
uniformly for all values of xin[a,b). The condition is satisfied in 'particular, 
if both, the integrals 

exist, and converge to zero, as y = 0, uniformly for all values of x in {a, b). 

From this theorem we obtain at once the following sufficient conditions 
as special cases : 

If, in the interval {a, 6), in which f (x) is continuous, being continuous at 
a and b on both sides, one of the four derivatives ( and therefore each of the other 
three) off (z) is bounded, the series converges uniformly to/ (x), in the interval 
(a, b). 

If, in the internal (a, b), in which f (z) is continuous, being continuous at 
a and bon both sides, the condition is satisfied that \ f (x + i) - / (z) [ =S A \ l j ; *, 
for all values ofxin [a, 6), and for all values of t not numerically greater than 
some fixed positive number, where A, k are positive numbers independent of x, 
then the series converges uniformly in (a, b) to the value f (z). 

The condition may be replaced by 
l/<* + >)-/<*)!<- — — r— 7 -yrm- 

i ?T log ru' ° e ,og 7 ••• 1 og ° g -- ml 

where A, k are positive numbers independent of x. 

Corresponding to the theorem given in § 343, relating to the convergence 
of the series at a single point, the following theorem may be obtained: 

In the interval (a, 6), in which f(x) is continuous, the continuity at a, b 
being on both sides, the series will converge uniformly to f (z) in (a, b), if 
J a I X ( { ) “ X (* + 8) | it converges to zero, mS~0, uniformly for all values 
ofx in (a, b), where x («) denotes * f x + l) + f (x- t) - 2f (z) 

A slight modification of the proof of the theorem in § 343 is sufficient 
to prove this result. That the first and third integrals converge a am ~ <n , 
uniformly for all values of x in (a, b ), follows from the fact that, e being 
sufficiently small, | / (x 4- l) 4 -/ {x — t) — If (z) | is bounded in the interval 
(0, e) of (, for all values of z in (o, 6). 

Tiie proof of the theorem in § 344 suffices to establish the following test: 

If f (z) be continuous in {a, b), the continuity at a and b being on both 
sides, it is sufficient in order that the series may converge uniformly in (o, b) 
to the value f {*), that an interval (a — e, b + c) enclosing ( a , 6) can be deter- 
mined such that 

[/(* + i) +/(* - *) -/(* + f + S)-/(r-*-S)|Iogl/S 
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converges to zero, as S 0, uniformly for all pairs of points (x + t, x + t + 8) 
or (x — t, x — t — S) in the interval (a — e, 6 + r). This condition is satisfied 
if [/(*)—/(* + S) | , | /(*)-/(*- S) | both converge to zero, uniformly 
for points in the interval (a — e,b + <), as § ~ 0. 

350. Let it be assumed that the function / (x) everywhere satisfies flio 
Lipschitz condition \f(x + t)—f(x)\^A \ 1 1*, where A is a positive 
constant, and 0 < Jk < 1. The Fourier's series then converges uniformly to 
the continuous function / (x). In order to determine the order of the 
coefficients a„, b„, we have 

- I’S' L ’ l/(* ■ - s) -/(* + £)] *"'“*• 

6. f(x) einnx/ix ^ f ^/(z) -f(* 

by means of the Lipschitz condition, we have then 

1 6 n [ < ^ ^ | sin nxdx. 

From this it follows that a„ — 0 K — 0 ; thus the following 

theorem has been* established: 

Iff (*) satisfies the Lipschitz condition \f[x + t)—f[x)\£.A\t\' 1 , then 

In case k = 1, | /{* + <)-/ (a:) | £ A 1 1 1, it can he shewn that }{x) 
is an indefinite integral of a summable function. For, i£ we consider, in 
the interval (— ir, w), a set of intervals, finite or infinite, of which tho 
measure is < t, we see that the sum of the absolute variations of / (z) over 
the intervals of the set is < A c, and therefore the function/ {*) is an indefinite 
L-integral. It follows that the Fourier’s series converges uniformly in 
(— it, if) to C + [ f'(x)dx, where C is a constant. It will be shewn in 
§ 360 that tho summable function/' (x) has, for its Fourier’s series, the 
series 

\af E { -»»„ sin «* !•«*,, cos we). 


* Seo Lebcaguo, Bulletin dr. I, 


tat. it .France, vol. .tx: 


a (1010), p 
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where do' is a constant. Applying the Riemann-Lebesguc theorem, it 
follows that tia„ = o (1), nb„ — o (1). Thus wo have the theorem* that: 

If f ( x ) satisfies the condition \f {x + t) — J {x) \ & A 1 1 1, where A is a 
positive number, then. a n = o b„ = o . 

It has been shewn by Lebesgue (toe. cit.) that the difference between 
f{x) and the sum of the first Zn + 1 terms of the Fourier’s scries is 
< 2§L2, Other investigations relating to Dirichlet’s integral have 

been made by Kroneckcrf, Holder, and Eroding. At the present time ' 
those have only historical interest. 

POINTS OF NON-CONVERGENCE OF FOURIER’S SERIES FOR A CONTINUOUS 
FUNCTION 

351. The continuity of a summable function at a particular point is 
neither necessary nor sufficient for the convergence, at. that point, of the 
corresponding Fourier’s series. The first example of a continuous function, 
for which the Fourier’s series fails to converge at a particular point, was 
given by jDu Bois-Rcymond§, who also constructed a continuous function 
for which the Fourier’s scrios fails to converge at the points ot an eveiy- 
whero-dense 66t. It is the most important outstanding question in the 
Theory of Fourier’s series whether a continuous function can exist for 
which the Fourier's series fails to ocmverge at all points of a set of positive 
measure, or at the points 'of a set of measure equal to that of the whole 
interval, or nt every point of the interval. A function has been con- 
structed || by Kolmogoroff for whioh the Fourier’s series fails to converge 
at the points of a set of measure 2*-; but this function is not continuous, 
and neither is its square summable in the interval. 

It was suggested^} by Fatou that trigonometrical series of the form 
la 0 + X («„ cos vx + 6„ sin nx) might exist, such that a„ = o (1), — o (1), 
which converge only at points belonging to a set of measure zero. Such 
a series was actually constructed** by Lusin. A simple examploff of such 
series. was given by Hardy and Littlewood, who proved that the scries 
2 n~" cos nhrx, 2 sin nVz, where 0 < « £ i,, are convergent when 

x is a rational number of one of the forms —-i } , in the case of 

2q+ 1 4g + 3’ 

» Sen Fatou. Ada Math, vol. xxx (1000). p. 39B. 

f Berliner SHeungsber. ISR5, "Ucbor <las IWricidct’achc Integral," tiy Kronccker; and in ttio 

J Math. Annalen, voi. vn (I89S). p. 177. 

§ Abhandlungen der lager. Alai, vol xn, Abtlig 2 <1870). 

[| Fundament". Math. voL iv (1823), p. 321. 

i Aeta Math. vol. sxx (1905), p. 308. *• Bendieanti di Palermo, vol-xxxn (1911), p. 3BC. 

ti Aeta Math. to), XXX vn (1914), p. 235- 
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[cjl vnr 


the cosine series, and of one of the forms -f 


n the case of the 


_ 2p + 1 2p 

- 1 ’ 4y + i 

sine series; but that the series do not converge for any irrational value 
of x. It was shewn that, at a point at which the scries is not convergent, 
it is not suramable by any Ce3aro mean. Since the series are non-sumraable 
at points of a set of measure greater than zero, it follows from § 368 that 
they are not Fourier’s series. It can be shewn that, when «> | , the scries 
are Fourier’s series, and that they converge almost everywhere. A series 
for which a„ =** o (I), b„ =■ o (1) has been constructed* by Steinhaus which 
is nowhere convergent. 

The general condition that, at a particular point of continuity of the 
function, the Fourier’s series should fail to converge, has been investigated 
hy licbcsgnef, and by HaarJ. The former of these also investigated the 
condition that, although the series converges at the point, the convergence 
should be non-uniform in every neighbourhood of the point. 

A method of constructing continuous functions for which the Fourier's 
series exhibit these singularities at a point, or in an evorywhore-denso set 
of points, was given by Fejdr§. This method is of great simplicity as com- 
pared with that of Du Bois-Reymond, although the latter was simplified 
by Sohwara. 

352. In accordance with § 299, in order that a continuous function/ {x) 
may exist, for wliich tho Fourier’s scries will not converge at a particular 
point, or that it may be convergent at the point, but may not converge 
uniformly in any neighbourhood of the point, it is sufficient to show Hint 
the integral 


IT 


>M- l)t| 


(It 


increases indefinitely with n. 

Taking the portions of the integral, in which (2« + i) / lies in tho 




in all of which intervals | sin (2n + 1) 1 1 > ^=, ■ 
exceeds in value 


a that the integral 




* Compfcs Rendu* toe. k. it Varuovit (1912), p. 223. 
f Annates it Toulouse (3), vol i (1903), p. 76; Compton find u*, vol. i 
i Mill!,. Annalen, vol. LXIX (1910), p. 336. 

| Crdle's Journal, vol. cxxxvn (1900). p. 1, vot oxxxvm (1009), p 
ol. xxvm (1909), p. 402. 


urf. if Palermo, 
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and this exceeds — log 5^1 + ^ which diverges, as n is in- 
definitely increased. 

The numbers ? ^ J dt, for »=1, 2, 3,... have been 

termed by Fej^r the Lcbesgue constants for Fourier’s series. He shewed* 
that these numbers fa, pt, ... arc given by the asymptotio expression 

where %, Cj are determinate numbers. A complete investigation of the 
asymptotio expression for p„ has been givenf by Grotvwall, who shewed 
that the divergence of the sequence {p A ) is monotone. 


353. The method given by Foj6r for Iho construction of Fourier’s 
series for continuous functions which exhibit these phenomena depends 
upon the following Lemma; 

The series 

cos (r + 1) x oos (r + 2) x cos (r + n) x 


1 


1 


co s (r + n + 1) x _ cos (r + n + 2) x __ 


cos (r + 2n) x 


is less in absolute value than a fixed positive number A, independent of x and 
of the integers n and r. 

The expression is equal to 

1 . (2n - 1) *) 

* 2 T 2 w " ' ~ 


. + -sin i- 


Let s n (x) denote 
and let s„ (a) denote 


(*) - !<?„ (*) = 7-9 ® 


n 3 k + ... + i sin [2n — 1) x; 

j sin (2n — 1) x 


' 2ra - 1 


, 1 


1 


1 


1 


(2n- — 1) 2n ' 1 ’ 

.. < 1, for ail values of n and x. 
Since s n (x) is the partial sum of a Fourier’6 series (see Ex. 3, § 327) of 
bounded variation, [ s„ (x) j is hounded with respect to (n, x) (see § 333). 


* Crclle’i Journal, vol. onxxvm (1610), pp. 22, 30. 
f Mmh. AmvHen, voL am (1D12), p. 244. 
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Ifc now follows that | s„ (x) | is bounded with respect to {», x), and thus the 
Lemma has been proved. 

In order to define a Fourier’s series, representing a function which is 
continuous, but such that the series does not converge at the point x = 0 
let g m = 2.2™*; and consider the series 2 A„ cos nx, of which the terms 
are grouped as follows: 

2 A n cos nx + £ A n cos nx + ... + 2 .d n coswx + .... 


In the mth group, let A„ be so chosen that the group is 


1 (cos toi + g,+ ... +y,-i + 1) * , , oos toi + g s + ... + g m ., + lg n 

m>\- " ig n + - + -i 

cos to, + pa + ... + g m -i + \g„ + l) cos to, +?* + ... + ffj] 

i x isC r 

This is less, in absolute magnitude, than — , aud therefore the scries, so 
grouped, is uniformly convergent, and the original ungrouped series is 
consequently (§ 321) the Fourier’s series for a continuous function. 

At the point x ^ 0, the value of the to, +(?, + ...+ + }p„)th 

partial sum is ^ f l + | ^ + ... wbioh is > ™ log 2™’ > m log 2; 

and this increases indefinitely with m. Therefore the sum does not con- 
verge. The (?, + g t + ... + g m )th partial sum is zero, 

The series 2 A n sin nx converges at x—0, the coefficients being 
taken to be those defined above; it will be shewn that both the series 
2/1 „ cos nx, T.A n sinnx converge uniformly in the interval («, 2* - e), 
but that the sories 2 A„ sin nr. does not converge uniformly in the interval 


(0, t). Consider a partial remainder R v „(x) = 2 A„ . nx. We have m 
n-p sin 

the interval (e, 2n — «) 


< s cosec = < ^ ■ , 


hence j 2 cosrx|<^; and similarly J 2 sinrxj < 

I cos (r + 1) x cos (r +- n) x 

| ~n + -+ 1 

- | 1 I l («, .'.I I ^ ' ‘-V.-il | 


Therefore 
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where s , « cos (r ■+■ n)x, s s — cos (rf»)* + cos [r + n - l)x, hence 
the expression on tbc left-hand side is less than f 1 — ^ j ^ -r which is 


less than . If w 


split each group of terms in It Pr , (a) into its terms with 
i of the 


positive and with negative coefficients, the absolute value of the s' 
terms in the group is < ~ and this holds good if only a part of the 
i follows that 


group is contained in 1 
i ».i (*) | < — - 


,(x). It n 
I 


1 \ 


1 


’ (m, + 1)* m r *J e p m/ e 'm„ — 1 ’ 

for all values of q. It now follows that the scries are both uniformly con- 
vergent in the interval (e. Sir — «). 

To shew that £ A„ sin nx does not converge uniformly in the 
interval (0, e), observing that the part of the mth group which has positive 
coefficients 3s 

f ain (p, g, + x + ___ + Rin (p, +g t + ... + foj % 


2 “' 


I 


consider the point * - 
if 


■ i5T+7,~ i ... it. )'' *• «• l "" ml < 0 ' ■> 

i is sufficiently largo, and all the terms in the bracket are positive. 
Denoting p, + p, + ... + g m -\ by p, the expression becomes 
JL («<*» (p+ *)« , . sin (/L+i?™) *1 

m*\“ 2”-* " r ‘" ■ I J’ 

and observing that ji 4- \g„ > \ (/t + hg n ), the expression is greater than 


ll , 1 


«VSU 




i***+ i)’ 


and this exceeds log l 2 n ’, or ’--?h- 2 ~= log 2. which increases 

m 1 / 2 V2 m* V 2 

independently with m. Since these are partial remainders which increase 
indefinitely with m, for some point in (0, «), the series cannot converge 
uniformly in (0, t). 


354. In order to construct a scries which' fails to converge at an every- 
where-densc set of points, taking the scries £ A e cos -nz, defined in 5 353, 
in the first group of terms write 1 ! x for r, in the second group write 21 x 
for*, and generally in the with group write m ! x for z ; wc have then a series 
S J, cos A„*, where A„ — lln when 1 5 f!-Sy,;J„ = 2ln, when 

J, -r I £ « £ J, t pj, 

The series then fails to converge at every point * = ± 


vhere m and 
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It now follows that | s„ (*) | is bounded with respect to {n, x), and thus the 
Lemma has been proved. 

In order to define a Fourier’s series, representing a function which is 
continuous, but such that the series does not converge at the point x ~ 0 
let g m = 2.2'"’; and consider the series 2 A„ cos nx, of which the terras 
are grouped as follows: 

cos nx cos nr. + ... +1 A * cos,,x + •••• 

In the with group, let A„ be 60 chosen that the group is 
_i. f 009 (gi + g » + ••• + gm-t + 1 ) x , + eo s + — 4- g w -i -f 

*n*l " “ il7» ■” “ 1 

eos (gi + g» + ... + ffm-i + jg<n + 1) _ _ cos (g, + + ... + gj ) 

x "* k* r 

This is less, in absolute magnitude, than and therefore the series, so 
grouped, is uniformly convergent, and the original ungrouped series jb 
consequently ({j 321) the Fourier’s series for a continuous function. 

At the point x — 0, the value of the [g l + g t -f ... + g m _, + Jj„)th 
partial sum is ^ ^1 + i + i + ... which is > — log 2’»'> m log 2; 
and this increases indefinitely with m. Therefore the sum does not con- 
verge. The (5, + + ... 4- p„)th partial sum is zero. 

The series 2 A n sin nx converges at x - 0, the coefficients being 
taken to be those defined above; it will be shewn that both the series 
24 „ cos nx, 24 „ sinra* converge uniformly in tho interval (e, 2n - e), 
but that the scries 2 A „ sin nx does not converge uniformly in the interval 

(0, t). Consider a partial remainder R„_, (x) •= 2 A„ ^ nx. We have in 
the interval {«, 2i t — t) 

[I+Scosra|^ 

hence | 2 cosraij < and similarly J 2 sin ra;| < ™ . 

| cos ( r + 1) x | | cos {r + n)x j 

= | l-*i + i {»i - «i) + — + j ~ S "~'* | 

-|a 



Therefore 
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where = cos (r + n) x, s. = cos (r + n) x + cos (r +- « . — I) *, ... ; hcncc 
the expression on the left-hand side is less than which is 

less than - . If we split each group of terms in K VlC (x) into its terms with 
positive and with negative coefficients, the absolute value of the sum of the 
terms in the group is < -i.— ; and this holds good if only ft part of the 
group is contained in I?„, a (x). It now follows that 

2w / 1 , 1 , , 1 \ 2ir “ 1 2n 1 

I /*,.» <*> I < ~ + ^7+1)* + - + € ^ ,«„* < e 'm e - I’ 

for all values of q. It now follows that the series are both uniformly con- 
vergent in the interval («, 2w — e). 

To shew that 2 A„ sin nx does not converge uniformly in the 
interval (0, e), observing that the part, of the with group which has positive 
coefficients is 

J~ |*** n ^1 4 ~ (It + ••• •*• + 1) g + f + 9 i n ( ffi +0s+ + lff«) 


consider the point x 


; this is in tho interval (0, c) 
positive. 


' Z (g, + g t + ... 

if 7U is sufficiently large, and all the terms in the bracket 
Denoting fl, -f- g. + ... + g n - j by h> the expression becomes 

L + ... + • 

and observing that p + {g m > i (m + iff-). t* ,p expression is greater than 
i fl 1 , 1 1 

mV2ll + 2 + - + i2"' + lj’ 

- log 2, which increases 


and this exceeds log ?, 2 D, * > or — -f— .. 

m" V2 h ' Vi mWi 

independently vritli wi. Since tlicsc arc pnrt.inl remainders wliich increase 
indefinitely with m, for some point in (0, e), the series cannot converge 
uniformly in (0, <). 


354. In order to construct a series which fails to converge at nu every- 
where-dense set of points, taking the aeries 2 A„ cos nx, defined in § 353, 
in the first group of terms write 1 ! x for x, in the second group write 2! z 
for ,r, and generally in the with group write wi 1 x for r; we have then a series 
2 A„ cos Xjr, where A„ = 1 ! w when 1 ?. n = 2! n, when 

+ J 

The series then fails to converge at every point x = i where m and n 
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are integers; but the series converges uniformly when it is grouped, and 
tlius it corresponds to a continuous function, and therefore (see § 321) the 
series is a Courier’s scries. When x = the part of the vfch group which 
has positive coefficients, if v be sufficiently large, lias the value 



and this increases indefinitely with v. The series cannot therefore bo con- 
vergent at the point. 


355. Let <f> n (*) have the value + 1, or — 1, according ns 

am Jx 

is positive or negative, and when it is zero, lot rj>„ ( x ) = 0. The nth partial 
sum of the Fourier’s series corresponding to (x) is at the point * «• 0, 
j sin (2it + 1) | 

1 dx, and this diverges, as n~ x (see § 352). 


Lot >fi n (x) — sin ^ n -^— x, for — v £ x S it, then the nth partial sum 
of the Fourier’s series corresponding to <ji„ (x) has, at x = 0, the value 

~ j ^ 1 <11 which diverges with n. Let >/> (ft, x) denote the even 

function, defined in the interval (— n, n), which has the value sin fix in tho 
interval (0, w); and let 4e 0 + Ee„ cos nx denote the Fourier’s scries corre- 
sponding to 0 (ft, x) ; we find then 

1 + (— 1)" +1 cos /m 2ft 1 — cos fi?r 2 

— >»-*• s •?' 

hence a„ is positive if n < ft, and negative if n > ft. It is easily seen that 
iji (2, x), i/i (4, x), ... , have the same properties, as regards the partial 
remainders at the point x = 0, as </j, (x), t/< 5 (x), .... If we define a function 
by means of the expression S — in (0 < x < n), it is seen from the 
properties of <p (2, x), <fi (4, x), ...,-that the cosine series for this function 
does not converge at the point x = 0. 


m sin (2- +1) 5 

Again, if we take /, (x) = E ^ , then/, (x) is continuous in 

the interval (— n, it), bnt as is seen from the properties of <l> ($, x), $ (?. x), 
the cosiiie series for/, (x) does not converge at the point x — 0. 
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35S. An example, due to Schwarz*, will be gjven here of a function 
which is everywhere continuous, but for which the Fourier’s series fails to 
converge at a certain point. It will here be shewnf that the series is, at that- 
point, oscillatory, with an i nfin ite upper sum. 

Let the product 1.3.5 ... (2A 4- 1) be denoted by [2A 4- 11, and let the 
function <j> (z) he defined for the interval (0, a), where 0 < c £ \rr, in the 
following manner: In the interval (n/[A], tt/[A — 1]), let 4‘ (z) = c* sin [A] z, 
where c* is a constant, depending upon the value of A; let A have all values 
Aj, A t -r 1, A, + 2, ... , where A ; is a fixed integer, and we may suppose a so 
chosen that a «= — 1]; also let it (0) = 0. If the sequence c*,, e*,^, 

c», +s , ... , be so chosen that it converges to the limit zero, the function <f> (z) 
is continuous at the point z « 0, but it has an indefinitely great number of 
oscillations in an arbitrarily small neighbourhood of that point. If the 
constants e» satisfy the further condition, that c 4 log (2A + 1) becomes 
indefinitely great, as A is indefinitely increased, it will be shown that the 
integral 

ivw * 1 *; 11 ' * 

:<t z 

will increase indefinitely, as n has successively the values of integers in 
a certain sequence. Thus the Fourier’s series, corresponding to the con- 
tinuous function defined by / (x) = 0, for - 0, and / (x) =. tj> (|x), 

for 0 SxS 2a, and / (x) — 0, for 2a £ x £ sr, does not converge at the 
point x = 0. 

Let 2n + 1 — 1.3.5 ... (2/t + 1) = [/»]; then 


</> ( 2 ) - 


- dz 


may be written 


a the form 

"folM--,. 


'j. w , 

+ i 

' r-„-H Z 

The first integral may be written in the form 

p' ~ I — cos 2 [/x-j z ^ 

liich is equivalent to 

£c,log(2>i+ 1) - £c„ 


* Soothehistoiyof tl 
xxv (1SS0J, p. 231. 
t Sec Hobson, Free. . 


Mf C05 

” •'■'fir) 

number between trfljt] and sr/[>i 

Ibeory of Fourier’s 


a. by Stein, , 


2 Mzdz, 

-n 

•Jilvmilch't Ztilrtir. Sopplsrr 


i. KaO. Sot. (2), voL ret <1KW|, P- •«. 
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Now let e„ log {2/i + 1) increase indefinitely with ft. This is consistent, 
■with c„ having the limit zoro; for we have only to tako 
“ flog (2 ft + 1)}-', 

where s is some fixed positive number, less than unity. 

Since c h — [ cos 2 [ft] z dz 

is numerically not greater than cjir, we eee that, with the supposition mack 
as to Cu, the expression 

* r*-“4£Wi* 

J./M 2 

becomes indofinitely great, as ft is increased indefinitely. 

To “s o, f" - " “Mi-ifeJ.? *, 

I*-*, ■ o/trj Z 

WO see, by writing sin [r] z.sin [ft] z us half the difference of two cosines, 
and applying tho second mean value theorem to each integral, that the 
absoluto value of tho expression is less than 

,5. c ' y {ct=m + mI ■ 

or than 

*s lc -r_£M 1 + I A 

A W (M - 1] 12/x + I - M/[ m - I] + 2,t + 1 + [rj/enr 

which is less than — 1 2 . - ; 

v [ft - 1] ft 

and tills is less than 

i‘ + W~l + (V - *) <2(1 - 3) + " "I 1 

Therefore the absolute value of the integral is less than 2 ca/it/i; and this 
becomes indefinitely small, as ft is indefinitely increased; and therefore the 
limiting value of the expression is zero. 

Lastly, wo have to consider the expression 

l ^r-'eiHissUdi*. 

r-M+l J*/trl 2 

Since | ~ s '. n *\ | < [ft], and | sin [r] z | 3 1, 

the absolute value of the expression is less than wc,. ; and tliis 1ms tho 
limit zero, when ft is indofinitely increased. 

It has now been shewn that 

j’ 4 fc) sin [>] z ^ 

Increases indefinitely with ft, where [ft] = I.8.S (2ft + 1), provided e* 
has the value {log (2A + l)} - *, where 0 < s < 1. 
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357 . We proceed to consider the case in which 2n + 1 — (2p + 1) [/-t, — 1 J, 
where p is an integer which varies with p in such a manner that it always 
lies between 0 and «. 

In this case, os before, we divide the integral 
, sin (2n. + 1) 2 


into three parts, 




- dz 


+ 'i 1 1, * 

r-H J*«r) z 

+ S f Wir-xi Bin fr] 2 Bin (2p 4- l)[/x - l]z Jr 

f-*+l 

The first part is equal to 

I’, [«» {fr - 1) - «P> >) - CO, (U> - ij » + 2p + «> •>] *, 

where /3 is a number between v/[/i] and n-/[p — 1]; and this expression is 
less, in absolute value, than 


or than 


" U> — 1] (2^ -2p) l](2p + 2p + 2)!’ 
c„\ l+l!2p , 1 + l/8p 


» { 1 - Pin 1 + l//t + j»//t J ' 

If, now, p increases with p in suoh a manner that pip is always loss 
than some fixed number which is less than unity, then this expression 
diminishes indefinitely, as p is indefinitely increased. It would also he 
sufficient that 

p/p*”l-K (log (2 p + 1)}-*', 

whore s’ < s, and c„ ** {log {2p + 1)}“*; the positive number k being fixed. 
The second port of tho above integral is less, in absolute value, than 

sir] f 1 , i \ 

r.», \ (2p + 1> |> — 1J — £v] (Zp+})[p - 1] + Mf’ 

or than - S f — j-jj j 2 y + i - 1] + 2p + 1 + [ r y[p - lji ’ 

and this is less than 


. 1 +, 


1 


1 


2p - 1 1 (2p - 1) (2p - 3) ^ 
or than 2 c Aj /p?r. Therefore the expression diminishes indefinitely, as p is 
indefinitely increased. 

That tho third part of the above integral has the limit zero is seen from 
the fact that its absolute value is less than c, + , (2p + 1) [/* - 1] ir/Jjta], or 
than (2p + l)/(2,» 4-1). 
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It has now been proved that 

jV(») * ill! “ - ' U Jz 

has the limit zero, if 2n + 1 increases indefinitely through a sequence of 
the form 

l/‘r- ]3(2p,+ 1), [fit — I] (2jjj + 1), [ft - IJ (*ft + I), ... 
where p , , p lt /t, , ... is an increasing sequence of integers, and p t , p lt p 3 , ... 
arc such that pjp S I -k {log (2/x + l)} -1 ', where s' < s. 

It has now been shewn that the sum of the Fourier's scries oscillates; 
the limit being infinite, or zero, according as one or other of two particular 
sequences of valued of a is chosen. 


THE ABSOLUTE CONVERGENCE OF TmOONOMETMCAIi SEBIES 
358. Lot £o 0 + £ (a, cos nx + b n sin nx) be a trigonometrical series 
which converges absolutely at the point £. We have then • 

Jcr„ + £ {a„ cos n (£ + 7i) + 6„ sin n (( + h)jj 

4- [jo, + 2^ {a„ cos n (( — 7t) + 6„ sin n(£—h )} j 
“ 2 £ia 0 + (a„ cos n£ + 6„ sin n£)j - 4 Z sin* ±nh (a„ cos n( +■ b„ sin Jif); 

and it follows that the expression on the left-hand side converges as 
re ~ » . If either of the expressions in the two brackets is convergent as 
re ~ co , then the other is so, and if either is non -convergent the other is 
so also. Also, if either converges to a sum -function wliioh is continuous 
with respect to h, for &•*/«,, the other has the same property. It has 
thus been shewn* that: 

The poiv ts of continuity of the sum-function of a trigonometrical series, 
and the points of convergence of the series, are symmetrical with respect to 
a point of absolute convergence of the series. 

| a n cos » (f — A) + 6„ sin re (£ — /*) | 

& | «„cosre (f + h) + 6„sin re (f + A) | + | a n cos re£ + sin re£ J, 
it follows that, if the trigonometrical series is absolutely convergent at 
the two points f , f + h, it is also absolutely convergent at £ — A. By con- 
tinued application of this result it then appears that the trigonometrical 
scries must be absolutely convergent at all the points £ ± th, where « is 
any integer. In ease k/ir is an irrational number, and (a, fi) is any interval 
* See Fa lou. Acts Math. vol. XXX (1000), p. 308. 
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contained in (— v, v), i can be so determined that £ ± i h differs by some 
multiple of 2n- from a number in the interval (a, p). It follows that: 

If a trigonometrical- geries is absolutely convergent at two points x it 
such that Xi~ a - , is incommensurable with it, then it converges absolutely at 
the points of an everywhere- dens e set. 

359. The following theorem was given* by Lusin: 

If a trigonometrical series Jog + £ (a„ coa nx + 6, sin nx) is absolutely 
convergent at all points of a set of which the measure is positive, then £ | a, [ 
and £ | b„ \ are convergent, and the trigonometrical series is absolutely con- 
vergent everywhere. 

If i | a, | + £/>„ [ cos (nx — a n ) |, where />„ = (a* 1 + &„*)*, converges in 
a set E, suoli that m (E) > 0, there exists a perfect set P, contained in E, 
of measure p (> 0), in which the series converges uniformly (sec § 99). Jf 
s (x) denote the sum of the series, we have 

| s (*) dx - p . 1 1 a, I + L o n I I cos n {x - «„) I dx. 

HP) *-l HP) 

It will be shewn that I [ cos n(x— a,.) [ dx is not less than a fixed 
Jcp> 

positive number K, , independent of n. 

If 0 bo botween O and Ipr, we have | cos « (* — a„) | S cos 8, when x — a„ 
is in an interval j , wlierc r is n positive or negative integer, 

28 

including zero. The condition is satisfied in each interval of length — 
belonging to a set, consecutive intervals of the set being separated by an 
■ 20 

interval of length . It follows tbat, in the interval (— tt, tt), the 

condition | cos n(x — a„) | 2 cos 8 is satisfied at all points belonging to a 
set of which the measure is 48. It 6 be taken to be > — there is a 
sot of points of positive measure q, contained in P, at which 
| cos n (x - aj | 5 cos 8. 

It then follows that I I cos nix — a„) j dx exceeds a fixed number K-, 

, J(P) 

independent of n. 

We have then £ p„ £ ~ 
vergent. The result in the theorem then follows at once, 

It is clear that the series converges uniformly in (— n, w) ; hence it is 
the Fourier’s series of a continuous function. 

* Compter Rcndtu, vol. csv (1912), p. 580. 


j s {x) dx-, and therefore £ p„ is 
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It follows that: 

Unless a trigonometrical series is the Fourier's series of a continuous 
function, it can only converge absolutely al the points of a set of measure zero. 

The following Lemma will be applied : 

If E be a measurable set of points contained in (— n, n), and there are 
in (— n, n) an infinite number of points with respect to which E is sym- 
metrical (when E is repeated' periodically beyond, the interval (— u,-n)), then 
E has either measure zero or measure 2 «■. 

Let Pi, Pj, ... P„ ... be an enumerably infinite set of points of sym- 
metry; and let us consider any pair P T , P, of these points. Lot E„ be 
the component of E in the interval P r ,P,, of length 8„; then if m (E„) — 0, 
it is clear from tho double symmetry of E that m ( E ) =0. If m (E r ,}=* !„> 9, 
wo sco that m (E) S, nl„, whore » is tlie integer such that 
nS„ & 2 ? r < (n + 1) S„; 

and thus m (E) > (2ir — 8„) . Since the set {P„} is not finite, itoontains 

an infinite number of pairs of points P r , P, for which 8„ is less than an 
arbitrarily chosen number y, hence m (E) > 2n ^ - y. If possible, let 
jr-’- </<<!, for all pairs of values of r and s for which S„ < p; thus every 
point of E in S r , has a neighbourhood S„ (< y), for which the component 
of E in that neighbourhood has measure < h$„. Now any fixed point P, 
of E, corresponds, on account of the symmetry of the set E with respect 
to the points P T , P„ to a point of 8„; hence P has a neighbourhood of 
length S r , in which the component of E has measure < /i8 rt , where h < 1; 
and this for every pair of values of r and s for which 8„ < y. Since &„ has 
indefinitely small values, this is contrary to the fact that P may be so 
chosen that E has metric density 1 in its neighbourhood (see r, § 140). 
It is thus impossible that h < I ; and r, s can be so chosen that is 
arbitrarily near unity. Hence m ( E ) > 2n (1 — f) — y\ where y and £ ore 
arbitrarily chosen positive numbers. It thus follows that, m (E) - 2-. 
Prom the Lemma, combined with the results in § 358, we obtain the 
following theorems given by Lusin: 

A trigonometrical series having in (he interval (— it, n) an enumerable 
set of jxrints of absolute convergence is either almost everywhere convergent, or 
almost everywhere non-convergent. 

For the set of points of convergence must, in accordance with the 
Lemma, have either measure 2-, r, or measure zero. 

A trigonometrical series having tioo points of absolute convergence, of 
which the distance is incommensurable toith n, is either almost everywhere 
convergent, or almost everywhere non-convergcnt. 
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The theorem has been given* by S. Bernstein that: 

}f the function f(x) satisfies the Lipsckitz condition that, for any pair of 
points x, , Xx in the interval (— n, u), | / (x,) — f (re.) | £ A j Zj — z* ]*, where 
0 < tt < 1, and A is a positive constant, then, provided a > 4 , £ | a„ j, 2 ] 6„ | 
are convergent , so that the Fourier's series converges uniformly and absolutely 
to f (x). There are Fourier's series of functions which satisfy the condition 
for a value of a (< J) which do not converge absolutely at all points. 

Tho more general theorem has been given j bv SzIlsz that: 

If the function f (x) satisfies the JApschitz condition , X (j a„ I 1 -!- | Zj„ ]*) 

is convergent if k > s % i, but may diverge if b<- s ~ r. 

S(t T 1 ^Ct T i 

THE LKTEQJUTJON OK J-OOBIER’s SERIES 
360. Let i |a„ + £ {a, cos nx + sin nx) be the Fourier’s series corre- 
sponding to a function / (z), suunnable in tho interval (~ sr, it), and of 
period 2 u. No assumption is made as regards the convergence of the series. 

The function g (z) = j 1 f (x)dx — \d a r. is continuous and of bounded 
variation in any finite interval; also it is periodic,- and of period 2i7, in the 
variable x. It can consequently be represented everywhere by a Fourier’s 
series \af + £ (a n ‘ cos nx 4- 6,' sin nx) which converges uniformly to g (z). 

We have n„' = i j g (z) cos nxdx, b„' ~ i | g ( x ) sin nxdx. Since 
g (x), sin nx are both indefinite integrals, the formula of integration by 
parts can be applied to the expression for a*'. Thus 

o„' = ^ J 9 (*) cos nxdx « — ~ J sinnz.Dg. (z) dx, 

where JDg (z) is any one of the four derivatives of g (z) (see i, § 420). Now, 
at almost every point of (— n, -tt), the four derivatives of g (z) arc all equal 
to/(z) — la a (see I, §405). Accordingly, we have 

o„' = — f (z) sin nxdx — — ~b„; 

in a similar manner it can be shewn that b„ r — ~b„. It has now been 
shewn that the series 

, , 2 o„ sin nx — b, cos nx 

-r £ — — ’ 

* Comptu J iatius, voL ctvm (19M), p. 1661. 
t HS-nctl. SitoinyiJtr. (1922), p. 135. 
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converges uniformly in any interval to the function 

where a 0 ‘ =. ^ j g (r) dx. 


The following theorem has been established : 

If f (x) be any aummable function, periodic, and of period 2 tt, then , if 
(*j , *j) be any finite interval, | / (x) dx in represented by 

a; + 2 a " nXt ~ CqS wa » 1 — ffo x + S g » cos nr,! 


which is obtained by integrating the series \a 0 + S (q„ cos nx + b„ sin ns) 
term by term. 


Tills theorem, which in this general form was given* by Fntou, was a 
generalization of an earlier form of the theorem duo to Lebcsguo. It is 
remarkable in view of the fact that the Fourier’s series which is integrated 
is not necessarily known to converge. 


It follows, by letting * — 0, that the series 2 — is always convergent. 


The neoessary aud suflioient conditions that S should he convergent 
have been given-} by Hardy and Littlcwood. 


To obtain the converse of the above theorem, lot it be assumed that 
the series £a„ + 2 {a„ cos nx b„ sin nx) is such that the series 
2 a„ sin nx — b„ cos nx 

converges in (— n, n) everywhere to a function F (?) which is an indefinite 
.//-integral of a summable function. The function F [x) being continuous 
and of bounded variation, is representable by a Fourier's scries which 
converges everywhere to the value of the function. j\s there cannot be 
two distinct trigonometrical series which have this property (see § 320), 
2 is the Fourier's series corresponding to F (*). 

Therefore 


F(x)sin nxdx, =‘- Ij' F (*) oos nxdx, 0= [' _ F {x) dx. 


• Ada Hath. vol. xsx (1006), p. 384. 
f Math. Zdlxhr. voL xnc (1924), p. 95. 
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The Integration of Fourier’s Series 


Let DF (*), one of the four derivatives of F (x), be denoted by / (x); 
we have then, on integration by ports os before, 

0,1 ~ ir j ^ 008 nx ^ c ’ h n = ^ j / (a:) sin nxdz. 

Therefore Ja„ + S fa, cos fix + b, sin nx) is the Fourier’s series correspond- 
ing to the function/ (*) + 1 a 0 or DF (x) + 

Combining this result with the previous one, the following theorem has 
been established*: 

The necessary and sufficient condition that the series 
la 0 + 2 (a, cos nx 4- ft„ sin nx) 

should be a Fourier's series of some Junction /(*), mnmable in (— m, rr), is 
that the integrated series 

j floar + £ a, sin fix — b a cosnx 

should converge throughout the interval {— ir.n) to a function which is the 
indefinite L-inltgral of a summabie function. The function f (x) differs by a 
null-function from any one of Vie Jour derivatives of the L-inlegral. 

361. The theorem of §300 can be applied to show that two non- 
equivalent functions, Hummable in the interval (— it, ir), cannot havo one 
and the same Fourier's scries. For if/ (x), <f, (x) be two summnblo functions 
which have the Fourier’s scries Sa c + S (a, cos nx + b n sinn*), it follows from 

the first theorem of § 360 that | / (x) dx J $ {*) dx, where A' is any 
finite interval. Since the integral of/ (x) - 4> (z), taken over every interval, 
is zero, it follows (r, § 304) that the two functions/ {*), <f> (x) arc equivalent. 
The following theorem has accordingly been established : 

There cannot exist two non-equivalent functions f [x) such that 
—J f (x) cos nxdx — a„ , f (x) Bin nxdx = b„, 
for » 0 , 1 , 2 , 3, ... , where c^,, a, , 6 , , a,, b*, ... are given numbers. 


362. If /„ (x) denote the finite sum 

|a„ 4- (a, cosx+ h, sinx) 4- ... 4- (a„ cos nx 4- b„ sin nx) 
of the first » + l terms of the Fourier’s series corresponding to the function 
/ (a), the theorem of § 360 may be expressed in the form 

where ( 24 , x 2 ) is any finite interval. 

• Sco W. K. yoong, PrtK. Lmi. U«A. Sac. (2), on!, n 
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Let it now bo assumed that{/ ( 2 )} 5 issuinmable in the interval {— tt, s); 
f "if (*) ~ /« (*)}’ dx = j ' ^ {/ (*)}= dx- it Jfo* + (a, 1 + b T ') j , 

since j / (x) f n (*) Ax = o n J -f w 2 (a, 2 + b, 1 ), 

J {/» (*)} lrf * ■» IwJo* +w X (a r ! -i- 6 r ! ). 

As [ {/ (a) — f n (a)} 2 dx is essentially positive, it follows that ihe series 
|a 0 2 -{• £ (« r * -l- 6 r *) is convergent, and lias for its limiting sum a number 
S ~ j {/ (a)} 2 Ax. This result is known* as Bessel’s inequality. 

We havo now J (/(*) — /„ (a:)} 2 Ax £ K-, for all values of n, where 
K is somo fixed nurabor, independent of n. 

If c bo any measurable set of points in (— n, n), we have, by Schwarr/s 
inequality, 

I /(*> ~* n ^ rfa! | 5 { | <f) dx i (£) (/ (*) ~fit < z )}* *}* & K v »»(e)- 

Let tho sot c bo enclosed in intervals Sj , %„ ... of a set A, of non-overlapping 
intervals, such that m (A) — wi (e) < «; and let F denote tho set of points 
A — c; thus m (J") < e. If A, be a finite set of the intervals 8,, Sj, , such 
that m (A) — m (A r ) < <, we have 

j ia u w-/. <*» * - -j f (M + ] u _ u - j m \ t m- r, «i *• 

Since A, consists of a finite set of intervals, 

»~l ^( 4 ,i ^ ^ -f” ^ 

Also 

H L 4 ) “ l(fj ^ ( * J -/«(*}] d* j Slfv'mfA- A' r ) + K Vmt?) < 2A'< } , 
for all values of n. It follows that 

— I /„<«■> -a <*» H * zjr,i - 

Since « is arbitrary, we obtain the result 

limf 0, 

and thus the integral of / (a:), over any measurable set c, is obtained by 
• Adroit. Xachnciten, vol. vr (1828), pp. 333-318. 



302-364] The Integration of Fourier's Series 655 

term by term integration, over the set e, of the Courier's series corre- 
sponding to / (x). 

In accordance with the definition (§201) of complete term by term 
integration of a series, the following theorem has been established : 

If f (e) be a function of which the square is summable in {— it, it), the 
Fourier’s series corresponding to f (e) is completely integrable term by term, 
giving as its sum, when taken over a measurable set of points; the integral of 
f (*) over that set. 

363. The method of § 360 can be applied to prove the following 
theorem relating to the integration of a Fourier’s D -series corresponding to 
a function for whioh the set of points of non-summability has measure zero. 

If f (x) be a function which has a Dcnjoy integral, and for which the set 
of points of non-summability has measure zero, in the interval (— -n, jt), the 
Fourier’s series corresponding to J , f(x)dx~ %a 0 x is 

w+x** ‘nezksss. 

The class of functions considered here includes those which have an 
Zfi-integral in (-, rr, n). 

In this caso the function g (x) = J f (*) dx — \Of,x is continuous, 
although in general not of bounded variation, in (- rr, rr). The Fourier's 
series corresponding to g (*) has for coefficients bf, given by 

a„' = ~j 9 (*).cos nxdx, bf = ^ J g (*) sin hxdx. 

Since g (*) is of bounded variation in any closed interval which contains 
no points of H, the non-dense closed set of points of non-summability of 
/ (*), tho Fourier's series converges uniformly to g (x) in any interval 
interior to an interval contiguous to H, but it cannot be assumed that the 
series converges to g (x) at points of H. In any case the Ces&ro sum of the 
Fourier’s series is everywhere g (x) (see § 366). At almost all points of an 
interval contiguous to H, g‘ (x) exists and haB the value / (x) — Ja„. In 
the esse here considered, in which ff has content zero, this also holds for the 
whole interval (— n, t). The method of integration by part s being appb'cable 
when one of the functions is a D-integral, and the other is of bounded varia- 
tion (l, § 474), it follows, os in § 360, that a„’ = — - &„ , = - a„ ; and the 
theorem has thus been established. 

364. Talcing the case in which the closed set H is enumerable, let it now 

be assumed that the series +2. n " 8 ' nn ?~ converges through. 



55(5 Trigonometrical Series [cn. vm 

the interval {— it, it) to a function F(x) which is the ///.-integral of t 
function which has H for its sole points of n on-sum m ability ; except that the 
convergence is not assumed to hold at the points of II. In case ir and - ? 
belong to II, F (x) will be defined at these points so as to satisfy the condition 
F (7 r) — F(— ir) =?n2 0 ; otherwise bills condition follows from the periodicity 
of the series. If (o, 6) be an interval interior to an interval contiguous to 
H, the scries convorges everywhere in (a, b) to the continuous function 
F (x) which has bounded variation in {a, i). The Fourier’s series oi 
F (x) — ia„x converges to F (x) — ia^x at every point not belonging to II. 
Since there cannot be two trigonometrical series both of which converge, 
at every point not belonging to an enumerable set, to the same function 
(see § 442) it follows that S - ’ z - — is the Fourier’s Berios 

of F (as) — Ja a as, and therefore 

— «" i J {F (x) — \a a x) sin nxdx, — ~ i j {F(x)~ 4a 0 *} cos nxdx. 

Since F (as) — la^x has almost everywhere a differential coefficient 
/ (as) — where F (a:) = J / (as) dx, we find, by integration by parts, 

j t ^4-— f J[x)dxemnx, 

or b„ «= ^ | / (x) sin nr.dx ; 

also — - |^{F (as) — fax) ^ f f(x) cos nxdx, 

or a„ = i j /(as) cos nxdx. Hence the series {jfl 0 + 2 (a„ cosnx + b„ sin«*) 
is the Fourier’s ///.-series corresponding to / (x). 

The following theorem has now been established* : 

The necessary and sufficient condition that a trigonometrical scries 
fa 0 + 2 (a n cos nx + b„ sin nx) should be the Fourier's IIL-series coni- 
standing to a function with only an enumerable eel of points of non-sum- 
inability is that the integrated series \a a x + S 9 — * should, 

except at an enumerable set of points, converge throughout (— n, w) to 0 
function F (a:) which is the BL-inlegral of a function with only an enumerable 
set of points of non-summability. Also, in case it, — rr are points of non- 
summability, the condition F (it) — F (— it) — ira t must be added. 


1. K. Young. Free. LmuL ifaih. Soc. (2), voi. IX (1911), p. OS- 
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THE SERIES OF ARITHMETIC MEANS RELATED TO FOURIER 8 SERIES 
365. If the Former's series corresponding to a summablo function/ (*) 
he summed by the method of arithmetic means (§27) we find, since 
the sum s„ (ar) of the first n terms of the Fourier’s series is 

that the Ceshro's partial sum <S„ (x) is given by 


If 


fl . 


r{x' -x)\f(x‘ ) das', 


S " {X) ~ 

. from whioh it iB easily found that 
If we apply the Theorem 1, of § 270, to the case in which 

* --Lfh&g— sr, 

•2»7r [ sm !(*'-«)) 

for all values of x for which | x? — x | > ft, and F [x‘, *,»)=• 0 for all 
values of x for which | x' — x j £ /x, where * is in the set 0 which con- 
sists of all the points of the interval p), it can bo verified 

that the conditions (1) and (2) of the Theorem I are satisfied. 

For -jp— i l < _L oosee* iu, for nil values of n, and of x- 
2nir ( sin i (x‘ — *) j 2»w 2 ^’ ’ 

. (in 0) suoh that | x’ — x | > jl ; and for the other values of x, F ( x ' , x, n) ~ 0, 
for all values of n. Therefore the condition (1) is satisfied. 

- eosee 3 \il, and therefore converges to zero, 0{ 
the values of x in Q. 

I Idn | tf-«jr 


aibo I” 


where x> —'■* + /x, does not exceed 
~ » , uniformly for all 


Similarly 
converges to 


nrr (sin { [F - x)J 

, uniformly for all values of x in the interval 
(— tt + ft, ir — ft) of *. It follows that J F (*' , x, n) dx' converges uniformly 
to zero, for ail values of x in (— w 4- ft, w — p), where (a, /3) is any interval 
in (— v, w) ; thus the condition (2) of Theorem I is satisfied. 

!w-«l\ 


converges uniformly to 


ir-ute 


gf tw 
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The behaviour of 8 (x) at any interior point x of the interval (— r, r), 
os regards convergence, divergence, or oscillation, accordingly depends 
■only upon the limits of 


asii-w, where /i is so chosen that x ~ /t, * + fj. arc interior points of 
(— 17 , tt)', and this expression is equivalent to 


i jl (/(*+»)+/<*- 2)>(S S)'* 

whore * = fa. 


That the behaviour of S (x) at apoint x depends only upon the character 
of tho series in an arbitrarily small neighbourhood of x is a consequence 
of the corresponding property of f(x). For, as in § 340, /(a:) may he 
expressed as/j (s) +f t (*); and since tho series for/ t (a) converges to zero 
at the point x, the corresponding Cesiro sum is also zero at x, and 5 (z) 
depends therefore only on the function f t (x). 


Taking the case in which / (*) « 



1, in the interval (— x, w), we sec that 



and the expression on the right-hand side is 

lim j 2(J + cos 21 + cos 41 + ... + oos2rd\dt = fa. 

Therefore lim- 1 - f* (*“"*)**« |, 

»~»rwrJo \6in < ) 1 

where 0 < c < fa. 

At a point at which/ (z + 21) + f (x — 21) has a definite limit as t ~0, 
the limit of 

„'„ £{/(«+ ») +/<*- 2»i (“ar”/)’* 


may be evaluated. For the value of the integral lies between 

™ d “ w s£(St) 

when M (c), m (<) are the upper and lower boundaries of /{* + 21) +f(x— 20 
in the interval (0, e ). It follows that 8 [x), S {x), the upper and lower limits 
of S„ (a:), as n ~ «> , lie in the interval (bn («), fat (c)). 

As « is diminished indefinitely, fan (t), IM (e) have one and the same 
limit \ lim {/ (x + e) + / (x - e)} , to which S„ ( x ) must converge. 
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In case / (* + e) + / (* — c) does not converge to a definite value as 
e ~ 0, it will have finite or infinite upper and lower limits 
+ 0 )+/(z- 0 ), / (a + 0) + /(» — 0) , 

which certainly lie in the interval 

(/(*-0) + /(s + 0) , /<*-0)+/(z + 0)). 

Wc have accordingly established the following theorem : 

If f (*) be a summable function, ‘periodic and of period the Ccsu.ro 
partial sum S„ (x), for the Fourier's series corresponding to f (x), converges 
at any point x tit which /( i) is continuous, to the value f (x); at any point at 
which f (a) has an ordinary discontinuity, to i {/ [x -f- 0) -f/(x — 0)}; and 
at any point at which /(* + «)+ f{x — t) has a definite limit, to 
t lim {/(* + «)+/(*- «)}- 

Moreover, at any point x, the upper and lower limits of &„ (x) both lie in the 
interval bounded by the finite or infinite upper and lower limits of 
, I{/(* + e )-h/(*-‘))><™<~0. 

This theorem, so far ns it applies to points of continuity, or points of 
ordinary discontinuity, of / (*), was first established for the case in which 
/ (a) is integrable ( R ) in the interval (- n, jr), by* Fejer. 

3B6. It has been shewn in § 27 that, if f (x), f (x) denoto the upper 
and lower sums of the Fourier’s series at tlio point x, 

It follows that s„ (x) cannot diverge unless S n (x) diverges, and thus that, 
when S„ (a) converges, f„ (*) must osoillate and cannot bo divergent,, 
unless it also converges. We have accordingly the following properties of 
Fourier’s series: 

At a ; point of continuity of f (*), or at a point of ordinary discontinuity at 
which f (a -l- 0), f (x — 0) are finite, the sum of the Fourier's series is either 
f (%) or £ {/(» +• 0) +f (x — 0)}, or else it oscillates between finite or infinite 
limits so that f (x) or J {/ (x 4- 0) + / (x — 0)} lies in Hie interval bounded by 
these limits, but it cannot diverge. Wean only diverge if the Ccs&ro sum »9 (x) 

Next, let [a, b) be an interval which is contained in another interval 
(o — S, b + 8) in which / (x) is bounded. The limits of S„ ( x ), as n ~w , 
for points in (a, b), are given as the limits of 

sji + 2!) + t{x ~ 21,1 (“Sr)’*' 

* Math. Anmlcn, vol. tvm (190S), p. 61; also Comptu Btndut, to!, cxj 
TO l oxxxnr (1902], p. 702. 


iu (1900), p. 984, . 
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where c may be taken to be so small that the points a — 2«, b + 2c are in 
the interval (a — S, b + 8) for which / (a-) Is bounded. The value of the 
above expression, for all values of x in (a, 6), does not exceed, numerically, 
— f # or vlicro A is the upper boundary of | / (x) J in 

(a — 8, 6 -f- 8). 

The remaining part of S n ( x ) has been shown to converge to zero, as 
n — ® , uniformly for all values of x in (a, b), an interval interior to ( - w, v). 

We have accordingly the following theorem: 

In any internal (a, b ), contained -n an interval (a — 8, b -1- 8) in which 
f{x) U bounded-, \ S„ (*) | is bounded for all values of n, and of x, in («, b). 
If also all the points of (a, b) are points of continuity, or of ordinary discon- 
tinuity, S„ (x) converges boundedly to f (x) or ^ (x + 0) + f (x — 0)} . 

367 . In case / (x) is continuous in [a, 6), an interval interior to (- w, it), 
the continuity at a and b being on both sides, t may be so determined 
that 

\fix + 2t)-fix)\, \fix—2l)—f (x) [ 
are both < 17, for all values of a; in [a, b) and for l & e. We have then 

s, (*) - / <*) - i J’ {/ <* + 20 + / !<• - »> - 2/ (*» (ST* 

where <?„ is a number which converges uniformly to zero, for all values of 
x in (a, 8). From this equation we deduce that 

I s. |< 2,£' A (*|TS')‘* + 1 ».l <T + I ». I < «1. 

for all values of a in (a, b), provided n is not less than 6ome fixed value 
It follows that S„ (x) converges uniformly to fix) in the interval (a, b). 

The condition that (a, b) is interior to (— u , «) may be removed by 
considering overlapping intervals, each of which by proper choice of the 
origin may be made interior to (— -n, 7r). 

It has thus been established that: 

In any interval (o, 6), in which f (x) is continuous, the continuity at a and 
b being on both sides, the Cesaro sum S„ (r) converges uniformly to the value 
of the function. 

This theorem illustrates the greater precision of the knowledge wc have 
of the convergence of the Ces&ro Bum of the Fourier’s series, as compared 
with the ordinary sum. For, comparing this theorem with the corre- 
sponding one for the ordinary sum, given in § 341 , wc observe that in the 
latter case the assumption that f{x) is of bounded variation in an interval 
containing (a, b) is made, whereas it is not necessary for the validity of the 
above theorem. 
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368. A more general theorem than, that of § 306 lias been obtained by 
Lebesgue. He has in fact shewn that the Cesaro sum converges to / (x) at 
any point * for which j | / (* + 1) + f (z — t) — 2/ [x) | di has a differential 
coefficient equal to zero, at the point t = 0. This condition will be satisfied 
at any point * for which both the functions 

j j/(* +<) -/Ml *, - <> -/M I * 

have differential coefficients of value zero, for i = 0. It has been shewn 
in i, § <132, that these conditions arc satisfied almost everywhere in the 
interval {— ir, it), of x. At a point of continuity of / (z), these conditions 
are satisfied, and the complete condition is satisfied at any point at which 
lim [/ (» + {) +/ (a - — t)] has a definite value, provided / (a) ie taken to 
/~o 

have as its value half this limit. Thus Ixsbesgue’s theorem includes the 
theorem of § 365. 

In order to prove the theorem we have to shew that, when the con- 
dition that j | <f> (0 | dt has a differential coefficient of value zero, at the 

point t«*0, then ^ W ( S5 ^t) ^ 0 ( l )» ""here <f>(t) denotes 

/ (« 4- 1) +/ (x — i) — 2/ (x), and n is such that 0 < ft A Jtt. Taking 
~ J^(t)tf{ = x (t); at a point x, at which the condition is satisfied, 
X (0) « 0, and x (?) is confdnnouR in the interval (0, ft). 


=J> CSffir*- (£$•«. 

it is scon that it is only necossaiy to shew that 

kJ>*(£4 ')’—<•>■ 

and it will be sufficient to shew that 

“ d j>«£ %*-<»■ 

In order to prove the first of these results it is sufficient to shew that 

1 cos jt sat £ g g eg t jj 6 conditions (l) and (2) of Theorem II of § 290, 

71 81,1 

and also the conditions (a) of § 292, and (6') of § 293. Since the function is 
numerically <- cosec* %t, in any interval interior to (0, n), it converges 
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uniformly to zero, as n ~ <o ; therefore the conditions (1), (2) are both 
satisfied. In the present case conditions (6') and (a) may be taken 
together. 

To prove that these conditions are satisfied, we have 


thus the conditions (a), (i') arc satisfied. The first part of the result lias 
accordingly been established. 

To consider the integral j Cx (0 " c »pply the method ol 

§ 290. The function is bounded for all values of n in any interval 

(a, fi) which docs not include the point 1 = 0, and | dl, when 

0 < n < fi A ir, converges to zero, as » ~ oo , since i cosec 5 \i jb Hummable 

Tims the conditions (1) and (2) of the theorem of § 290 are satisfied. 
To apply the condition (3), of § 298, wc have to write for tf, (nt), the 
expression l sin nl cosec 5 

The maximum M (a H ) of l sin nl cosco* it in (0, a„) is less than ■n times 
the maximum of sin nl cosec it, and this is less than rPn. If wc choose 
a„ = -, we have a„ M (k„) < -tP. Again, N (a n ) denotes the absolute 
maximum of [t s sin nt cosec 5 Itdt, for all intervals contained in (a„ , /*) ; and 
since j f t* sin nt cosec 5 \tdl — (fi cosec lfi) z j sin nidi, where a' is in the 
interval (a, fi), we see that N (a„) < and thus ^ The two 

conditions of the theorem of § 296 being satisfied, it follows that 

j>“> Sy, 

It has now been proved that: 

The Fourier's series corresponding to/ (x) is summable by Cesaro’s means, 
at almost all points of the interval (— w, -n)\ the Ccsaro sum being f (x). Thai 
points include all points at which f J / (z + l) -r / (x — t) — 2/ (x) | dt has 
the differential coefficient zero, for t = 0. 


369. The theory of the Ceshro sums may be applied to throw light upon 
the convergence of an important class of Fourier’s series. If the coefficients 
satisfy the conditions a„ = O , b„ = O , in which case 
a„ cos nx + £„ sin nx = 0 , 
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we have a eWi of Fourier's series which includes the series corresponding 
jo functions of bounded variation. By Hardy's theorem (§34), at any 
point at which the series is si mini able (C, 1) it is convergent ; therefore the 
Fourier's series converges almost everywhere, and in particular, at every 
point of continuity or of ordinary discontinuity of tho series. Although 
the convergence of tho Cesaro partial sums is uniform in any interval of 
continuity of the function, provided the end-points arc points of continuity 
on both sides, it docs not follow, that tho convergence of the Fourier's 
perjes ilself is uniform in the interval. It has thus been shewn that: 

A Pour hr' e series for which a„ *v 0 ,0,^0 is almost enrywherc 

convergent; in jnrlicular, it converges at every point of continuity, or of 
0 riUnory discontinuity of the function. 

The more general theorem has been established* by Hardy and Little- 
wood that: 

The necessary and sufficient condition that a Fourier's series for. which 
ft, r- 0 , h„ •- 0 should converge at a point x is that 

Tiie theorem will be proved in § 414. 

370. It will be shewn that: 

The. Fourier's series for f (x) is Summablc (O, 2) of every point x at which 
j l fix 4- <) 4-/(2; — f) —'2/ (x)} >U has, for t ** 0, a differential coefficient of 
value sero. 

This theorem is duef to Lebcsguc. Tlio set of points at which the 
condition is satisfied includes those for which [ fix) dr has n differential 
coefficient equal to f (*), and the set also contains that set of points at 
which j/(x •{• 0 4- /(x ~ — 2/ (x) | dl has a differential coefficient at 

the point t <« 0, of value zero. To prove the theorem, we take for S n lx), 
the (.W»rs> partial sum, of order 1, the expression 

W -f(r) - JL j*(/(x-i- 21) -}-f(x - 2t) - 2/(x)} (^)**{ 

writing . « (0 .=,/{* 2f) ~/(* _ 2J) - 2/(x), U{t) - f'u <0 dl, 

• Pres. AW. Mc!h Sr. (2). ro!. job tlfllTJ. p. UT>. 
t X«»~ AfoTr, set i.T< (1603), p 27S. 
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and integrating by parts, we have 

S. w (|) sra’^ + J- JJ V (!) cot! (3”<) ’ , 


[oh. vm 


n 2 rl 


We now form the arithmetic mean - {5, (a;) + S t (a.-) + ... + S„ (x)) -f{z) 
for the expression S„ (*) —/(*), and consider separately the parts of this 
mean corresponding to the three terms on the right-hand side. The first 
term converges to zero, as n ~co, and therefore also its arithmetic mean 
converges to zero, as » ~ «. At a point at which U {t)jt converges to zero, 
tihe second term converges to zero, as n ~ a>, by the theorem of § 308, and 
therefore its arithmetic mean does so also. Tire integral in the third term 
oan ho expressed by 


x(0 


[ sin (2tt -I- 1) t -f sin (gw. - i) H rf( 
sin l j ’ 

where y (() ■= 0 (t)/ain 2«, and for the point t * 0, y (t) is continuous and 
y (+ 0) = 0. Applying the theorem of § 300, the arithmotio means of the 
expressions 


x (*)-- 


y«)- 




sinf 

both converge to zero, as n ~eo. It has now been shewn that the sum 
(If, 2), and consequently the sum (C, 2), of the series exists, and has the 
value /(*), at a point at which the condition stated in the theorem is 
satisfied. 


THE PROPERTIES OF A CERTAIN CRASS OP FUNCTIONS 
371. For the investigation of the Ceehro sum of order k, not equal to 1, 
of a Fourior’s series, it is convenient to employ certai n functions, of which the 
properties have been investigated* by W. H. Young. Only those properties 
of the functions which are absolutely necessary for the purpose will be 
given here. 

The function defined for all finite values of t by 

< p u g -i ...}, 

r(p+l}| (p+I)(p + 2) + (p+ l)(p + 2)(p + 3){p+4) ) 

where p = 0 , will be denoted by C r (l). It will be seen that C t ( i ) - cos I, 
O, (!) = sin t, O t (1) = 1 - cos t, = C„_, (t). Writing tu for l, and 

multiplying by (1 — l)" -1 , where q > 0, since (1 — t)’ _1 is summablc in the 
* Quarterly Journal, voL xunHOlShp. 101. 
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interval (0, 1), and the series which represents C 0 {(it) converges uniformly, 
we may apply term by term integration, and thus obtain the formula 
C p+ „ (it) = j C r ((it) (1 — ()«- J dt, (0 < g). Giving p the values 0, 1, 
we obtain the formula 

°o W “ F Jq ) £ (I “ 008 tudi ' 9> °* 

o, <«) - j o * (1 - if-* smiudt, q > 1, 

" fig- 2) 1, 0 _ - coaht ^> ?> 2. 

It will bo shewn that the function G, (tt) is bounded for all values of q 
such that 0 & q £ 2, and for all values of it S 0. 

Wo have T (g) G, («) — it 5 J («- l cos (1 — t)ud(, whore q> 0; thus 

r (?) 0„ (it) = v? j («~ l C08MC08(Kdt + u'[ f -1 sin it sin tudt. 

— cos it f- 1 cos tdl 4- sin it P- 1 sin Idl 

" cos it | j" + j | <4_1 009 tdt +■ sin 11 1 J 0 + J 1 <,_l 8 ’ n 

r s 

AIbo (" f.° _1 ^ tdt, when ? < 1, is equal to {Jn)*' 1 j ^ tdl, which is 

numerically less than 2 The integrals'! are both 

rumerieally less than ^ We have thus 

|r(»c,(»>l<jj(D , +4g)"', 

when 0 < q < 1. As q increases from 0 to l, T (?) decreases down to a 
minimum M which lies between 1 and 2, hence p - j^ & jj, - p — ^ 

0 < ? < 1, and thus l G q («) J < ^ (g) (» + 4)< (w -I- 4) ; since C a (tt) is 

also bounded for all values of w, it has now been shewn that | G„ (it) j is 
bounded for 0 £ ? < 1, it fc 0. In ease 2 £ ? £ I, by employing the formula 
T (? - 1) O v (it) = it<-* [ p- 1 cos (1 — t)vdi in a similar manner, it can be 
shewn that j G„ (it) j is bounded for all such values of q, and for it S 0. 
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(1 -«)*-* c 


_ _ «* -S 

_ r( 2 -i) fT?-2)J, 

and therefore I j < 

I «"-* I r(?-2) M' 

jl 

hence j it - * O q (it) | < - i , where A is a fixed number. 

A 

When 05 <7 £ 2, it has been shewn that j it -0 C q (it) | < — 


Since 
e have 


- {it-«C a («)) = — qu-*-' C, («) + it-*#,.., (u), 
||;{»-C,(»»|<~., + §, !al<,SS, 

“ d !|(»-0,(«,)|<5 + g. for 2 < 5 < 3,‘ 

and | d („-.(J.(„ )) | < |, forff>3, 

whcro P and Q are fixed numbers independent of it. 

Therefore, when q> 1, j ^ (it -* C, (it)) j is, for all values of v greater 
than 1, less than a fixed multiple of it -1 , or of tt-» according as? >2, or q£. 2. 
Since the variation of C„ (it) . it - * in the infinite interval (0, oo ) is given by 

1, 1 5 (0. (”)“■*> I**. 

which integral exists, as the integrand is less than a fixed multiple of 
or of it-", it is seen that 0„ (it) it - * is, for q > 1, of bounded variation, 

If q > I, we have 


-C a (<) cos; 


^-rW^Ttl, ”“^ 1 ! ™‘“ 


du, 


and the order of the successive integrations may, in accordance with the 
theorem of § 241 (2"), be changed, since (1 — it) 5- * is summable in (0,1), and 
sin tv c< 


Therefore 


is a bounded function of (l, it) inarectangle (0,0; A, J), whoso in 
(0,A) with respect to l converges boundcdJy to [ — — r— — 


j o l, G, ( i ) cos xtdt = p (g *_ t) £ (1 - «)*-= J o dt 

= r . 4tt I’ fl - w)»-**f,if 1, and = 0, if 1. 
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Therefore 

| f-« C v («> cos xtdt = (I ~ if * = 1, and = 0, if x a 1, 
provided g > 1 . 

THE STTM MATHTJ TY ( 0 , A) OF FOURIER’S SERIES 

372. It was shewn by M, Riesz*, Chapmanf , and W. H. YonngJ that a 
Fourier's series is summable (C, k), where it > 0, at any point of continuity 
or of ordinary discontinuity of the function. The theorem was oxtended 
by Hardy§, who shewod that the sum inability holds good almost every- 
where in the interval (— it, n), of x. 

Sinoo / (*) ~ ia 0 2 (a m ooa mx 4- b m sin mi), 
wo havo 

i {f{x + 1 ) +/(*— 0} ~ i«o + cos mx + b m sin mx) cos ml. 

By tho theorem of § 384, since C llk (tut) is of bounded variation 

in the whole interval (0, oo ) (see § 371), and since it is absolutely summable 
in (0, oo ), we have 

. i J" C t+t (tot) [/(* + <)+/(*- <)} dt 

« J" O a+l . (cot) dt 

+ S (a„ cos mx + b„ sin mx) (ai()- ,I+k > (ait) oos mtdl. 
Changing cut into l, and using the theorem 

.1" H ”’ “*£>■“- HTTP !-)(>- ”)*• 

whore m < oi, we have 

+ E ^1 — ^ (a m oos mx 4- b„ sin to) 

where k is any positive number. The expression on the left-hand side is 
the partial Riesz ’s sum of the Fourier’s series, of order Je (see § 45). 

* Comply ftcndui, vol. oxltc (11109), p. 809. 

t Proa. land. Math. Boa. (2), vol. jx (1911), p. S90; also Quarterly Journal, vol. Xtnt 
p. 26. 

t Leipzig* Ber. vol. LXlh (MU). p. 377. 

§ Proa. Load. Math. So c. (2). vol. xn (1913), p. 36o. 


(1911), 
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Let tjt (() denote /(a: + 1) +f(x ~ t) — 2/ (x), then 

= io t + 2 (l - (a m cos mx + b m sin mx) —/(*). 

It \riIL be proved that 

Km £-U+*> C M (l) (£j dl = 0 

for any point * at which J | </> (t) | rff has a differential coefficient of value 
zero, for l »* 0. This is the case for almost all values of x, and in particular 
n.1 a point of ordinary discontinuity, provided / (x) = £ {/(# + °) +/(» - 0)). 
Thus the theorem is established when the limit of the above integral lias 
been shewn to be zero. It will be assumed that 0 < k < 1, because the 
summability when k > 1 follows from the summability (C, I) which 1ms 
already been established. 

The interval (0, oo ) may be divided into three parts (0, 1), (1, «i), and 
(eo, o» ). Considering these separately, we have 

| £ !-»*» C 14 , (1) 0 (j) dt | < A £ 1 4. (j) j dt, 
since f-U+n C l+t (t) is bounded for t £ 1. At a point at which 

Urn] f>W|i<-«, 

ive have j ] $ (1) | dl < el provided t is sufficiently smell, thus 
if <o be sufficiently large, or 

where c is an arbitrarily chosen positive number, provided tu> w<. 

Again J " <-P+*> C l+k (l) <f> dt, since C 1+ * (t) is bounded for t S I, is 
numerically less than 

B J tHi-t-sj J j, j dt, or than Boo'* j t~ <1+w \ tj>(t)\dl; 
and this is equal to 

Ba,~* j' | * (0 | -I- (k -i- 1) {/>(0l *} 

J5co-‘ j«> (1) - « t+1 0 (i) + (b + 1 ) ® W *} > 


to 
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where 4> {{) = j j $ (i) | dl. Since <!' (t) < cl , for 0 £ !Sij; and dividing 
the last integral into parts taken over (« -1 , tj), (tj, 1), wc see that this 
expression is numerically less than an arbitrarily chosen positive number £, 
provided to is sufficiently large. 

Lastly, O u . t (t) <f> (£} dl, or oj-* C l+t (ail) <f> (<) dt, is 

numerically loss than a fixed multiple of <o -i ' J H 1+l ’ [ $ (<} [ dt, or than 
■or* | | <f> (<) | dt. (jrfi + ijCft + •■-) which is less than a fixed multiple 

of u>- k , and thus converges to 0, as ai ~ ao . The theorem has now been 
established that: 

A Fourier's series is summable (C, k), where k>0, almost everywhere in 
the interval (— v, n), the stem (C, fc) being / (x). At any point of continuity 
of the function, the mm ( O , k)isf (*), and at any j>oinl of ordinary discon- 
tinuity it is b {f(z + 0) +f(x— 0)} ; at any point at which f [x + t) +f(x— t) 
has a definite limit, as l ~ 0, the stim (C, k) ia^lim {/(* + $)+/(*- t)} . 

*~o 

Tf F {*) denote an indefinite integral of / (x), the theorem, when com- 
bined with that of § 370, may be stated as follows: 

A Fourier’s series is summable (C, 2) at any point x ai which 
™_ F (x + t) - F (z - t) ■ 

S w 

has a unique valve, and the set L of all such points contains a set, of measure 
2n; at tach point of which the series converges (O, k) , where fc > 0. 

373. It is easily seen that, in any interval (o,'6), in which / (a) is 
continuous, the continuity at a and b being on both sides, the sum Ip, k) is 
continuous. For a number S can be so determined that | <f> (l) \ < ij, for 
all values of l such that 1 1 1 < 8, and for all vaiues of x in (a, b). The 
integral | <-<*+*! <?, + *(f) <f, dl is less than A-q, for c» -1 .<£. The integral 
J" (-(»+*> C,+ t (<) dl converges uniformly in (a, b) to zero, as to ~ co , 
because j j fl I ^ (*) I dl converges to zero, uniformly for all values of a: in 
(a, 6). Also | H ,+1 7 (7,+j. (t) ^ dl converges uniformly to 0, as «i ~ co . 

Thus it has been shewn that-: 

In any interval (a, b ) in which f (x) is continuous, the continuity at a and 
b being on both sides, the partial stem (C, fc), where k > 0, converges uniformly 
to ffx) in [a, b). 
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374. The theorem that a Fourier’s series is summable (C, k), for k > 0, 
almost everywhere, does not provido necessary and sufficient conditions 
that the series should be smnmablc (C,k) at a particular point, and no such 
conditions, of a simple character, are known. The question has been 
considered by Hardy and Littlevrood, of the conditions under which, at 
a particular point, the series is summablc (C, k), for somo value or another 
of k. They have obtained* the following theorem : 

The necessary and sufficient condition that the Fourier's series rorresjwurf- 
inrj tof (x) should be summablc ( G , r), for some value or another, of r, at the 
point x, is that there should be an integer k such that, if 

4 («)-/(* -M) +/(*-*) -2/(1) 

tni 4, (I) , 1 1 ‘ 4 (I.) 41, , 4 , (0 „ 1 f‘ 4 , (,,) dt 

then Iim (t) 0 . 

The function f (x) may be either summable, or may satisfy a certain more 
general condition of integrability. 

From this theorem they have deduced that: 

7// {*) is bounded in a neighbourhood of the point (, the Fourier's scries 
corresponding to f (a:) is, at the point (, cither summablc (C, k) for every 
positive value of k, or summablc for no value of k. 

375. At a point x at which the condition 

£ I /(* + <)+/(*—<>- v w i * - » («) 

is satisfied, the condition 

£ </(* + !)+/(*-!)- S - o (1) 
is also satisfied, bnt the converse of this docs not hold. 

It has been shewnf in § 370 that, at any point at which the second 
condition is satisfied, the series is summable { 0 , 2), and it was Bhcwn} by 
W. H. Young that the series is summable (C, k), where k> 1. 

An example has been given § by Hahn of a function which at a parliculnr 
point x satisfies the condition | {/(a: + t) + f (x — t) — 2/ (*)} dt o (/), 
but at which the series is not summable ( C , I); at this point the condition 
j \f(x + t) +/(*-!)- 2f(x) | A - o (t) is of course not satisfied. Ac- 
cordingly the first condition, although necessary, is not sufficient, for (lie 

* Sloth. Zeits:hr. voL XIX (1024). p. 70. 
t Mali- Annnlca, voL LXI (1005). p. 274. 
t Proc. Load. Hath. Sac. (2). voL X (1012), p. 209. 

5 Delllerh. Itali. Ymirip. vol. xxv (1916), p. 359. 
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convergence (C, 1) of the Fonrier’s series. The series is then however 
summabie ( C , 2). 

It has been shewn* by W. H. Young that the series obtained by term 
by term differentiation of the Fourier’s series corresponding to a function 
of bounded variation is summabie (C, k), for h > 0, almost everywhere, 
the sum (G, k) being equal to the differential coefficient of the function. 
For example E cos me is a series of this kind, since E fa the Fonrier’s 
aeries of a function of bounded variation; but E sin me is not such a series, 
since E c - 3 ? ta ' is not the Fonrier’s series of a function of bounded variation. 


THE OESlBO Etnouxtos- OF A FOtrEtEE-DESJOX SEBfES 


370. Let / ( x ) have a D-inlegral in the interval (— jt, w), then the wtb 
CcsAro sum, of order I, of the Fonrier’s -D-series, corresponding to/ (ar), is 

sb />*■>[«? 

Let (a, 6) be an interval interior to an interval contiguous to the set 
E, of points of non-summability of the function /(a:); and let 
/(*)=•/,(*)+/,(*), 

where /, (x) =/(*) at all points of the interval [a, b), and let/, (xj «= 0 at 
all other points of (— i t, w). The function /, (*) is summabie in the interval 
(- 77, it), and consequently (see § 368), 

converges to / (x) almost everywhere in (o, 6), and in particular at any 
point at which {/ (x + t) +/ [x — ()} converges to 2 If (x) as l ~0. Also the 
convergence to / (x) is uniform in any interval contained in (a, 6) in which 
the function is continuous, the continuity at the end-point3 being assumed 
to be on both sides. 


We have to examine the convergence of 

-nf (x'-x) 




dx' 


in the interval (a + fi, b — /i), where ^ is an arbitrarily chosen positive 
number (<. ---x — ] . The function /» (*') has the value zero within the 


Free. Lend. Stelh. Sex. (2). voL m (1913), p. : 
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interval (a, b), and elsewhere it has the values of f ( x '). The expressii 
be examined is equivalent to 

+ J~ T <*' ~ *> 

2nrrJ 


Let us consider 
where <h (x‘ 


i^T 

(*'-*) J 

/ (*') <h (x‘ — x, n) dx', 

jn fx* ~ a ;)~ 




dx‘. 


x,n)s 


Zns [ sin J (*"-*) J * 

We shall suppose x to be confined to the interval (a + p, b — p); so 
that, in the integrand, x — *' % p, x — s' £ b — p -f n < 2sr — p, and thus 
| sin i (*' — *) | S sin Jp, for all the values of x and x' concerned. Applying 
the theorem of § 287, we see that Uni J / (a:') O (i' — x, n) dx' = 0, and 
the convergence is uniform for all values of x in (a -+■ p, b — p), provided 
(1), <1> (x' , x, n) is, for each pair of values of x and n, of bounded variation 
in (— it, a), and (2), the condition J ^^^^1 < K is satisfied, whore K 
is independent of x and n, and (3), <J> (*’, x, n) converges to zero, as n ~ » , 
uniformly for all points ar, in (a + p, b — p). 

It is clear that the condition (1) is satisfied ; also 
1 


0> (*',*, n)< 2 — cosec 1 £p, 
and therefore (3) is satisfied. 

We have also 

B<I> (x' — z, n) 1 _ Tn sin ji (x' — x)_ sin 2 in (x' — x ) cos j (r' — z)1 _ 
ex' = 2 rnr [2 sin* l {x‘ — x) 2 sin 2 \ (x‘ — x) J ’ 

.. 1 3<1> (x‘ — x,n)\ 1 ,1 .. 

thus ~b x ~~ I K in cosec ‘ if* + 4Z como 1 tP> 

and lienee the condition (2) is satisfied. 

It. has now been proved that 

1 ra [sinks'-*)] 1 
2nn LJW [sin l (*' - x)\ dx ' 

converges to zero, as n — <» , uniformly for all points x in the interval 
(a J-p,6-p). 

In a similar manner the corresponding result can he proved for the 
integral whose limits a 


e b and n. 

w been shewn that, for any interval {a, b) interior to an interval 

contiguous to H, the partial sum (C, 1) of the series converges to / (x) 
almost everywhere in the interval (a, b), converging to 
\ ]ixa{f(x 4 f) +/{*-!» 
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at a point at which the limit exists. Moreover the convergence is uniform 
in an interval interior to (a, 6), in which/ (*) is continuous, provided it is 
continuous on both sides at the end-points. 

For that class of Denjoy integrals for which m (H) = 0, including the- 
7/Z-integrals as a sub-class, the series must converge almost everywhere 
in (- jr, ir). 

The following theorems have accordingly been established* : 

If f (x) have a D-integral in (— v, ir), then, almost everywhere in an 
interval contiguous to the set H, of points of non-summabilily of f (»), the 
Ccsaro sum ( 0 , 1) of the corresponding Fourier's Dseries exists, and is equal 
lof(x). 

In case the set H have measure zero, and in particular for all functions 
which have an HL-inlegral in (— n, ir), the series is summable (C, 1) almost 
everywhere in {— ir, ir). 

In any interval of continuity of f(x), provided the continuity at the end- 
points is on both sides, the Cesdro partial sums converge uniformly to f (.r). 

Tho first theorem oannot be improved by taking the Coshro Bum (C, 8), 
where 8 < 1, instead of ((7, 1). For if the series were- summable (0,8) at 
a particular point a, which we may, without loss of generality, take to be 
the point x = 0, we should have a„ « o (»‘) (see § 02). It has been shewn 
by Titchmarsh (see § 339) that a series of the type in question oan be 
constructed for which this condition is not satisfied. 

A proof has been published ) by Priwalofi that every Fourier's (D) 
series is summable (C, 1 + 8), (8 > 0), almost everywhere, but there is a 
part of this proof which appears to need elucidation. 

PROPERTIES OF THE FOURIER'S CONSTANTS 

377. Let /(*), g (x) be functions such that }/(*)} I 2 , [g (x)} z are both 
summablo in the interval (— «r, ir). It will be shewn that 

j’_j(zHf(*)-f«W}dz 

converges to zero, as*~«;/,(s) denoting the sum of the first 2n+ 1 
terms of the Fourier’s series ha„ + E (o, cos nx -f- b„ sin nx), corresponding 
to /(a). 

First, let g (*) be a hounded function, then a function g, (*) can he 
defined (l, § 385) which takos only a finite set of values in the interval,, 
and is such that j g (w) — g, (*) | < e. We then have 

I <*) {/(*)-/« (*)} «&= - S c, [ {f(x)-f n (x)}dx, 

. — » «-i •'(<«) 

* See Hobson, Free. Land. Moth. Hoc. (2). voJ. rxa (1924), pp. 420-424. 

' t Rcndieonli iL Palermo, vol. IU (1616), p. 203. 
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where Cj, Cj, ... c r are the values of g, (a:), and where e, is the set of points 
at which g> (z) ~ c,. 

In virtue of the theorem of § 302, the expression on the right-hand side 
converges to zero, as n — oo . 

Thus lim j g, (x) {/ (x) — /„ (ar)J dx = 0. 

j’_» (») U W -A M) * - }' w fsr W - 9' (*» {/(i) -A I*)) * 

The first integral on the right-hand side is numerically less than 

* L (*) I dx > 

or than e \ Zn j lf( x )~f*W) idx 

which is less than a fixed multiple of e. The second integral converges to 
zero, as n ~ t» . Jt follows that 

p? j j’ j (*) {/ (*) - Sn (*)} dx j 

■cannot exceed a fixed multiple of t; and since c is arbitrary, it follows that 
Mm | g (x) {fix)- /„ (x)} dx = o. 

Next, let g (x) be unbounded, but such that [g (a:)} 2 is summable, aud 
consequently such that / (x)g (z) is summable. 

J^et g {x) - fl-j (x) + g t (x), where g, ( x ) - 0 when | j (si) | > A r , and 
9, (x) — g (x) when ( g (x) \ 3 N; whom A 7 is an arbitrarily chosen positive 
number. 

We have 

f _ 9 (*) (/(*) ~fn (*)} dx = ( x ) {/(*) - fn (*)} dx 

+ f _*(*>(/<*) -/.(*»** 

the first integral on the right-hand side converges to zero, as ji ~ ec , since 
g l (x) is bounded; and the second is numerically Jess than a fixed multiple 
(independent of n) of | j {g (a:)}* where B denotes the set of points 
in which j g (*) | > N. For [ {fix) -/» (xtfdx is less than a fixed number. 
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Since j {g (a:)}* dx converges to zero, as ra (E) converges to zero, which 
happens when N is indefinitely increased, it follows that 
!__?{*) {/(*)-/«(*)}<?* 
converges to zero, as n <* . 

The following theorem has now been established : 

If f (a) be a function whose square is summable in the interval (— it, tt), 
the Fourier’s series corresponding to f [x] is inlegrable term by term over 
(— 57, it), when multiplied by any function g lx) whose square is summable, 
and the integrated series converges to J f {») g (a) dx. 

It may be obsorved that the theorem holds when the integration is 
taken over any measurable set e in (— rr, w); for wo have only to replace 
g (x) by a fnnotion which is equal to g (x) in the set e, and to zero in the 
complementary sot. 

378. If the Fourier’s series corresponding to g (a;) be denoted by 
iaf + S (a„' cos nx 4- b n ' sin nx), 
we obtain the following theorem : 

If f(x), g (x) be tico functions such that Ike square of each of them is 
summable in (— a, it), and their Fourier's constants be denoted respectively by 
. a„, Oj, by, a-, b t ; of, of, bf, af, bf, ... the series l<i 0 o a ' + S + b„b n ') 

con verges to - j f{x)g (x) dx. 

In particular, let g (x) ~ / (x) ; we have then the theorem that: 

If f (x) be a function such that its square is summable in (— n, sr), and 
a B ,a u b t , ... are its Fourier’s constants, the scries \a 0 " + £ (a„ 2 + b„ ! ) 
converges to - j {/ (x)[ 2 dx. 

It will be observed that these remarkable theorems express properties 
of the Fourier’s constants for functions whose squares are summable, and 
do not involve any knowledge as to the convergence or non-convergencc 
of the corresponding Fourier’s series. Thoy have been obtained as the 
result of a whole series of investigations in which the theorems were proved 
for the cases of functions of special classes involving greater restrictions 
than the sole condition that the squares of the functions should be suni' 
znable. The first theorem is known as Parseval’s theorem, in virtue of the 
fact that it was first stated* by Paiseval, whose proof was valid only 

* Son. Or. rol r (1800). 
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subject to very stringent assumptions. For t-!ic case in which the function 
is integrnbio (JJ), the theorems were proved independently of one another 
by Hurwitz*, Linpounoflf, and de la Vallee Poussin J. Tlie theorems were 
extended by Lebesgue§ to the case of bounded sumniablo functions, bv a 
method involving Fej6r’s theorem relating to arithmetic means. The 
theorem, as given above in its coraplcto generality, was obtained by Faton ||. 
It will be shewn in § 399 that the theorem may be extended so as to apply 
to any two functions/ (x), g ( x ) such that | / (a:) | *, | g (x) |» are auinmnhle 
in tlie interval (— w,w), where p and q arc two positive, numbers such that 

! + - = 1. 

P 1 

379. Let la, 4- £^(o„cos nx + 6 n sin nx) denote any trigonometrical 
series such that. 2^ (o B e + b„ a ) is convergent. Denoting by /„ (ir) the partial 
sum {a a + £ (a, cos nx + b„ sin nx), it is seen that 

f' (/.(«!-/»<«) I--'/*-* 'i' 

. *-j>+i 

where q > p, and it follows that 

lim ( {/, (x) - /, (x )} 3 dx = 0; 

and thus that the sequence /, (a:), /. (x), / s (x), ... is convergent on the 
average (see § 170). Consequently, n sequence 

/n, (*),/„, (*),/„, (*). ... 

can bo so determined as to converge nlmost everywhere to a function /(x) 
whoso square is sumniablo, and which is such that j {/ (x) — /„ (x)) J dx 
converges to 0, ns « ~ * ; and thus the sequence {/„ (x)} converges on the 
average to/ (x). 

It follows, ns in §172, that j" {/(*)}= dx = lim J" {/„ (x)) s dr, and 
therefore - j {/ (x)} 5 dx is the sum of the convergent scries 
la v - + 2 (o„ J + b n "). 

* Math. Amiatcn, vot LVU (1903), p. 425, nail Crnnjau Jtmiat. vot CXXXU (1901). |>. ) I’! 1 ) 
see also Animla it VM* normal* *vp (3), vot six (1902', p. 357. 

f Stcfcloff states in tlio Compla Benin) for Nov. 10, 1003, thnt tho first Oiwirem tint com- 
muDicated by LtaponnoB to the Kharkow Mathematical Society in 1885. 

J Annalrs it la .m. tci. it Bnaetlu, vol. In (1803). 

§ tur Ira tfritt trigonomOriquct, pp. 100-101. 

il Ada Math. vol. xxx (1806), p. 3-52. 
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Since J {/ (x) — /„ (*)) cos mxdx cannot numerically exceed 

H ". 1 /&■>-/■ <■#■*]*. 

it follows that 1 1" / {*) cos mxdx — na m j is less than the arbitrarily chosen 
number t, as is seen by taking n sufficiently large. 

It follows that a m = - f f (x) cos mxdx ; and similarly it can be proved 
that h m =* - j /{*) sin mxdx. 

Consequently the trigonometrical series is the Fourier’s series corre- 
sponding to / (a:). It has now been established that: 

Any trigonometrical series such that the sum of the squares of its coefficients 
is convergent is the Fourier's series of a function f (x), of which the square is 
summable in- (— w, ir). 

This is the converse of the theorem of § 378. 

That the function/ (*) is unique, in the sense that every function which 
satisfies the condition that its Fourier’s series is the given series differs 
from f(x) only at points, of a set of measure zero, has been established 
in § 3C1. It can also be proved as follows: Let /j.(as), f t {x) be two sum- 
mable functions to which correspond one and the same Fourier’s series. 
By the theorem of § 308, the Cesaro sum of the series is almost everywhere 
equal both to f t (a:) and to f t (z). Therefore the values of f x (x) and f t (x) 
coincide almost everywhere. 

This may be stated in the form that: 

If a n , a,, ftj, a x , b z , ... be a given, sequence of numbers such that the sum of 
their squares forms a. convergent series, there exists a function / (x), and it 
is unique except for equivalent functions, for which a D ,a j, b lt a s , f> 2 , ... are 
the Fourier's constants. Moreover the square of this function is summable. 

This theorem iB Imown as the Ri esz-Fischer the orem *,f or trigonometri cal 
scries. An account of various proofs of the theorem has been givenf by 
W. H. and G. C. Young. 

A simple proof of the Riesz-Fiseher theorem has been obtained, but 
not yet published, by Pollard, who proves that, when {/(»)}*. is not 

• See F. Kies*. Cample* Benia*, voL our (1907), pp. 016-019 and 734-730; also OoUingcr 
Noeht. (1907), p. 116 and Comples Benda*, voL cunn ( 1000), pp. 1303-1305. Sea also Fischer. 
Comptc* Bendas, vol. CXUV (1907), pp, 1022-1024. 

f Quartet!, Journal, vol. rav (1912), p. 40. 
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surnmable, this implies that \aj + 2 (<7„ 5 -{- d„ 5 } is divergent, and who 
proves simply, by means of Ceshro summability, that 

\ j ^ (/ (*)>* te S W +% t K : + V)> 

which is the reverse of the inequality of Bessel. 

The above theorem may be expressed in the form that, if a l> b l , 
o i, b z , ... be numbers such that o, 1 + b L - + a 2 - + b, z 4- ... is eonvergcnl, 
the set of equations 

a °~ 7i J /(*)<**» a " “ “ J f (*) cos t>xdx, 6. « ^ J’ / (a) sin vxilx, 

where ra ■= 1, 2, 3, ... is satisfied only by a single Hummable function, apart- 
from equivalent functions, and this unique solution is such that its square 
is surnmable. If the sura of tho squares of the numbers is not eonvergcnl, 
it has not been established that there exists any solution of tlic-equations. 

It is thus seen that no surnmable function F ( x ) exists which differ* 
from zero at a set of points of positive measure, such that 

j F(x)dx = 0 , J F(x)®?^nzdx, for « «= 1,2,3 

This may bo expressed by the statement that no surnmable function 
exists which is orthogonal to all the orthogonal functions 

1, cos x, sin x, cos 2x, sin 2x cos nx, sin nx, ... 

the orthogonality having reference to the interval (— it, n). 

In other words these functions form a complete system of orlbogorml 
functions for the interval (— jt, it) (sec § 489). 

A sequence of numbers x, , Xj, ... x„, ... such that 2 x n * is convergent 
is said to define a point in Hilbcrt.ian space. Tho above theorem shews 
that t.hore is a unique correlation of the points of Ifilbertian space with 
functions whose square is surnmable in a given interval, provided equi- 
valent functions are regarded as identical. 

380. Parseval’s theorem, given in § 378, may be extended to the case 
in winch one of the functions / (x) is surnmable, but not necessarily cither 
{/(*)}* or 1/ (*) I 14 *. f° r any positive value of q, and the other function 
g (x) is measurable and bounded; provided that the series 
i a e a o' + ( a n a m + b*bn) 

is convergent. 

It has been shewn in § 366 that the partial Ccs&ro sum 
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converges bonndedly, provided g (*) is bounded in (— n, n), and that it 
converges almost everywhere to g (a). Denoting this partial Cest.ro sum 
by G„ (a), we have 

~ J / (*) G„ (a) dx = iooOt' + {0,0/ + b,bi) (l ~ + ••• 

+ («»-i®'n-i + (l — w n 1 j ; 

the sum on the right-hand side being the »th partial Ceshro sum of the 
series +• £ [a K a„‘ + 6„6„'). 

In aceordauce with the theorem of § 300, since G„ (*) is bounded for 
all values of n and x, J / (*) G„ (a?) dx converges to j f (x)g (x) dx, and 
oonsequcntly the sum on the right-hand side is convergent. Therefore in 
any case i J f(x)g (sc) dx is the Ceshro sum of the series of products of 
the Fourier’s constants of the functions / (sc), g (x). In case this latter 
series is convergent, its sum is equal to the Cesaro sum. 

The following theorem bus accordingly been established: 

If f{x) be summable, and g(x) be measurable and bounded in (— w,w), 
and if the series + £ [a„a„' + b„b n ') is convergent, its sum is 

~ j / (x)g (x) dx. In any case the Cesdro sum of the series exists, and has 
this value. 

In the particular case in which g (a:) is of bounded variation in the 
interval {— n, it), it has been shewn in § 333, thaty„ {x) converges bonodcdly 
to g (a); and it therefore follows that 

IimJ /{*)?„ (x) dx = j f(x)g(x)dx, 
from which Parse vaj’s theorem follows. It has accordingly been proved 

ParsevaVs theorem 

/ (*) 9 (=c) dx = Jopd,' + Z^a„a„' + b„b„') 

holds far any pair of functions, one of which is summable, and the. other of 
•which is of bounded variation, in (— u, v). 

381. The theorem can be extended to the case in which the function 
/ (a) possesses only an i?Z-integra] in (— tt, it), the other function g (x) 
being of hounded variation. 
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The functions /(*), g(x) will be taken to be periodic, of period 2s. 
We have g (*) = lim G„ {x) = lim ~ j’ j (x -i- z) dz, provided 

9 (*) = iiff (* + 0) + g (x - 0)}, at auy point of discontinuity of g (x). It, 
is known (see §366) that G„ (x) is bounded with respect to (n, x), and it 
will he shewn that the total variation of G„ (a) in {— n, n) is bounded with 
respect to n. 


Since g(x) is of bounded variation in (— 2w, 2n), g (x) can bo expressed 
in the form P(x)-N (*), where P {*) and N (x) arc bounded and mono- 
tone non-diminishing in the interval (— 2 w, 2jr); and tlius 
?(* + s) - P (x + z) - A T {* + z ), 

where P (x + z), N (x + z) are monotone non-diminishing, for each valuo 
of x, in the interval (-• n, 7r) of z, provided x is in the interval (- n, it). 

The function g^ f P (x + z) * > B «■ monotone non-diminisli- 

ing function of x, in the interval (-it, n), and thus its total variation is 


sssj 

which does not exceed a fixed multiple of g-*^ j (y which - I, 

for all values of n; therefore the total variation is bounded with respect, 
t o n. Tho Rome argument applies to the case in which N (x + z) takes the 
place of P(n + z), and therefore the total variation of G„(x) is bounded 
with respect to n. 


In accordance with the theorem of § 310, since \ff(x) — G„(x)\ is 
bounded with respect to (», it), and V'.G„(x) is bounded with respect 
to n, and G„ ( x ) converges to g (x), it follows that 

j f( x )9 (*) da: - lim j f(x) G n (x) (lx. 

Therefore 


- I f(x)9 (*) dx » lim \ ia t a„’ ■ 


(l “ J) (<W + V,') + ». 

(l - ”-■) («„«„' + 6„V)}- 


The following theorem* has therefore been established : 

Iff (x) have an H Id-integral in (— it, n), and g (*} be of bounded variation 
in the same interval, then ^ j / (*) g (x) t lx is the sum of the series 


|a 0 a 0 ' + Z (a n a n ' + b a b„'). 


Src W. H. Young, . 


Imd. Malk. , 


otj*(|SI3), p.-I58. 
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provided Oiis series converges, and it is in any case equal to the Cesaro sum 
(0, I } of this series. 

The above theorem may be extended to the case of integration over 
any finite interval (a,/?), in which f(x) has an .HX-integral. If («, ft) be 
contained in {— jt, n), we may take the function which has the value /(«) 
in the interval (a, ft), and the value zero in the remainder of (— it, it). It 
thus follows that 

j*f (*) ff (*) dx = lira J/ {x) G„(x)dx. 

In the general case the same result follows by dividing (a, ft) into a finite 
number of parts, each of which is in on interval (rir, r + 2 >r), where r is 
integral. Wo have therefore 

J V (*) 9 {*) dx » lira |V 0 ‘ JV( Z ) dx 

+ (l ~ jj) { a,< / / (x)cosrxdx -|- h/ J f (x) sin rcifcj j . 

It may bo proved, in a similar manner that, if f(x) have the period 2jr, 
mid have nn tfi/-intcgml in (— rr, rr), and g (x) ho any function of bounded 
variation in (a, ft), then 

| V (*)!?(*) dx -= <*) ,lx 

+ 2 . jo, (®) ooHTxdx + ft, py (x) sin rsd.rj j . 

Those results have boon oxtended*, by W. II. Young, to the case in whioh 
ft 1r infinite, provided, in the second case, that a o ^0, and that g (x) ~ 0, 
ne x ~ oo . 

TUK SUBSTITUTION OP A FOURIER'S SERIES IN AN INTEGRAI. 

382. If / (x) bo a periodic function, of period 2? r, and the corresponding 
Fourier’s series be denoted by ia 0 + 2(o„ cos nx + ft,, sin nx), no assump- 
tion being mndo as to the convergence of the scries, it is frequently of 
importance to be in possession of sufficient conditions for the validity of 
the process of substituting for / fx) in an integral J / (x)g (x)dx, the terms 
of the series, and of assorting that 

j” y (x) dx +- 2 jcr„ J g (x) cos nxdx + ft„ j g ( x ) sin nxr7a;|- 
converges to J / (x) g (x) dx, where (a, fl) is any finite interval. The 
function g (x.) need not be supposed to be periodic, but is defined for the 
finite interval (<z, ft). In case (o. ft) is contained in the interval (— tt, 77), 
vc may replace g (x) by a function g, (*) which has the same values os 
g (®) at all points of (a, fl), and is zero in the intervals (— 77, a), (ft, 77). If 
J (*)> J7» (*) satisfy the conditions of the theorem of § 377, by applying that 
* Lor. tit- P- 4S9. 
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theorem, we obtain the required justification of the term by term integra- 
tion indicated above. In case (a, /?) is not. contained in the interval (— n, it}, 
wo may suppose it to be contained in an interval (rrr, «tt), where r and s 
are odd integers, positive or negative. The function 3, (2) may be taken 
to be zero in tho intervals (rir, a) and (sir, ft), and to be equal to 3 {2) in 
the interval (c, ft). If {/(2)} 1 is summable in {— n, v), and Iff (2)} 2 is 
summable in (a, 0), { g, (*)}* is summable in each of the intervals (tit, r + lw), 
(r + lir, r + 2 rr), ... (s — In, sir). The theorem may then bo applied to the 
functions/ {2),3 j (x) in each of these intervals ; then, by addition, the result 
is obtained. We have therefore established the following theorem : 

If {/ (2)} 2 be of period 2xr, and summable in the interval {— n,n), and 
{ g (2)} 2 be summable in the finite interval (a, ft), the integral J f(x)g ( 2 ) dx 
mag be obtained by substituting for f(x) its Fourier’s scries , and applying 
term by term integration. A 7 o assumption is made as regards the convergence 
of the Fourier’s series corresponding to f ( 2 ). 

363 . In case / (2) is summable in (— n, it), and g (2) is of bounded 
variation in the interval (2, f5), or in case / (2) is periodic and of bounded 
variation in (— it, it), and g ( 2 ) is summable in (a, ft), precisely similar 
reasoning, assuming tbe result of § 380 , estabb'shos the following result: 

If the periodic function f (2) be summable in (— n, n), and g ( 2 ) be of 
bounded variation in the finite interval (a, /J), then j / (2) 3 (*) dx may be 
evaluated by substituting for f (2) its Fourier’s series, and applying term by 
term integration. The same holds in case the periodic functions f ( 2 ) is of 
bounded variation in (— it, it) and g (*) is summable in (a, ft). 

By applying the theorem obtained in § 380 , we have tbe result that: 

If the periodic function f (2) be summable in (— n, n), andg { 2 ) be bounded 
in the finite interval [a, ft), then the integral j f (2) g (2) dx may be evaluated 
by substituting for f ( 2 ) its Fourier’s scries and applying term by term 
integration, provided the resulting series is convergent; in any case the scries 
is summable (C, 1 ). The same holds if f ( 2 ) is bounded in (— it, it) and g { 2 ) 
is summable in (a, ft). 

From the theorem of § 381 , we find that: 

If the periodic function f ( 2 ) have an ff£r integral in (— it, it), and g ( 2 } 
is of bounded variation in the finite interval (a, ft), then j f (x) g (x) dx may 
be evaluated by substituting for f ( 2 ) its Fourier's HL-series, and integrating 
term by term, provided the resulting series is convergent; in any case the series 
is summable (C, 1 ). The same holds if f (x) is of bounded variation in {— ir.tr), 
and g {*) has an H L-integral in (a, ft). 
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384. For the case of integration over an infinite interval (0, eo), the 
following theorem, which is of nse in the evaluation of integrals over an 
infinite interval, will be established : 

If /(*) have the period 2ar, and be evmmable over (0,27 r), and g (x) 
satisfies the conditions (a), that it is of bounded variation over the interval 
(0, <o), and (6), that \g(x}\ is svmmable in (0, <o), then ^ f (x) g (x) dx mag 
be calculated by substituting for f (x) its Fourier’s series, and integrating term 
by term. The conditions (a), (6) are satisfied, in particular, if (a)', g (x) 
is positive and monotone decreasing, and (b)', g (x) is eummable over the 
interval (0, ®). 

If tig 0, the condition (6), or (6)', may be replaced by the condition (hat 
g (a) converges to zero, as x — «. 

This theorem was given* by Hardy, who states that it can be obtained 
by the collation of results due to W. H. Young. 

It will first be shown that, if g (*) satisfies the conditions (a), (6), the 
series g{x) +g {x + 2n) + g (x + 4w) + ... converges, for every positive 
value of x, to a sum Q (x) which is sumraable and of bounded variation in 
the interval (0, 2 tt). 

fx-Hln + 2)* 

Denoting | g (t) dt by v„ (x), where 0 £ x £ 2-n, we have 


r 


r+fni. 


I dt-, 

. (2m+3), 


thus 


j v n (x) | < f, for a Rufficientiy large value of to, and for all 
values of r. It follows that the series (x) is absolutely and uniformly 
convergent. 

We have also 

f r-ttSn+2)* 

27 Tg (x + 27177) - v„ (x) - j {g (X 4- 2im) - g ( l )) dt ; 

and thus ] 2mg (x + 2mr) — v„ (x) ] is not greater than 2trl' n , where V n is 
the total variation of g (I) in the interval (x + 2nv, x +■ 2n ■+• l-rr). It follows 
that S (2?7 g (x 4- 2nn) — v, (x)} converges absolutely and uniformly; and 
consequently S g (x + 2rt7r) is absolutely and uniformly convergent in 
(0, 2w). Denoting its sum, in that interval, by G (x), we have 
|(?{*)|£ J n (!7(x + 2n w )|; 

thus | G (x) [ is summable in (0, 257 ), and J" J G [x) ( dx S. [ | g (x) | dx. 
Further, if x,, x. be any two points in the interval {0, 2 tt), we have 
| (?(*,)- G (a^) | sS ! ff (x, + 2 * tt) - g (x i + 2nn) j. 

* Jlfggrnyrr of Mailt, rot u <1922). p. 188. 
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It follows that the total variation of Q (x) in {(1, 2n) cannot exceed the total 
variation of g (x) in (0, co). 


If we multiply the partial sum /„ (x) of the Fourier's aeries corresponding 
to /(*) by g (x), and integrate over the interval (0, to), vc have for 
j /„ {*) g ( x ) dx the egression 




/(f)*. 


and since the integrand y (a ;)/(<) -- is absolutely sun 

mable over the domain (0, 0; co, 2 tt), the order of integration may be ri 
versed, and becomes 


, ein (n + j)(x- t) , 


sin { {x - t) 

o.W *; 


where G n (1) is the sum of the Brat 2n -f 1 terms of the Fourier’s series 
corresponding to the function G (f), defined in the interval (0, 2-). 

Sinoo G (<) is of bounded variation, G„ (t) converges boundcdly to G (<); 
hence, applying the theorem of § 380, we have 

lirn j‘ '/(«) e. (0 dt - 1’’/(0 0 (1| it. 


It follows that 

lim j" /, [x)g (i) dx - j ‘ ’/(<) 0 (1| it . f’/(t ) j (I) dt. 
and thus the first part of the theorem has been established. 

Let it next be assumed that a 0 ™ 0, and that the condition that 
g (co) = 0 takes the place of the condition (6). 

Let y (x) tttt g {2m-n), wliere 2 m-n £ x < (2m 1) w; and let 

g(z) = y (x) - g (x). 

It iB clear that y (x), and consequently fj (x), is oE bounded variation in 
(0, cc). Also, we have 


{g (2 iwr) — g (x)} dx £ 2vr n ; 


therefore the integral J \g(x)\dx exists. Since g (x) satisfies the conditions 
which g (x) satisfied in the first part of the theorem, we can apply to the 
Fourier’s series for / (*), term by term integration over (0, co), after 
multiplication by g (*), and the result converges to / (x) g (x) dx. 
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Since 

J o /(*) y (#)«&= JS J”[ +3) J(x)y(x)dx=J.^(2nn)^S(x)dx 
and similarly j y (#) coa nxdx =0, j y (#) sin nxda: = 0, 
it is seen that the second part of the theorem is satisfied. 

THE FORMAL MUI/TTOJCASTON OF TRIGONOMETRICAL SERIES 
385. If two trigonometrical series 

i°o -I- («! cos x -I- 6, am x) + ... + («„ cos nx + b„ sin nx) -|- ... (1), 
J«o H- (a, cos * + /J, sin#) + ... + (a, cos «# + fi„ sin nx) + ... (2) 
be multiplied together, as if the series were finite, and the result be 
arranged as a trigonometrical series, we obtain the series 

%A t + (.d, cos x + sin #) + ... + ( A„ cos nx + B n sin nx) + ... (3), 
where 

Mo " + 1 S^(a,o B + 6„p„), 

A„ = J«o«n + i ^[«, (Oj+n + a*-*) + b T (Pr+v + pp-n)1 

- KA. + 12 [a„ {p, +n - &,_„) - t>„ (a, + „ - a,-,)), 

ji-i 

where it is assumed that a_ k - a k , /3_ t =■ — ft h . 

In this expression, the numbers o„, a„, fc„ and bq.-b., p„ may be inter- 
changed. . 

The series (3) is Baid to be the formal product of tlio series (1) and (2). 
In case the series 2 \a„ |,> 2 | b u j, 2 | a„ |, .2 | ft, | are all absolutely 
convergent, the series (1), (2) converge absolutely and uniformly to con- 
tinuous sum-functions/, {#),/» (*)• In that oase the Cauchy-multiplication 
of the series (1) and (2) yields an absolutely and uniformly convergent 
series of which the sum-function is the product f, (a;)/* (#). The series may 
then be arranged in the form (3) without altering the character of its 
convergence; and therefore the series (3) converges to f t (x)f 2 (#). 

In general, since the process of obtaining (3) from (1) and (2) is purely 
formal, it is a subject for investigation whet relation there may be between 
the sum-functions of the three series, in case they exist, or between any 
conventional sums of those series that may exist at particular points or 
in an interval. 

Let the series (I) be the Fourier’s series corresponding to a function 
/ (®), summable in the interval {— it, it). It will be shewn that the formal 
product of the series (1) into a finite trigonometrical series is the Fourier’s 
series corresponding to the function which is the product of / (#) and the 
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function which is represented by the finite series. It is clearly sufficient 
to consider the cases in which the finite series consists ol a single tern 
cos !:x, or sin for, where k is a positive integer. Let = 0, except when 
n = k, when a t = 1 , and let /?„ = 0 , for all values of n; the system of 
equations (K.) then becomes 

A b *= a t , A„ = l (o lin H- B„ = ■* ({, t 

We have now 

A a ="_ f f (x) cos J.-xdx, A„ = 1 j / (z) cos for co= vxilx, 

B n = - j f(x) cos for sin rtxdx; 

it follows that the formal product is the Fourier’s series corresponding to 
f{x) cos he. Similarly, it is seen that, when we take sin I:x, the forms! 
prodact is the Fourier’s series corresponding to / ( 2 ) sin l:x. 

Xexfc, let (I) and (2) be the Fourier’s series which correspond to two 
summable functions / (x), g (x) which are such that cither ()),{/ (*)}*, {srfcs))* 
are both stimmable in the interval (— n, n), or (2), one of the functions 
g (z) is of bounded variation in { - w, w). In cither ease, Paraeval’s theorem 
is applicable to the two functions f (x) ^ , g (x), where k denote! a 

positive integer. We have accordingly 

if / (*) 9 (*) cos Itxdx >- lZ 0 tz, 4 - 2 (J„ a„ + fi r . /?,.). 

where A„,A„, B r . are the Fourier’s constants corresponding to the function 
/ ( x ) cos for. The expression on the right-hand side is 

4<%a* + JX {a. (a,^ ~ a L _,) + p n (6*^, - 6 t _)}, or A t , 
where A, is the coefficient of cos tar in the formal product of the sene? 
(1) and (2). It thus appears that A t is the coefficient of cos for in the 
Fourier’s series corresponding to the function / (x) g (x). Similarly, it 
may be shewn that B t Is the coefficient of sin for in the Fourier’s senes 
corresponding to f \x) g (x). The following theorem has now been 
established : 

If either (1), {f{x)Y, \g (x)) 1 are both summable in the interval {- "), 

or ( 2 ), one of the functions f ( x ), g (x) is summable, and the other of bounded 
variation, in the interval (— tt, 77 ), the formal product, of tehieh the coefficients 
are given by (K), is the Fourier’s series corresponding to the prod udf ( 2 ) g (x\. 

This theorem was given* by Hurwitz for the case in which the two 
functions are both fntegrable (If) in the interval (— n, n); and byf Lebesgue 
in the case in which they are both summable and bounded. The theorem 
* Hath. Arnialca, -rot cm (1003). p. «, and rot LK (I'JOt), J>. 553. 
f Lv/mt m £« tint* IHmnortOrupia, p. I0L 
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may be extended to the case in which [/(a:) |*, | g (z) [*' are summable in 
(— w, w), where k and k’ are positive numbers such that ^ + p = 1 
(Bee § 309). 

38G. The theory of formal multiplication has been applied by Rajcb- 
man* and by Zygmundf to more general classes of trigonometrical series. 

It has been proved by Rajchm&n that: 

If i|a n -J- X (a„ cos rtx + b„ ain tiz), \oq + 2 («„ cos net. + f}„ ein nx) be two 
trigonometrical series such that a a = o(l). 6„ = o (1), n 3 a n — o (l),n 3 (5„ = o (1), 
then the convergence to zero, of the second series, at the point x^, involves the 
convergence to zero, at x a , of the formal ‘product of the Uuo series . 

If, at «a, (he second series converges to a value different from zero, the 
convergence, or the summabilily ( C,r ), or the summabilily by Poisson’s 
method (§ 411), or by Riemarm's i method {§ 420), of the formal product of (he 
two series is the necessary and sufficient condition for the convergence, or for 
the summabUity by the same procedure, of the first series, at the point 

This theorem has been extended by Zygmnnd, who proved that: 

If the two trigonometrical series are' such that, for some valve of y (£ 0), 
n~ra n - o (1), n~rb n = o (l),»»»*»o„ ~ o (1), n 2 > +a 0„ = o (1), and further (G) 
the sum-function of the second series, and its first k differential coefficients, 
where key + l, all vanish at the point x , „ , then (I), the formal product of the 
two series has its sum (<7, y) equal to zero; (2), the series conjugate to (§ 400) 
the formal product series is summable (£7, y) with the sum (<7, y) in general 
different from zero; (3), the series obtained by differentiating the. formal 
product p limes is, at x B , summable ( C , y + p), with its sum (C, y + p) equal 
to zero, provided the sum-function of the series possesses a sufficient number 
of differential coefficients which vanish at x,, with an analogous result for the 
conjugate series; • (4), if the conditions {G) are fulfilled- in a closed set of 
points E, tke summahilily is uniform in E. 

Further, analogous results hold when y is negative, but not integral, the 
second of the conditions (C) then disappearing. 

AN EXTENSION OF THE THEOREM OF ARITHMETIC MEANS 

387. It has been shewn in § 368 that, almost everywhere in <— -n, or), 
the arithmetic mean of the partial sums of a Fourier’s series, converges to 
the value of the function, This may be stated in the form 

</o (*) - / <*» + {/, (*> - / (z)> + ...+{/„{*)-/ (*)} = O (*) 

at each point x at which J | / (i + 1) +f (x — t) — 2f{x) \ dx = o (t). 

* Compton Itmdvz, to!, curra (1623), p. 491. 

f aid. yol. cuxvu (1023), pp. 521, 576, 804. Zygmund Ins developed the method in Moth. 
Ztitochr. vol. SUV (1926), p. 47. 
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For the case in which {/ (a;)} 5 is summable, the more precise theorem 
has been given* by Hardy and Littlcwood that: 

At almost every point in the interval (— n, ~), and in particular at every 
point at which / (x + t) -i-f {x — t) is convergent as t ~ 0, and f (z) is half 
the limit, the relations 

I ft (*) “/ (*) I + I /i (*) - / (*) j + ... + | /„ (*) ~ / {*) | = o (») 

{ft (*) " / (*)>’ + </» (*) 7 / (*)}= + - + {/. (*} ~ / {*)}= ■=»(») 

arc satisfied, provided {/ (a:)} ! is summablc in the interval (— n, it). 

It is clear that, if the second of these relations holds good, then the 
first holds also; this follows from the known inequality 

^ loi [ + Kl-t- — + Ic-l y 1 . V + V + ... + 8/ 

It is therefore sufficient to prove the second relation. The first relation 
shews that, in the oaso of a function whose square is snmmnblo, the 
average of the numbers/, (x) — f (x) tends to zero because the number of 

terras in 2 {/, (x) —/(*)} whioli are not themselves small is small coraparod 
c 

with n, and not merely on account of the cancelling of positive and negative 
terms. 

Denoting/ (a: + 1) +/( x — t) — 2/ (x) by <f> (t), we have 
fm {*) — / (*) “ ^ J # (0 sin ( nt -I- £) t coscc {tdl 

“w/ #W>in«*o°tJld» + iJ ^ (<) cos mtdt 
t “ «m + p m + y»; 

where a n = ~ j <}> (<) sin ml cot \idl, — j tj> (<) sin ml cot >Jdt, 
and y„ = ^ j <f> (t) cos mtdt ; 

and « denotes a fixed number in the interval (0, tt). 

Employing an inequality given in r, § 435, we have 

G <*• -r w if - Q" I «- if + 0j A. if + (’?" I r, if i 

and we can estimate the values of the three expressions on the right-hand 
side separately. 

We have | sinmf cot U\< m\t cot It | < Am, where /l is the maximum 
of 1 1 cot U J in (0, w) ; therefore a„ < Am j \ <{ {<) | dt. It follows that 
| £ | <r m |*p is o (c), or o («), if * is a point at which 

jj4 (t)\Ji -■>(<!. 

* Camples Bendas, vol. CLn (1013), p. 1307. 
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Again, 2 y m is the coefficient of cos tni in the Fourier's cosine series which 
represents the function p (/), the square of which its siimmable; it therefore 
follows from Parse vai’s theorem that 2 | y m j ! » O (1). 

We have next to evaluate 2 | fa |*. By integration by parts we find 
that 

A. — J « -K W + g- (0 cosec = l tdt, 
where ifi „ (i) denotes j $ (t) sin midi. 

It follows, by employing the same inequality as before, that 
[™S | fa J*] 1 s i cot |c [j*{^ («>}=]* 

+ iL [ m ? x {/, W c osec a ^d<| J 5 . 

Now 

|| •Pm (<) cosec 5 . S J ooseo a i< {fa (i)}* dtj coseo 2 Udt 
coseo a It {<j> m (t)}* dt. 

Hence we have 

[’?' I ft. I’]* « j colic Ml*]* 

+ -y- #))■ Jlj*. 

The Fourier’s sine series of the odd function which has the value >j> (t) 
in the interval (0, c), and the value zero in the interval (c, 77), is 

~ 2 eiamt . j 4 ‘ ( l ) e ' n oUdl 
or ? 2^„ (c) 6inmt. 

It follows by Parseval’s theorem that 

and tliis can be shewn to bo o («), almost everywhere. For we have 

{/(*+!)-/(»))■<»+ zfc at 

/[U(,+i>-/M}'a-|'{/(*+0)’*+<{/M’-2/w/V(«=+0<»i 
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now £ {/(* + Vil - , {/(*)}= + o (.) 

and j f(x + l) dt = ej (sc) + o <e), 

almost everywhere, since (i, § 432) for any sununabie function <ji (*'), 

J {rp (*') — $ (x)}dx' has a differential coefficient equal to zero for almost 

all values of x, and wo may put *' = x + (, and / (z), or {/ (z)} 2 , for ^ (x). 

Hence 

/| (/(*+*)-/ 

for almost all values of x; similarly 

J‘ </(*-!> -/«>■<« -«(■). 

almost everywhere, and therefore 

/' w <*»*<« - o (*>, 

for almost all values of x. 

In particular this relation holds at every point at which 

li“ {/(* + <) +/(*-*)) 

is convergent, in which case the limit is 2/ (z) , by adjustment if neccssaJy, 
of the value of/(z). 

We now have 

£ 2^ | |®j 4 •» o («4) + ^ J cosec* . o (t) iitj 4 

where it, k’ are fixed numbers. 

Lot e *» n~\ tho right-hand side is then o («). 

Wc now have, for almost every value of z, 

[”| lj/„ (re) - / (*) |’]‘ < »l o (1) + 0 (11 + o (*) - 0 («), 
and the theorem has thus been established. 

Tho foregoing proof is founded upon the proof given* by Carlcnmn of 
the following more genera! theorem: 

//, at a -particular point x, the relations 

Jj/(* + !>+/<*- 1) - 2/M I <» - « M. 

H (/(*+<) +/(*-<)- 2/ W 1’A-OM 

• r«K. Xoni JTort. Soe. (2). voL sxi(I023), p. 481. See also Su Men. 
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hold good, then lira — ^ 2 |/ m (*) — f (x) I* = 0, for every positive value 

of!:. 

It has been shewn above that, if {/ (z)} 2 is a snmiuablc function, the 
second relation holds for almost all values of x, O (t) being in tbatea seo(c); 
but in the theorem it need only be assumed that {/ ( x )} s is summable in 
a neighbourhood of the point x. 

EXTENSION AND GENERALIZATION OF FARSEVAL’S THEOREM 

386. Some caution is requisite in the employment of Parseval’s theorem 
in particular cases; it is always necessary to make sure that the conditions 
of one or other of the theorems given above arc actually satisfied. It has not 
been proved that the existence of the integral J f fa) g fa) tlx is by itself 
sufficient for the validity of the theorem. For example, if / fa) has the 
value zero at all points of a measurable set E, contained in (— it, tt), and 
g fa) has the value zero at all points of the set which is complementary to 
E relatively to (— rr, it), the integral J f fa) g fa) dx exists, and has the 
value zero; but, unless f fa), g fa) satisfy further conditions, it cannot be 
inferred that the series ia„a 0 ’ + £ (a„a„' b r _b n ') converges to zero. In 
the particular oase however in which the set E consists of a finite set of 
intervals, it can ho shewn that, subject to a certain condition, Parseval’s 
theorem is still valid. The following theorem will he established: 

If (he summable functions f fa), g fa) are such that f fa) lias the value zero 
at the points of a finite set of intervals contained, in <— rr, v), and if g fa) has 
the value zero at all points not in these intervals, and has bounded variation 
in sufficiently small neighbourhoods of the end-points of the intervale of the set, 
then |a 0 a 0 ' + £ ( a n a„‘ + b,b„’) converges to zero. 

It irill be sufficient, to take the case in which there is a single interval 
(«, /?), for which the conditions of the theorem are satisfied. There exist 
intervals (a — h, a + A), (0 — ft', P + ft') in which g fa) has bounded 
variation, and we may assume that in intervals a 4- £), (J3 — £, tt), 
where £ is less than both ft and ft', the convergence of g„ (x) to g fa) is 
bounded (see §341), so that \g„fa)\<A ( . Let f he so chosen that 
j \ffa)\dx<e, j “* 1 \f fa)\dx<e, where e is a positive number, 
chosen arbitrarily. "We have 

j_y fa) 9n fa) dx = j S f fa) g„ fa) dx + j^ f fa) 1 7n fa) dx 

+ J* +< ffa) 9. fa) dx.+ 9n fa) dx; 
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in the intervale (- n, a- £) and (p + £, zr), g n (x) converges uniform!)- to 
zero, since the intervals are interior to intervals in which g (a:) is of bounded 
variation, therefore the first and fourth integrals on (he right-hand side arc- 
each numerically less than e j |/(z) | dx, provided r is not less than some 
integer n t . Also g„ (x) converges boundedly to its limit in the intervals 
{« — £, a), IP, fi +• £), and thus the second and third integrals on flic right- 
hand side are numerically less than A ( c, for all values of n. We non- have 

|j / (*) On (*) dx j < 2e j | / (z) | dx -i- 2cA !t for nSth; and thus, since 
e is arbitrary, and Af is independent of e, it has been shewn that 
lim J f(x) g„ (x) dx = 0, 

which is equivalent to the result stated in the theorem. 

From this theorem the following extension of Parseval's theorem may 
be doduoed, which is capable of application in certain cases: 

If f (a), {g (*)}’ arc summablc in the interval (— rr, rr), and if the further 
conditions are satisfied that (1), in some neighbourhood of a point c in the 
interval, {/(a:)}* is summable, and (2), g (z) is of bounded variation in (— zi, v), 
when a neighbourhood of the point c is excluded from the interval, then 
Parseval's theorem holds good forj f (x) g (z) dx. 

It can easily be seen that tho theorem can be extended to cases in 
which there are a finite number of such points fi. 

To prove the theorem , let / (z) ^ /, (z) + /, (z), where /, (x) — 0 in the 
interval (c — S, c + 8), and/, ( x ) — 0 outside this interval; thus/, (x) »/ (*) 
outside the interval, and /, (z) =■ f (z) in the interval. The interval can he 
so chosen that {/„ (z)) 2 is summablc in (— zi, «). 

Let g (z) be expressed in a precisely similar murmur as the sum of two 
functions g t (z) and g 3 (z). Any Fourier’s coefficient for/(z) or g (x) is 
the sum of the corresponding Fouricr'6 coefficients for/, (z) and/, (z), or 
for j?, (z) and g t (z). 

Parseval’s theorem holds for j /, (z) g, (z) dx, because /, (x) is sum- 
mable and g, (*) is of bounded variation. It holds for j /, (x) !h ( x ) dr 
because both /, (z) and g } (x) have their squares summablc. It holds for 
j It (z) (z) dx, since { /, (z)} ! , {?, (z)} 2 are summable. By the last 

theorem it holds for [ /, (z) g t (z) dx, since /, (z) = 0 in the interval 
(c — 8, 0 + S), and g } {*) is zero at all points not in thot interval, and has 
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bounded variation in neighbourhoods of the points c — S,c -f- S. It now 
follows, by addition, that + £ {a„a„‘ + 6„6„’) converges to 

;]__/{*)? <*)<&• 

389. The following theorem is an extension of the first theorem of 
§388: 

If the 8 ummable functions f (x), g ( x ) ore such that/ (a:) has the value zero 
at the points of a finite set of non-abutting intervals A, contained in (— ir, n-), 
and if rj (s) has the value zero at all points not in those intervals, and is bounded 
in the neighbourhood of the end-points of the internals, then the sum {C, 1) of 
(he series \a^af + £ («,«„' + b K b n ‘) is zero; and consequently, if the series 
is convergent, it converges to zero. 

Wo may say that Parecval’s theorem holds (C, 1) for the two functions. 

If ( a „ ft) bo one of the intervals of A, the points a,, ft have neighbour- 
hoods in which g (*) is bounded. Let G„ (x) be the »th Cesiro partial sum 
of tho Fourier’s series corresponding to g (*). It is known (§ 306) that, 
in any interval interior to an interval in which g (a) is bounded, G„ (a) is 
bounded with respect to (n, *). The integral of / [x) G n (x) over (— it, n) 
may be expressed as tho sum of integrals over the intervals 

0. («i - £.«•). (ft. A + £). (A + £.*,- £). (a, - C, «*), 

— (A + £, v). 

We may choose £ so small that | G n (x) | is bounded in the intervals 
(a, - £, a,), (ft, ft + £), (a s — £,<**), ..., and thus ( Q„ (x) [ is less than a 
fixed number A , through these intervals. 

If e be an arbitrarily chosen positive number, £ may be so chosen, by 
diminishing it, if necessary, that the integral of [ / (x) | over each of these 
intervals is < e. 

It follows that J / (as) G n {x) dx is numerically less than 
J j ^ < f {*) (x) dx [ + |,|* + V <*) G„ {*) dx j + ... 

+ I f / (x) G„ (*) dx I + ZrAe. 

. -i ‘ Jpr+C 

Now lim J f (x) G„ (x) dx = 0, since ( — rr, a l — £) is interior to an 
interval in which g (x) is bounded, and G n (x), g„ (x) converge to aero. A 
similar statement applies to each of the other integrals. It follows that, 
if n is a an integer n<, 

\j*J{x)G„{x)dx\<e{l + 2rA) 
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and, since € is arbitrary, lim j f (x) G„ (x) dx = 0; tlius the theorem is 
established. 

From the above theorem the following theorem may be deduced: 

/// (x), {g (x)} 2 are summable in {- w, w), and the closed, set II of points 
of infinite discontinuity of g (x) is such that no point of II is a point of non- 
sunvmabilily of {/(x)} 3 , (hen Parsezal’s theorem holds {C, 1) for f (x) g (*). 
In case the series is convergent, Parseval’s theorem holds in its original form. 

The closed set II may be enclosed in the interior of the intervals of 
n finite sot A, so that A contains no point of non-summability of {/ (x)} J ; 
for the 6et of all such points is closed, and therefore has a finite distance 
from the sot U. Each end-point of an interval of A liaB a neighbourhood 
in wbioh g (x) is bounded. 

Let / (a) =» /, (x) +f t (x), where /, (x) = 0 in A, f t (x) = 0 outside A, 
and g (x) = g x (x) + g t (x), where g l (x) = 0 in A, g t (x) = f) outsido A; it 
follows that {/, (x)} 2 is summable in the interval (- n, n). 

For/! (x) 0, { x),f t (x) is summable, and g, (x) is bounded; thu6 Parsevnl's 
theorem holds (0, 1) for/, (x) jr, (x). 

For / 2 (x) g 1 (x), {/ fi (x)} 1 and {g t (x)} ! are both summable, and Hum 
Parsovul's theorem holds for /, (x) g a (x). 

Similarly Parse val'e theorem holds for /, (x) g, (x). 

For/, (x) g s (x), we have/, (x) = 0 in A, g t (x) is zero outsido A, and in 
bounded in neighbourhoods of the end-points of the intervals of A; there- 
fore, by the last theorem, Parsevai’s theorem holds (C, 1) for/, (x) g 2 (*). 

The truth of the theorem now follows by addition. 

390. We can now establish the following general theorem: 

Iff (x), g (x) ore both summable in (— ir, n ), and the set of points of non- 
summability of the functions {/ (x)} 3 , {g (x)}- be K, , K t respectively; which 
are contained respectively in //,, //, the closed sets of points of infinite dis- 
continuity of / (x), g (x ) ; then, if //, have no point in common with K„and Il t 
no point in common with, K l7 Parseval's theorem holds ( C , I) for f (x) g (*). 

In accordance with the assumption made in this statement there is no 
point which is a point of non-summability both of {/ (x)} 2 and {g (x)}*> 
and at each point of non-summability of either function, the other function 
is hounded in the neighbourhood of the point. 

Let Il t be enclosed in the interior of intervals of a finite set A; then 
g (x) is bounded in the neighbourhoods of the end-points of the intervals 
of A. 
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Let/ (*) = /, (*) + / g (*), where / t (a) — 0 in A, and/ a ( x ) 0 outside A, 
and let g (a:) = & (*) + g t (a:), where g 1 (x) = 0 in A, and g z (*) = 0 outside 
A; {f 2 (.r)} a is summabie, because A can be so chosen as to contain no 
points of the closed set K y . 

Since f t (x) is summabie, and g 2 (x) ia bounded, Parsoval’s theorem 
holds (G, 1) for /j (ar) g 1 (x). Since {f t (a:)}*, fife ( x ) are summabie, and no 
point of infinite discontinuity of /, (x) is a point of non-summability of 
{ffj (®)} a , l>y the last theorem, Parseval’s theorem holds (C, 1) for/ 2 (a:) g 2 (a). 
Since f % (x) is summabie and g 2 (*) is bounded, Pars oval's theorem holds 
( 0 , 1) for ft (*) Oi (*). Since. f x (a), f? 2 (a) nro snnunablo, and g 2 (w) ia 
bounded in the neighbourhoods of the end-points of the intervals A, 
Parseval's theorem bolds (C, 1) for f 2 (x) g t (x). It now follows that 
Parseval's theorem holds (O', 1) for / (x)g(x). 

The above theorems and those of § 389 ore capable of generalization 
by taking into account M. Riesz’ theorem given in § 399, in which powers 
of |/{«) | Other than the square axe taken into account. 

391 . It has been shown, in § 230, that J f(x + t)g (l) dt is a continuous 
function of a: if, cither (1), J{1) is summabie and g (1) is bounded, or (2), 
1/(0 1® and | g (f) | 5 are summabie, whero p and q are both positive, 

and such that — I — = 1 : (2) Includes the case in which p — c = 2. The 
p 5 

functions / (t), g (t) are here supposed to be defined for all values of t so 
that they are periodic, with period 2n. 

Let i« 0 + 2 (a„ cos nt + b„ sin nt), laf + £ (e„ f cos rU -t- b„' sin nt) 
be the Fourier’s series corresponding to the periodio functions / (t), g (t). 

Lot us oonsidcr the function j [/ (f -f- *) +/ (< — *)] g (t) dt which 
is an even periodic and continuous function of x, when one of the above 
conditions is satisfied. The coefficient of cos nx in its Fourier's series is 

~ | cos nxdxj [/(< + *)+/(<- *)] g (1) dl. 

The same conditions that are satisfied by / (i), g (1) are satisfied by [/ (i) [ , 
| g (t) | , and thus, by the theorem of § 230, when the same conditions are 
satisfied J \f(t + x)g(t)\dt < J )/(<—*) g (f) \ dt are continuous func- 
tions of x, and therefore the repeated integral 

•j * [ cos 7ix | dxj \f(t + x)+f(t-x)\\g(t)ldl 


exists.' 
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In accordance with the theorem of § 237, cos nx [/ {t + 2) -|- /(/ — *)] ,j (f) 
is therefore summable in the domain of (l, x), and its repeated integrals 
are equal to one another. Therefore the coefficient of cos nx in the Fourier's 
series is 

2~, j"_ r 9 (0 dt I’* (f (t + x)+f(t~ x)] cos nzdx, 
and this is equal to ~J g (f) (a„ cos nt + b„ sin Jif) dt or to a„a n ‘ J- b n b„'. 

In a precisely similar manner it can be shewn that the coefficient of 
sin wa; in the Fourier’s scries corresponding to the continuous odd function 
g“( [/(t + *) - / (t — ar)J g (t)dl is - a n b„' + b n a„'. We have now ob- 
tained the following theorem* : 

Iff (t), g (t) be periodic summable functions, with period 2n, and (a„, 6„), 
{o n ‘, b„') be the Fourier’s constants in the Fourier’s series corresponding to 
them, then 

\a 0 af + S -I- b„b„') cos nx 

and S (&„<*»' — a n b n ') sin nz 

are the Fourier's series corresponding to the continuous functions 


respectively, provided either (1), g (() is bounded, or (2), | / (f) | r , | g (/) I* 
summable, inhere p, q are positive numbers such that - + - =■ 1 . 


As regards the convergence of the Fourier’s series in this thoorem flic 
following statements may be made: 

If either (l),/(f ) is summable and g ( l)is of bounded variation, or (2), {/(()}* 
and {g (<)} 5 arc both summable, the series 

ta a a 0 ' + Z (a„a/ + b„b„') cos nx, 

Z^ (b„a/ - a n b„') sin nx 


converge everywhere to the continuous functions which they represent. 

if (3), |/(f) I*. Iff (t)|® flre summable, where p> l,g> 1, ~ +- ** l, the 
Cesdro sums (C, l) of the two series are everywhere equal to the functions 
which the series represent, anti for any value of x at which one of the series is 
convergent, that aeries converges to the value of the function. 

To prove the statement (1), we see by a change of variables that 

* W. H. Young, Prof. Bog. Soe. voL unr (1011), Ji. 110. 
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if now g (f) be of boimded variation, so also is g (t +■ *) ~ g (t — x ), con- 
sidered as a function of x, and this property is preserved after multiplication 
by J It) and integration, since the property is clearly so preserved in the 
case of a monotone function. Therefore, when g (f) is of bounded variation, 
the continuous functions of * which the Fourier’s series represent are of 
bounded variation, and consequently the scries converge everywhere to 
the values of those functions. 

To prove the statement (2), we observe that the general term of either 
series does not exceed numerically J (a„ e + b„- + ez n ' s + 6 n ' 5 ), which is 
the general term of a convergent series. This is seen from § 378, or by 
observing that if f (x) ~ g (*), and x = 0 , the series 2 (a, 5 ■+■ fi„ s ) is con- 
vergent, since it cannot oscillate. It follows that both series are abso- 
lutely convergent, aad that the convergence is uniform, and they therefore 
converge to the values of the corresponding functions. 

In case (3), the Ces&ro sum of the series always exists and has the value 
of the function, since the functions arc both everywhere continuous; and 
when either series converges, ite sum is equal to the sum ( C , 1). 

If we consider the point i — 0, we obtain the following extension of 
Fatou’s form of Parseval’s theorem (see § 378): 

If \ fix) (r, j g (x) |» ore both summable in the interval (— w, w), where 
p and g are positive numbers such that 1 + 1 = 1 , the series 
£a t af -r 2 (a r a„' -i- b„b„') 

converges ( C , I) to the value 1 J / (x) g (z) dx, and if the series be convergent, 
its sum has this value. 

These theorems were given* by W. H. Young. An indication will be 
given in § 399 of a proof, due to M. Ricsz, that the series in the last theorem 
is necessarily convergent, and thus that ia 0 a 0 ' 2 -J- (o„o„' + b„b/) con- 
verges, in the case specified, to lj f ( x ) g (ar) dx; the extension of Fatou’s 
theorem being accordingly complete. 

EXAMPLES 

(1) The Fourier's coefficients corresponding tof (r) being <?„, 4„,shcw that 

In 5 300 it has been shewn that 4c,' -t-g c " rin nT ~ 6 " converges oniformjr to 

• ftec. Lord. Hath. Soc. (2), voL n (1912), p. Si. 
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j /(xjdz- £<r 0 i. Taking the point x = 0, \<t c ‘ ^ convenes to j /(;) <fe ; therefore 
X converges to Ja # ' / (x) dr, which is 

i J_dr {/__/(*) <** - l»o*} d* 

or i J*_/(x)dt-/“ i _/(x)dr. 


(2*) If 0 < 5 <I, then, provided /(x) has bounded variation in the neighbourhood oi the 

Jo *~' !i ^ dxaT ‘S' 003 r 

J" x*-»/, (X) dr = r (,) Bin is-7 ^ 
where /i (*)=$[/<*) +/(-*)]-£; J ^ [/(*)+/( -*)]«**. 

/*(*)=»/(*)-/(-*)]• 

Shew that, if J<?<1, the result still holds if {/(*)}' is aummablc in tho neighbourhood of 
the point a » 0 . 


(3*) Prove that, provided {/ (x)} 3 is Hummablo in Romo neighbourhood of tho point z i 
— J i log (J cosec 3 }z) / (x) dxm 2 ??. Tho Fourier's series eorrcspontling to 


i hig ( J coscc 5 Js) 

is 2 c ° 3 The function 4 log (J eosoc 3 Jx) has its square summable in the interraJ 
( -it, w), and it is of bounded variation, except inaneighbonrhoodoi x=0. Thue,eince/(x) 
has ita square summabieiii some neighborhood of x = 0 , the conditions of f bcnccond theorem 
in § 388 are satisfied. Hence the result is obtained by applying Parsifal's theorem to 
tho two fnnclions/fx), j(x). The necessary and sufficient conditions that, for any eummable 
function, 2 ?2 nhcinld be convergent have been givenf by Hardy and l.ittleivooJ. 


(4*) Obtain expressions for 



where 0 <7 < 1 . 

(5*) If ^ ^ ^ is eummablo in an interval which contains the point z*=0, then 

J *,-1 

* See W. H. Young. Pm. Boy. Sot. (A), voL lxxxt (191)). pp. 14-24, see at * 3 P- 41 s - 
is an hiatus in tbe proof given (p. 19) of the result in Ei- 3, as the necessity for employ ing* 
theorem such as that in 1 388 appears to have been overlooked. When the interval ( - v, v) r" 
divided Into two parts, there are four separate product* to consider; and one of tlre«* requires tie 
extension of Pareeval’a theotem given in § 38S. 

t 3loIh. Z'ittchr. voi. xix (1924), p. 95. 
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892. We proceed to establish two theorems, the first of which may be 
regarded as a generalization of Parse val’s theorem, and the second as a 
generalization of the Rieez-Kscher theorem (§ 379). 

I. If p be a number £ I , and. the function f (x) be such that | / {x) | 1+ n fo 
integrable (L) in the interval {— it, it), and the Fourier’s series corresponding 
to f (*) be denoted by £ ( a„ cos nx + b„ sin nx), then the series 

is convergent, and its sum. is 

. II. If, for the trigonometrical series {a 0 + £ (a„ cosna: + b„ sin nx), the 




+ £ (| a n | » + ] b n | ,+ *) 


is convergent, for a value of p that is £ I, then the trigonometrical series is a 
Fourier's series corresponding to a function f (x), such that jf(x) j ,+p is 
summable in {— it, it); and the sum of the series of powers of the coefficients is 


i-rjl j/wr*'*p. 


In case p “ 1, the two theorems rednee to the equality 

W + „?,(»•’ + VI, 

which is equivalent to Parseval’s theorem. In this case, II is equivalent 
to the Riesz-J'ischer theorem. 


A slightly less general theorem than I is: 

I'. If [f (») |® is integrable {L), where 1 < q £ 2, then the series 

£ (o„ ! + 

is convergent. 

This follows from I by taking account of the inequality 

^ 2 ; 2 

It follows from II, by taking account of the inequality 

lafe+jve. 
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II'. Tj the series E (a„ ! + is convergent, where 1 <q -H 2, /Acn 

a„ , b„ are the Fourier’s coefficients of a function f (x) such that | / {x) [f-'i j, 
integrable (L). 

The Theorems I, II were first established* by W. H. Young, for the 
case in which p is an odd integer. They were extended to the genera) ensof 
by Hausdorff; and by F. RicszJ they were established, in the genera! cose, 
by a method applicable to a bounded set of orthogonal functions in 
general. The proofs given below are substantially those of F. Ricsz. 

The numbers p and - cannot in either theorem be interchanged. In 
the case of Theorem I, it has been shewn by Carleman§ that a continuous 
function, of which all powere are consequently integrable (L), exists for 
which E^ () a„ | I+ » + | b„ | l +*) diverges when pel. Tt has been shewn 
by Hardy and LittlewoodU, by means of an example, that when 

converges for a value of p that is < 1, the coefficients are not necessarily 
Fourier constants. A case of a function which illustrates this matter has 
also been given^f by Titcbmarsh. This is the odd function / (z) which has 
the value log n cos (am 2 log n) in each interval l Q g gj* + i) <xS 
where n = 3, 4, 6, ... , and which has the value zero elsewhere in the 
interval (0, it), and is such that f (z) = —/{—*). It can be shewn that 
| f(x) | is not summable in (0, n), and thus that the series corresponding 
to it is not a Fourier's series, although the Fourier coefficients exist as 
non-absolutely convergent integrals. But b„ = 0 {«-* (log n) 2 }, therefore 
E | b„ | 2+4 is convergent if k > 0. 

It is convenient to replace the functions 1, cos#, sin x, ... cos nz, 

sin nx , ... by 5255 “5, ... c S ,3 f} z 6 ‘” *15 .. which are said to be 
V^r Vvr Vtt 

normal functions, because the integral of the square of any one of them 
over (— w, tt) has the value 1. 

If we denote these latter functions by &(*), 4>i ( z )i •••■ we * iave 
* Sen Comptu Rmdut, vol. env (1012), pp. 30 and 472; also Pm. Pair. Six. ml isxxra < 19121. 
p. 331, and Proe. fxmi. Hath. See. (2), ml xn (1912), p. 71. 
f Math. Zdlst.hr. ml xn (1923), p. 163. 

J 7 bid. ml xvm (1923), p. 117. 

$ Aria Math. vol. iu (1916), p. 378; ecc also londao. Math. Zdtxhr. vol v (1016), >«• 

il Ada Math. vol. XXXVII (1914). p. 237. 

*1 Pror. Ixnd. Math. Sec. (2), voL XXU (1923), Retards, p. xxi. 
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J {<!>„ (x)} 1 dx = 1, for n = 0, 1, 2, 3, ... and tlie Fourier’s series corre- 
sponding to a summable funetion may be denoted by 

A (*) + c»A (*) + — + (*) + 

The series + 2 {| a„ I 1 -*-* + | b„ | 1 + t ‘} will be equivalent to 

-rL 2 I «. |"; 


.and the same statement holds good if p is changed in - . 

Consider* first the first r functions <£, (*), (x), (x), and the first 

r constants c 1 ,c 1 ,...c, corresponding to a funotion / (x) such that 
!/(*) | 1+ ^ is summable, for a value of p > 1. 

We subject the constants c±, Cj, ... c r to the condition' 2 | c„ | 1+ » = 1, 


and proceed to shew that a function/ (x), for which [f(x)\ + * is summable, 
exists such that j | f (x) \ l+ ? dx has a minimum value when f(x) =. / (x), 
for all functions of the given type such that the r constants e l ,c t ,.,.e, 
satisfy the imposed condition. 

If 2 | c„ [ 1+ r — 1, it is dear that j ( / (x) | 1 + * «£e has a lower 
boundary & 0, which cannot be an isolated point of the set of all values 
of the integral. If L denote this lower boundary, there exists a sequence 
of functions {/«(»)}, for which 

limj \f n (x)\ 1+ »dx = L; 

all the functions /„ (x) being such that their first r constants c,, c 2 , ... c r 
satisfy the condition 2 | c n | 1+ * — 1. 

In accordance with the theorem given in § 176, a sub-sequence (/<”' (x)} 
of the sequence {/„ (*)} exists which converges weakly, with exponent 

1 + to a function / (a); so that lim f /<"' (x) g (x) dx — f f(x)g {x) dx, 
V n~«i J a J a 

for every function g (x) of type [L] 1+fl ; also, as has been shewn in § 176, 
we have 

J |/(*)| J (/*“>(*) \ 1 + *dx£L. 

* A modification of F. Kiegz’ procedure iu mode. He look Ike sot of normal functions to 
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Let g {*) = <f> n (x), then J f («) <f>„ (x) dx=lim j /<"> (x) (z) dx, for 
«•= 1, 2, '3, ... r; and it follows that, for the function / (a:), the r constants 
c„ satisfy the condition £ | c„ | ,+ * = 1 ; hence we have 

Prom the two inequalities we find that J j f (x) | 1+ p dx = L, nnd / (*) 
is a function whose r constants e,, Cj, ... c r satisfy the condition 
Y|5 b |»-.-=I, 

and thus f (x) cannot be a null-function, and we havo consequently L> 0. 

The existence of the minimal function f(x) having boon established, it 
is clear that it is the minimal function for 

i 

■when the condition £ | e„ | ,+r = 1 is no longer imposed. For if /(*) could 
be snob that this ratio were < L, writing 

S c - |l+r 

we should have, for the constants c„' of <ji (x), 

| c n ’ = 1, and J’ | </. (x) | ,+ * dx < L, 
which is impossible. 

Let / (x) = f{x) + AA (*), c n c„ + Ac?’, 

whore h (x) is any chosen function, of type [Z/ I+p ], and arc the constants 
corresponding to h (x). The ratio must then satisfy the necessary condition 
that A = 0 makes it a minimum, namely, that its differential coefficient 
with respect to A vanishes when A = 0; we thus have 

J J /(*> | 5 sign [/(x)] h (x) dx-jj f(x) | ,+ * dx .*X^ |c„J y . c™ sign [c„], 

where sign (z) = 1,-1, or 0, according as z is positive, negative, or zero. 
If we give A (x) the special values <f> a (x), where n — 1, 2, 3, ... r, succes- 
sively, we obtain the values of the r constants C„ corresponding to the 
function 

|/(x)|»> sign [/(*)], 
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which wc may denote by F (*); the value of G„ is thus 

1/^ I 1+P ^ • I I” fo«l- 

If we assign to A (x) the value of a function which is orthogonal to all 
the functions fa (z), fa ( x ), ... fa (x); and for which therefore — 0, for 
n= 1, 2, 3, ... r, we see that tins function is also orthogonal to F (x). 
Therefore all the Fourier constants, after the first r, corresponding to 
the function F (x) vanish, and thus the Fourier’s series for F (x) con-, 
verges everywhere, being a finite trigonometrical polynomial. It follows 
that, almost everywhere, 

F (®) - !/(*) I* sign [/(*)] - 1 ., \f(x) \ l+ r>dx | c„ [* sign [c„J fa (x) ; 
and from this we have 

f'j r Ml**- |/M I'* -”s 1 t. I» {/ j/>) I’**}’- 

1.1 a - if - 1 , then 1 + 1 . t ( 1 + 1) + (1 - i) >ka l - ! 

we have then 

|”**- 1\\ /» 1^ !/(*) I* 0- "** 

On substitution of the value of J [/^ (x) j? dx, obtained above, we have 
JGL. _I_ 

i” 5 * e j j[, i/ w i w * i s. i'«f ■" i 

the expression on the right-hand side is not less than the minimum of 

{/'j/wr® 1 *}"” 

for all functions for which the first r constants satisfy the condition 
”£ r | c„ |i+*» -- 1. 

Denoting the minim um of j |/ ( x ) | l+ * dx, for all functions for which 
the first r constants c„ satisfy the condition 2 | c„ j I+I ’ = 1, by u c , we have 
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Similarly it appears that 

... w„ £ «„»+>; where p, = 2 ;i,_, — I. 

The constants , for a function /{*), are numerically S ~ j | / (*) | dx, 
which is 

and if / (a) be chosen to be the minimal function for all the functions of 
the prescribed type whose coefficients c„ satisfy the condition 


"S | c„ |*+* = 1, 

we have e„ £ - 7 = ( 2 ^)**+* v v f^. 

Vir 

n-r H_P. 

li'rom this we have 1= E | c„ | 1+ *» £ inru^J-rr 1 . 


Now p, increases indefinitely with «, hence if u T jVn were less than I, for 
sufficiently large values of . 1 , this inequality would be impossible. It follows 
that w,, S. Vxr, for all values of s ; and we have 


for every value of a, where P, denotes j 


ViVi-V. 


•; it win 


{i+PtKi+ftJ-U+fr)’ 

thus be inferred that w, S *, assuming tliat the formation of the 

sequence {p,} is continued indefinitely. 

Now 




tl l pj Pi + 1 Pz + 1 V TV 


lira f*: = 

{p, + 1) ... { p , + 1) 


d thus we have it, S w* 2p ; therefore 


sKI 1 


where c n are the first r constants, corresponding to f {*). 

If the constants c„ are expressed in terms of the ordinary Couriers 
constants a„ and 6 n , we obtain a„ or b„ by multiplying c„ by 1/Vw, except 
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that «o=Co\/“- We have therefore, since the above inequality holds 
for every value of r, the result of Theorem I, that 

QT+lw+w 

converges to a value & ~ | j j f(x){ A + p| . 

393. In order to prove Theorem II, let , a, , b , , . . . be such that the series 

(&) 

for a value of ji & 1, is convergent; and Jet/, (x) denote the sum 
Ja,, + S (a„oos«a:-f i.smna;), 

Let A a , A u B lt ... be such that {^f** + 2 (| A„ [«+«’ + ) B„ | l +») is 

convergent, which will, in accordance with Theorem I, be the case if 
A„, A lt ... are the Fourier’s constants corresponding to a function <j> {*), 

Buoh that | <fi (*) | I+ * is summablc. We have then 

| Ij'j (»)/, (•) Hx | - | K'l. + T («./!. + i „fl„) | 

Employing Theorem I, the expression in the second bracket on the 
right-hand Bide is 

*[i{ JI. !# Ml"* *}']”’ ■ 

Assigning to <fi (a) the value [ /, (a:) (* sign {/, (*)} , we obtain 

; { \ Jf. M I" ‘ Ar [ + s' (I «. + 1 >. ‘ 

Thus j |/, (*) [ ,M dx is, for all values of r, lees than a fixed positive 
number. Accordingly the sequence {/, (z)} contains a sequence which 
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converges weakly, for the exponent p + 1 (see § 175), to a function /(*), 
which is such that 

j_J (*) rxdx - lim jj T (a;) °.° S ^ dx = “ r . 

Therefore b„, a lt ... are the Fourier's constants corresponding to the 

function/ (*); and in accordance with the properties of weak convergence, 

j_ w | / (*) | ,+p £ hm J J/r (*J | ,+ *’ dx. 

It follows that 

j J/ <*) 1“’ * 2 » [ |^| | *’ + V(l «. r* + | K 

“ ISl ’ + .1, (I I"1 + 1 1 . l'*h s - {/ j/m I*— 4’ 

n’’ * 

which is the result stated in Theorem II. 

394. The following Lemma was (foe. cil.) established by W. H. Young: 
If g (a) is summable in the linear interval (a, b ), and f ( x ) is summable 

in every finite interval, J f{x + t)g (t) dt is a function of x which exists for 
almost all values of x in any finite interval, and is summable in such interval. 

Sinco each of the functions/ (t), g (/) can bo expressed as tho difference 
of two non-negative functions, it is olearly sufficient to prove the theorem 
for non-negative functions, / (x + t), g (i). 

The repeated integral j dt j f (< H- u) g (t) du is equal to 

which exists, since F (x + l), F {a + t) arc continuous functions of t, where 
F (x) denotes j f (*) dx. It follows, by applying a theorem in I, § 429, that 
/ (t + «) g (t) ifl summable in the domain [o£ u & x, a £ l Si b\, conse- 
quently the repeated integral is equal to j du j / (t + w) g(t) dt. It follows 
that J f (t + v)g (t)dt exists for almost all values of u in a finite interval, 
and that it is a summable function of u. 

395. To apply the above Lemma, let/ (a;), g (x) be summable periodic 
functions, of period 2 tt, and let a n , b n and c„', b„‘ be respectively their sets 
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of Fourier’s coefficients. We have then, since the Fourier’s series corre- 
sponding to F (l + s) — l«o (< + x) is 

c + z 

F(x + t)g(Qdt = C + ba 0 a i ;x+ 2 8/ 

+^2 »« *»»*- Moang 

The series on the right-hand side being the Fourier’s series of an integral 
in x, we see that the differentiated series 

Jfloff#' + 2 (»„»„' + b H b„') cos tu: — £ («„&„' — a„'6„) sin ns 

is the Fourier’s series corresponding to the function ~ J f{z + t)g (t), 
and the Theorem I, of § 392, may be applied to this function. We have 
the known inequality 

j j «™ I dt S { j j « I- a}" {/’ I . |> it}' {/* I , l‘f if}’, 

where a + (S -f y — 1, o > 0, p > 0, y > 0. Let a « 1 — 1, 0 = l _ * 

11 h ^ 
y - j + i — l, where A> I, /*> I; and let | ^ J - J « (**, j n j = | jj [«», 

| to | ■» | ii | l- *» | 5 I 1- **®; the inequality then becomes 


| J* ii * « | s J* 1 5 ’ i * s |/ j i* r» I- ' 

where A > 1, u > I, v + -— 1>0. 

A /x. 

Now let it be assumed that )/(*) | ,+, 1 | g ( x ) J'-w are summable, for 
1 +P = A, 1 +g=fx, f+^+n-g > i: if WB put bc ""' ® = -!7 > 
ii = / {x + /), 5 = g (t), wc have 


a )/|_ !/<* + » I'" l»W I"*} 

a(i+3») pd+ff) 

{Jj/fr+oi*} w i ^ w 1 ***} 1 **• 
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The expression on the right-hand side is a summable function of x, |>y 
applying the Lemma to the first factor; it follows that 

tl-tjiKH-a) 

| f'yi» +()?(!)* | 

is summable, provided pq < 1, p > 0, q > 0. 

Applying thB Theorem I, of § 392, wc have then tho following extension 
of Parscval’s theorem : 

If p, q be positive numbers such that pq < I, ^ ^ ^ ^ s. 2 the series 

' r*+l „ 1 - n 

I w I + + KK i*“ + i r*‘i 

converges to a sum 

* h\\ , n dx \z\ .J + 9 ^ dt \ *]*» 

where k - provided \f(x)\ 1 *’, are summable, and 

the constants a „ , b„ are the Fourier’s coefficients for f (z), and a n \ b„' those 
for g (»). 

In case k -» 1, the relation is that of equality; thus for example, if 
I / (*) |*. I 0 (®) are both snmniablc, the series 

ia e s <i 0 ' 2 + 2 (a„* + b„*) (o,' s H- b„' 2 ) 
converges to dx J j f(x + l)g{t) dt J . 

39S. The following theorem has been given* by F. Riesz: 

The necessary and sufficient condition that the trigonometrical series 
Io n + 2 (a„ cos nx + b„ sin nx) 

is the Fourier's series of a function f (z) such that \f(x)\ r is summable, where 
p is a positive number > 1 , is that a positive number SI should exist such that, 
for every value of n, 

j + '£? ( 0 , 0 ,' + b r b/) | S Sli\^ | g„ (z) |” cfc}*, 

where o 0 ', a/, V> ••• 0,1 arbitrarily chosen set of constants. The constant 

M is independent of n, <7„', e,', 6/ and g n (x) denotes the sum 

Ja 0 ' + ’"s’ {af cos rx + 6/ sin rx), and i -{- J = 1. 

* Math. Amtalai, vd. wax '1910), pp. 4C1M74, 
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It may be observed that the method of proof is such that the theorem 
holds good when any bounded set of normal orthogonal functions {<f>„ (a;)} 
is substituted for tho special set 

1 _1_ 1 . 

V2 it’ 'fit COS *’ VS - "* 1 

That the condition stated in the theorem is necessary follows at onco 
from the inequality 

j [ S (*) !i« (*) j & jj I / (*) I” || 1 9* fa) |* dx]?. 

In order to prove the sufficiency of the theorem, let 

(«,< + Mr') 

be denoted by U n , and let the constants a,,', a,', b{, ... a„‘, be subjected 
to' the condition j \ g a (*) |«<te = 1. We proceed to determine the 
. maximum value of | U„ | for all values of tho constants a„', a,', ... /)„' such 
that f | g n {*) |« dx - 1. This maximum value must then satisfy the 

condition | f/„ j £ j)/«. We equate to zero tho partial differential coefficients 
with respect to a/, of 

IV.I— 

wo have then 

a, . | XJ n |«-< . sign U„ — A [ cos rx [ g„ [x) [«-* . sign g n (x) dx — 0. 

A similar equation holds for b r . Taking these equations for r = 0, 1 , 2, .. . n ; 
multiplying them by a,', b,’ and adding, wo find that | U„ |® — A — 0. 
We thus find that 

« r = U n ) cosrx | g„ (x) |»-’.signs>,, (x)dx, 
b T — U n J r sin rx | g, (x) \’- 1 .Bigng„(x)dx. 

Let/ n (x) denote jrf7„.| g„ (k) |«~’.sigii g„ (*); we have then 
j_ 1 /« (*) I* J |** j" ^ | fc {*)[•«*» 3 
Also a r =~j f u (x) cos rzdx, b, = ^ J /„ (z) sinr^da;. 

Assuming that n may have all integral values, the sequence {/„ (*)} 
converges weakly, with exponent p, to a function / (*), such that | / {*) j* 
is suramable in tho interval (— ir, w). 
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We have also 

»/-/**> 2a = L/" ( ^siti V 

therefore a 0 , a,, b , , ... are the Fourier’s constants for the function / (s). 
The sufficiency of the theorem has now been established. 

A proof of the Riesz-Fischer theorem (§ 379) may be obtained from the 
above theorem. 

Taking p <= q = J, wc have, 
j (o r a/ 4 - b r b/) | 

— (W + S^(e r s + 6 r *)j ^iaj' s + 2^ (a/ 9 + 6 r ' a )j 

- ^ [fo* + (“' 2 + *r = )J J_j 7n (») i S 'I*- 

It follows that the condition in the above theorem is satisfied if 
lfl 0 *+ 2 (a r 5 + b r ") 

is convergent; and therefore a function/ (ar) exists such that (/(*) | s iB 
summaLle, and such that its Fourier constants arc the numbers a 0 , a , , /», 

M. RIESZ’ EXTENSION OP PARSEVAl’S THEOREM 
397. It •will be shewn that the condition that J |/„ (x) \* dx is n 
bounded function of n, where /„ (x) denotos + 2 (a, cob rx + b r sin rx), 
and p is a number > 1, is a sufficient condition that the series 
Ja 0 + 2 (a„ cos nx + b„ sin nx) 

should be the Fourier’s series corresponding to a function / (x), such that 
| / (as) |r is summable in the interval (— it , it ). 

In accordance with the theorem of § 176, a subsequent {/„,{*)) of 
{/„ (*)} exists, which converges weakly with exponent p to a function/ (*) 
such that [ / (as) |* is summable. We have then 

!__/(*) 17 (*) dx = lim f f nr (as) g (a:) dx, 
where g (x) is any function such that | g (x) J 1 is summable, 

Let g {x) = mx, then 

f(x) '^mxdx = lim f nr (x)^?^mxdx=‘ C ^"'-, 
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and thus / (a) is such that its Fourier constants are a„ , a, , 6, Therefore 

the sufficiency of the condition has been established. 

It is however possible to shew that the condition stated is necessary, 
and thus that: 

The necessary and sufficient condition that o^, ftj, t 2 , ... are the 
Fourier constants corresponding to a function . / (a:), such that | / (r.) |® is 
sunimable in (— w, ■»), where p is a number > 1, is that J J /„ (a;) J* dx 
should be a bounded function of n; where f n [x) denotes 


We have 


$«!,+ E {o r cos«; + b , i 


i*»). 


- 1 r + j ) (* - *) * 

fcrJ./ W ain 1 (t — a) ® 

= ^rl — g— * + 5“ J /(t)cosn(t — *)dt; 

/« (*) - e T cos »(<-*) * 


may be expressed in the form 

;^cos«*j /{tjainnteot— — (ft - ^sinwej / {t) cos nt cot —g— , 

where the integrals j f (() ^ nt cot * ~ J eft 
arc taken to denote 

l~# {T . * ® shi cot T 2 * + /„+/ W ai°n »* cot 2^ *]■ . 

and are not necessarily ^integrals. 

In connection with the theory of the series allied with a Fourier’s series, 
an outline of a proof has been given* by M. Kiosk that, if | / (#) J* is 
summablc, for a value of p, > 1, and iff (a:) denotes 

then | f (x) | ” is summable, and 

where M is independent of the particular function / {*) and depends 
only on p. This theorem will be assumed here. Applying it to the two 
functions / (a) cos nsc,f (x) sinwc, we have 

l/ n (®)l<* + l/a*)l + lA(*>l. 


* Oemptts Reniui, voL ci/sxei (1924), p. 1404; and Proe. Load. Math. So c. (2), voL xxn 
f 1924), Records, p. iv. 
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whore k = ~ j |/(t) | dt, and where/, (*),/„ (z) denote respectively the 
integrals 

i J y (l) cot ntdt. 

It follows that j |/„ (x) I’’ dx does not exceed a fixed multiple of 

2nkv + L (a:) l,dx+ J_. 1 * {x) |s dx - 

Employing M. Riesz’ theorem, and the fact that k* does not exceed n 
fixed multiple of J | / (z) | *dz, it iB now seen that 

j J/, W I' Ml-*, 

whore A depends only upon p. It 1ms now been established that the 
condition in the theorem is necessary, as well as snfilciont. 

An earlier theorem, of a similar kind, in which <S„ (x) the nth Ccsftro 
sum { C , 1) was employed, instead of /„ (x), has been given* by \V. H. and 
G. C. Young. 

398. The following theorem, statedf by M, Riesz, will now be estab- 
lished : 

If j | f{x) \ p dx has a finite value, for a value of p (> Z), then 
YimJ W _Jf{x)-f„(x)\*,lx-0, 

where f„ (x) denotes a partial sum of the Fourier's series for f (x). 

The proof of this theorem given here is due substantially to Little wood. 
Wo have (see § 3G5) 

S, (*) . /'_</<* + 1) -/<«)) X. (<)*, 

where %„ (t) satisfies the conditions 

x.M£o, 2; {/'/.(‘i*-/,*. 

Employing Holder's inequality, we have 

«. <■> -/(•) I a [ J/(* + 11 -/<*) I lx. mftx. (01** 

a [|" j /<* + 1| -/(*) l*x. (1)*]' [/> <» *]'■ 

• Quarterly Journal, rot xuv<1913), p. 57; nec also W. H. Young, Proc. Land. Math. Sir. (2). 
toI. xi (1(112), p. 89. 

f Camples Jlenius, vol. ctxxvi (1924), p. 1464. 
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on ! 4.0) -/<*) | + -/{*) |* X „ (*) A «) 

hence J |4 n (a;) — /(*) | s rfa:S j G> (!) (f) dt, 

where il> (i) denotes j \ f (x + 1 ) — f {x) \” dx, 
which is a bounded function of i. 

In order to prove the theorem, wo can divide the integral on the right- 
hand sido into three ports, over the intervals (— 8, S), (— tt, — S), (8, tr). 
Since <I> (<) is bounded, and the limit of the integral Xn (0 over the intervals 
(- it, — 8), (8, it) is aero, as n ~ co, wo have only to consider 

/*/<<)%.«*; 

this is less than M J x» (0 d£, where M is the maximum of (<) in the 
interval (— 8, 8), and thus the integral is less than M. It can bo shown 
that, by choosing 8 sufficiently small, M becomes arbitrarily small. 

We havo in fact to prove that 

UraJ \f(x + l) -/(*) I** tfa: =» 0; 

and this has been shewn in i, § 433, to hold in the case p — 2. For general 
values of p (> 1), it has been shewn in § 173 that a continuous function 
r/> (x) can be so determined that 

j J/(* + 0-^<* + 0pdj:<e, and J \f(x) - .ji (sc) |*< «; 
and since 

j'j/l* + 0 -/(*> I-** S’- 1 /’_!/(=" + 0 - $ (*+ 0 I’* 

+ a-' I’_l 4 <* + i) - 1 (I) |>dk + + (») -/(*) I’, 

mi have j i/fv [-/) ■ /(*) ]* rf* '-i 3c. 3 f -’ + «, 

provided t is sufficiently small. Therefore <J> (£) converges to koto with l, 
and consequently M is arbitrarily small, if 8 be properly chosen. It lias 
now heen shewn that 

limj' | S„ (*)-/(*) |»ds-0. 

If now y B (a;) denotes tho sum of the first 2n 1 terms of the Fourier’s 
series for / (a:) — S ni (x), where % is Buch that 

| | S„ (*) — /( x) j r dx<i), for n SUj> 
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we have J | ip n (#) p dx < Ay, where A depends only on jt. But, for ji > n ri 
we have f„ {x) = S, t (*) + <ft n (x ) ; hence 

[* a 1/ (*) -L (*) \ p dx& 2»*-* \f(x) - S n , (z) \ T dx + j (a) p rf* 

S ij + 2»-'/fy. 

Since y is arbitrary, it follows that lira j | / (z) — /„ {*) p dz = 0. It 
follows from the theorem that, if | / (x) p is summable in {— a), then 

I'" I/m (e) - /„ (a:) p da: - 0. 

Kolmogorofl has shown* that, for any summable function /(a), 
lira J \f(x) -f„(x) | '"dx - 0, 

where 0 < c < 1. 

399. The theorem of § 398 may now be employed to prove that: 

If | f(x) p, i g (x) p are Volk summable in (— t t, n), where p, g are 
positive numbers such that - + - = 1, then Parseval’s theorem. 

£ [ /(*) 9 (*) dx « lft 0 a 0 ' + 2 (a r a n ‘ + b„b n ') 
holds for the pair of functions f {x), g (x). 

This result may be proved as follows. Since 

| (_/ W to (*) ~ 9n (*)} dx | & | / (a;) p dx j” |J \g[x)~ g„ (a) |»j* 

wo see from § 398 that 

I /_/ to) to (*) - Pn (*)} j S V (/' r (/(*) l” d^\ 

provided n is sufficiently large. Since y is arbitrary, we have 
j f(z)g(x)dx= Jim [ / (*) <7„ (a:) da:, 
which is equivalent to Parseval’s theorem. 

SYSTEMS OF FOtJJUEP.’S CONSTANTS 

400. If {A„} be a sequence of numbers, the question has been investi- 
gated what conditions the sequence {A„} must satisfy in order that the 
series 

$««A» + ^A n (<*„ cos vx + b„ sin ?tx) 
may be a Fourier’s scries whenever the scries 

io n 4- 2 (a„ cos nx + b„ sin nx) 

• FtmJamtnla Hath. vol. vn (1925), j>. 
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is ft Fourier’s series. An account of these investigations will be given here; 
and it will be scon that an answer which contains a characterization of tho 
sequences has been obtained (see § 406) to the question, which may be 
stated os that of the determination of all sequences {A„} , each one of which 
hns the property of converting every sot a„, Cj, bj, a*, b s , ... of Fourier 
constants, by multiplication, into another set \,a a , AjO,, \b lt Aj«j, A t b t , ... 
of Fourier constants. 

In connection with this matter, properties of certain trigonometrical 
series said to be allied with Fourier's series present themselves. If 
iao -t- 2 ( a„ cos nx + b„ sin nx) 

bo a trigonometrical series, the series 2 ( a„ sin nx — b„ cos nx) is said to 

be the trigonometrical scries allied with, or conjugate to, the first series. 
The series allied with a Fourier’s series is not itself necessarily a 
Fourier’s series. For example, it will be shewn later that tho series 
Sj logV ' 8 Courier’s series; the allied series 2 is however 

not a Fourier’s series. This is seen from the fact that tho integrated 
series 2^ gg is divergent at the point x — 0, and cannot therefore 
convorgo to an integral (sec § 300). 

It has been proved in § 396, that, if 

H + 2^ (a„ cos nx + 6„ sin nx), laf + 2^ (o„' cos nx + b„' sin nx) 
bo any two Fourier’s series, then 

Rfl 0 ' -1- 2 {(«„&„' + b n b„') cos nx ~ {a„b n ' — afb n ) Bin nx) 
is also a Fourier’s series. Taking a„' — A„, b« = 0, we have the following 
property : 

If A, cos * -f- Aj cos 2a + ... -|- A„ cos nx + ... be a Fourier's scries, the 
coefficients form a sequence {A„} which has the properly of converting by 
multiplication, of the terms any set whatever a 2 , b , , Oj, b 2 , ... of Fourier con- 
stants into a new set A,<j,, A, ft, , AjOj, \b., ... of Fourier constants. 

If wo take a,,' <= 0,6,,' = A„, it is seen that 2 A„ {a„ sin nx — 6„ eosnx) 
Is ii Fourier’s scries; we thus obtain tho following result: 

If 2 A„ sin nx is a Fourier’s scries, the series 
2 {a B sin m* — 6„ cos «*) 

allied until a Fourier’s series 2 (a„ cos nx + b„ sin tix) is converted by 
multiplication of the terms by A„ into a Fourier’s series 
2 A„{a n sin«2:— 6 n cos»z), 
whether or not the allied series be a Fourier’s scries. 
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W. H. Young, to whom the above theorems arc due, has combined 
them* Into the following statement: 

// 2 (a„ cos nx -I- b H sin nx) be the Fourier’s series for a sunnuablc 
function f (*), and {«„'}, {ft„'} be the coefficients in any other Fourier's scries, 
then 

2 a/ {a„ cos nx + ft, sin nx), 2 ft,' (a„ sin nx ~b„ cos nx) 
are both Fourier’s series, whether the allied series is a Fourier’s series or not. 

401, With a view to the generalization of the result contained in §400, 
tlic following Lemma, which is a generalisation of the Lemma given in 
§ 394, will be required : 

Iff (x) be Bummable in every finite interval, and g (x) be a function which 
has bounded variation in the interval (a, 6), the Lcbcsgue-Slieltjcs integral 
jf (* + l) dg (1) taken, over the interval (o, ft), of t, exists for almost all valves 
of x in (a, ft), and is a summable function of x. 

This theoremf was given by W. H. Young. 

Since the function / (*) may bo expressed as the difference of two non- 
nogativo summable functions, and g (t) may be expressed as the difference 
of two positive monotone non-diminishing functions, it is clearly sufficient 
to prove the theorem for the cose in which /(i-[()£0, nnd g (<) is o 
positive monotone non -diminishing function. 

As in i, § 445, let £ have the value of g (I) at any point t at which g (!) 
is continuous, and let it have the set of values in the intorval 
te(t-O), g(i + 0)) 

at a point t. at which g (t) is discontinuous. 

Denoting J f (a:) dx by F (*), let F (a: + t) = d> (x, £), and 
/<*-!- *)-*(*,£); 

we then have 

/ * [F(z + t)-F(a+ t}] dg (f) = J' [<b [x, () - * (a, £) j tff, 
where a — g (a), /} — g (6). These integrals are equal to j d£ j («, £) dv, 
which therefore exists for every value of x, since the first integral exists, 
as F (* + t), F (a + t) are continuous. Since >/, («, £) is a non-negntivc 
function it follows, from a theorem given in i, § 429, that $) issummable 
over the domain of {«, {), and therefore the order of integration may lie 
reversed without changing the value of the repeated integral. It follows 
• Pm. Lend. Math. Soe. (2), vol, x(1911), p. 351, where another proof of this throrem i'jrinn- 
f Proc. Hoy. Soe. vol. ixxxvtn (1913), p- 0C3. 
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that | duj exists and is equal to J [F{x -ft) — F (a + t)]dff[t); 

hence J <j> ( w » f) d£, at j f(v,t) dg (t), exists for almost aU values of u, and 
is a summable function of u. 

402. In order to apply the theorem, let the Fourier’s series which 
converges to the function g (t), of bounded variation, be 
M>+ s p.oan l 

of whioh the differentiated series is X (a„ cos nt •}- sin nt). We assume 

that g (f) is periodic,' of period 2 w, so that g(n)=g(~rr). Let j («) be a 
summable function, to which corresponds the Fourier’s series 
\a B + 2 (a n cos nx -f i>„ sin nas); 
and let IA 0 + 2 (4, cos nr + if, sin nx) 

be the Fourier’s series corresponding to the function ^ J J(x + t)dg (<), or 
$ (*> f ) df-' We have then 

A • ~ i F- nx l’. * <* {: 1 de ’ B - ~ p I- "* /' * <*- e 

and. since 4> (x, f) is summable over the domain of (r, f), it follows that 
i f> (*, |) oos nx, and <4 (*, f) sin war are both summable over that domain. 
We have therefore 

A„ ~~ f’dff (z,£) cos nxdz; 

and since 

-[ / (s + i) cos nxdx = i J cos na: 2 {a„ cos n(x 1) -I- A„ sin 71 {* + /)} dx 
— n ( a „ cosnt + 6„sin nt), 

we have A„ — - „ cos nt -f b„ sin nt) dp (4) 

= ~j m (o„ sin nt— 6„ cosnt) </(t)dt 
= a n a n + b„P„. 

Similarly, we have j?„ = — (»,,/?„ — b„a„); and thus the following 
generalization of the theorem of §400 has been obtained: 

If g (x) be a function of bounded variation such that the series obtained by 
•differentiating the Fourier’s aeries correoponivng to g (x) is 
S (a„ cos nx -f sin nx). 



618 


Trigonometrical- Series 


[cir. vm 


then, if la„ + 2 {a„ cos nee + b„ sin nx) be any Fourier's series whatever, the 
series E^ {{a„a„ + b„p n )cosnx + (a„ /?„ — b„a„ ) sinnx} is a Fourier's series. 

It may be observed that the coefficients a n , fl n can be simply expressed 
as Stieltjes integrals with regard to the function g (a:). 

We have ^ g(x) simxxdx, then remombering that 3 (w) >= g (— v), 

since g (x), sinnx are both of bounded variation, we find by integration 
by parts (see r, §376) that °n “ ~ J eos nxdg (*). Similarly it can bs 
shown that Pn = ~ r j sin nxdg (*). 

If wo tako g (a) to bo an odd function, we have /?„ = 0; and Urns: 

If the constants A, arc such that the series E ^ sinn,a; ,> „ Fourier's 

n-l » 

series corresponding to a function of bounded variation, then if 
Jan + 2 (o„ cos nx + b„ sin nx) 

is a Fourier’s series, the series 2 (a„ cos nx + b„ sin nx) is a Fourier's 

series. 

If, on the other hand, we take g (*) to be an oven function, \vc have 
«„ -> 0; and thus: 

If the constants A„ are stick that E c ° a nx is the Fourier's series 
corresponding to a function of bounded variation, and the series 
E (a„ sin nx - 6„ cos nx) 
is allied with a Fourier’s series, the series 

S A„ {a„ sin nx — b n cos nx) 

is a Fourier’s scries, whether E (a„ sin mz — b n cos nx) is a Fourier's series 
or not. 

403. The following theorem will be established: 

If {A„} be a sequence such that AX„ > 0, A 2 A„ > 0, for n = 0,1,2, 3,..., and 
lira A„ — 0, the series JAo + E A, 00a nx is the Fourier’s series of a non- 
negative summabh function. 

The series converges uniformly in any interval (e, X), where 
0 < e < X < 2 v. 
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(X 

(see § 24 Ex.) to a value f(x). Hence f(x)dx is the Bum of the series 
JA<,(X — e)+ £ ^ (ansi — sin »e). It is known that 2 ^ Bin tue con- 
verges uniformly in the interval (— it, n), since 2 5?^?? is bounded, and 
therefore its sum-function is continuous. 

It follows that lim j f (x) dx exists, and is the sum of the series, for 
e «= 0. 

We have 


2 sin i* ^^4- E A„oos»ia;^ *» sin lx . AAo + am %x . 4- ... 

. 2m— I . . , , . 2wi + I 

+ »n — g — * . A A„_, + A m sin ----- x ; 

ace 

4 sin* \x ^JAo + 2 A„cos nxj ■= (1 — cos x) A 2 A„ 4 (1 — oos 2®) A 2 A, 


4- ... + (1 - cos m— la) A*A m _, + (1 - cosnwJAA^.j 
+ (oos * — costs + 1 s) A„. 

The expression on the right-hand Bide is greater than 

(I — oos mx) AA„_, (cos x ~ cos m 4 I ®) A m , 
and this converges to zero, as m ~ ; it follows that £A 0 4- S A„ cos nx 

converges to a non-negative value. Since /( i}£0, J / {x) dx is an 
absolutely convergent integral, that is /(a;) is summable in the interval 
(o, J), and the series 2 A„ cos nx is auuli that the integrated series converges 
to an integral, therefore the series is a Fourier’s series. 

These theorems are due* to W. H. Young, who has further given the 
following theorem: 

If AA„ £ 0, lim A„ = 0, and the series S — is convergent, then the series 
EA„ sin nx is the Fourier’s series corresponding to a function which, far 
positive values of x, has a finite loiver boundary, and for negative values of x 
a finite upper boundary. 

This theorem may be proved in a manner similar to that given above 
for the case of the cosine series. 


It follows from this theorem and the last theorem in § 402, that : 

If {A,} be such that AA„ £ 0, lim A„ = 0, and ~ is convergent, 
* Prat. ItnuL Math. Hoc. (2). voL XII (1912). p. 41. 
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then the series 2 (a„ sin nx — b„ cos nx) allied with any Fourier’s scries 
S (a„ cos nx -j- b n sin nx) is converted by means of the factors {A„} into a 
Fourier's series 2 A„ (a, sin nx — b„ cos nx). 

a. sin nx — b„ cos nx , 

For example 2^ ( log »),-** » where e > 0, is a Fourier s senes, 

It lias been shown* by Szidon that the conditions AA„ > 0, lim A„ = 0 
are not sufficient to ensure that the series i\, + 2 A„ cosn* iB a Fourier’s 
series. He has also shewn that the series is necessarily a Fourier's 
series if the series £ | AA„ log ji | is convergent, but that in thin result 
log 7i cannot be replaced by a number c„, for which A'c„ < 0, and 



It follows that {A,, + 2 A„ cos nx is a Fourier’s series provided A, 
converges monotonely to zero, and 2 — is convergent. Also, if 2 A„ sin nx, 
where A„ converges monotonely to zero, Is a Fourier’s series, so also is 
JA^ + 2 A, cos nx. 

EXAMPLES 

(1) Tho series 2 “’hem k >0, are both Fourier's BOriea. The scries 

2 converge 10 functions which arc indefinite £ integral u, and conse- 

quently arc of hounded variation. 

If = -^, we have lim =0, and A**>0; also Binoe tlio function i,-j-.-~j-jdiminiflhcs 
as y increases, wo lmvoaX n >aX BW , or A^, >0. Further, 2 hr in convergent. Thus l B natisGra 
tho conditions of both tho theorems. Therefore £ a JSF x t s arc both Fourier’s series; 
and the integrated series 2 — * ~e?t represent functions which are integrals. 

(2f) If 2 (a„ oos ax +b„ an nx) is a Fourier's series, then 

f 1 ^ (n " COBra+ b " 8in "*)» ^ 2 ^ ^ <o„ sin »a -t„ cos nr) 
arc also Fourier's series, where b > 0 . 

This follows from tho theorem of § 402, employing the result of Ex. 1. 

* Math. ZtiUchr. voL X <1921), p. 12a 

t See W. H. Young, Pm. Roy. Soc. vol. imv (1011), p. 417, where applications sad ex- 
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(3) If S (o n coswe+0,ainii*) is a Fouricr'ii scrips, so also is 


If \ 


“log n’ 


k- 3 Jog» 

T a, cos jii + 6„ si" ns 
n-S log I* (log log n) ' 

sA„ > 0. If « = J n, wo find that ~ <0 

logy log(y + l)’ dy 

and llic-rotoro a 5 >0. It follows (lift! 


log n ^ 


trace a diminishes ns y 

^ ft ^° llr ' Br ' 8 "once. Applying <!io theorem of § 100, wo uco that 

S n n °os nr *J'n B jy nr in a Fourier's »e 
»-2 1«6» 

The second result stated can ho proved in n similar m rumor. 


404. In view of tho theorom of § 402, it is desirable to possess a criterion- 
wliioii will dcohlo fcho question whether a given trigonometrical series is 
obtainable by differentiation term by tom of the Fourior’s series corre- 
sponding to a function of bounded variation. Tins criterion is suppliod by 
tlio following theorem* duo to W. H. Young: 

The necessary anil sufficient condition that the trigonometrical series 
E (a„ cos it x + b n sin vx) should be the serins obtained by term by term 
differentiation of the Fourier's series of a function of bounded variation is 
that j | S„ (*) | dx should be bounded ; inhere S n (*) denotes the arithmetic ' 
tncan of the first n jmrlial sums of the given series. 

First, it will be proved that tlio condition is anflioiont. Both 

J* | 3 n (*} | dx and J" <| S„ (*) | + S n (*)} (fa- 

arc bounded functions of (n, x), and the integrands aro non-negative. To 
eaoh of thorn the theorem given in § 223 may therefore bo applied. A 
sequence of integers oan be so determined that for this sequoneo the first 
integral describes a convergent, soquenuo. In this scquenco auditor sequence 
is contained for which the second integral describes a convergent soquonoo. 
Therefore a sequence {»,} of integers exists such that both the integrals, 
and therefore their difference j S„ (x) dx, deseriboa a convergent soquorico. 
By tlio thcorom in § 223, the limits of both integrals aro functions of 
bounded variation; therefore, the limit lim J S„ p (x) dx is a function-. 
g (*), of hounded variation. Wo thus have 

g (#) = lim J * j' s'^1 - '-J- ) (“. cos ix + 6,fiin ix)j dx 

- Em"f (i - if) (iu*is=issn*±tilt i) . 

• Froc. Roy. Sar. vol. Lsxxvni (1013). p. 572. 
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Since r(l ~ 1 — -)^ g * S - ” — 6,c ^ su: + (~ j g a function bounded 
ill {p, x), we may integrate term by term after multiplication by cos mi, 
the result being equal to J g (x) cos mxdx-, thus 

^ j g (x) cos mxdx = lim 1 4- — -J ~ ~ 

In a similar manner we find that ^ j g (x) sin mxdx = — hence flic 
Fourier's series corresponding to g (x) is C -j- 2 5111 ™ x . - 

and thus the differentiated series is £ (a„ cos mx + b„ sin mx). Hence 
tlie condition has been proved to be sufficient. 

To prove that the condition is necessary, »ve assume that 
2 ( a n oos t ix + b n si n nx) 

is the differentiated series of the Fourier’s series corresponding to nfunefion 
g (x), of bounded variation. Since g (x) is the difference of two monotone 
increasing functions, and the Ccsaro mean (x) may be expressed as the 
diiforencc of two corresponding Ccshro means, it is sufficient to prove the 
necessity of the condition for the case in whicli g (x) is monotone increasing. 
In this case, we have, since a„ =~ i J cos ntdg (t) and b„ = ^ | sin Kitty ((J, 
S„ (x) ■= ^ j d<l (0. “id thus S„ (x) is non-negative, 

and j | 6’„ (x) | dx => [ >S„ (x) dx. 

Hence we liave J" -S’, (x) dx — T K (x) — T„ (— n), where T n (*) is the 
Cesaro partial sum of tho Fourier’s series from which the given series is 
obtained by differentiating term by term. Since T n (x) is bounded,' with 
respect, to («, x), it follows that J j 5„ (x) dx j is bounded; and thus the 
necessity of the condition has been proved. 

The following theorem is also of interest: 

The necessary and sufficient condition that a given, trigonometrical series 
should be the Fourier's series of a bounded function is that | S„ (x) j should 
be bounded, with respect to («, x). 

Since S, M - i f _ ifJV (') dl < ™ b,ve | S. (*) | < • 

.fixed number, when / (t) is bounded. Therefore the condition is necessary. 
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K S„ (x) is bounded with respect to («, x), the partial Cesaro suras of 
the integrated series form a sequence which oscillates continuously and 
homogeneously. Hence a sequence of these partial Cesaro sums can be 
fonnd which converges to an integral (see § 222). Thus 

|* /(*)<** = lim j (x) dx, 

where /(x) is a bounded function. Multiplying both sides by cos mx, or by 
sin mx, and integrating term by term, it is seen that tbe integrated series 
is a Fourier's series having J / (x) dx for its corresponding function, that 
is, the integrated scries is the Fourier’s series of the integral of a bounded 
function, from which the sufficiency of the condition follows. 

405. If, in the theorem of § 492, we suppose the function g (a;), of 
hounded variation, to bo an odd function, we see that, if Z — sin nx is 
the Fourier’s series which represents g (x), then, if 

|o„ + Z (o„ cos nx + b„ sin rue) 

be any Fourier’s series whatever, the series S (a„ cos nx-\b„ sin it*) is 
also a Fonrier’s series. It has been shewn by* Szidon that all sequences 
(A„) which have this property must be such that Z — sirntz is the 
Fourier’s series of a function with bounded variation. 

The general theorem may be stated as follows : 

It is necessary and sufficient, in order that a sequence {A„} of numbers may 
have the properly that Z A„ (a, cos it* 4- b„ sin nx) is a Fourier’s series, 
• provided '■ a„, b n are any set of numbers whatever such that 
S (a* cos nx-i-b n sin rx) 

is a Fourier’s series, that Z A„ cos nx is the series obtained by differentiating 
the Fourier’s series which represents an odd function of bounded, variation. 


COKVEBOENCB FACTORS FOR FOURIER'S SEBEES 
406. The existence of certain factors {A,} which have the property of 
converting, by multiplication, any Fourier’s series 2 (n„ cos nx 4- b„ sin nx) 
into a series S A„ (a„ cos nx +- b n sin nx) which is almost everywhere con- 
vergent will now - be considered. A system of factors which have this 
property may be termed a set of convergence factors. 

* Hath. Zeitichr. voL X (1921), p. 121. Sec also Steinhaus. Mi. tbJ. V (19194, p. 186. 
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It was first established by W. H. Young that 


[CJT. VJU 


where 8 > 0, 
series X --- 


* tfog n)** 4 ’ log n (log logn) sw * 

examples of such factors; thus, for example, that l 
converges almost everywhere. 


It\ 


(log it)* 

is afterwards proved* by W. H. Young that the factors 


»*' (logn) 1 **’ log n (log log ») ,+4 ' 

are such convergence factors, and that they are also convergence factor! 
for the allied series X (a„ sin nx — b„ cos nx ) ; both series becoming, on 
the introduction of the factors, Fourier’s series. 

is a convergence factor 


for all Fourier’s series, and thus that X 
almost everywhere. 


x + b„ sin a 


converges 


It was shewn by Hardy ( loc . eft.) that if s„ (x) be a 'partial sum of the 
Fourier's series £a 0 + X ( a„ cos nx + b„ sin nx), then s n (x) = o (log a), for 
almost every value of x. 

If if> (<) denote/ (as + t)+f(x-t)~ 'lf> (l). it is only necessary to shew 
that, 17 being some positive number, [’’ £ (f) dt = o (log n). First, 


consider the integral J <f> {<) dl, that is numerically less 


than 


j <j> (t) | dl, which is o (1) almost everywhere, that is, at even* point x 
at which ^ [ \<j>(t)\ dl converges to zero, as A does so. Next consider the 

which 

•’ <$ (D 


becomes, on integration by parts, - <I> (57) — n<l> + J" dt, whore *l> 


(<) 


denotes j | (I) \ dt. This is equal almost everywhere to 

0 ( 1 ) +0(1) +_ri n (77)log(B>j), 

where [ A„ (17} ] < If (>7), for all values of n (> 1 /ij), and K(rj) converges 
with 17 to zero. Therefore, we have lim j S K(v)‘, and consequently 
8„(x) =o(lagn), for almost all values of x. 

* Camples Ren dm, voL civ {1912J, p. 1480. &- aka Pro-, nap. F.oe. 


j Pm. Land. Hath. 


e. {2), vol xn (1913), p. 365. 


l(I9I2J,p-IT9. 



625 


406 - 408 ] Convergence Factors for Fourier’s Series 

407. If {a„} is a monotone sequence of positive numbers which con- 
verges to zero, and satisfies the two conditions that a„ = 0 and 

that the series 2 Aa a . log n is convergent, then the series 
2 a„ (<z* cos nx + b„ sin nx) 
is convergent almost everywhere. For 

2 a n (a„ cos nx + b„ sin nx) — A, s r (z) Ac, + s„ ( x ) a n , 
and since | s„ (x) «„[=•(? (jo~n) 0 n ) " 0 (*)> almost everywhere, we 
see that the series 2 a„ (a„ cos nx -f- 6„ sin nx) converges almost every* 
whero. 

The condition is satisfied by any of the values 

a ” ” (log »)*+* ’ a " log n (loglog n) ,+ * ’ w ^ ere ® > 

Therefore these values of a n provided sets of convergence factors for any 
Fourier’s series. That the new series so formed are Fourier’s scries follows 
from tfc fact that tht serf.. s f,g„ - *" 

Fourier’s series (see § 403). 


408. It will now be proved that: 

If Ja„ -I- 2 (a„ oos nx. 4- b n sin nx) be any Courier’s series, the series 
A.^ a " cos 8 * n UX *« a Fourier’s series which converges almost every- 

where. 

T . i , , - „ O n COS 7WE + 6. sin ?kb . 

It has been shewn in §403, Ex. 3, that 2^ — lo giT ^ - 18 a 

Fourier’s series, and consequently it is summable ( C , 1) almost every- 
where. The condition that, for a value of x for which it is summable 
(C, 1), it should bo convergent is that 2^ v . -- c °- - silx ^ — o («), 
see Ex. 6, § 6. To shew' that this condition is satisfied, we have, when 
*n (*) = o (log n], 

2 n V . = "s' 1 S r (x) A r — + 

»-* log V »■! logs log*. 

The series on the right-hand side is numerically less than A -f ne, 
where e is arbitrary, and A depends only on e. This is seen by taking 
the summation in (2, m— 1) and (m, n—1) separately. Therefore 


,-s ' log v 
the series 2 — 


o (7i.), and consequently the condition that 

ix + b„ sin i t x g j 101J ] ( j ^ convergent is satisfied 
log* 
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for almost all values of x. The corresponding theorem that the factors 


converts the associated series 2 (a„ sin in — b n cos ns) into a sc 
converges almost everywhere is also known* to hold good. 


log« 

vkich 


409. It is not known whether the preceding theorem is the best of its 
kind; that is whether there exists a set of convergence factors {A*} such 
that A„ log n diverges as n ~ » . But if we restrict the Fourier’s series to 
be such as correspond to functions of which the squares are summahlc, 
the factors A„ = * w ^ ere P M y positive number, ore con- 

vergence factors, and thus, if \a 0 + 2 (a„ cos nx 4- b„ sin nx) be any 
Fourier’s series for which 2 (a„ ! + 6„*) is convergent, the series 


_ a„ cos itg 4- 6„ sin nx 
%-* (logn)* + » ’ 


f7»> 0) 


converges almost everywhere. This is a consequence of the following 
theorem duet to A. Kolmogorofi and G. Seliverstofi : 

If 2 (er„ z + b n s ) (logn) 1+< {e > 0) is convergent, then 
2 (<r„ cos vx + b„ sin nx) 


converges almost everywhere. 


Let 2 [a„ cos px + b v sin px) be denoted by 8 n (a), and let 
Z (o„ cos px + 6„ sin px) 

be denoted by S^(x), where A [x) is any measurable function which takes 
only the sot of values 1, 2, 3, ... n. It will first be shewn that 

+ V)} 1 . 

where C is an absolute constant. 


We have 

|j’ f ’ s"oosp(*-«')a/| 

a (*•»’*'. ’'z' , co>f>(*-i:')efe] = *'} i 

by employing Schwarz’s inequality. 

* See Plessncr’e (met, “Znr Theorio dcr konjugiertin trigonoractrisehen R^ificu" (1923). 
Giessen, p. 33. 

J Complex Hatdtit, vol. ctxxvjh (1924). p. 303. 
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Now 

J j S cos p[x — x") <tej dx' 

= 1 ?i C09p {* ” s< * >C0S P(l' ~ *') dxdy 

= | dxj dy £ j ooep(x — x') cos p(y — x')dx', 

where A (x, y) donotcs the smaller ol the two integers A (a:), A (y ) ; and the 
expression on the right-band side is equal to 

irj dxj ” S’ rt cosp(.r — y)dy, 
as is seen by carrying out the integration with respect to x’. 

We have further 
J dxj P £' V) cosp(x— y)dy 

- ■■ 




- 1 Ua/; 


aiii 4 (* - y) 

the socond part of this double integral is — 2n 3 . Let A be the part of the 
rectangle (- it, - w; w, ir) for which £ | x - y | is < 2~-j or > w - > 

and let B denote the remaining part. The portion of the double integral of 
sin 2 ^ 1 (* — y) /sin J (x — y), taken over A , is less than (2a + 1) 
area of A, and this »■ O (1). The double integral taken over B is less than 
J ^ J cosec j d (x, y), and this, on changing the variables to 

$ = i (* - y). >7 - 1 (* + V)> 
is less than a fixed multiple of 

J cosec £<££, 


>r of [log tan 

It has now been proved that 


*S+i 

which is — J log tan, ; 


| J' (*) di|< 1 0 (log ft) .*2^ (a* + 

Lot (ft (ft)} be a sequence of increasing positive numbers such that 
S ft (») (ct,, 2 + 6„ 2 ) converges to a sum A, and that S - - t - ? converges 
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to N. Let. S Pll (z) — X (a c cos qx + b„ sin gr), where 2 s * < Z £ a 5 *’ 1 • -vve 
?=2 [ ' 

then have, from what has been proved above, 

J J* (z) dx | < {G log 2 1 ’*’ ^ < C' (2*A T )i, 

g= 2** 1 

where A p denotes E (a 0 2 + b, 2 ), and l (x) is a measurable function having 
}=2 3 ' 

only integral values 2=' + 1, 2** + 2, ... 2 Let Z (a:) be so chosen that, 
at each point a, | j 8„ tu > (a:) | has the maximum value, that is the value 
of tho partial remainder of the Fourier’s series, which has the 

numerically greatest value, for m = 1, 2, 3, .... 2*’“ — 2 1 ’; and let <I> ( (a) 
be tho valno of when l (x) is so chosen; we have thon 

j f' <!>„(*) dx |<C'(2M,)1. 

It can be shewn that the series E (2M,)* is convergent; for 

p-i 

op }=2* ,+1 

2 («.* + V> «<**>, 

« t z J q=Z* 

from which we have 

, 2 p ?=2*’ +1 

2 (2M ,)*<-? + Z &• + *,•>«<**) 

w ( 2 *J J-2«' 

op ?= 2*’ tl 

2» r=2» t n = 2 ,r “ 1 i 

Also -—-<2 E -4?r<4 E — 

u(2*) r=2J .-.M{2M n=2 ,p-.nii (a) 

It follows that 2E (2 < 8N + 2 A, and thus the series E (2M,)* is 

convergent. Let us choose p bo large that E (2 m A„,)i < then we.hnve 

“If J f' 0, (a) dx [ < e*. 

If we denote by if) Pl v (x) the maximum, for each value of x, of the 
absolute values of the partial remainders of the series 

S (a„ cos nx + 6„ sin nx), R?, m , tor m = 1, 2, 3, ... 2*' - 2", 


we have j ip v , r . (z) dx < « 2 . It follows that, in a sot of points of measure 
> 2n — t, we have <p r , v (z) < s . Let there be assigned to < the values 
c,, ej,e 3 , ... in a diminishing sequence of numbers, 6uch that X^c, con- 
verges to an assigned positive number tj. Let p, , p t , Th, ■■■ be the values 
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of p corresponding to e t , when p = p,, we take p' — p t ; when 
p ~ Pa we take p' = p 3 , and so on. We then see that in a set of points of 
measure >277—17, which is the set common to all the sets of measures 

> 2t 7 — e, , 2?r — * s , ... , employed in the above reasoning, we have 
| m (») | < 17, for all values p t f I, 71, + 2, ... of m. Denote this set of 
points by B n , where m (EpJ is > 2 a- — 77. By assigning to 7 a set of values 
771, Tj t , ... which are diminishing, and such that 2 ■q l = £, whore £ is an 
arbitrarily chosen number, wo see that there exists a set F ( , of measure 

> 2w— £, such .that in this set f &&<,„ (*) | < tj„ | (a) | < tj„ ... for 

all values of m> 2»>, > 2»>, .... 

It follows that in the set P( the series is uniformly convergent; and 
since £ is arbitrary, it follows (hat the series 2 (a„ 00s nx + b„ sin nx) is 
almost everywhere convorgonfc 

The condition that 2 should be convergent is satisfied by 

« (») - (log *»)*+*, where e > 0 . Thus the theorem stated above is estab- 
lished. 

We might also take u (re) — log n (log log n) l+f , in which case it appear s 
that, if S log n (log log (a„* + 6„ 2 ) is convergent for a value of e that 
iB > 0, the series S (a, cos nx + b„ sin nx) converges almost everywhere. 
By continuing this scale we have a series of theorems of which the one 
stated above is the first. 

Tln» if 2 («„> + i.’) ie omntM. He eerie, 2 *;°' j^' | m (s 
convergent almost everywhere, when k> 0. 


roiBsorf’s method of summation 

410 . One of the most important, both intrinsically and historically, of 
the conventional sums of a Fourier’s series is that which was first employed 
by Poisson. 

If + 2 (o„ cos nx -h b a sin nx) be a Fourier’s series, let the sum 
+ IWj" (a, cos nx + b n sin nx), where | h ] < 1 , be denoted by P {x, n, h). 
If lim lim P (x, n, h) exists, it may be defined to be the Poisson sum 
of the Fourier’s series. The ordinary sum, when it exists, is 
lim liniPfo n, h); 

and in accordance with the general mode of introducing conventional sums. 
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referred to in §§ 44-46, the Poisson sum is such a conventional sum. The 
Poisson, sum of the series is accordingly defined to be 

2 (a,cos»w: + 6 n 8inna:)ft ,, J, 

whenever the limit exists. 

The condition of consistency must bo established, that, when both the 
Poisson sum and the ordinary sum exist, they have the same value. Since 


is hounded, the limit lim P (*, n, h) exists for every value of h such that 
[ h ] < 1 . In accordance with Abel's theorem (§ 126), when, for a particular 
value of *, the Fourier’s theorem is convergent, the Poisson sum 
lim lim P (x,n,h) 

exists, and has the value to which the Fourier’s series converges. It was 
however assumed by Poisson ond by many subsequent writers that the 
converse of this always holds good. Thus, by Poisson and his followers, 
a proof of the convergence of Fourier’s scries which is now regarded ns 
wonting in rigour was given, which depended upon the ascertainment of 
the Poisson sum, and the assumption that the Fourier’s series necessarily 
converges to the same limit. 

An important application of the theory of the Ccsaro summation of 
Fourier’s scries may be made in this connection. It has been shewn in 
§ 308 that a Fourier’s series is summable (C, 1) almost everywhere in the 
interval (- w, n), and that in particular its Cesiro sum is / (x) at any point 
of continuity of /(*), und is j {/(* + 0) +/(*— 0)) at any point of 
ordinary discontinuity. If we now apply the theorem of Frobcnius (§ 128|, 
wc sec that, for any value of x for which the Fourier’s scries is summable 
(C, 1), the limit, as h ~ 1, of the buhi of the corresponding power-series, 
in powers of h, exists, and has the same value as the sum (C, 1) of the 
Fourier’s series. It thus follows that, for any such value of x, the Poisson 
sum exists, and is equal to the Ceshro sum ( C , 1) of the Fourier's series. 


It has accordingly been established that; 

For any Fourier's series, the Poisson sum exists almost everywhere, and 
has the value f(x); and it is equal lo f (x), or to £- {/ (* + 0) 4- f (z — 0)) at 
a point of continuity or of ordinary discontinuity of the function. 


If • 


s consider the class of Fourier’s series for which <■ 


( 3 - 


b„ = O j , Littlervood’s theorem (§ 232) may be applied to prove that 
the Fourier's series converges to the Poisson sum, wherever the latter 
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exists; this has bean shewn above to be the case almost everywhere, and 
in particular at. every point of continuity or of ordinary discontinuity of 
the function. It follows that the series converges to f(x) almost every- 
where, and that, at a point of ordinary discontinuity, it converges to 

H/(* + o)+/(*-o)>. 

Another proof of this result will be given in § 41<t. 

If we shew, by means of any independent investigation, that in ease 
a„ m 0 b„ — 0 (^}> the Poisson sum exists almost everywhere. Little- 
wood’s theorem {§ 132) enables us to infer llie convergence of the Fourier’s 
series at every point at winch the Poisson sum exists, Suoli an independent 
investigation, in the case a n = o ** o , was given* by Fatou, 

who also showed that, in this case, the Fourier’s series converges almost 
everywhere. 

If/ (x) have bounded variation in (— ir, w), then n„-= 0 ,b„ — 0 ^ , 
and the Poisson sum exists everywhere. It follows then, by applying 
Littlewood’s theorem, that the Fourier’s series converges everywhere to 
the value £.{/(* + ®) +/(* — 0)}. Thus, in the case of such functions, 
tho hiatuk in the older proofs of convergence of Fourier’s series by means 
of Poisson’s sum is filled up. 

Interesting properties of the Poisson sum have been givenf by Gross. 

411. The definition of the Poisson sum is applicable to the case of any 
trigonometrical series, whieh is not necessarily a Fourier’s series, provided 
the series $a„ + S (a„ oos nx +, b„ sin nx) h n is convergent when \h |.< i. 

Applying the extension of the theorem of Frobenius, given in § 12ft (3), 
we see that, suoh a trigonometrical series, when it is summable (C. r) for 
some value of r (£ 0), at a point x, is also summable by Poisson’s method, 
at tho same point. That this is the case was first proved}; by Holder, in 
the case in which r is a positive integer. 

It time appears that Poisson summation is at least; as general as Cesa.ro 
summation of a trigonometrical series. 

If f(x ) be not summable in (— n, it), bnt have a Denjoy integral in 
that interval, it has been shewn (§ 370) that the corresponding generalized 
Fourier’s series is summable almost everywhere in each integral con- 
tiguous to the set H, of points of non-summability of / (x). In case the set 
11 has measure zero, and in particular when it has an /iL-integral, the 
series is summable (G, 1) almost everywhere in (— it, it), and it is almost 
* Ada Math. vol. XXX (1900), p. 379. 
t ll'tcit. Btr. vol, cxxiv, Abt. Ilo (1916), p. 1024. 
t itlote. Amalen, vol xxsm (1S82), p. 240. 
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everywhere equal to /(*); wo have thus the following extension of the 
above result: 

Iff (x) have a D-integral, the Poisson sum of the corresponding generated 
Fourier’s series exists, and is equal to f (x), almost everywhere in each interval 
contiguous to the set H, of points of non-sum inability off (a:). When m(Ii) = (i 
as is the case when, f (a) has an HL-integral, Hit Poisson sum exists, and is 
equal tof(x), almost everywhere in the interval. In. cither case it exists every- 
where in an interval of continuity of f (x), provided the continuity at the end- 
points is on both sides. 

412. The limit of the sum P (z, n, A), as n — ot , is equivalent to 
~-j f (x‘) dx‘ 4- 2 ^ hr [ fix') cos r (x' - x) dx'. 

If*,.,. 1 - A* 

0r 0 ^ 1 — 2Acos(z' — *) + A 1 

Thus the Poisson sum, when it exists, is given by 

2jr 1™ 1 -2Acos(z'-*) + A«^ ^ dx '- 

TJie value of this limit was studied* by Schwarz in two memoirs. Ho 
considered tho case, more general than that with which wo are hero con- 
cerned, in whicli x varies ns woll ns A; he confined his attention however 
to the case in whicli / (z) is either continuous, or else has only a finilo set 
of discontinuities. A more complete discussion of questions connected with 
Poisson’s integral has been givenf by Patou. An evaluation of the limit 
will be given here, by an application of the general method developed in 
Chapter VI. 

Hot x he any point of the interval (— w + e, w — c); this will be taken 
ns the set 0 to which x belongs. If y < e, tho positive function 

I — A* 

1 — 2A cos [x‘ — z) + A* 

is less than : 

or than — - cosec 2 ^ , provided j x' — x [ £ p, 1 > A > A,, where y is a 
positive number < c. In order to apply the theorem of § 200, we may 
suppose n = (I — A) -1 , so that n — co , as h ~ 1. The first condition of the 
general convergence theorem of § 279 is accordingly satisfied. To show 
that the second condition is satisfied, we have 

fA _1 — h* , , 1 — A 2 18 — a) 

.1 I - 2A cos {%' - x) + h* < ( 1 - A) 2 1- 4k sin 2 i/i lPl 11 

* JlfaiA. AbhantUvngen, vni Ir> pp 1 44, 175. 
f Ada Math. to!, xxx (1906). Sec also Pterancr’e tract q 


noted on p. G20. 
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where {a,, ft) is any interval in (— it, n), provided x ib not interior to the 
interval (a, — \i, Oj + y), and belongs to O. This converges to zero, 
uniformly for all such intervals, as h ~ 1 ; thus the second condition 
1 — h. ! 

is satisfied; and therefore J i 2 ;i ~ c os (x‘ — x) + ~ A° ^ ^ ^ ’ an< * 
similar integral with the limits x + y, tt, converge to zero uniformly for all 
values of x belonging to 0. 

We have also 


SSs/.,r 


2 K w 


i (* -*)- 

If’ 


V 


n-«2w I — 2ft„ cos (*' - *) + ft,* 

It follows, from the theorem of § 292, that the limit of Poison's integral is 

H/(* + 0>+/(*-0)} 

at any point of ordinary discontinuity. Also it converges uniformly in any 
interval in whioh / (x) is continuous, the continuity at the end-points of 
the interval being assumed to be on both sides. 

In order to apply tho theorem of § 295, we observe that 


also t . - 


I- V 


1 - 2/t„COSi + Ilf 


« 0, for <^0; 


f2hfcosT+lif 

<1-V) 

which is less than 


has, in tho interval [0,y) the total variation 

___< • I , 

ZKcost + r* (1 — 2h„ cos t + /<„*)* I 


A P* I — K* /X ( 1 - hf) 

Jo 1 — 2h„ cob t + Kf I — 2 h„ cos y -f l„ z> 
or than 277 , which is independent of n. It thus appeals that the integral 
converges to / ( x ) at every point at which j *{f (x + 1) +f (x — t) — 2/ (as)} dt 
' has, at t — 0, a differential coefficient of value 2 ero. It has thus been shewn 
that: 


The Poisson sum of the Fourier’s series corresponding to the summablc 
function f [x) is f (*) at every point of which 

lim J |'{/(* + l) +f(x - t) - 2 f(x)) dt = 0; 

and this is the case almost everywhere in the interval (— n, w). The Poisson 
*wb is J { / ( x - 1 - 0) +/(*- 0}} at any point of ordinary discontinuity. The 
Poisson ■ summation converges uniformly in any interval in- which the function 
is ' continuous, the continuity at the end-points being assumed- to be on both 
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413. The following theorem, which is due to Fatou, is of importance 
in the general theory : 

If the summable function f (x) has, at a point a, a finite differential 
coefficient, and F' (*, h) denote the sum of the series 

2 n ( — a„ sin nx + i„ cos nx) li", (h < 1), 
then at the point a, lim F' (a, h) = f («). 


Without loss of generality we may take a = 0. If f (x) ~ 1, in the 
interval (~ n, w), the theorem is obviously true, since all the coefficients 
of the Fourier’s series vanish, except a 0 . The theorem is also easily verified 
at the point 0 for the function / (*) = x. Writing 

4 (*)=/(*>-*/» -/(»). 

wo have <f> (0) — 0, <f>' (0) = 0, and it is sufficient to prove the theorem for 
this function <f> (*). 


We have since 

* <*-'*> - h + * » *■ 

ft r <**> - i ft L (T- 

and it is sufficient to shew that this limit has the valuo 0, that of -f>‘ (o). 
Writing li for XT t, we have 


1 — 2/icosf? + 7t*’ 

• (1 — 7i = ) 2k sin 8 

j 1 — 2/i cos 0 A*) 2 v 

" L 11 { i - 2/!cos g + a* - r=^r*l * {0) de + L u tS £ 


r; <f> (8) ds 


Since lim - - --- - 
tan \0 

(— 7r, i r), and it. Ill 


±m_ . 

tan $9 

s the limit. 0 at 9 = 0; therefore, by § 412, 


- = 0, tbe function - 


The other integral may be written in the form 

(1 - &)« 4 > M , 


J_„ 1 - 2fccoa 6 + h* tan 10 ’ 

and this is numerically less than 

Tins has the limit 0, as h ~ I, for a reason similar to tbe case already dis- 
cussed. The theorem has now been established. 
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414. The following theorem will be established : 


If a„~0 b n = O , the necessary and sufficient condition Chat the 
series la 0 + 2 (a„ cos nx +b M sin nx) should converge at the point x to the. 
value f (w) is that the sum of the series 

Ja 9 + 2 (o„ cos nx + &„ sin nx) S ~^ ‘ 


should converge, as h ~ 0, to f{x). 

The given series is a Fourier’s series, since 2 (o„- + 6„ s ) is convergent. 

Tbo condition in the theorem may be stated in the form that ~ [ + f(t)dl 

should convergo to /{*). This condition is satisfied for almost all values 
of a; (see i, § 432). 

The theorem was given* by Hardy and Littlewood; it is a generaliza- 
tion of an earlier theorem duet to Fatou, which applies to the ease in 
whioh 



In order to prove that the condition in the theorem is sufficient, it is 
seen from Lcbesgue’s theorem in § 370 that, when the condition is satisfied 
at the point x, the Fourier’s Beries is, at that point, summahle (C, 2). 
Consequently, since na„, nb„ are bounded, it follows at once, by employing 
tlio theorem of § 54, that the scries is convergent at the point. 

In order to prove that the condition is necessary, denoting 
a„ cos nx + sin nx 

by A„, wo may assume, without loss of generality, that / (x.) « 0, 4 = 0, 
| njl„ ( <1. Assuming that the Fourier’s series converges to zero at tbe 
point x, we write 


». s'4Sii*+ '¥ 2 a . 

n-I nil n-M+1 »<* n-m 

Having assigned a positive integer h (> 2), let 
■ b — 1 < vxh £ b, 


m and U be such that 


j <J>, I < 7 2 

lim-t t+1 


and therefore ] <I> 3 ] < If the terms of 2 be grouped, their 

order being preserved, so that all the terms in any one group are of tbo 
same sign, opposite to the sign of the terms in tbe neighbouring groups, 


• Free. tonrf. JfofA. So c. (2), vol. IVIJI (1910), p. 22S. A simplincatKm ot the pivot, due to 
M. Hicse, it given In /’rod. Lord. Stalk. Soc. (2). W. X5ti (1924), Records, p. xviii. 
f Ac fa Hath. vol. XTT (1508), pp. 345, 3SS. 
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the number ol groups depends only on the value o£ mh, and does not 
exceed a number K (fc), since, for a fixed value of h, the number remains 
less than a fixed number, whatever be the values of m and 7<, Let c bo an 
arbitrarily chosen positive number, and let p be so chosen that 


l.-i •! *<*> ’ I 

for all values of v and if such that p & 


Wo now see that | <1>, J is less than j multiplied by the mtmhcr of 
groups in 2 and this is less than <. Also 

provided 0 < h & h u where h t depends on p and t. We now hovo 
|»|<| + 3t, for 0 < /< S /f, ; 

2 

aud sinoe t and < are both arbitrarily small, wc have Iimfli « 0. The 
k o 

necessity of the condition has now been established. 

The theorem established may l>c stated as follows: 

If va„ , nb„ arc bounded, the necessary and sufficient condition that the 
series ha B -I- 2 (a„ cos nx 4- b„ sin >w) converges for a given value of x is 

that the function g (a:) defined as ja^x + 2 ll - ‘ lm ~ co>tnr ‘ e ],aU have a 
differential coefficient g‘ (x) at the given point; and then g'(x) is the sum to 
which the given series converges. 

If a„, b n be changed into nb„, — na n , the tlieorein may be staled as 
follows: 

If a„ =* 0 , b„ = 0 , the necessary and sufficient condition that the 

series 2 n ( — a n sin nx + b„ oos nx) converges fora given value of x is that the 
function g (x) defined, as 2 (o„ cos nx + h„ sin nx) shall have a differential 
coefficient g‘ {«) at the given point ; and then g' (a:) is the sum to which the 
given scries converges. 


APPROXIMATE REPRESENTATION OF FUNCTIONS BY FINITE 
TRIGONOMETRICAL SERIES 

415. If the function / (a:), defined for the interval (— n, w), be c0n ' 
tinuotis in the interval {a,p), contained in (— n, w), ineluding the end- 
points a, fi, it has been seen, in § 412, that Poisson’s integral converges lo 
the value/ ( x ), uniformly in the interval (a. P), as h converges to the value 1 . 
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Therefore, a value k t , oik, may be chosen, corresponding to an arbitrarily 
fixed positive number €, so that f(x) differs from the sum of the con- 
vergent series 

fix') doc! + X A,* jcosnz . ^ j / (s') cos nx'dx' 

+ 6in nx . £ I / ( x ’ ) sin nx" <fe' j 

by less than Je, for all values of .r in (a, ji). Since the series converges 
uniformly for all values of x, an integer tn may be bo fixed that the re- 
mainder of the series after Idle with term is numerically less than |e, for 
all values of x. In this manner we obtain* a finite trigonometrical series 
-h (A, cob x + B t sin *) + ... + (A m co$ n ir+£„ sin mx), 

(he sum of which differs from f (z) by less than c, for every value of x in the 
iiderval (a, ft) in which f (z) is continuous. 

This mode of approximate representation of / (x), in the interval (a, ft), 
is dearly not unique, because the values of the function in that part of 
(- n, tr) which is not in (a, ft) may bo altered in any manner, subject only 
to the integrability of / (z) in (— -n, n), and the continuity of f (z) at the 
points a, ft. 

In the above finite scries, each of the airoular functions can be expanded 
in powers of x, and the result rearranged as a power-series, of which the 
sum consequently differs from / (z) by less than «, for all values of z in 
(a, ft). Since the power-series is uniformly convergent, we thus obtain o 
proof of Wcioratrass’ theorem, already established in § 159, that a finite 
polynomial P (*) can be determined, such that | f (x) — P (z) | < 2c, for 
all values of z in (a, ft) -, the number « being arbitrarily chosen. 

Another methodf , not involving the use of Poisson’s integral, may be 
employed to determine an approximate representation of a function / (z), 
continuous in {a, ft), by means of finite trigonometrical series. Choose l, 
so that — l<a<ft<l. As in § 159, a continuous polygonal line can be 
constructed, such that its ordinato, for enoh point x in (a, ft), differs from 
/ (z) by loss than lc. The polygonal line may be extended to the whole 
interval (— l, l), so as to be a continuous polygonal line for the whole 
interval, and to be such that its ordinates at the points z = l, — l are equal 
to one another. In virtue of Diriohlet’s theory of Fourier’s series, the 
polygonal line may be represented, for the whole interval {— l, l), by a 
Fourier’s series 

+ S ^a„ cos + b„ sin ; 

* See Picard'e Traili iT Analyse, 2nd ed. vet T, p- £75. 

t Vo] terra, PaiiitosUi irl Cireolo mat. di Pcdermo, vot. xi {1897). p. 83. 
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and, by the theorem of § 333, this series converges uniformly in (— /, /) } 0 
tlio value of the polygonal function. The sum of the Fourier’s series differs 
from / (x) by less than At, at every point of {a, ft ) . Tho integer m may bo so 
chosen that the sum of the terms for n > to is leas than J-c, for all values of a: 
in (a, ft), on account of the uniform convergence. Therefore the finite series 


f £ (a a ci 


has the required property, that its sum differs from / (x) by less than c, for 
all values of a; in (a, ft). This method may be applied, in the same manner 
as in the case of the preceding one, to prove Wei era trass' theorem relating 
to tho approximate representation of a continuous function by a finite 
polynomial. 


416. Let / (x) be a function such that both / (x) and {/(*)}* possess 
Lcbcsgue integrals in the interval (— n, ir); and let k„ ( x ) denote the sum 
of a finite trigonometrical series 

bA 0 + £ (A„ eos mx B n sin mx). 

n-l 

Let us consider the integral 

I m ~j] w U(x)~8„{x)}*dx. 

We find that 

In - W if (*)}* dx + tt [I \a< - l j'j (x) dx 

+ £ |vl 0 — ^ j /{*) eo 8 nxdx | + 5^ jf? n - i j / (x) sin nxrfxj j 

+ |J" / (*) sin nxdxj J • 

If 1„ be regarded aa a quadratic function of 
A 0 ,A i ,B,...A„,B n , 

it is clear that the value of I m will be least, when 

A 0 = ^ J f(x)dx, A„ = ^j /(x) cos nxdx, 

B„ = ^ j / (x) ain nxdx, 

for n = 1, 2, 3, ... m; Le. when A a , A„, B„ are the Fourier’s coefficients 
corresponding to the function / (x). These values of A 0 , A n , B« are there- 
fore such that the finite trigonometrical series gives the best approximation 



415 - 417 ] Functions by Finite Trigonometrical Scries 639 

to the value of / (*), in accordance -with the standard of the method of least 
squares. The following theorem has been now established: 

If* f [%) lie defined for the interval (— n, n), and be such that both the 
function itself, and its square, possess Lebesguc integrals in the interval, then, 
the values of the 2m + 1 constants A,,, A 1 ,J3 1 , ... A m , B m , which are such that 

| ^ (A m cos nuc + B, a sin dx 

has the smallest value, are the Fourier's coefficients corresponding to the 
function f {«). 

The minimum value of the integral 7 m is 

j'_ {/<*))--& - . [W + + vi] , 

where tr„ ,a n ,b„ denote the Fourier's constants corresponding to the function 
/ (.r). It follows that this difference is essentially positive, whatever value m 
may have, and therefore the Beries la* 3 + £ (o n 3 + bj 1 ) is necessarily con- 
vergent, It has been shewn, in § 878, that the scries converges to the value 
- J {f(x))"dx. An attempt was mado by Homockf to establish this 
factdiroctly, and to found thereon a theory of the convergence of Fourier’s 
scries. 

It follows, from the above result, that the series £ a„ 3 , £ b„' are both 
convergent, and therefore that lim a„ = 0 , iim b„ — 0 , which has already 
lx® 1 ' established in § 334, independently of the assumption here made, that 
{/(e)} 1 >s intcgrable in (— rr.n). 


TJIB DIFFERENTIATION OF FOURIER'S BERIES 

417. In general, the series obtained by differentiating a convergent 
Fourier's scries is not convergent, as may, for example, be seen in the case 
of (he serios 2 -einnx; neither is the series so obtained necessarily the 
Fourier's series corresponding to /' (*). 

Let / (w) be a bounded function, continuous except for a finite number 
of ordinary discontinuities; Jet it also be assumed that/' (x) has a Lcbcsguc 
integral in (— v, n), and that, if it have points of infinite discontinuity, 
such points form a reducible sot'. This is consistent with there being a set 
of points of zero measure at which /' (x) ha® no definite value. At the 

’ This theorem mu given by Tooplor, in « eompiviist less general form, sen Wiener Anzexytn, 
vol. xru 11S75). 


uli.Annalcn.rol. xvn (1SS0), p- 123, £ 
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points of discontinuity of f{x), we may regard f'[x) as undefined. We 
have then 

\ J J (*) cos nxdx = (x) an - A j' / ' (x) sin nxdx 

= j”l~ 2 {/ (« + 0) — / (« — 0)J sinna] — i- j' f ' (x) sin nxdx, 

the summation £ referring to the finite number of points a of ordinary 
discontinuity of / (x) in the interior of (— ir, n). In a similar maimer, ire 
find that 

~ J / (xj sin nxdx 

“ “ [(“ 1)" {/<— * + 0) -/(* - 0)} + 2 {/(a + 0 ) -/(a - 0)) cos m] 

+ — j / ' (x) cos nxdx. 

Also 

i l’_f '(»)*-;[/(»- 0| -/<-„ + 0) - I (/(« + 0) - /(« - OBJ. 

If then, the Fourier’s coefficients for the functions /(*),/' (x) ho 
denoted by a 0 , a„,b n , and a,', a n ', bf respectively, we have 

o.'. »»,-![(- l) n {/ (— « + 0) — / {it — 0)) + 2 (/(« + 0) — / (tr — 0)} cosjtoJ, 

+ 0) -/(•-<>» iin«t 

In particular, if / (a:) be continuous in the interval (- sr, n), so that the 
function obtained by extending / (x) beyond the interval, in accordance 
with the rule f (x) — f (x ± Zn), is continuous except at the points — v, v, 

< - if /(»>-/(- » If. <- «h, + { ~~ !/(■) -/<- »)>. 

= — na„. Unless /(*■)=/ (— n), tlie Fourier’s series corresponding to 
j' (x) is not obtained by term by term differentiation of the Fourier’s 
series for / (x). Even when this condition is satisfied, no assertion can in 
general be made as to the convergence of the Fourier's series for /’ (x). 
We have thus obtained the following theorem: 

Iff (x) be continuous in (— n, ir), and if /{— jt) =/ (w), and f (x) have 
a Lebesgue integral, and have at most a reducible set of points of infinite 
discontinuity, the Fourier's series for f (x), whether it converge or not, is 
obtained by the term by lerm differentiation of that corresponding to f {*)• 
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If it be known that/' (*} has limited derivatives at any point, or if 

Hm /'.(itiri'JiH, lim 

*-+» h ’ i'+o -h 

are definite, or are indeterminate between finite limits of indeterminacy, 
then, in accordance with Theorem («), of § 342, the Fourier's series for 
/ (a) converges at the point x. 

418, In uase the function/ (a;) have derivatives / ' (x), f “ (x), ... of any 
number of orders, and/(*),/' (*),/" (*), ... are all bounded and continuous 
in (— it, n), except at a finite number of points at which they have ordinary 
discontinuities, the coefficients o„, b a may be expressed in a. form which 
exhibits these discontinuities. 

At a point a, of discontinuity of/ (x), the function/’ (x) may be regarded 
ns undefined, the values of /' (a + 0), /' (a — 0) being 

Uni / (« + * )-/(« + °) litn f(a-h)~f(a-0) 

»-+# h ’ 4-+0 ~h 

respectively. A similar remark applies to the higher differential coefficients. 

We find, by integrating twice by parts, 

«» “ - ~ 2 {/(a + 0) -/(« - 0)} sm na 

+ 0)} cos nfi ~ J J" (,x)connxrtx, 

6 n =* ~ 2 {/(o + 0) ~/{« - 0)} cos na 

- ^ + 0)} sin ^ J f ’ (x) sin nxdx, 

where — -n is now included among the points a of discontinuity of / (a:), and 
amongst /3, the points of discontinuity of /' (ic). The points a in general 
occur amongst tho points /?. 

Wo may proceed, by further* integration by parts, to express a„ and 
l/„ in a series proceeding by powers of 1/rt, the coefficients of which involve 
the measures of discontinuity of the functions at the points a, jS, .... 

Conversely, if the Fourier’s coefficients for/ (a;) are giveu in the forms 
a„ = ' EA sinna 4- -^5 SB ccsm,8 + 

6„ = — -SAcosmr + ^SBsin^- 

* 8ee Stokes, " On the critic*! values of the sums of periodic series.” MatJu and Phys. Paper*. 
vol. 1, when this investigation is carried out in detail, and tho resulting formulio for the differentia- 
tion of tonrier’s series are applied to physical problems. 
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sa that the Fourier’s series has for its general term 

- HA sinmfrt— x) + ~ SB cos n (ft — a:) , 

/(« + 0) -/(a - 0) = - -nA, f tfi + 0} -/ ' (P - 0) - - trJ? 

Thus the points of discontinuity, and the measures of discontinuity, of 
/ (*)» f ' (*). are determined when a„, b„ are exhibited as series pro- 
ceeding according to powers of 1/n. 

419. The following further theorems* relating to the differentiation of 
trigonometrical series will be stated : 

If the trigonometrical series 

ja 0 + 2^ (a„ cos nx + b n sin nx) 
converge for a particular value c of x, and if the series 
H (— na„ sin nx + ni„ cos nx), 

obtained by term by term differentiation, converge uniformly in an interval 
(a, ft) which contains Ike point c in its interior, then the original series 
converges uniformly in (a, ft), and the function, f ( x ) represented by it has, 
throughout the interval, a differential coefficient represented by the derived 
series. 

If the series 2 (a„ cos nx + b„ sin nx) 

converge for a particular value e of x, which is not zero or a multiple of it, 
and if lim a„ = 0, lim b„ — 0, then throtighout an interval (a, ft) which 
contains the point c in its interior, but does not include the point 0, or hr, 
where h is any integer, the series converges uniformly, and the function f (x) 
represented by it will have a differential coefficient f (x) given by 

2 sin *./'(*)= Hfln - 1) a.., - {» + 1) a„ +1 ] cos «z 

+ [(?i - 1) f*„., - (n + 1) sin nx), 

where a_, = = a a = — 0, provided this last series converges uniformly 

in the interval (a, 0). 

For a function / (x) which possesses differential coefficients of all orders 
in the interval (— «, 7r), it is not in general possible to obtain repre- 
sentations of all these differential coefficients by means of successive 
term by term differentiation of the Fourier’s series which represents/ (x). 

* See BOcbcc’s "IntrodTieiioa to the theory of Fourier's series,” Annalt of Math. (2). vol. 
<1906), p. 120. The second theorem is substsntislty duo to torch, Annola tr.. rf< T/eott *om<" 
<3J, vol. xir (1893), p. 351. 
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The following theorem, due to Borel*, gives the means of obtaining the 
requisite representation of such functions : 

Having given, a function f (a) which has differential coefficients of all 
orders throughout the. interval (— ir, ir), the function can be represented by 
means of a series of the type 

S (A K x n + «„ cos nx + 6„sin na); 

and the differential coefficients of f ( x ), of all orders, arc represented by the 
series obtained by successive term by term differentiation of this series. AU the 
series so obtained converge uniformly in the interval (— ir, ir). 

GENERAL EXAMPLES 

(1) The trigonometrical series 

ftj sin z-ftgsio 2x +... -*-b n sin vx -f... 

It uniformly convergent in any interval not containing the point *=0, or any point 
x=±2tf, (t integral), it limfc„=0, and ii also S j b„ | be convergent. For 

whence the rcsolt follows. It sufficcaf for the convergence! of tho series that lim &,--*(), and 
that also 6„Si» w , for all values of n greater than somo fixed valuo m; the convergence iB 
then ns before uniform in any interval which does not oontain * =0 or x •= ±2kir, for any 
integral value of k. 

The sories Jo, -t-n, coe * +a, coe 2r + ... may sirafliu-ly ho shown to convcrgo uniformly 
in any interval not coutaining a*0, or any point ±2fcn-, if lira 0^=0, and if also 

s l®n““»n| bo convergent. If Iima n wO. and 'i„Sa lw .j, for «>m, the seriesf oon. 
verges as before for al! values of x, except 0 or ±2fcjr. 

(2) Lot/(i)t bo a function, of period 2 it, bounded and measurable in any interval which 
does not contain the point x=0, or any point x-Zk-K-, but let/(*) not satisfy IhcBo 
conditions in the neighbourhood of x— 0. Lot it bo assumed, (1), that |/(x) +/(-*)[ ia 
integrable, in (0, tr),'(2), that lim{z/(*)}=0, and (3), that x/(x) has its Courier's series 
convergent at the point r=0; The coefficients o„, for the function /(*}, thou 
exist, and lira a n =0. AIbo it follows from (3) that lim b n =0. For this last condition is 
ognivalent, to 

lim r 

emix - 

which holds if /(*)tanfx have its Fourier’s series convergent at x=0; and / (i) ton it 
may clearly bo replaced by xj (x). , . 

* See the Infant tnr tafonettons it variable* rttffes, p. G8, where this theorem is proved. . 
f Rchltimiloh, Compendium d. hdhertrt Antdt/tit, vol. i, § 40. 
t See Fatou, Complu Rcndus, -vol. cxnu (1908), p. 785. 
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It can n<m- be seen easily that 

baa the limit 0, when n is indefinitely inoroased, on eoudition tliat the integral is inter, 
preted as having its Cauchy principal value in the neighbourhood of *'=0. When (lie 
conditions (1), (2), (8) are satisfied, the necessary end sufficient condition that tiio series 
should converge to/(xJ is that (bat function which =/(z) in the neighbourhood of the 
point *, nnd is elsewhere zero, should be representable by a Fourier’s scries. 


Let /(*)=—— j -, where 0 <z£n <£-*, 

* log i log log i 

and lot /{*) +/(-z)=0. This funotion satisfies conditions (1), (2), (3), mid iB represent- 

nblc by a Buries 

. nx . 2»X 
0 , 6111 — +BjSin 

\f(x) | is not intcgrablc, although / (r) is so; thus the scries is a generalized Fourier's 


(3) The convergent series* 
(L) or (£l), in an interval con 
convergent. 


”* log n 


represents a function which is not inlcgrshlc 


(4) In the series 2 sill (n! ii), thn coefficients do not become indefinitely small, slid 
therefore tho sorics is not a Fourier's series. The scries converges, however, for all rational 
values of x; it also converges for an jnfioito number of irrational values, for example, 
for x=sin I, cos 1, 2/e, and for multiples of these values; also for odd multiples of r. 
Tliis example is due to Rietnann, and tho sorics lias been considered in detail by Genocehlt. 


(5) Consider tho scries S e„co3n s x, s c„ sin n‘z, where c„ c», ... are positive 
numbers, nnd such that lira e„*»0, but such tliat S c„ is divergent. Tho points of con- 
vergence, and the points of divergence, of these Bcries both form everywhcre-flenso sots. 
These series have been treated^ in detail by Hardy and Littlewood. 


(0) Thofunoti 
integer, nnd wher 


- (nx), where (a*) denotes the oxc 


>t intcgcahlo in accordance 




as ropresenting/ (z); where tho smnmaiion S g refers to all the facto 


• Bee Faton, Comptu Rendu*, rob oxen (100B), p. 
t AM iff Torino, vol. X (1875), p. 985. 

J AOa Hath. voL xxxvn (191*). p. 222. 
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arEMANK’s THEORY OV TRIGONOMETRICAL SERIES 

420. After thefundaraental investigation of Dirich! et, in which sufficient 
conditions were obtained for the convergence of the Fourier’s series corre- 
sponding to a given function, the next great advance in the theory was 
made by Riemann*, in his celebrated memoir on the representation of a 
function by means of trigonometrical series. This memoir formed the point 
of departure, on which much of the subsequent development of the theory 
depended. An account of Riemann’s theory, in a modified form, with some 
later developments, will be given here. 

Denoting the series la 0 + 2 (a„ cos n* b„ sin nx) by 
A„ («) + A t (x) + A t (x) + ... + A n (x) +■ ... , 
where A„ (x) = $a„, A„ (z) ■» a, cos vx + &„ sin nx, 

it is assumed in general that lim (a„ cos nx -t- 6„ gin nx) 0, for each value of 
x in a given interval. It was proved later by Cantor that this assumption 
implies that lim a n «■ 0, and tim 6„ ■= 0. In some parts of Riemaiui’s 
investigations it is sufficient to make the wider assumption that 
| a„ cos nx + 6„ sin nx \ 

is bounded for all values of n, and of z in some prescribed interval. It is 
not assumed that the coefficients necessarily have the form of the co- 
efficients in a Fourier’s series; so that the theory refers primarily to 
trigonometrical scries in general. 

Riemann’s method of investigation depends essentially upon liis intro- 
duction of a special method of treatment of tlic series, which leadB to a 
conventional definition of the sum of the trigonometrical series. This con- 
ventional sum of the series, which may bo spoken of as its sura (E), is 
equal to the ordinary sum of the scries at any point z at. which the latter 
oxists, but the sum (id) may exist for a pciut x for which the series is not 
convergent. 

II we take the series 

where | A„ (x) | < k, for all values of n and z, and denote its sum-fnnetion 
at the point x by 8 (x, k), this sum-function having a unique value, for 
each value of A (> 0), since the series 2 is convergent, then if 

lim 8 {x, h) = S (z), the function S (z) may be termed the Riemann sum- 

(nemnir, originally written in 18G4 as a. thesio, was pobiisbed in the Abhnn&mgm d. K. Oet. d. 
HhsrmscJL su Colli-ngm, Yot nn. Rea algo Riemann' s Qaammdli TFerfce, Sill! ed. p. 227. 
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function of the series A 0 (ar) + A x (x) -f .... Tiiis function S (x) may, at a 
particular point x, have a definite value, or it may have an upper value 
S (ar), and a lower value 8 (ar); where 

5 (x) = Iim S (x, it), S (ar) — lim £ (ar, h). 

Thus S (*) is the repeated limit 

If “ ^ \f a ^ + Al ^ (tt) + — +A » to > 

whereas the ordinary sum-function of the series is 

W + A * to (^p) + — + A »to • 

It is in accordance with a frequent mode of procedure in defining a con- 
ventional value of a repeated limit, to regard it as the repeated limit 
when the order of the successive limits is reversed (see § 4fi). 

Riemann introduced the continuous function F (ar) represented by the 
series 

0.+ C'x + fi^ar* - Ai (ar) - £ A t (ar) - ... - i A„ (ar) - ..., 


which certainly exists when | A„ (ar) | is bounded for all values of n and 
of ar, in a given interval. For if j A„ (x) | < /;, the series 

■4, (*) + | A, (x) + . . . . + i A. (*) + .. . 


converges uniformly in the given interval, and thus lias its sum-function 
continuous. This is in particular tho case, in any interval whatever, when 
lim a„ = Iim b„ «■ 0. It is easily seen by substitution that, for the function 
F (ar) so defined, we have 


F (* + M)+F(z-M)-Wto „ Af> + Af 


It is convenient to define the generalized second differential coefficient 
of 0 function i (a-) nt o pointy as lim 4ii±!0 ±±<*.7 3 ~ . TI& 

may have a definite value (*), or it may have upper and lower values 
S 2 ^ (ar), (ar). 

It thus appears that the Riemann sum -function of the series 
A(*> ± A t {x) + A._{x) + ... 
is @ 2 F (ar), where F (x) denotes the continuous function 

C + C'x + J J,** - A ! (ar) - ~ A z (ar) - ... - ± A„ (x) - .... 
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It has been shewn* by Rajchman, that if <i„ = o (I), b n — o (1), and 
the trigonometrical series is summable (72), at a point z, it is also summable 
(0, 3), at tho same point. 

Rajchman has also givenf the following relations between the upper 
. and lower Riemann and Poisson sums of a trigonometrical series for which 
a„ = o (I), b„ = o' (1); and P (r, x) denotes 

{at, + 2 {a K cos nx + l>„ sin nx) r*, &-F (as) £ lim P (r, z), 
lim P (r, x) £ ilftF (x). 

This theorem is stated by ZygmundJ to hold provided only F (x) is every- 
where continuous. Rajchman and Zygmund have considered § the relation 
of tho Ccshro summation with a generalization of Riemann summation. 

42t. Rietnaim’s first theorem, in a generalized form, consists of three 
parts, and may be stated os follows: 

Theorem I. Having given the trigonometrical series A 0 + 2 A„ {x), 
where A„(z) denotes a n cos nx + b n sin nx, and A 0 denotes ia B , for which 

” 0 (•)» = o (1), there exists a continuous function defined by 

F(x)-C + C’x + (*), 

which has the following j/roperlics: 

. (1), , For any value of xfor which the given series 

A 0 + A 1 (*) + A t {x) + ... 4- A„ {x) + ... 
converges to the value f (x), <®*F (a:) has the definite value f (x). Moreover if, 
at the point x, the given- series has upper and lower sum-functions J (x),f (x), 
both ffiF {») and (*) lie in the interval formed by ike two numbers 

where A is some fixed number. 

This property holds also if it is only assumed that A„ {x) is bounded with 
reaped to {n, x) in some neighbourhood of the point x, and, thus that F (x) 
exists in such neighbourhood. 

Tiie second part of the statement was first given substantially by 
Du Bois-Reymond. 

(2) For any value of x whatever 

lim F(x + m + Fjx-2h) -2F(z) _ 0 

It is unnecessary that the given trigonometrical series should converge at 
the point x. 

* Ce"‘lilee}U,ulu, debt toe. dee tdehcvde Varjorit, voLxt(li>18).p. 110. See afeo Fvndamcnla 
Hull,, vol. in (1D22), p. 287. 

t Pract Mnlcm.-fiz. vol. xxx (19)9), nnd Compile Souths, vol. olxkvu (1923), p. 492. 

t CamplRt Hindus, TO |, clxxvu (1923). p. -S3. S IMIclio <fc i’Acad. Polonaise (192S). p. 99. 
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This has as its consequent* that, at ©noli point a;, has its derivatives 
symmetrical as regards the right and left of the point, so that 
D+ F [x) = D~ F (a), D + F(x) = D„F(x). 

(3) Ij ( l , e) be any interval , and if A ( x ) and its differential coefficient 
A' (a) are continuous in (6, c), and vanish at h and c, and if A" (*) besinn- 
viable and everywhere finite in (6, e), then y? J F (x) A (x) cos ji(x ~ a) dx 
converges to zero, asft,~a>, uniformly for all values of a. It is here.va.Kmnj 
that a„ =. o (1), b„ = o (1). 


Riemnnn himself restricted A' (x) to bo a continuous function possessing 
only a finite set of maxima and minima in the interval, anti he does not 
mention the uniform convergence for all values of «. 


In the above statement it is not absolutely necessary that A" (*) should 
everywhere exist and bo finite; more generally it is sufficient that A' (r) 
should be summable and thut A' (a;) should satisfy tho condition of being 
an indefinite Z-integral. 


422. The part I (1) of the theorem has already been established in 
§ 167. 

Tn order to prove I (2), that, whether the series S A„ ( x ) converges or 
not, so long ns lim A„ (x) — 0, for each fixed x, - ■ - converges to zero, 

as h ~ 0. we divide the terms of the sorics A n 4- h A„ (x) 
tliree parts. 

The first part is A 0 + S A„ (a) > where m is a fixed number 

so chosen that | A n (x) | < «, for n > in. The limit of this sum, which ivo 
denote by E, is the finite number A 0 4- E -4„ (x), when h ~ 0. 

The second part is taken to be E A n (*) ■ '"'hero 

sh < jr £ [s -|- 1) /(•; 


the sum of these terms is numerically less than j . The third part 



We have now 
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Since sh converges to n, 2* is n, finite number, and e is arbitrary, we have 


With a view to proving Kemann’s theorem I (3), let O (x) denote the 
periodic function F (*) — C — Cx — \A&, or — 2 -i A„ (x). The follow- 


ing theorem, somewhat more general than is necessary for the special 
purpose, will be first established: 

// ip (x) be such that it has a continuous differential coefficient ip' (x) in 
the interval ( b , c), and i p (x), (x) both vanish at b and c, and if also ip" (x) 
is mmmable in (6, c) and is such that tp' [x) is its indefinite integral, then 


F* 




(x) <t> (x+ 1 )C 03 n(x — a) dx 


converges to zero, as » , uniformly for all values of a and 1. 

It is easily seen that 

<!>(* + «)=.— 2 — .d^, ({)cosrw: — 2 ~ B„ (i) sin nx, 

where B„(l) denotes b„ cos vt — a„ sin nt. Denoting V afi + 6„ 2 by c„, 
where lim c„ <= 0, we may write c„ cos (nt — fi„), — c„ sin (nt T fi„), for 
A n (l) and B„ (t) respectively, and thus 

<l> (x+l) = — 2 ~ cos (nx + nt — fi„). 

Since this series converges uniformly, we have to consider the expression 
/I s S ^ p (x) cos (nx + n< ~ /U cos /t (x — a) dx. 

We find by two integrations by parts, which are valid since ip (x), ip' (*) 
arc indefinite integrals of <p' (x), < p" (a) respectively, that 

j 6 t (») cos (fee - e*) dx - - ^ J' 0' ( * ) cos (kx - a k ) dx, 

where k is any number, and a t may depend upon k, and upon any other 
parameters. The absolute value of the expression on the right-hand side 
may be -written in the form ^ ij t) where, in accordance with tho theorem 
of § 334, jj ,. converges to zero, a «i~», uniformly for all values of the 
parameters upon which a k depends. Also ij t -*5 u, for all values of k, where 
V is a fixed number. 


We have now to consider the expression 

(*) cos (O' + *) * - PD ,tr 

■h ip* 2 ^ (x) cos {(fL-n)x~ ff„") dx, 
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where f3 n ', p n " depend upon a, p, n, and l. The absolute value of this ex- 
pression is less than 

If to be so chosen that | ij m+B | < 8, for n = I, 2, 3, ... ; and £Uch value of 
m may he chosen independently of the values of a and /, it appears that 
the first part of this expression is less than iS £ ^ C ^J , or than PS, whore 
P is some fixed number independent of 8. 


Denoting by [|p], [ft] the integers next less than Ip, p respectively, the 
expression \}P 2^ ^ Jj^^L’may be divided into four parts. The first 
part contains those terms of the series for which n is taken from 1 to [ip}. 
This part is leas than 2 s' !**"’" > all d t 1 may be taken so great that 
jjt < 8, for k 2 p — [|p]; it then follows that this expression is less Ilian 
P'8, where P' is some fixed number independent oF 8 and p. 


The second part contains those terms of the series for which n is taken 
from [JftJ + 1 to [p] — 1; we may assume that p is taken 60 great that 
c„ < 8, for n 2 [jp] + 1. This part is now seen to be numerically less than 
JSp a or than P"8, where P" is a fixed number independent of 

8 and p. 

Wo next take the two terms for wliioh n has the values fp], [pj + h 
both of which are fixed multiples of 8. In case p is an integer, the term 
corresponding to p « n may be omitted in the original expression, (lie 
corresponding term being c„ j | >fi (a;) cos /?„" dx j , wliioh is leBS than n fixed 
multiple of 8. In any case the two terms together are less than T‘"l, 
where P'" is independent of 8 and p. 

The last part to consider contains those terms for which n has all values 

> M + 1- 

This part is numerically less than }8p 2 2 ~ , or than P‘ r S, where 

P ,r is independent of 8 and p. 

It has now been shewn that the whole expression is, for sufficiently 
large values of p, less than a fixed multiple of 8, Since 8 is arbitrary, the 
theorem has been established. 

It will next he shewn that 


p 2 1“ $ (*) {C + C" {ar + t) + Mo (* + 0 8 } «os p {x - «) 'lx 
converges to zero, as p ~ eo , uniformly for all values of a, and uniformly 
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for all values of t in a finite interval, the function 1/1 (x) aatisfying the same 
conditions as before. The expression O + C' (x + 1) + {x + <)« may be 
rearranged iu the form a t + fS ( z + }A,x* where a, and /?, are quadratic 
functions of f, and therefore are bounded for all values of l in a finite 
interval. We have then to consider 

f» s '/' <*) fat + ft * + iA 0 x 2 ) cos n{x- a) tlx. 

It con be verified that 

It* {<*i + ft* + $A t z l ) cos ft (x — a) 

" “ jj* [{«« “ “T + ft* + i^} cosp [x - a) - 2 (ft +A 0 x) R ' r ' l ‘ °?J ; 

hence, on integrating twice by parts, the expression takes the farm 

— |ff| - + ft* + COS /I (x— a) t/t" (*)] tlx. 

SInoo the integrals J / (*) p(z- a) dx, wliere f ( x ) is any st> mutable 
function, are numerically arbitrarily small, provided y. has a sufficiently 
large value, and since | ft ] , f a c | ore less than fixed numbers independent 
of the particular value of t, it follows that the integral converges to zero, 
uniformly for all values of l in a fixed finite interval, and uniformly for all 
values of. o. -. 

Combining this result with the theorem already established, we obtain 
the following theorem, which contains Riemann’s theorem I (3) as tlio 
particular case which arises when l has the single value zero: 

If >/i (*) be such that it has a continuous differential coefficient (x) in 
the interval {b, c), and ft ( x ), j i' (z) both ■ vanish at h and e, and if also <j>" [x) 
is summablc in (6, e) and. has <f> (x) for Us indefinite integral, then 

ft 2 j C F (x + t) <!> fa) cos n (z - a) dx 

converges to 0, as p — °e , uniformly for all values of t in a finite interval, and 
uniformly for all values of a. 

423. Riemann’s second theorem is concerned with conditions under 
which a trigonometrical series may exist of which the stun ( R ) shall have 
the values of a prescribed function. The theorem may be stated as follows : 

Theorem II. If f(x) be a function, of period 2n, defined for every value 
of x, necessary and sufficient conditions that a trigonometrical series 
2 (a* cos nx + b„ sin nx). 
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such that a n = o (1), b a = o (1) exists, of which f {x) is the sum (R), and which, 
at every point of convergence, converges to the value f (x), arc the following; 

(1) That a continuous function F (*) should exist, such that, for all wives 
of x, @> 2 F (*) -f(z). 

(2) That, if b,c be any heo numbers, 

fi s f F (x) cos y (x — a) A (x) dx 

should converge to the limit zero, as y is indefinitely increased, where A {x) is 
any function such that X’ (x) exists in (6, c) and X’ {%) exists and is summatik, 
with X' (a) for its indefinite integral', and stick that A [x), A' (x) both vanish at 
b and c, 

lb will be observed that the theorem makes no assertion as to the 
convergence of the trigonometrical series at any particular point, neither 
docs it assert that the series is a Fourier’s series. 

That (1) and (2) are necessary conditions has been already established; 
it therefore remains to prove their sufficiency. 

Let <j> (x) denote F (x + 2w) — F (x), then, from the condition (1), it 
follows that D*<f> («) — 0, for all values of x. 

Applying Sehwara's theorem (i, § 272) to the function <j> lx) in any 
finite interval, it follows that <f> (x) must be a linear function of x. It thus 
appears that A 0 and C' can be so determined that F (x) — C'x — J Ao* 8 is 
periodic, and of period 2 w. 

The condition (2) holds, not only for F ( x ), by hypothesis, but also ir 
F (*) be replaced by C'x + as has been proved in § 422. Denoting 

by tp (a) the periodic function F (x) — C'x — iA c x‘, it follows that 
lim y 2 J ip [x) cos y (x — a) A (x) dx = 0. 

Writing x‘ instead of a, taking b < - m, c > it, and also taking A (r) = ! in 
the interval (— i r, it), we have 

lim |V 2 J ifi (*) cos y (x-x') dx 4- y* J <jt (z) A [x) cos y {*-*’) dx 
+ y* j <P (x) X (x) cos y (x - x') dx J - 0. 
Taking y to have the integral value n, we have then 

lim j iji (x) cos n (z — x') dx + n- J ip(x)X l (x)eoen(x — x')dx^-0; 

where A x (*} = A (x) in the interval (u, c), and A , (x) — A (x — 2v) in the 
interval (b 4- 2ar, -n) of x. The function A, (z) satisfies the conditions in (2), 
for the interval (6 4- 2v, c); hence we have 
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and therefore also 

lira » s | <fi (*) cos n [x — a/) dx = 0. 

Now let 

(7e ji J i/,(x)dx, — = ^(a)eos«a:<fa, ~ ^ (s) sin nxdx, 

so that — ^ «= ^ | 0 (*) c os » (* — *') d*, 

where A n (s') denotes <i„ cosJir’ + b„ sin nx'. It has been shewn that 
lira A„ (es') — 0; and it follows that the Fourier’s series 
c A t W) A t W) A k &) 


is uniformly convergent, and therefore converges to the snrn-f uuotion >p (*'). 

The series $A 0 ■+ A x (*) + A t (*) + -■■ , "’here A lt A 2 , ... have been 
determined as above, ia the required trigonometrical series. Its sum (I?) 
is the function/ (»), and if at any point x it is convergent, its ordinary sum 
' at that point is / (*). It will be observed that the theorem provides a 
method of determining the series, when / (*) is prescribed, and is such that 
the function F (x) satisfying the conditions (1) and (2) exists and can be 
determined. The Fourier’s series corresponding to F (*) can bo t.hon deter- 
mined, and the required series is found by differentiation of that series 
twice. 


Generalizations of Kicmann’s Theorems I and II have been given*, 
with an indication of the proofs, by Kogbetliants. 


424. Riemann’s third theorem, which is hero given in a simplified form, 
expresses a necessary and sufficient condition that a trigonometrical scries 
+ 2 (a„ oos nx + b„ sin nx), for which a„ ~ 0, 6„ ~ 0, as n ~ <x> , should 
be convergent at a particular point x. The theorem may bo stated as follows : 

Theorem, III. Let t be an arbitrarily chosen, -positive number less than In, 
and let p (<} be a function defined in ike interval (— 2«, 2 e) of l, which has 
a bounded third differential coefficient />"' (f). Let p (t) have the value 1 in 
the whole interval (— <r, «), and the value 0 at the -points ~ 2e, 2<=. Then Ike 
necessary and sufficient condition that the series Jao+ 2 (a„ cos ms -I- 6„ sin nx ) , 


i, may be convergent at the -point x is that 
d* sin A (2n. -I- 1)/ 

— asii 


should converge to a definite limit, as n •— eo. 

Lot p {() be continued, by the rules that it is periodic, of period Zn, and 
that it vanishes in the two intervals (— n, — 2e>, (Ze, v). 


* Complex Kauha, rol d.xsrtl (1923), p. 074. 
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It will be observed that p (± 2e) = p (± 2 e) = p" (± 2e) = 0 and that 
p (i e) — 1, j>' (± e) = p" (± e) = 0, in virtue of the conditions to which 
p (l) has been subjected. 

Denoting the periodic function F ( l ) — C’1 — \A 0 l 2 by <ji (t), we have 
Ai (a:) + A t (*) + ... + A M (z) - l - j >/> (* + l) 2 (- n s cos nt.) dt 


where jl denotes § (2» h- 1). Let. A (t) denote 1 — p (t), then A (() lias 
similar properties as regards its differential coefficients to those of p (f), 
The expression on the right-hand 6ide may be put in the form 

The second of these integrals may be written as 

2^ J <(r (x -h l) A x (l) sin pldt -I- ^ j i/(x+ t)\ (t) cos ptdl 

~2n l </>[x+ t)\,(t)9in ptdt, 
whew A, (t) = A (<) cosec it, A, (i) = A {() ^ cosoc At, 


and A 3 (t) = A (t) coscc Jt. 

Since cosoc it does not vanish in the interval (e, — «), it is clear tint 

A, (<), A* (<), Aj (t) till satisfy the conditions to which <p (*> is subjected in the 
theorem of § 422. It follows that the whole expression converges to zero, as 
f i is indefinitely increased. Hence the necessary and sufficient condition 
for the convergence of the series at the point x is that 

r «* <* + <• w & 

To shew that 

1™ /”. {»' (‘ + *H- M> (l + *)*} p (i) §, i»-«. 

we observe that by two partial integrations the integral is found to ho 
equal to 

0) 1 °’ 0 * *> + 0 + *)W 

and since p (<), p’ (t), tp’ ({), p" (t), tp" (i), <*/>' (t) are all summablo funotious 
in the interval (— 2c, 2c) and all vanish in the remainder of the interval 
{— -n, it) and have bounded differential coefficients, they are all represented 
by convergent Fourier’s series in the interval (— 2c, 2c). It follows that 
the integral converges to a definite limit, dependent on x, as n ~ « ; nni ^ 
it is seen at once that this convergence is uniform for all values of * »> 
a prescribed finite interval, since p (0) = 1, p‘ (0) = 0 ,p" (0) = 0. 
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It lias now l)ecn shewn Uiat. the series 

Ja a -t- £ (a, cos nx +■ b a sin 7ix) 


converges to a definite limit at the point x, if 

Si l iy • 

does so, and that this condition is a necessary one. 


Riomann himself assumed that the function p (<) had the value 1 only 
at the single point 0. The definition of p (t) as Jiaving the value 1 in a whole 
interval (~ t, e) introduces a simplification into the proof of the theorem, 
and n less dogreo of restriction on the function p (/) ie requisite. This 
’ simplification was suggested* by Neder, who gave the theorem in a form 
very similar to the above formulation. He employed the function 
(see § 323). 

It is seen from the theorem of § 422, and an examination of the fore- 
going proof, that, the theorem may be extended to express the necessary 
and sufficient condition that the series should converge uniformly in a 
prescribed interval of x. This condition is that 


Lf. >(•+«), (oSsaiyiii.,, 


'Should converge uniformly to a limit s (z) for all values of x in' the pre- 
scribed interval. This extension was also given by Neder. 

425, From the above theorems the following consequences at once 
follow : 

The convergence of a series {a 0 + S (a„ cos ns: + b„ sin nx), for which 
“ o (1), 6„ = o (X); at a point x, depends only on the nature of the series 
as represented by the Itiemann sum in an arbitrarily small neighbourhood 
(* — 2 f , a -| ; 2f) of the point x, where 0 < e < {v. 

. The uniform convergence of the series in an interval («, b) depends only 
on the behaviour of the series, as represented by the Riomann sum in on 
interval' (a — 2e, 6 + 2r), where e is arbitrary, subject to 0 < e < Jiv. In 
case the given series is the Fourier’s series corresponding to a function 
/ (*), summable in the interval (— it, tt), it has been shewn in § 300, that 
| | j f (#) dx differs from the sum of the series — S 
by a linear function, and thus F [x) — j j j / (») dzj cZz is a linear 

function. From this it is seen that the theorems of § 341 follow from the 
above. 

* Math. Annakn. voL ixsxn r (1921), p. 118. 
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426. For a Fourier's 6orjes corresponding to / ( x ) the sum (A) is almost 

everywhere / (x). For, since S — — ——~ x . converges uniformly 

to a continuous function j f (x) dx + C, we have F' (x) ~ f */ (x) tlx -j- C', 
at every point, and since [ f(x) dx has a differential coefficient equal to 
/ (a:) almost everywhere, it is seen that F” (x) = / (x) almost everywhere. 

This result also holds good'*' when the series is a Fourier’s (D) series. 
For, in that case £ S *P nX " COS ^ converges to a continuous function, 
and J f(x) dx has a differential coefficient/^}, almost everywhere (see I, 
§ 470). ' 


INVESTIGATIONS 8DBSKQUENT TO THOSE OF KIEJlAJvTJ 
427. The important disoovery of the fundamental distinction between 
series which converge uniformly, and those which converge non-uniformly 
in a prescribed interval, remained for a long time without influence upon 
the development of the theory of series in general, and in particular of 
trigonometrical series. It was shewn by Wcicrstrass that the legitimacy 
of term by term integration of a convergent series follows from the uniform 
convergence of the series; by previous writers no such restriction upon the 
universal validity of the process had been recognized. It was first pointed 
out by Hcinef that a full recognition of the consequences of the theory of 
uniformity of convergence made it necessary to undertake are-exniiiinntion 
of the foundations of the theory of trigonometrical series. The investigations 
of Dirichlet and others had established that a function wliich satisfies 
certain conditions can be represented by means of a trigonometrical series 
in which the coefficients have the form given by Fourier; unless however it 
be assumed that a series so obtained converges uniformly, it cannot he 
immediately proved that it is the only trigonometrical series by which the 
function can be represented. The customary proof that a function is 
capable only of a single representation by means of a t rigonometrical senes 
was based upon the assumption that, if a convergent series 
Jao + 2 (o„ cos nx + Z>„ sin 7tx) 

converge to zero for all values of a: in the interval (— it , «), it is legitimate 
to multiply the series by cos nx or sin nx, and then to integrate term by 
term, between the limits — n, ir; thus shewing that a„ = 0, b n = 6, for 
every value of n. If however it is not known that the scries converges 

• See Priwnloff, Kendiconli di Palermo, vol. Xl.l (1816), p. 203. 
f Crdle’s Journal, vol. LXXI (1870), p. 353: see also KvgclfunclioMn, vol. r, p. 55. 
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uniformly, or at all events bounded ly, the process of term by term in- 
tegration is not necessarily legitimate, and thus the proof is invalid. In 
fact it is conceivable that a non-uniformly convergent scries might exist 
whose sum is zero for every value of the variable. It thus appeared that, 
when a Fourier's series exists which represents a function f (x), it cannot 
be immediately inferred that no other trigonometrical series exiBts which 
represents the same function. 

A Fourier’s series that represents a function J (a) which has discon- 
tinuities is certainly non-uniformly convergent in the neighbourhood of 
such continuities, and in default of proof to the contrary, it may also be 
non-uniformly convergent in the neighbourliood of points at which / (a:) is 
continuous. Thus, for example, if / (x) is continuous in its whole domain, 
and is representable by a Fourier's series, it cannot be assumed that the 
series is uniformly convergent (sec § 324). The value of the representation 
of a function / (z) by a scries |o 0 + E (a„ cos nx + b„ sin nx) would be 
seriously impaired, if it were not known that the series was, at all events 
in general, uniformly convergent. For it could not be assumed that, if it {*) 
denotes a continuous function, the integral J f (x) tji (*) dx would be repre- 
sented by the series . 

1<7 0 J ip (x) dx + 2 j (o„ cos nx 4- b n sin nx) i/i (x) dx ; 

the employment of Fourier's series in physical and other investigations 
would consequently be much restricted. 

These considerations gave rise to a series of investigations with tho view 
of establishing the uniqueness of the representation of ft function by means 
of a trigonometrical series, and of investigating whether the coefficients in 
the series are necessarily expressible in the Fourier form. The two main 
questions which arise in this connection are (1), whether a trigonometrical 
series can exist, with coefficients not all zero, which represents the number 
zero? and ( 2 ), under what conditions is a trigonometrical series which 
represents a function the Fourier's series corresponding to that function? 
Heine* proved that the Fourier's series which represents a bounded function 
that satisfies the conditions known as Diriclilct's, viz. that it has only a 
finite number of discontinuities and is in general monotone, is uniformly 
convergent in the portions of Hie interval (— ir, tt) which remain when 
arbitrarily small neighbourhoods of the points of discontinuity are removed 
from the interval. This property of the series, of being in general uniformly 
convergent, suffices to remove, in the ease of a most important class of 
functions, the restriction which has been above mentioned relating to those 
applications of Fourier’s series which involve a term by term integration. 

* CrdUt Journal, voL i.xii ( I S70), p. 353. 
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It having thus been shewn that a function satisfying Dirichlct's conditions 
is representable by a series which converges in general uniformly, Heine 
proved that, if a function is representable at all by a series which converges 
in general ■uniformly, there can exist only one such series. This is equivalent 
to the theorem that, if a series converges in general uniformly in the interval 
(— n, tt), and represents zero, then all the coefficients vanish, and the sum 
of the series is therefore zero for all values of the variable. Heine proved 
further that this theorem holds even when, for a finite number of values of 
the variable, the series is not known to converge, or when it is at, least, not 
assumed that its sura is zero for such values of the variable. The possibility 
remained, however, that when a function is thus uniquely represented by 
means of a series which is in general uniformly convergent, other series 
not possessing this property of uniform convergence may exist, which also 
represent the same function. It should be remarked that uniform con- 
vergence is at the present time of less relative importance than would 
appear from these investigations; for bounded convergence is now known 
to suffice for many purposes for which uniform convergence was formerly 
employed. 

It was next proved by O. Cantor* that, if the expression 
a„ cos 7ix + b„ am nx 

be such that, for every value of a; in a given interval (a, /?), the limit 
lim (a„ cos nx + b K sin nx) is zero, then <t„, b n converge to zero, as n is 
indefinitely increased, and hence that the series 

Jap + S (a„ cos me 4 b„ sin nx) 

oan only converge for all values of a: in (a, b„ have the limit zero, as 

n is increased indefinitely. This theorem is independent of any assumption 
that the convergence is -uniform. Cantorf then deduced that, if a trigo- 
nometrical series 1 q„ + £ (a„ cos nx -r K sin nx) converges to zero, for 
every value of x with the exception of a finite number of values, for which 
it is unknown whether the scries converges, all the coefficients o„, b„ must 
vanish. Kioneckerf shewed that this theorem can be proved without as- 
suming the previous one. These proofs depend upon the use of Schwarz’s 
theorem that, if F (x) denotes a function winch is such that 
aj , o. 

then F {x) must be a linear function of x. 

The next stept was made by G. Cantor, in extending the proof of the 
uniqueness of the representation of a function by means of a trigonometrical 
series to the case in which the function may have an indefinitely great 
* Crellc'i Journal, ml. Lira <18:p), p. 130, alto in a limjilinctl form in Jfnfl. Ar.mJtn, 
vol. IV (1671), j). 139. 

t Crcllt'l Journal, vol. ixxm (1STI), p. 291. % Jto*- Amdkn, vet V flSTSf, p- 1-3. 
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number of points of discontinuity, these points forming a set of the first 
species. Starting with Weierstrass’ theorem, that air infinite set of points 
possesses at least one limiting point, Cantor developed the theory of the suc- 
cessive derivatives of a set of points, and proved that, if a limited function 
has discontinuities whioh form a set, one of whose derivatives contains only 
a finite number of points, then, if the function is representable by a 
trigonometric Bcrics at all, there can be only one such series. In this 
connection the theory of acta of points was first considered, and thus the 
whole development of this subject, and of the more abstract theory of 
transfinitc numbers, arose historically from the requirements of the theory 
of trigonometrical series. Proofs were given by Dini* and Ascolit that, for 
restricted classes of functions, a scries which represents such functions must 
be a Fourier’s series. 

An important advance in the theory was made by Du Bois-Beymondf, 
who proved that a series 

JOo +■ S (<*„ cos nx + 6„ sin n.r), 

whioh is such that a„, b„ have the limit zero, as n is indefinitely increased, 
lias/ (a:) for its sum-function, the coefficients must always have the form 

a 0 -i| / (x) dx, j / (x) cosnxdx, b„ = i j / (x) sin nxdx, . 

whenever these, expressions exist, ns fi-integrala. The function / (a:) is not 
necessarily everywhere single-valued, and the theorem is extended to eases 
in which / (x) may have infinite discontinuities at a finite set of points. 
This theorem includes the theorem «» to tlic uniqueness of the representa- 
tion of hounded functions, intcgrnblc (It). 

The most, general formulations of the theorems ns to the uniqueness of 
the representation of a function by a trigonometrical series are duo to 
Hamack, Holder, de la Val!6e Poussin, W. H. Young, and others; an 
account of their results will be given later. Important extensions of 
Du Bois-Rcymoml’s results were given § by M. Riesz. 

THE LIMITS OF THE COEFFICIENTS IN A THIGOXOIUETBICAL SU.u._S 

428. The following theorem, due to Harnack|), yields a sufficient con- 
dition that the coefficients in a trigonometrical series converge to zero: 

If; in a given interval (a, fi), the series $a c -i- 2 {«„ cos me + b„ sin nx) be 
such that, for each number 8 (>' 0), an interval in (a, f}) exists such that, at 

' Sopra la ttria di Fourier. Pissv, 1872, p. 247. 

t Anna!'* di ilatematica (2), vol. vi (1875), p. 252, also Hath. Annalcn, vol. yi {1873), p. 231. 

t Ahhandlurtgat tier hayuiichat Aiademit, voL xn (1875), p. 1 19. 

S Mailt. Annalrn, vol. LXXI (1012), p. 51. 

I! Bulletin, drs aaenca math. (2), vol <n {1882), nfco Math. Annalat, voi. xix (1882), p. 250. 
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each point of it, the difference f (x) — f (*), of the upper and lower sum- 
functions of the series, is < 8, then a n — o (1), h„ ~ o (1). 

In particular, if the points at which/ (s) — / (x) g 8 form, for each value 
of 8, a noii-dense set, tho condition of the theorem holds good. 

Hnninck’s theorem is a generalization of the theorem of Cantor* tlint: 

If the scries is convergent at every point of an interval (n,ft), then a„ -= o (I) 

= o(l). 

It follows from Hamaek's theorem that, if tho trigonometrical scries 
convorgo at all points of a sot which is everywhere dense in («, ft), and he 
suoh that a„, b„ do not converge to zero, then, for some value of 8, the set 
of points at whioli /(#)—/ (x) £ S must bo everywhere dense. 

No assumption is made as to the form of tho coefficients a n , i„. 

That, in the cose of a Ji'ourior's series, «„ and b n converge to zero 
has boon established in § 334. 

In order to prove Hamaok’s theorem, wo obsorvo that, for each point 
« at which /(*) — /(*)< 8, there is a value in, of n, such that 
) «„ cos nx + b n sin nx \ < 38, for n & m; 
wo suppose an interval to exist, at each point of which this condition is 
satisfied. If x be any fixed point within this interval, a neighbourhood 
(a- — 7j, x + if) of x can be so determined that 

| fl„ cos n (x ± rj) + b n sin n (* ± 77) | < 38, for n i, m.,\ 
tho value of m, will depend in goncral upon ij. Wo dcduco at once that 
| (a„ cos nx H- b„ sin nx) cos mj j < 08, | (a„ sin nx — 6, cos nx) sin ni/ j < OS; 
on multiplication by cos nx sin rwj, sin nx cos n-q, and addition of the two 
expressions in the inequalities, wo liavo j a.„ sin 211.77 1 < <! ^< f° r n £ «»,; and 
similarly it is seen that | b„ Bin 2n-q | < GS, for rt £ m,. Those inequalities 
hold for all small enough values of 77, llie valuo of »n, depending on t). 

Lot t>8 = 8', 217 = a, then, for each valuo of a in a certain interval {a, fr), 
a value of n can bo determined, bucIi that 

| a„ sin na\, \ a ntl sin n + la | , ... | a„ + , sin iT-Tsa | , ... 
are all < 8'. 

Let us suppose that, if possible, a sequence a m , a„, , a nj , ... exists, all 
of whose terms are numerically £ 8', where 8' > 8'. It will then be proved 
that there exists a oertain value of a, in (a, b), such that tho sequonco 
a„ sin n, a, a„, sin 7i 2 <z, o Bj sin « a o, ... contains one infinite set of toons each 
of which is numerically £ S'. This being contrary to tho hypothesis that, 
for each value of a, in (a, b), \ a„ sin na | < S', for all sufficiently great 
values of n, leads to a contradiction; and thus it is impossible that such 
a sequence as a „ t , a„, , o Sj , ... can exist. 

• Crcllit Journal, vol. LXXn (1870), p. ISO, nWi in a simplified lorn in Hath. Annalm. 
vol. IV (1871), p. 139. 
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To establish this, it will be shewn that the sequence a ni ,a nt , ... contains 
a sequence a^,, « v , ... such that, for a certain value a, of a, in (a, b ) 
the numbers %' 5, n t 'a, n^'ci, ... all differ from an odd multiple of \n by less 
then an arbitrarily chosen positive number p. 

If ini/! — p <na< fail/, + p, then - p < o < - . Now let it 

be assumed that a — P > b > which is equivalent to the 

assumption that - [na + />) < y x < - (wh — p). There exists a value of y t 
which is an odd integer, satisfying this condition, provided 
?{»(b-o)-2p}>2, 

that is if ~~- 

Taking for n,' the least of the numbers «i , n, , n ~, , . . . which is e 
a corresponding odd integer y l can be determined, and we take a to lie 
within the interval (o', b‘), where 

«' = ifrn/i - p)/« i, b- » ib"* + P)K> 

this interval (o', 6') lies within (o, 6), and is of length 2p/»jj'. 

■ Next, an odd integer y. con be so determined that 

\ (»*'»' i -p)<yi< \ (»*'*' - p). 


provided tii i S ^ %'• The number can be chosen from the 

sequence n t , ... so as' to satisfy this condition, if a lies in the interval 
[o’, 6*), where a" -= (Iwi/, — p)/ni, b" — (Jjry a p)/n s '; and thus (o', b") is 
within (o', 6'), and is of length 2p/n*.'. 

Proceeding in this manner, a sequence ... of numbers all be- 

longing to the sequence rq, n?, ... is determined, such that if 5 be the point 
which lies within all the intervals (o, 6), (o', 6'), (o', 6"), ... , the numbers 
V 5 , Mi'o, Mj'a, ... all differ by less than p from odd multiples of 
Since p can be chosen arbitrarily, b 2 ', ... can he so determined that 
j ainiij'd | Oa t , si niij'5 |, ... arc all £ S', and this is contrary to the' 
hypothesis that [ o„ sin too | is, for all sufficiently large values of n, < S'. 

Therefore no sequence o,,, o^, ... exists, all of whose terms are 

numerically 2 S'; and if S“ bo first chosen, S' may be chosen afterwards. 
Therefore, from and after some value of n, \ a„ | must be < S’; and since 
this holds for every value of S', it follows that lim = 0. In a similar 
manner it is seen that lim 6„ = 0. 
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429. It follows from Hamack’s theorem tlmt, if tho trigonometrical 
series is non-cotrvorgent only at points of a set of the first category, then 
o B ~ o (1), b„ - o (1). For, let {IK* (a;)}, {w« (*)} bo the monotone sequences 
associated with / (*) (see § 112), the first of which is non-increasing mid 
converges to / {*), and the second of which is non-diminishing and con- 
verges to / (*). Since TF„ (z) is an {-function, and w„ (x) is a K-function, 
TF„ (x) — w„ (*) is an Z-fimotion, which converges to / (z) — / (r); and the 
sequence (IF* (x) — w„ (*)} is non-increasing. A point *, at which 

/(*)-/(*) > 8 

belongs to the set of points at which W„ (a) — w„ (z) > 8, and that set is 
(soo § 191) an open set. Every point for which JFj, w (a:) — w„ 4 , (x) > S 
holongs to the sot of points for which TF„ ( x ) — w„ (x) > 8. Thus the set 
of points at which / (*) —f(x) > 8 is contained in the innor limiting set of 
a sequence of open sets, each of which contains tko next, that is, it is an 
ordinary inner limiting set. It follows (i, § 100) that, if tho points at which 
/(«)-/<»)> >, arc ovcrywbcro-dcnBO in any interval, the}’ form ill tlmt 
interval a set of the second category; and therefore tho sot at which 
/{*) -/(*) S 8 is of tho second category. By hypothesis this is not tho 
case; and therefore the set of points at which /(x) -/(*)> 8 is non-dense 
in any interval, and this for each value of 8; therefore tho set for which 
/(*)—/ («) ft 8 is non-dense in every interval. Consequently, any intorva! 
contains another interval in which J(x)~f(x)< 8; and therefore, by 
Hamack’s theorem, a„ = o (1), 6„ = o (1). 

It has thus been established* that: 

If the trigonometrical series {a 0 + S ( a„ cos nx + b n sin six) converges 
everywhere in an interval (o, p) except at points belonging to a set of the first 
category, then a n — o (1), b n >=< o (1). 

430. The following general theorem will be established: 

If, in any interval (a, ft), it is known that a„ cos nx -I- b„ sin nx converges 
to zero at every point of a set O, of insitive measure, as n ~<o , then «„ an'l b, 
converge to zero, and. thus a H cos nx + b„ sin nx converges everywhere to zero. 

Writing a„ coanx + b„ sin nx in the form k n sin n (x - ■/„), where 
k n (a n - + b„ z fi ; if k„ does not converge to zero, there must be a sequence 
n x , n 2 , ... of values of n, and a positive number e, buoJi that k„ t , ••• or® 
all gTcator than e. If j Rin n (x — y n ) | -1 sin g, where 0 < g < g, n (x - 
must lie between rir ± g, where r ib an integer (positive, negative, or zero); 
or a: must lie between — 4- y n ± -, the length of each of which intervals is 
* See W. H. Young, Mwengtr of Hath. vol. xxxvin (1C03J, p. «. 
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' ~ 5 . The number of values' of r such that x may lie in a given interval 
cannot exceed a fixed mol tipi e of n, independent of i), and therefore the 
mwure of the set of values of x in la, fi) such that j sin n (x — y„) | c sin -tj 
cannot exceed a fixed multiple of jj, say sij, which is arbitrarily small, since 
i) is arbitrarily chosen. It follows that, in a set of points of measure 
g - a - tq, the condition [ sin n (x — y„) \ > sin tj is satisfied. Con- 
sidering now the sequence n, , ... of values of n, there is a set of points 

K,, of measure S /» — a — «ij, lor which i:„ r | sin r T (x — y„ t ) | > e sin ij. There 
must exist a set E, of points, each of which belongs to E„ r for an in- 
definitely great sot of values of r, and this set has measure g, p — a — sij 
which, is >fi—ei-m(G), if 17 be chosen small enough. At any point of 
this set, i„ sin n (x — y„) cannot converge to 0, because it is numerically 
> * win ij for an infinite set. of values of n. This is contrary' to the 
hypotheMR in the theorem. 

• It follows froni' the theorem that, if a„, b n do not converge to zero, 
n, cos nx 4- 6„ sin nx can only converge to zero at points of a e.ot of measure 
wro. It is hence seen that a scries la„ 4 - 2 (rr B cos nx 4- l n sin nx) can be 
convergent only at points of a set of measure zero, in case o„. 4„ do not 
converge to zero. 

431. Hie more general theorem' has been established* by Stdnhaus 
that: 

Ahnoet erenjic/ierc in the interval (— tt, c-), 

lim j a„ cos nx b„ sin nx | = Urn (a„* ~ f/„*)f. 

This includes the preceding theorem; for if a n cos nx + f>„ sin nx con- 
verges to zero at points in a set of measure greater then zero, it follows that 

K 1 + 0, or o, - o (I), b„ = o (I). In case, for a given trigono- 

metrical series, and 4„ do not converge to zero, it follows from Steinhaus' 
theorem that, almost everywhere the series is non-convergent. Tlifc has 
been proved dircctlyf by Lefaesgue, as follows: 

When k „ does not converge to zero, sen —to, a sequence of integers {n_} 
can be determined such that 1:^ is, for every valuoof p, greater than some 
positive number jj. If « is an arbitrarily chosen positive number, < tj, 

} rin n, (ar — y^) | > tj except for points x, of the interval (— it), which 
farm a ret of measure e 4 sin-* - . It then follows that the measure of the 
V 

wt oi points of convergence is £ 4 sin -1 Since < is arbitrarily Email, it 
follow^ that the ret of points of convergence has measure zero. 
r ” •"I'xv't*; 3f niamMy'sK*, vol. jj,v ( 1920), ji. 397. A proef h»s sire Ura pm by Itijrii- 
-IS. I BiinwOi, Zteth, vol. (1522). p. 301. 

' ‘*tcnt ear l** ,/rie-r trio^nomOriquee {lOV,), p. 2 10. 
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432. In* a series 1<7„ + 2 (a„ cos nx + b„ sin nx), the upper and burr 
sums of the series cannot be finite in any interval, except in the paints of a set 
of measure zero, unless a„ = o (1) and 6, => o (1). 

The series may be written in the form 

|Oo+ 2 £„ costs (z — y„), 
whore fc B = (a„ s + ft,, 1 )*. 

Since k„ cos n(x — y„) — s n (z) — (z), 

Gin | k n cos n {z — y„) \ s Gin | s„ (z) | + Gin j s n _ 1 (z) | £ 2 Bin | s„ (x) ] , 

hence, if s„ (z) has finite upper and lower limits, | k n r.os n (x — y„) | must 
bo bounded for all values of n, when z is fixed. 

It will be shewn that, unless k„ is bounded for all values of n, 

| k n cos « (z — y„) | , 


for a fixed value of z, cannot be bounded, except for fixed values of * 
belonging to a set of measure zero. If k„ is not bounded, a monotone 
increasing sequence of vulues of k H can be extracted. 

Let E n be the set of points for which k n | cos n (z — y n ) | > or 


the measure of the interval. If » belongs to an infinite number of the seta 
Ei, E z , ... E „, ..., b„costt(z — y„) cannot be bounded. But the sot of all 
siicli points x has measure equal to that of the whole interval, and there- 
fore only at a point x of a set of measure zero can k n cos n (x - y„) be 
bounded for all tlic values of n. 


It follows from the theorem thatf if, in any interval, the upper and lower 
sum-functions are everywhere finite, a„ and b„ are hounded. 


PROPERTIES OF THE GENERALIZED SECOND DERIVATIVE OF A FUNCTION 
433. If a continuous function <f> (z) has a maximum in the inlervnl 
(a, ii), at such a point z, rj> (z -!• h) — <j> (x), f> (z — It) — <f> (z) arc both £ 0, 
for nil sufficiently small values of A ; and therefore £$*<!> (z) £ 0, at a maxi- 
mum (see r, § 25C). 

If it be known that, at a maximum, there exists at least one sym- 
metrical derivative, it is clear, since D*<)> (z) £ 0, D~<ji (z) S 0, that 
(z) *= D~<fi (z) = 0, 

the single symmetrical derivative having the value zero. 

The following theorem is of importance in the theory: 

If a continuous function has its upper generalized, second derivator 
* See <3r. In VelleS Poussin, Bulletin dt tacad. joy. it B'igiqnt [131 3), p. 10. 
f See W. H. Young, Ptoe. Land. Stalk. Sot. (2>, voi. IX, p. 427. 
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prifc (> 0) M every point of *« «I»» ™“™ ! <«■ »>• ,fa "’ “* ‘'” i ' 

of ffie open interval, 

r (a.) < F («) + ~ (T (5) - F («)) . 

Joe if the.function _ 

(I) =*■<*)- .f (*) - Jrs {** W - F <«» 

valucs or is zero, within the interval, there must be such a 

value that is a maximum of <j> <*>, and at such a ^oh 

quently §»J (*), mast be S 0, which is contrary to the condition whic 

i&F (a) satisfies. . , 

A «Mto .tat.me»t 1. that it WP M < 0, » tte open interval (», 6). 
then ' 

F(x)>F (a) + 1-~ {F V>) ~ F (“)> ■ 

434. If F (*) ie continuous in the closed interval of defint lion (a, 
have, at each pint of the open interval (a, 6), alleast one symmetrical derivative, 
then, if there are value* of x in the interval at which 


F(x)>F (a) + {F (6) - F (a)). 


■ H,r, arid. . m of point* V si which Ih, «n»r •*»" **?*£% 
is, imho* an Mhrmsim, «0>, sod such « <■** 

A similar statement holds when there are f mints at whic 

F(x)<F (a) + X ~ J { F[b)-F (a)}; 

is au «... ihs «t E oon.ito of points a, which »T <«), ST <«) »» fatt 
positive (> 0). , . 4 

This theorem and -the preceding one are due to jw a )° n *” n ' 

Let fa (x) = F{x) — F(d)~K(x— a), where E = - b-a ^ 

^ vanishes at a and b, and has positive values, there exists a point or 
a closed set of points at which 4>k (x) has an absolute maximum ; let ** b 
the upper extreme of all such points, then we have 
B X F (x K ) - B-4>k (® k ) - 

and also h K (a) has at the point *,r a symmetrical derivative of value aero. 
This point a* therefore belong, to the tot E„ of »U points at which 
©■P I*) S 0. If t have a value .» X, and met. that b — X ns cufflcifflitly 
smali, it is easily seen that the function fa[x) — F (x) (®) j- 

has positive values. Let $ t bs the greatest value of x at w e <p i 
thu 


ie F academic- roya ie <fe Belgique (1012), PP- 


>1-707 
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Tt mil, he observed that the eo-dltioa W «-•.«»» P» tol f ' ***•• 

the coaditioa that, at each a point, there is a symmetrica 1 first derivative, 

in fact all the derivatives are symmetrical, hor it 

Flx + 7 i)+Flx-h)-ZF[x) =fi 


it follows that 


[ F(x + h)-F{x) _ F te-h y^JH?) I „ fl 


„J the, all tbl derivative* 00 oae side -ri eormToad to e,»»l derive- 
lives on the other ride, so that 

n+F (*) = D~F (*}, anti D*F (*) = D-F <*>• 

The theorem follows from the fact that 

ilL^fflKSSSSS^- 

both non-existent. 

taWn om eseerf the grMee! of lie foe, ituMive, 0/ W, 

cannot be. less than the smallest of them. 

By tbs theorem ot 1, 5 284 it is seen that the limits of 

y (x + h) + r ;»-*>- 2F te> 

both lie in the interval formed by the limits of 
■F'Cs-f/i)- 


ir of 


i I I" (» d-h) -fM + | , 


and therefore in the interval defined by 

iP^W+B-ITW) aad I(D4I"M + D - J ‘*» 

« t. the interval eon, .toed by to great.. of the Wo numb J DJr (»), 
ZLtf' (i) and the greater of the two numbers D X W, " 

437. The f ollotriag ■ theorem, doe to Haidar-, will prove o.rfal fa the 
later thmay: (« SI » bKBh <*• to*™l 

If ?(*) ie coatovoao », general, »I upper 

(*j — a, + a) w interior, and tj r» t*i ^ ' 

: ' Ifeii. a„a„. ri!n.», « 

by Lebatdttr, for the c»E« in «Mch ^=F (*) fe definite at each point. 

Mrnak sip, (3) (1903), toL ss, p. 458. 
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and lower second differential coefficients & Z F fa), f% s F (z) are both bounded, 
being both, at every point, in the interval (L, V), then 
F fa + a) + F fa - a)- 2F fa) 

is in the interval {L, V ). 

Lot 

♦ (f (*, + «>- r («, - «)) 

+ £C {x— z t + ct) fa + a — x), 

where G is a constant. Tt 16 seen that 

* w _ (.« {o'- *•&+<■) , 

and thus <f>fa) is S 0, according as C s ^ 

Lot 0 he so chosen that <f> fa) > 0. Since <f> (a:) is continuous in the interval 
{a, — a, a- a +- a), and vanishes at the points x, — a, x, + a, there must bo 
in the interval at least one point a at which <f fa) has a maximum, and is 
positive. 

Since 

4> fa + A) + <f> fa - h) - 2<f, (a) _ J (z + h) + F (z - 7i) - 2P ( 2 ) _ ^ 

/’ 2 /i 1 

and since, for all sufficiently small values of h, 

tfa + h) + *fa~h)-2f> (a) £ 0( 

it follows that (z) & iPF (a) s C. Since L s SPF (a), 0 S &F (a), it 
follows that C; and this holds for every value of C that is consistent 
with the condition f, (xj > 0. It has thus been shewn that 
L & F . fa + «) + Ffa -a) - 2 F fa) 

In a similar manner, by choosing C so that <ji (x 2 ) is negative, and con- 
sidering a minimum of ^ (z), it can be shewn that 

u e ^ fa + °) + ^ fa ~ a)-2Ffa) 

The following theorem follows at once from the above theorem: 

If F (z) be continuous in an interval [a, 6), and if, in an interval (a,, i|) 
interior to (a, 6), the upper and lower generalized differential coefficient* 
S&-F fa), (<£i z F fa) are in an interval (L, U), then, for all points x in fa,, 6J, 
Ffa + h ) + Ffa-h)-2Ffa ) 
h* 

lies in the interval (L, U), provided h be such that x + h, x — h are in the 
interval ( a , b). 
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438. If f (z) be any function, that is summable in (he interval (a, b), and 
which is therefore finite almost everywhere in that interval, and if y be a 
prescribed positive number, a continuous function {x) can be constructed, 
such that it exceeds f f (*) dx by less than if, whatever value x may have in 
the interval (a, b), and. such that, at every point at which f(x) is finite, its four 
derivatives all exceed f (z). 

Similarly, a continuous function di t (z) can be constructed which is every- 
where less than [ }(x)dx by less than ij, and of which the four derivatives are 
all less than f (z), at each point at which f {x) is finite. 

The functions f> t (z), (x) have been denominated by de la Vallee 

Poussin, to whom this result is due, as majoranie and minorunlercspectivciy, 
relatively to the function / (z). In § 262 they have been termed major 
and minor functions associated with / (z). 

First, let / (z) be everywhere S 0 in the interval (a, b). Consider the 
numbers 0, e, 2c, ... ne, ...; let e„ be the set of points x, at which 
nt &f(x) <(u + l)e; 

then 

(«„) S j f(x)dx< E (n ~ l)cm(e r )< J f(z)dx + e(b — a). 

Let all the points of e„ be enclosed within intervals of n set {S,"'} which 
do not overlap, and are such that 

m (e„) < £ m (8?) < m (e„) 4- 

where the numbers {r„} are so chosen that the series 2 (n + 1) e„ converges 
to a value less than unity. 

If 8, (z) denote the sum of all the intervals and portions of intervals 
of the set {S' n) } that lie in the interval (a, z), let $,(z) = 2 (n -f J) e .iSi” 5 (z); 
it will be shewn that (z) satisfies the prescribed conditions in relation 
to the non-negative function / (z). 

We see at once that 

J\f (*) dx<f,,{b)c Jj (z) dx -b e (6 - a) + e 
and a fortiori that 

£/M * < A W < J“j» + < (b - <■) + •; 

the number t can be so chosen that c {b — a) -r e = y. 
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Let a: be a point of e^, and therefore interior to an interval fiW, of dii' 
set {Si" ) • We have tlien 

fa (x + h) — fa (x) = + I) < (x + h)- S<"> <*)]; 

and all the terms of the series are positive when h > 0, and do not 
diminish ns h increases. It follows that, if It be so small that x + hh in the 
interval St" 1 , then fa(x + h) — fa (x) £ (n + 1) eh, for all positive values 
of h that are sufficiently small. It is clear that, if It bo negative, the in- 
equality £ must be replaced by S. Hence, if j It | be sufficiently small, 

W+*)-hW s(n + 1) , : 

and therefore the four derivatives of fa (*) are all £ (n + 1) t, and conse- 
quently >/<»).’ 

Noxt, let/(x) bo anreetricted as regards its sign. If N bo a positive 
number, let fx {*) — / (x), when /(*)> — N, and let fx (a) •= — j\ T , wlicn 
/ (a:) S — iV. If £ be a positive number < rj, a. function tp (a:) oan bo so 
determined as to satisfy the conditions that 

/" [A- (») + A') *<#(»)< , - { + [/.V («) + X ] fc, 

and that all the derivatives of p ( x ) are greater than fx (x) + N, at any 
point at which /jv (x) is finite. The number N can be so chosen that 

j“fx(x)dx-f*f(z)dx 

is < ?. Let pi (x) bo defined by fa (x) *=p(x) - A T (x — a), then 
I* f (x) dx < fx (x) dx < Pt (x) < tj - £ -l- fx (*) dx<ij + £/(*) ^ 

and all the derivatives of fa (x) are greater than fx (x), or than / (x), at 
any point at which / (x) is finite. Hence the required function Pi (x) has 
been constructed. 

In order to construct the function fa{x), we observe that, if p{x) ho 
a major function relatively to — / (x), the function — p (x) is the required 
minor function relatively to/(x). 

It is easily scon that a monotone non-increusing sequence of major 
functions, associated with /{*), can be constructed, and similarly a mo ,lo ‘ 
tone non-diminishing sequence of minor functions. For, if Pi {*). pi (*) 
correspond to the values of t] lt t). r where ij; > , in any interval in 

which p>P (x) is 5 P™ (*), 1 (x) can be replaced by p 1 ™ (*), and then 

p^ (x) £ <£i l) (x) everywhere. A sequence [p^ (x)} thus formed most 
converge to f / (x) dx. 
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439. If F (x) be continuous in the interval (o, &), and there exists a finite 
sunmobh function f (x) such that ZPF (») =:/(*)£ SPF (x) at every point of 
(a, 4), then F (a) — J dx j f (x)dx is a linear function of x in (a, b). 

The theorem also holds if the summable function f (x) has infinite values 
ta a set of points E which contains no perfect set, provided that, at all points 
of E, the function • F (a:) has at least one symmetrical derivative. 

Lot fi x (x), if> t (x) be the major and the minor functions associated with 
/ (*), constructed in accordance with § 4.3 B. 

The two functions \pi (x) = F (*) — j <j> : (x), 

+ s (x)~F(z) -/%,(*). 

and the function ft (x) •« F (x) — j dzj f{x) dx 

are such that f\ (*) >fi(x)> ft x (*), and tiiat ft, (x) — fa {*) < 2 (ft — a) -tj. 
The three functions have all the same value at the point u. 

We havo Iff- fa (x) > &AF ( x ) — / (a:) > 0 

and' @ i fa(.z)<@ i F(x) -f(x)<0 

at all points at which/ (x) has a finite value. 

In virtue of the theorem of § 434 it follows that 

<k (*) < F («) + fife (b) - 'Pi (a)} 

and fa\x) > F (a) + ~ {fa (h) - fa (a)}, 

when x > a.. It now follows that ip (a) is between these two linear functions 
which differ from one another by less than 2jj {x — a). Taking a monotone 
non-diminishing sequence of major functions, anrl a monotone non-in- 
creasing sequence of minor functions, constructed as in § 438, corresponding 
to the values of 17 in a sequence {ij„} which converges to zero, we see that 
<P(x) lies, for every value of n, between the values of two linear functions 
A«x + JS„, A k 'z +!?„', where A„, Af have the same limit. A, as n ~ < 0 , 
al *d B n , B„‘ have the same limit B; it then follows that ft (x) is the linear 
function Ax + B. 

It follows from the above theorem that, in case F {x) satisfies the 
conditions of the theorem, it has everywhere a continuous differential 
coefficient j f {x) dx -f p, where px -f q is the linear function. Moreover, 
Jt will almost everywhere have the second differential coefficient/ ( k). 
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THE CONVEBGEKCE OF A TRIOOHOBIETBICAI, SEBIES AT A POINT 
440, If the trigonometrical aeries la 0 + U (a„ cos itx •)■ b„ sin nx) con- 
verge at a point x, and if the sum-function of the series have definite limits 
/ (* + 0), / (x — 0), on the right, and on the left, at the point *, if. does 
not follow that the series necessarily converges at points in a neighbour- 
hood of the point x at which the series converges. From the existence of 
f(x + 0),/ (* — 0), it follows however that, corresponding to an arbitrarily 
chosen positive number 8, a neighbourhood of the point x can be deter- 
mined, such that j (a:) ~ £(x)< S, for all points x in that neighbourhood. 
From Haniacfe'e theorem, given in § 428, it now follows that a„ *= o (1), 

If F (a:) denotes Ja 0 as* — il — 2 (a„ cos nx+ b„ sin nx), it has been shown 
in §421 that 

at the given point x of convergence of the series. 

We now have 

2f(x) - Uni 2e i_ „ *(«+«) - &F(*H F(x 7 <) | 

= lim | F(x+2') -2F (x+<)+F(x ) i F(x)- 2F{x~c) + F{x -2<)^ 

In accordance with the theorem of § 437, 

F(x+ 2e) - 2 F (x -1- <) -I- F (x) 


lies between the extreme values of 

ljm F(z + <i)-2F{z)-i.F{z-a) , 


for x S. 2 & x + 2«, It has been shewn in § 437 that, for each value of i, 
this limit lies between values which depend on the upper and lower values 
of / (z). It follows that, for an assigned positive number 8, the positive 
number e can be so determined that 


- 5 < lim !?-?.> </(« + 0) + 


for every value of z such that x S z £ x + 2«. 

Wo lim, «e, that lim ~ ^ H3 ./(, + «) 


Similarly, it can be shewn that 

F{x-2.e)-2F{x-t) + F{x) 
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, ■ Tt has now been proved that / (x) = l (f (x -i- 0) + / (x — 0)} . 

The following theorem has been established: 

If a trigonometrical series converge at a point, then the value to which it 
converges is the mean of the limits of Uie sum- function, on the right, and on 
the left, at the point, provided those limits exist as definite numbers. 

Tins theorem holds for every trigonometrical scries, whether it be a 
Fourier’s scries, or not. 

THE UNIQUENESS OK A TRIGONOMETRICAL SERIES WHICH 
REPRESENTS A FUNCTION 

441. In order to establish tho uniqueness of a trigonometrical series 
whioh, in an assigned sense (not necessarily in the sense that the series 
converges to the value of the function almost everywhere), represents 
ft given function, it is sufficient to establish, first that tho series is a 
Fourier’s series, and secondly, that there cannot exist two distinct 
Fourier’s series, both of winch have the given relation with the given 
function. The latter is equivalent to proving that, if two such Fourier’s 
Rories exist, the Fourier’6 series which is the difference of the two must 
have all its coefficients zero. In cose the inode of representation of 
the function is postulated to be such that tho series converges almost 
everywhere to the values of a single-valued function which is taken 
to be suinmable in (— ir, 77), then it is dear that there cannot bo two 
Fourier’s series both of whioh represent the function. It has been shewn 
in §361 that there cannot be two non-oquivalcnt suinmable functions 
which have one and tho same Fourier’s series. 

443. In the case wliicli will be given first, the uniqueness of a trigono- 
metrical scries can he established without shelving that it is a Fourier’s 

Let it be assumed that the series Jn, + X («„ cos nx + b„ sin nx) 
converges to zero at every point of the interval (— tt, 77-) with the exception 
of an enumerable set of points E, at which it is not assumed that the series 
converges. Since an enumerable set is of the first category, it follows from 
the theorem of § 429 that a„ and b n converge to zero. Accordingly, Rie- 
n\ arm’s function' \a 0 x- — S — - c — ^ exists as a continuous 

[unction, and ?/i"F (x) ~ 0, for every point at which the series converges 
tn zero; also by Riemann’s second theorem, F (x) has symmetrical de- 
rivatives at every point. It follows, in accordance with the extension of 
• Schwarz’s theorem given in §435, that F (z) is linear in any interval 
(— uitt, mu); thus F (») = ax + b, in any interval (— ran, mu). It is thus 
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seen that, in an interval (- mir, mn), $a a x- - (ax + b ) is represented by 

, . . . _ a„ cos nx + b n sin nx , , , , 

the penodic senes — 2 -- , anti therefore As,* 5 — (ax + b) 

■ must be a periodic function, which can only be the case if « 0 = 0, a = 0. 

Since the series converges uniformly to — b, we can multiply by cos nx, 
or by sin nx, and integrate term by term between the limits — n, ir ; it is 
thus seen that o„ = 0, b a -- 0, and therefore all the coefficients of the given 
series vanish identically. By considering the difference of two series, the 
following theorem can be established : 

No two distinct trigonometrical series can exist which converge to the same 
value for all ‘points of the interval ( — w, w), with the exception of an enumerable 
set of points at which the series are not known to converge to the same sum, or 
to converge at all. 

This theorem, which is due to W. H. Young, is an extension of tho older 
theorem of Cantor, in which the exceptional set of points is restricted to 
be a reducible set. It is also an extension of tbe still earlier theorem of 
Cuntor* that a trigonometrical Bcries is tho unique representation of n 
function which has an indefinitely great number of points of discontinuity 
which form a set of tho first species. 


443. If the Niemann function F (x), corresponding to a trigonometrical 
series 

Jcto + S (a„ cos nx + b„ sin nx), 
such that a„ , b„ converge to zero, as n ~ co, is of the form 
F(z) = j dx I f (x) dx +- px 4- g, 

where p, q are constants, and f (x) is a function summable in (— ir, it), then 
the series is the Fourier’s series corresponding tof(x). 

Wo have F' (w) •» f / (x) dx + p, F' (— w) = p; 


and thus j f(x)dx = F' (n)~ F' (— n) = a a ir, 

and hence o„ *= Op, where Jo,, + 2 (a„ cos nx + /?„ ein nx) denotes the 

Fourier’s Beries corresponding to / (x). 

By the theorem of § 360 the series 2 °" a - — ^ ° os — is, when a 
constant is added to it, the Fourier’s series which converges uniformly to 
J f(x)dx— Jco*. Thus — ~ are the Fourier’s constants correspond- 

ing to the function F' (*) — \a%x — p, or to F' (z) — {a^z. 

* See CrellCe Journal, vol. Exxn <1870), p. 130, and Math. Annalev. vol. v (1872). p. 123. 
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Sow *?~lf & t **‘- F < x))ooanxdx 

. • ■ ^ 1. 1' {F' (a) - Joo*} sin nxdx = , 

- _ *T {* - §• »— • *. - •« - ■ » ““ 

, t which establishes the theorem. 

»« s «•■ *' 

f *;ir^v. + x **.*•**' — “■• — 

nil sae7< l*ol both oj them are finite a ^00 'prefer component, then the 
ef points hetfmpi,, to a ,« I ** ST.pm » <*• 

(fa. nrin is (*« JVwmr * ,,vi„ fr) or 5VW- 

TWs theorem is theoretically more gen b „ t ma y ho an 

exceptional set of points is not ^ 

uncilumerablo set winch contains no perfect , U (] seoond 

f,™ Oho theorem of 5 ««■ * JKnSfoS STS y*. <t * 

differential coefficients of Jf <*) » r sum-function of the senes, 

If fix) denote cither the upper or the lower sum tun 

then Fix)-!’ * P/W* * *“« ta the ^ *±XZ. 
sequent ly the given series is the IJn» the upper 

It follows that, when the conditions of theth d therc £ore 

and lower sum-functions must be equal almost everywner , 
the Fourier's series ie convergent almost cveiyw 
A particular case of the above theorem is that : 
if the series ha. + =7 <«, ~ -» *" '"'*** "* 

Junctions bounded, it is a Fourier's series. t the con- 

It i. tmmnmy to *. *> »*«» <M 

ditionlhata B1 ' b n converge to zero, as n . r 6um -functions are 

this is necessarily the. case if the upper theorem obtained 

honied to the to*™! («ee § M2). Tin. nm the tot 

relerred In the nppn »d of 

A particular case of the general theorem is 

a given bounded function,; mz. the Fourier 

* *. W. H. Yoong. Free. Lon*. 3l«h. See. (2), «L «. ^rMenorteele (3). 

t Sw leftmt tar let Series tnjommdrijva (180°)' P- J22, 
wit 3X (10031, p. 467. 
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function.. There may be a reducible set of points at which (he series is not 
known to converge. 

There exist series which converge everywhere, end of which the Biun- 
f unction is unbounded, which are not Fourier's series. For example, the 
series is everywhere convergent, but, it is not a Fourier’s series, 

since the series Z — - 1 * is not convergent when x = 0. 

„ log n 

The above general theorem* may be replaced by the following; 

Every trigonometrical series for which the lliemann sum everywhere exists 
either as a single finite number, or as indeterminate between finite upper and 
lower boundaries, and is such that the function f (x) which is at each point 
equal to the numerically smaller of the upper and lower Ricmam functions is 
nmmable, is the Fourier's series corresponding to ij> (x). 

It will be observed that it is unnecessary to assume a priori that a„ 
and b„ converge to zero. But when there is an exceptional sot of points at 
which the limits of indetormination are not finite, we have the following 
statement; 

The above theorem holds for a lritjonomclricu.1 series such that n„ , b„ coin 
verge to zero, as n~ as, even when there is a set E, of points at which the 
function <j> (x) is not finite, provided E contains no perfect component, and 
provided the function <f> (x) is summable. 

Aa regards the existence of sols of points which are im enumerable ami 
which do not contain a perfect Bet, it has been sliownf by Alexandroff Umt 
such a set cannot be measurable (7i) ; that in fact every unonumerablc sot 
that is mensurable (B) conlains ft perfect, set. 

444. If ia„ H- Z (<?,, cos nx •(- b„ sin nx) be the Fourier’s scries corre- 
sponding to a given summable function / (x), we have (sco § 300) 

f 1 „ . , . i . ft* sin wx — 6. cos nx 

f /(a;) dx = C + la n z + Z * • - n • , 

and since the function j f {x) dx is of bounded variation, we have 

f‘ dx ( X f(x) dx = C' + Cx + {a a x* - Z a,c ' mnx ^ h « , 

and thus the function F (x) differs from j dx j f[x)dx by a linear 

function. At every point x we have F‘ (x) = j f (x) dx, and almost 

everywhere F" (x) = fix). 

• Bee do la VnllcC Poussin, Bulletin. de Fated, rpy. dt JifJ'jiqnr, 1012, p. 717. 

(• Compton Itondun, vol. CLXU(!S10), p. 323i sec aim H ousel or fT, Math. Annates, vol. I.*«vn 
(101(1), p, .130. 
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Therefore the Riemaan sum of the Fourier’s series exists everywhere, 
and is almost everywhere equal to f (k). 

If another trigonometrical series exists besides the Fourier’s series, and 
is also snmmable by Riemann’s procedure almost everywhere, having F (x) 
almost everywhere for the Riemann sum, it would appear that the difference 
of the two series would have a Riemaan sum almost everywhere, and it 
would he equal to zero. If such a series, with coefficients not all zero, exists, 
its Riemann sum must be infinite at points of some set which contains a 
perfect set. To define sneb a scries, let H he a non-dense perfect set of 
measure zero, in (— w, »). Let the intervals contiguous to II be placed in 
correspondence with the rational numbers of the interval (0, 1) taken in 
ascending order. Let <f>(x) have the value, at any point within one of 
the contiguous intervals, of the rational nurnbor to which the interval 
corresponds; and at any point not interior to such aa interval, let ft (*) be 
defined so as to be continuous. Then <f>‘ (x) exists at all points of C (//), and 
lias the value zero. The continuous function (x) is monotone, and thus it 
is representable as the sum of a uniformly convergent Fourier's series 

Til, function F M - - S 3^ " ” 

n- 

bas tf> (x) — Ja 0 for its differential coefficient, everywhere, and it has a 
second differential coefficient equal to zero almost everywhere. Thus the 
series 2 (<t„ oos nx + b„ sin nx) is summahle by Riemann's procedure 
almost everywhere, and has zero for the value of that sum. It has been 
shown by de la Vail tie Poussin, to whom this construction is due, that the 
Cesaro sum of the series is almost everywhere zero, like the Riemann sura. 

. 445. It has been shewn in § 443 that: 

If the trigonometrical series ld 0 + 2 (a, cos nx + b„ sin nx) converges 
almost everywhere to the valves of a- function f {x) which is summahle in 
(— v, jt), and the set of 'points at which it does not converge, or oscillate between 
finite limits, contains no -perfect component , then the series is a Fourier’s 
series, and it is the unique trigonometrical series which satisfies the prescribed 
conditions. 

It is unnecessary to assume in the statement of the theorem that 
“j~i> (I), 6„ = o (1), because these relations follow from the convergence 
almost everywhere, of the series (see § 430). 

It follows that, if a trigonometrical series converges to zero everywhere 
except at the points of a set E which contains no perfect component, then 
all the coefficients of the series vanish. It has been proved* by Rajchman 

* Sev Pract STathrmaU/eznO'fhyesnc, voL XXX (391 0), p. 30. 
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that the same result holds if, instead of ordinary convergence, the Poisson 
sum of the series be taken. 

An example has been given by' Menchoff of a trigonometrical series 
which converges to zero at all points except those of a certain perfect set 
of measure zero, such that the coefficients do not vanish. 

It has however been shcvvnj by Rajchman that there exist closed 
sots of measure zero, uncnuincrublc, and therefore containing perfect sc Is, 
of a certain type firsts considered by Hardy and Litticwood, such that 
the coefficients all vanish if the trigonometrical series converges everywhere 
to 2 ero except at the points of a closed set of this special type. Tims 
the condition of the above theorem cau be replaced by a less stringent 
condition. Moreover this result also holds when, instead of ordinary 
convergence, the Poisson sum is zero except in the exceptional set of points, 
so that, if + lim £ (a, cos nx + b„ sin nx) h n = 0, everywhere except 

in a perfect sot of the special type, then a„ — 0, for n = 0, 1, 2, 3 and 

b n =■ 0, for n *= 1, 2, 3, .... 

Tire following theorem has been established! by Rajchman: 

If the trigonometrical scries la,, -f £ (a„ cos27jwx + b n sin 2mrx), such 
that a„ ■= o (1), b„ = o (1), converges everywhere to zero, except possibly at 
the points of a closed set of lype (H) ; or more generally if, except at the points 
of that closed set, 

l<t 0 H- lim £ (ff„ cos Znirx + b„ sin Zmrx) r" <=* 0, 
then •' 0, a„ - b n — 0. 

It has been stated || by Rajchman that the fact of the existence of 
perfect sets which have the above property, in relation to the uniqueness 
of a trigonometrical scries, had been demonstrated, but not published, 
by Mile Nina Bary, in 1921, in the Mathematical Seminary of the University 
of Moscow. Rajchman 's independent result relating to the sets of type (//) 
has been later generalized jj by Mile Bary, who shewed that a set of points 
M (B X ,B 2 , ...), where {B„} is a sequence of sets, all of typo (//), has the 
same property, in relation to the uniqueness of a trigonometrical senes, 
as a single set of type (H). 

The closed sets introduced by Hardy and Litticwood, and considered 
further by Stcinhaus, aud explicitly defined by Rajchman, who terms 
them sets of type { H ), can be defined as follows: 

* Camples Femhu, voL clxiw (1816), i>. 4 33. 

1 Fundament* Math. vol. m (1822). p. 287. J Acla Math. vol. xsxvn (1014), p. >»• 

| Funiamaila Math. vol. m (IB22), p. 287. IJ Ibid. vol. nr (1D23). p. 3G7. 

«J Camples llendus, rol. OLXxvn (1923), p. 1195. XUjdunon luw £wcn another proof of he 
result, dependent on the theory of formal oiulliplieatjon, CompUt Fend at, voL cucxvil (1923). 
p. 493. Some farther results arc {aven by Zygoma <1, in the sime volume, p. .775. S"e »!» 
Zygnrond, Math. Zeitsehr. voL xxrv (1923), p. 40. 
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lot <7 bo a closed set 'contained in tie interval (0, 2). In ease either 
' 0 or -I is ft point of G, it will be assumed tb.it both of these pointB are 
points of G. Let a point P (: x ), whose polar coordinates are r = 1,0 = %vx, 
be made to correspond to each point x, of G. To the closed set G, in tho 
interval (0, 1), there will correspond a closed set 5, of points on the circum- 
ference of the cirolo with radius unity. If k l>e a positive integer, and 
P(lz) he the point whose polar coordinates arc r — 3, 0 — 2-nkx, it is clear 
that P (fee) = P (kx — Eke), where Ekx denotes the greatest integer S. kx. 
Let (5,,. donote the set of points P {kx), where x has all the values in G- 
In order that a.point P (y), where 0 £ y < l, may not belong to it is 
necessary and sufficient that tho h numbers 


y y . + - 

P k + li’ ft: ft’ 


do not belong to G. 

Wo take tlic sot <? fc to be tho set in (0, 1) which corresponds to O b , so 
lhal,if ffig 'a point of G t ,r~ 1,0** 2-Try is a point of /? t . Lot 2mf* he tho 
length of the greatest arc of the circle which docs not contain in its interior 
any point of and thus the length of the greatest arc contiguous to 
We have, for each value of k, 0 rs d L . a 1, and thus lim d„ > 0, unless lim rf k 
exists, and has the value zero. 


The closed set G will be said to be of type (H), provided lim rl k > 0. 

In the case of Cantor’s j>erfeet set (i, § 118). we have d> = for 
h “ L 2, 3, ... ; therefore this set is of type {If). 


M6. With a view to tho extension of the theorems of §§ 443, 445, 
relating to a trigonometrical series Jn 0 + 2 (a„ cos »« 4- b„ sin nx), it will be 
sufficient to leave out the coefficient a 0 and to consider the serins E A„, 
where A n denotes a„ cos nx ■+■ b„ an nx. 

liet (x) denote — E F, (a;) the serios 2 ~ , and generally let 

denote (— l)'* 1 E It will he assumed that either a„, b„ arc 

bounded, or more generally that where (0 < p -t 1), are bounded. 

In either ease the series 2 — ” is uniformly convergent. 

K a (ft) = F„ {x + ft) + P 0 {x - ft) - 2F„ lx), 
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and generally 


These functions are formed by tlie rule 

K % (ft.) = J* <f/t£ K 0 (h)tlh, K v (A) = f k dh J* K v _ t (h)dh. 


/ 2/< Jr+5 

Denoting by G r (A) the expression K ir jgr+'g)"! ’ * 3C shewn, 

by employing the theorem of § 158, that the Ein G, (It) and lira G r (It) arc 
_ h~0 

given by \ (C f •)■ Q,) ± |A (6' r - Q,), whore Z\ and Q T are the upper and 
lower sums (C, r) of the series 2b4„ ; where these Cesaro sums nre assumed 
to be finite, and A is a fixed number. 


Wc havo G r (A) — S A a *f> (nh), where <f> (nh) is given by 
.... (— l) r {2r + 2)1 f ,, n*h* , n*/(‘ , 1W1 (2»H 

Writing l for nh, we have 

from which it follows that lim <j> (t) = 1, and that Pit ( t ) is bounded for all 
positive values of l. 

In order to apply the theorem of § l. r >8, wc shall shew that (0 l' 1 * 
is bounded for all values of t. Since 


(— l)-(2r H- 2)1 ' 




(- 1 r 

(2r)T 


(— -jcLg_W 2)1 conslsts °f the term in t-'- 3 , a number of terms of higher 
negative powers, and of terms containing one of the factors cos I or sin I 
and as the other factor a power of l which 16 — 2r — 2, — 2r — 3, -V- 3. 
It follows that l ,+3 (<) consists of a constant term and of terms con- 

taining negative powers of l ; hence t ,+s (t) is bounded for all values of 
t. > c > 0. Applying the theorem of § 158, taking k —■ 2, it follows that the 
upper and lower limits of G> (A), as h — 0, lie in an interval 
| (Cm + £W) * i A (CM _ CM). 
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The following theorem has now been established: 

IfFtflx) denote the series {— i) <r+1) 2 and the series F 0 (x) = — S — 

bi assumed to be convergent, and if 
K v {h) mF v (x+h) + F„ (* - h) - 2F tr {x) - k*F u _ t (*} 


is the function defined by K a (A) = J dh j JL,_^ (A) dh, and G, (A) denote 


then, the upper and lower limits of G r (A), as ft ~ 0, are given by 
i (^r + fir) ± |A ((7 r - Qr), 

when A is a fixed number, and 73, , Q, are the upper and lower Cesa.ro sums ( 0 , r) 
of the series assumed to be finite. 


447. By repeated application of the theorem given in I, § 204, it is 
seen that (lie upper and lower limits of G r (A), as ft ~ 0, lie in the interval 
bounded by the upper and lower limits of — ^ + — — , 
where F t (x) ie identical with Riemann’s function F (x). 

When a. m 0 (n 1 -* 1 ), b n — 0 where 0 < p £ 1, the function F (x) 

is continuous, and any limit of G r (ft), as ft ~ 0, is also a limit of 
F (* + A) + F {x~h)~ 2F(x) 

I-et it now be assumed that, at every point of the interval {— u, n), 
TX0 I Qr] aro b 0 t,h finite, and that they are enmmable in the interval ; it then 
follows that a function exists which is summable in (- n, rr), finite at 
every point, and is at oaoh point x in the interval formed by 3V (x), 
WF (x). Applying the theorem of § 443, it now follows that the series ZA„ 
is a Fourier's series. 

The following theorem has now been established : 

if ~ are bounded, where k is some number such that 0 £ ft < 1, and 
if the series 2 (o„ cos nx + b„ sin nx) is such that its upper and lower Cesdro 
sums of integral order r are finite at each point of (— v, v), and summable 
,n that interval, then the series is a Fourier’s series. 

. In the particular oase t = 1, if it be assumed that the upper and 
lower Oeshro suras of order k, where ft is Buch that 0 = A < l, are every- 
where finite, it follows that ^ are bounded and that the Cesa.ro sum 
«* « fc 



682 Trigonometrical Series [cir. mu 

of order 1 is bounded. We have then the following theorem ■which has been 
given by W. H. Young*: 

If the upper and lower Cesaro sums of order k, where 0 £ k < 1, of the 
series X (a„ cos Ttz 4- b„ sin nx) are everywhere finite, and define summabk 
functions in the interval (— jt, tt), the series is a Fourier’s series. 

If the more stringent assumption be made that a n , b„ converge to zero, 
as n — a), the function F (x) has at each point symmetrical derivatives; 
and we obtain the following theorem : 

If a nt b„ converge toO,asn — to, and if the series X (o„ cos nz -j- b„ anne) 
is such that the upper and lower Cesaro sums, of integral order r, are summabk 
in (~ v, ft), and finite at every point which does not belong to a set E which 
contains no perfect component, (hen the series is a Fourier's series. 

This theorem was also given, for the case r = 1 , by W. H. Young {toe. 
cil.). The mode of proof given above is a modification of this proof. A more 
complicated proof of tho general theorem has been givenf by A. Rajchman. 

443. The following theorem relating to Cesaro summation of any order 
k, positive but not necessarily integral, may be deduced from dc 1ft Vallfc 
Poussin’s theorem (§432): 

If the series Jtr 0 + X (o B cos nx + b n ain nz) has, in any interval, its upper 
and lower Cesaro sums [C, k), where k > 0, finite at each point which does not 
belong to a set of measure zero, then — t , are bounded. 

It follows from the condition of the theorem that the upper and lower 
sums of the series X a ' 1 - ° s ^ f> ” s * n n X - are both finite at almost all 

points of the interval, and therefore — t are bounded. 

The following theorem may be deduced from that of § 430: 

If the series la 0 + X (a„ cos nz + b„ sin nz) is summabk [C, k), where 
k > 0, at all points of a set H of positive measure, then converge to zero 

For it is known that at any point at which the series is sumraable 
{C, k), a " 005 nX ^ — ^ converges to zero. This being the case at points 
of a set H, of positive measure, the result follows from § 430. 

A particular case of this theorem was given t by M. Riesz, that if the 
series ia„ + X (a„ cos nx + b % sin nz) m snmmable (C, 1) in an interval, then 
a„ K 

~, converge to zero. 

* Pax. 7!<xj. Soc. (A), vol. uxnx (1014), p. ICO. 
t UonaUhrftrfBr Math. «, Pbgiil. voL xsVI (1815). p. 2G3. 

J Math. Anxaten. vol. isxi (1012). p. 58. 
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449. The genera! theorem of § 443 includes the condition that the upper 
and lower etun-f unctions of the given series are aummablein (— tt.tt) whether 
they be bounded or not. It is however convenient to possess test® that a 
given trigonometrical series is a Fourier’s series that do not involve this 
condition, but instead depend upon whether these upper and lower 
functions are bounded in the whole or in a part of the interval. It has been 
. ebewn in § 360 that, if the integrated scries £ J * n nx — ■■ 0QS nx con- 
venes to ah integral, then the given series is a Fourier's series; but in 
practice it is difficult in any particular case to ascertain whether this 
condition is satisfied or not. 

It is accordingly convenient to possess tests in which a lesser know- 
ledge of tbe properties of this integrated series is involved. With a view 
to remedying as far as possiblo these practical defects of the theorems of 
$ 442, the following theorem will be established: 

If a trigonometrical series has its upper and lower sum-functions bounded, 
ereepi in the neighbourhood of points belonging to a closed enumerable set E, and 
if the integrated series £ fnBmnx^-^cosnx cmver g es boundedly (or in 

particular uniformly) in the whole interval (- n, tt) to a continuous function, 
then the trigonometrical series is cither a Fourier's series or a Fourier BL- 


In accordance with the theorem of § 432, since £ (o„ cob nx + 6„ sb> «z) 
is hounded in an interval, a, and ti„ ore bounded, and thus the series 
— £ ° ^ converges uniformly in (— -a, n) to a continuous 

function F (x). Denoting by d> (x) the sum-function of the series 
" a„ sin nz — h. cos nx 


since this series by hypothesis converges boundedly, term by term integra- 
tion may ho applied to it, and thus j <1> (x) dx - F [x) — F (- w). It 
follows that F' (*) exists everywhere in (— n, u), and is continuous, being 
equal to <b (*). 

Considor an interval (a, b) interior to an interval contiguous to E-, then 
the upper and lower sum-functions of the series £ (a* cos nx + b n sin nx) 
arc bounded in (a, 6). It follows from the theorems of §§421, 437 that, if 
k be sufficiently small, ^ & J* — h) — (g) bounded as a 

function of (x, h), for all such values of h, and all values of x in (a, b). 
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Denoting j F (x) dx by F x {*), and employing the second theorem given 
in J 221, it is seen that the upper and lower limits, as ft 0, of 

jP, (* + ft) + F x (x — ft) — 2F, (x) 

"ft* 

are Z-integrals in (a, b ), since they are both upper and lower somi- 
integrols. Since F, (a:) possesses everywhere in {a, b ) a second differentia] 
coefficient F' (x), both these ttpper and lower limits coincide with F' (x), 
which is therefore an integral in (a, b) and consequently has, almost 
everywhere in (a, b), a differential coefficient F" (x). 

If (a, ft) be the interval, contiguous to E, in which (a, b) is contained, 
we have ^ F" (x) dx = F' ( b ) — F' (a); F" (x) existing at almost, all points 
of (a, 6) (see r, § 406, Fast theorem). Since F' {x) is continuous, we have, 
as a, b converge to nr, jS respectively, 

lim [“ F" (x) dx = F' (p) - F' (a), 

and therefore j F" (*) dx exists, either as an /.-integral, or else os an 
///.-integral. Since (a, p) is any one of the intervals contiguous to E, oil 
the abutting intervals may be amalgamated, and we see that, if (a, , ft) be 
any interval contiguous to the first derivative E', of E, the integral of 
F" (x) exists in any interval interior to (a, , ft), and is equal to the difference 
of the values of F' (x) at the ends of the interval. Proceeding to the limit 
as before, we see that j ‘ F’ (*) dx exists, as either an /.-integral or ns an 
////-integral, and its value is F' (ft) — F' (« 4 ). Proceeding in this manner, 
it is seen that J F" (x) dx exists in any intei-va! (a„, ft) contiguous to ft’ 1 " 1 , 
the nth derivative of E. If (a„, ft) is contiguous to E l “\ the first trans- 
finite derivative of E (if it exists), the integral of F " (x) exists in any 
interval interior to (n„, ft), and consequent^' as before in (<r„, ft), and is 
equal to F' (ft) — F' (a.). Proceeding in this manner, the set E will be 
exhausted, since E is enumerable, before some transfinite derivative is 
reached. Hence, in the interval (— n, a-), F * (x) exists almost everywhere, 
and J F" ( x ) dx exists as an /.-integral, or else as an ////-integral. Thus 
the function <1* (x) exists as an /.-integral, or else as an ///.-integral, and 
it is the sum-furetion of the scries S °° sin nX " cos It follows, in 
accordance with §§ 360, 364, that the given trigonometrical series is a 
Fourier’s series or a Fourier’s ////-series, according as F 1 (x) is nn 
/.-integral or an ////-integral. 
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EXAMPLES 


(1) Consider the series 2 isiniuc, 2 — coskz, where 0 <£ < ]. Since the series 
1 sin dx, l cos r.x oscillate boundedly, except in the second cose in the neighbourhood 


erf the point x=0, Uy the theorem of § 24, the series 2 2 at0 convergent. 

2 2 — converge uniformly in ( -rr, rr), it follows by the above theorem 

(list both tiro scries considered are either Fourier's series or else Fourier’s HL-toties. If 
i> }. it fellows from tho Rleez-Kscher theorem that both series arc Fourier's strips. 


(2) Consider the series 2 — . Hie integrated sc 


~ is divergent at tho point 
a Fourier's (i/i) 

writs. On tho other hand the scries 2 where fc >0, is such that the integrated Bones 

S iT3o5n^H conver S ca uniformly in tho interval ( -rr.rr). Henco tho scries is either a 
Fourier's series or a Fourier’s BX-scrics. 

450. In tlits theorem of § 449 the condition that £ -- • .~S-- 0S . ?! ? 


converges boundcdly to a continuous sum-function may be relaxed; simple 
convergence to a continuous sum-function <l> (z) being sufficient. For, by 
Ffttou'B theorem {§ 413), applied to the summnble function F (z), it is scon 
that <I> (z) ia equal to F' (x) wherever F' (x) exists, wjuch is the case almost 
everywhere in (a, b ); for lim £ ^ ~ b ” C ° ~- j fr ~ <p ( x ), sinco 

b„ are bounded (sec § 133). If F 2 (z) denote j F, (z) dx, it is seen 
as before that the upper and lower limits, as h ~0, of 
F t (z + k) 4- F z (z - h) - 2F a (x) 
h- 

arc integrals in [a, &). Since F. (x) possesses everywhere a second 
differential coefficient F (z), these upper and lower limits coincide with 
-F(z), and therefore F (z) is an integral, and consequently 

F <*) - F (- w ) = j * F' (x) dx = j**<t> (z) dx. 

Since 0 (z) is continuous, it follows that F' (z) exists everywhere, and 
is equal to <!• (z). From this point onwards, the procedure is ns before, 
Consequently tlie following theorem is established : 

If a trigonometrical series be such that the upper and lower sum-functions 
are founded, except in the neighbourhood of points belonging to a closet! 


enumerable set, and if the integrated scries 2 — — — — converges 

to a continuous function in the whole interval (- w, w), then the trigono- 
i tutrical series is either a Fourier’s series or a Fourier's IIL-scries. 
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This theorem was given* by W. H. Young, whose proof, however, 
would appear to require some addition to make it complete. 

RESTRICTED FOURIER’S SERIES 

451. The properties of a certain kind of trigonometrical series of the 
form Jo# 4- 21 (o„ cos nx + b„ sin nx), which are in general not Fourier's 
series, have been investigated! by W. H. Young; to series of this class he 
lias given the name restricted Fourier’s series. \Vc shall in the first instance 
give an account of a specially interesting sub class of restricted Fourier's 
series called ordinary restricted Fourier’s series, which may be. characterized 
as follows: 

A trigonometrical series £ (a„ cos nx + b„ sin nx) is said to be an ordinary 
restricted Fourier’s series, or OFF -series, if it satisfies the conditions 
(1), <j„ — o (1), b n =m a (1), and. (ft), the integrated scries 

£ jj (a„ sin nx — l„ cos nx) 

converges in an open interval (a, p) contained in (— it, tt), or in each of a set 
of such open intervals, to a function F (x) which is an L-intcgral. The function 
defined, almost everywhere in («, fi), is then said to be the function 
associated with, the ORF-series in the open interval a < x < )3. 

It should be observed that, from condition (J), the convergence of the 
series £ follows, and then, employing the Ricas-Fischcr 

theorem (§ 379), it follows that the integrated series is a Fourier's series; 
thus the function F (x) is the fune.tion corresponding to a Fourier’s series, 
although it is an £-integral only within the interval or intervals of re- 
striction. The interest of these ORF- series arises from the fact, which will 
be established, that, in an interval of restriction, they possess many of the 
cardinal properties of Fourier’s series; they may accordingly, within such 
an interval, be employed in Analysis in like manner as a Fourier’s series. 

The following theorem, which is the analogue of Riemann’s property 
of Fourier'6 series, will be established: 

The upper and lower functions of an 0 It F -series at a point x, interior to 
an interval of restriction; depend only on the character of the associated 
function in an arbitrarily small neighbourhood of the point x. 

* free. Load. Math, Sac. ser. (2), vol. «, p. 430. It 6 whb here to be assumed without sufficient 
justification that the sum o£ the integrated series is equal to F' (j-j. The continuity of the sum of 
the integrated scries is by itself not sufficient to justify this. 

t See Proc. Land. Math. See. (2), voL xva (1918), pp. 195-230; also ibid. pp. 353-309; and 
Prec. Pay. Soe. (A), vol. Iran (1917), pp. S7G-292. Sec also Bulkin dt la roe. mat. * Franc*. 
vol. XJI (1924), p. 58a. 
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Let X (a„ cos nx + f>„ sin nx) be the OliP-aenes, and let /(a:) be the 
function associated with it in the open interval («, /S) ; where a„ — o (1), 
b n = o (1). Let P (x) be the function corresponding to the Fourier's series 
S ^ C0S wa! ; then we have F (z) — P (a) =■ J / (x) dx, for 

« < x < p (see i, § 406). The nth partial sum of the ORF-scries is given by 
s„ (a) = *.J r {J {* 4 «) 4 P (* ~ <)} sin (n + i) t cosec \tdt, 

at an interior point of the interval (a, p). If (re — e, x 4 e) be an interval 
interior to (o, p), the integral in the expression for s„ {x) may be divided 
into two parts, the first taken from 0 to «, and the second from e to ir. 
The value of the first of these integrals depends only on the properties of 
f(x) in the interval (*—«,* 4 e). In order to prove the theorem, It is 
sufficient to shew that 

[P(x-ht) + P (x — i)] sin (n 4 J) l coscc $lrft 
converges to zero, as n ~<o. The expression may be written in the form 
J [f (x + f) + P (x - <)] sin nt cot \tdt + k n , 
where i„ •“&-»** f [Jf (x 4 1) + F(x~ f)] cos utdl. 

We have 

* n = 33:j [-F (* + f) + -F (* — <)] cos nt-dt 

~itxi [P (* + 0 + P (a:— f)]cos nidt; 
the first expression on the right-hand side is equal to 
d_ (a„smnx — i>„ cos jm 
*&?V " " n )’ 

or to w («„ cos nx 4 b n sin nx), 

which converges to zero, as n co. In the second expression the differen- 
tiation can be carried out under the sign of integration, since 
f(* + !) + 7(t- {), cos nt 

are both L-integrals in the interval (0, e) (see § 249, Ex. (6)) ; it is therefore 
equal to — J [/(* + <)+/(*— l)] cos «f dl, which converges to zero, as 
n~m, since / (x 4 t) 4/ (* — f) is summnilo in the interval (0, «). It has 
accordingly been proved that — o (1). 

In order . to deal with ~ p' (a; 4 <) 4 J* {» — «)] sin nl cot Jfrft, let 
<fi (f) be defined as an odd function of 1 in the interval -(— it, it), such 



688 Trigonometrical Series [ch. vin 

that </> (0) = 0, <f> (0 — col U in the interval {«, w), and lei it be con- 
tinuous at l -- €j and such that <f>‘ (t), </>' (<) exist and are bounded in 
the interval (0, e). The function $ (i) is the integral of an integral, and its 
Fourier’s series £ c P sin pt converges uniformly. The differentiated series 

also converges uniformly to <f> (<), and c„ — 0 ; thus S | c r | converges 

to a number O. If it were necessary, <f> (t) could be so defined as to have 
any number of its derivatives bounded. 

Wo now consider 

^ j" If (x 4 1) + r (* - 01 1 #| ™ Mdl, 

by integration by parte we have 

I {F (x + 1) + F (a; — I)} <j> (t) sin ntdt 

= - {{? (x + e ) - Q (x - <)) ^ (c) sin nr 

- n £ (G(x + t)-G(x~ 0} <t> (0 cob vtdC 

- j’ {0 (x -|- 1) - G (a: - t)} 4>' (0 sinnldt; 

where O ( x ) =• j F (x) dx. The function F (*) is the differential coefficient 
of G (nr) almost everywhere, and at every point of (* - c, x + e) ; we have 
thus, remembering that G (* + t) — G (a: — t), <f, (t) cos nl, <f>' (l) sin nl are 
integrals in (c, tt) (see § 24f), Ex. (6)), for 

{JP* (* + /) + F (x — t)} <f> (<) sin nidi, 

the expression 

— {F (* + «)- F (*-«)} 4> (c) sin nt 

- » J’ {F (a + t) - F (* - <)} t (0 cos nidi 

- I’ {F (x + l)~ F{x— l)} p (I) sin nidi. 

Since the Fourier’s series for <f> (i), <j>‘ (l) both converge uniformly, we may 
substitute them in the integrals, and integrate term by term. Wo can then 
transform back the coefficients of each factor c T , where sin pt takes the 
place of $ (<), and wo thus obtain the expression 

%c p ~ J* {F (a: + 1) + F (x — l )} sin pi sin ntdt ; 

hence we have 

J ' (F (x l) + F(x- l)} 4> ( t ) sin nidi = \ 2 c„ - £„+«)• 
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If ij bn an arbitrarily chosen positive number, sinoe k„ — o (1), we have 
j | < 7), for | n [ £ w. It follows that j £ e v k r+n j < rfi, provided n % m. 
To estimate £ o P i JP _ ll ,.'we have 



The first expression on the right-band side is less than ij £ | c„ | , or 
than Or/; the second is less thonij £ j c„|, or l.hanCSj; the third is less 
than M £ | e„ | , vhero' M is tlic maximum of the numbers | | , 

j-Jfcj [ , | , and this converges to zero, as n ~ oo, whon in is .kept 
fixed ; the fourth expression is less than J/ £ | c„ | , or than M £ | c„ | , 

■which converges to zero, as n ~ as. It lias now been shewn that 

| hm f^e, |s 2Ci, ; 

and since 17 is arbitrary, lim £ e, (i r .„ — i', H „) = 0. It has now been shewn 
that Iim ~ j. [F (x + 1) + F {x — l )] J> ( l ) sin nidi = 0, and the theorem has 
thus been established. 

It can bo shewn that, if * is confined to a closed interval interior to 
(a, fi), the convergence of 

^ j [F(z + /) +F (x — 0] sin (n + 4) i cosoo \UU 
- to zero is uniform in the specified interval of x. 

Since 

J [F (x + 1) + F {* — «)] cos nidi — it (a n cos nx + 6„ sin nx), 

the expression on fcho left-hand Bide is numerically less than jr(| 0*1 + | lt„ |), 
and it therefore converges to zero, ns n ~ oo , uniformly with respect to x. 

It is also known {see § 334) that f [/ {x f <) + f {x — t)] cos ntdt con- 
verges to zero uniformly for nil values of a: in a closed interval interior to 
(«, ft). Hence k„ converges to zero uniformly for all such values of x. 
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Since \ k n (*) | £ * (| a„ \ + J b n |) + \f(l) \ dt, and < is so chosen 

that (a: — e, x + «) Is in a closed interval (A,Ji) interior to (a, fa, we see 
that, if M — u 2 (| a„ | + | b„ |) + m j | / (/) | dt, none of the numbers 
K fa). \ {*)> ■ ■■< (*) can numerically exceed M, for any of the values of 

x. Thus the uniform convergence is established. 

452. It appears from the theorem proved in § 251 that, at any point 

x in the open interval (a, f}) of restriction, the OFF-scries is convergent 
if the .Fourier’s series of the function which has the value of f (x) in (he 
interval (*—€,* «), and has clsowhere the value zero, is convergent 

at*. Moreover, if (a t , fa) is any dosed interval contained in («, fa, (he 
OFF-series converges uniformly in (o x , fa) if the Fourier's series of the 
snmmable funotion which has the value / (*) when * is in (oq , fa), nnd 
which elsewhere has the value of some suramnble function, is uniformly 
convergent. The general result may ho stated as follows: 

Sufficient conditions for the convergence of an ORF-series in the open 
interval {a, fa of restriction, at a point x in (a, fa, and also sufficient conditions 
for the uniform convergence of (he series in a closed internal (a, , fa) containctl 
in (a, fa, are identical with the corresponding sufficient conditions for the 
Fourier’s series corresponding to the summable function which agrees with 
f (*) in a neighbourhood of the jninl x, or in an interval contained in {«, fa, 
and which has elsewhere the value zero, or the value, of some summable fund ion. 

It is thus seen that, in any closed interval contained in an interval of 
restriction, an OFF-series may be employed like a Fourier’s series; for 
example, it may, subject to the same conditions as in the oflso of aFourier’s 
series, be substituted in the integrand of any integral whose limits nro 
within the interval of restriction, the integration being then, carried out 
term by term. 

453. The trigonometrical series 2 (<i„ cos nx + b„ sin nx), correspond- 

ing to a function / (*) which has a Denjoy integral, or in particular a 
Hamack-Lebesguc integral, in the interval (— n, n), is in general not such 
that the conditions a„ = o (I), f>„ = o (1) are satisfied. But in any 6ucb 
ease when they are satisfied, the series 2 a " e ‘ n - C ° S — is a Fourier’s 

series which corresponds to a function F (x) which is an indefinite D- 
jntegral, hut not an ^integral, and is consequently a continuous function. 
But in each open interval that is contiguous to the set If, of points of non- 
siitu inability of /(*), F (*) is an F-integral, to the values of which the 
Fourier’s series converges; thus the Fourier’s 75-series is an (5FF-series, to 
which the results of § 452 are applicable. 



Restricted Fourier's Series 


(>91 

In case the conditions a„ — o (1), b n = o (1) arc not satisfied, there may 
be values of x for whioh lim ( a„ cos nx + b H sin nx] = 0. If £ bo a point 
within one of the intervals contiguous to the set II of points of non-sum- 
inability of the function/ (x), and for which lim {«„ cos nf + b„ sin n£) = 0, 
the result of § 462 is applicable to tho neighbourhood of the point £, be- 
cause in the proof in § 461, no use has been mode of the conditions 
it„ = o (1), b„*=o(l), the conditions having alono been employed that tho 
Fourier's series S g "— n3 ? ~ . “ C0E nx exists, and that 
lim (a,, cos nx + b„ sin nx) = 0, 

at the particular point x. The Fourier’s .D-scries may be convergent at a 
point a: at whioh this limit has the voluo zero, but the set of pointe of 
convergence cannot have a measure greater than zero, unless a„ — o (1), 
b n « o (1), because, as has been shewn in §430, if a„ cos nx + b„ sin nx 
converges to zero at all points of a set of positive measure, it then follows 
that a„ « o (1), 6* = o (1). 

We have accordingly obtained tho following properties of a Fourier’s 
D-series: 

A Fourier's D-series, or in porlicndor a Fourier's HL-series, 

S (a„ cos nx + b n sin nx), 

corresponding io a function f (a.), and for which a„ — o (1), b„ =» o (1), be- 
haves, in any closed interval interior to an interval contiguous to the set H, of 
points of non-summability of f[x), in exactly the same manner, as regards 
convergence., uniform convergence, or oscillation, as the Fourier's series 
. corresponding io the summabk function which, in the closed interval, has the 
same values as f (x), and outside that interval has the value zero. The series 
may be employed in (hat closed interval in (he same manner, and subject to 
the same conditions, as the Fourier's series. 

In case tlx conditions a n ■= o (1), b K = o (1) are not satisfied, the points 
of con vergence of the Fourier’s D-series, in the intervals contiguous to H.form 
a( most, a . set of points of measure zero. At any point interior to an interval 
' contiguous to II, at which a„ cos nx + b„ sin nx converges to zero, asn ~<a, 
(he series behaves, as regards convergence or oscillation, in the same manner 
as the Fourier's series corresponding to the swnimable function which has in 
a neighbourhood (x — S, x + b) of the point x the same values as f (x), and 
has everywhere else the value zero. 

454. The more general class of restricted Fourier's series may bo 
defined as follows: 

The series obtained by differentiating p limes the Fourier's series corre- 
sponding to a summabk function F (x) is said to be a restricted Fourier’s 
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scries of the pth class, and to be restricted to one or more ojien intcrinls («, fi), 
if, in each such open interval, F (*} is a pth indefinite L-integral. The pth 
differential coefficient of F (x), which exists almost everywhere in (<t, ft), is 
said to be the function associated with the restricted Fourier's series. 

It is easily seen that an OltF-scrics belongs to the first class of re- 
stricted "Fourier’s series. 

The theorem in § 341 that the convergence, or the nature of the upper 
and lower sum-functions, of a Fourier’s series at a particular pointdepends 
only on the values of the function to which the series corresponds in an 
arbitrarily small neighbourhood of the point lias been extended to the case 
of the pth derived series, when summation (G, p) tabes the place of ordinary 
summation. W. H. Young has in fact established* the following theorem : 

The upper and lower sums (C, p) of the pth derived series of a Fourier's 
series corresponding to f {x) ala particular jjoint depend only on the tallies of 
f (x) in an arbitrarily small neighbourhood of the point. 

It has also been showrrf by W. H. Young that: 

The derived series of a Fourier’s series corresponding to a function of 
bounded variation in {— it, n) converges { C , k), where k > 0, almost every- 
where to the differential coefficient of the function. 

By employing both of the last theorems, the following theorem can 
be obtained : 

///(*) be, in a certain interval (a, b), of bounded variation, the first derived 
series of the Fourier’s series of f ( x ) converges (G, 1), almost everywhere in 
(a, b), to the differential coefficient of the function f (x). 

For the convergence ( C , 1) at an interior point of (a, 6), of the derived 
series, does not depend upon the nature of fix) outside ( a , b), and is there- 
fore the same os if / (x) were of bounded variation in (— n, w). In that 
case the series converges (C, 1) almost everywhere in (a, b), to the value 
/' (*)• 

CONVERGENCE AND SUMJtABIIJTY OK THE SERIES ALLIED WITIT A 
FOURIER’S SERIES 

455. The series allied with a Fourier’s 8erie9 

+ S (o„ cos nx + b„ sin x), corresponding to the function f {x). 
has been defined in § 400 to be the series S (a n sin nx — b„ cos nx). We 
proceed to consider the question of the convergence of the allied series at 
a particular point. 

* Pm. Lmi. UaA. Sex. (2), vol. xvn (1016), pp. 213-217. 

•f Ibid. (2), vol. nil (1913), pp. 21-23. 
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We have 

S(a B sinB* — 6 n cos«a:) => j f (xf) sin n(x — xf) dx' 

-Ijj <*'> igjfr-Vj *'■ 

and thus the partial sum on the left-hand side can be expressed in the form 
' ’/(»') [cot *-/ - cos n (a; - o') cob *-/ - + sin n (a: - z')J dx’. 

Since j f (s') sin n (s — s') <£*' convenes to aero, as n ~ co, uniformly 
for all values of x, tho limits of the partial aunr depend upon those of 
- COSJl (s - s')} dx', 

or, writing s' >•■»+{, upon those of 

~$ 7 rj /( ss + ( ) cot i t < 1 -o°s«f)*» 
or of ^ | {/(*-0 — /(s + /)}cot|f(l -cosnfjdf. 

It follows that the allied series converges at a point x to the value 

provided this expression has a definite meaning, and provided further the 
condition 

lim | {/(» - t) — /(s + <)}uot ItWintdt — 0 

is satisfied. 

Since cot | is bounded and measurable in the interval (0, ir), it 
follows from the theorem of Rieraann-Lebesgue that 

lim f {/{s — t) - f (s 4- 1)} ^cot |f — cos ntdt = 0, 
hence the second condition is equivalent to 

In case ^ ^ ~ H ~ ^ + ^ is sutmnahle in an iuterval which contains 
the point f — 0, both the conditions of convergence of the series at the 
point * are satisfied, since 

/'</«• - <) -/(*+<» (=0‘ SI - fj * 

exists as an integral. 
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In general however — is not summable in the. neigh- 

bourhood of the point t = 0, but 

| {/(*-<)-/(* + *)) cot, 

may exist as a non-absolutely convergent integral, denoting 
g^llm J {f(z-t)-f(x + t)} cot \ldt. 

The result has now been established that: 

The allied, series converges at a point x to the value 

sj /'{/(• - o -/<* + moot j m, 

provided this expression has a definite meaning, and provided further that 

lim [ y 1 * - '> -SI* + ‘h osntdl*,0, 

the integrals in these two conditions being in general non^absolutdy con- 
vergent at 1 = 0. 

This result was obtained* by Pringshcim, who was the first to investigate 
the oonvergeneo of the sorics in a rigorous manner. 

It is easily seen that.,/ (x) being a periodic function, 

g, f’ {/<«-<>-/<* + <» m 

is equivalent to ijVJt-t .-/fe±S*. 

4S6. The case in which / (x) is a function of bounded variation in the 
interval (— n, n) was investigated! by W. H. young. For the convergence 
at a point x, of continuity of the function, we can however consider the 
more general case in which the function is only of hounded variation in 
some neighbourhood (x — 8, x + 8), of tlic point x. 

"We have then to consider the expression 

[/(* — *) -/(* + 93 cot |/ (1 - cos nt) <lt, 

since, when the limits of the integral are (8, n), the expression converges, 
as n ~ ■», to the definite value 

^ -MM col i«S. 

* Silznvqtbtr. 9. J f Hitch. A tad. (1900), p. 87. 

+ Ibid. (1911), p. 361. 
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We have, when n is bo large that 8 > jt/«, 

j| i/i(J) cot 1/(1 — cos«/)di j< | ip(t) | j | (1 — cosnl) | dt 
. .... i sin In/ ,, 

-'•‘Jjwii-f-* 

where ip (0 denotes / (z — t) — / (a + i), and is the maximum of | </> {/) | 
in the interval (0, w/»). If n be sufficiently large, we have 

I !« ^ ^ co *' - l ^ — oos **) ^ 

where ij is an arbitrarily chosen positive number. 

The function ip (i) may bo expressed as P (/) — Q (/), where P (/), <3 (f) 
are monotone and non-inoreasing in llie interval (0, 8) ; we have then 

. j P ({) cot | cos ntdt = cot ^ P j cos ntdt, 

whore S' is in the interval ^,8^ ; linneo tho integral on the left-hand aide 
is numerically less than “ cot ^ p (~) • 11 similar result holds for the 

function Q. Since P (^j, Q ^ both converge to zero, as n ~co, we ece 
that 

| ^ “ 0 “/(* + 0) cot | cos nidt | < if, 

if n be sufficiently large. It now follows that 

?i~J {/(a— 1) —/(* + <)} dot>4t(l — cosnt)dt 
differs from. - f(z + t)} cat tydl 

by less than. 2ij, if n be sufficiently large. If now 

J .{/(*“ t) — /{* + i)} oot }tdl 

exists, we have 

J™ {/(* - *) -/<* + ()} cot it (1 - cos nt) dt 
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The following theorem has now been established ; 

If, at a point of continuity x, of the function f (#), the function be of 
bounded variation in some neighbourhood of x, (he allied series converges at 
x to the valve 

i !'“ J." ft In - s > -/(* + s » a* !<*, 

provided this limit has a definite value. 

The following analogue of de la Voll6c Poussin’s condition (5 340) for 
tho convergence of Fourier’s series has been obtained* by W. H. Young: 

If ^ ( {f(x-t)-f(z + l)}dt is of bounded variation, as a function 
of u, the allied series converges to 

provided this limit has a definite value. 

457. A6 regards the summability of the allied series, the first step was 
taken by W. H. Young, who proved that the scries is Hummable ( 0 , 1) if 
the integral 

2~ jo {/(*-*)-/(* + /)} cot Udt, 

which will be denoted by /, exists, at least as a non-absolutcly con- 
vergent integral, provided also 

-!)-/<* + <> | *-«(«). 

The latter condition is certainly satisfied at a points: at which \f(x) — C | 
is the differential coefficient of its indefinite integral, whatever value 0 
may have. The Bet of points at which this condition is satisfied contains 
almost every point of the interval ( - 7 r,n) (see r, § 432), and may be termed 
the L- set. In order to shew that the allied series is summable (G, 1) almost 
everywhere, it is accordingly necessary to shew that the integral 

I’ {/(*-*)-/(* + <)} cot Udt 
exists almost everywhere. 

It was provedf by Plessner that, if 

V (h, x) — E (a„ sin nx — b n cosna:) h”, 

• Jm. cit. p. 368. Seo also Proc. Load. Hath. So c. (2), voL X (ItllJ), pp. 266, 27J, whore 

f Zur Th'.oric dtr Ixmjugierten trigowmttriKhai JUiktn, Miltlirilimfron lies Math. Seminars dor 
Uni 7. Giessen, No. x, 1023 
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where | It j < 1, then 

lim [V (»,*) - -!)-/(* + Ill cot | Jlj - 0, 

where n ~ sin -1 (1 — A), provided 

J“|/(* - f) -/ ( * 4- 0 | it = o {«) ; 

it follows that in the L- set, the integral / exists at a point at which the 
Poisson sum exists. The particular case of this theorem in which a; is a 
point of continuity of / (x) had been obtained earlier* by Fatou. It was 
further proved by Plcssner that the Poisson sum exists almost everywhere, 
and it then follows that 1 exists almost everywhere. Taken in conjunction 
with the theorem of Young, referred to above, it follows that the allied 
series converges (C, 1) almost everywhere. 

The summabiJity (0, i), for i> 0, has been considered in a mcrooirj- 
of Hardy and Littlowood, which contains an account of the development 
of the theory of the sumraabillty of tho series. It is there shewn that, in 
the L- sot, the allied series is either sununable (0, k ) for every value of 
k (> 0), or not summable (G, k) for any valno of k, nor by Poisson’s method. 
This result combined with that of PIcssncr leads to the extension of the 
property of Fourier's series to the allied scries; 

The allied series is summable (C, k),for k > 0, almost everywhere. 

An extension is also given in this memoir of the theorem stated in 
.§ 374, relating to tho conditions that, at a particular point, the series 
should be summable ((7, k) for some value of k. 

458. In ease / (x) is a function whose square is summable in (— w, rr), 
it follows from the Riesz-Fiecher theorem that the allied series is the 
Fourier’s series of a function of which tho square is sununable. 

The following theorem was given} by Lusin: 

7/ {/ (x)} s is summable in (0, 1), the integral J ^ dl 

has a definite value almost everywhere, and represents a function <f> (x) stash 
that is summable in the interval. 

A proof of this theorem has been givcn§ by Besikovitch, who shewed 
that 

f’ {# (*)F * s J’ {/ [*)>* *. 

* Acta Ifatli. voL xxx (1908). p. 3GO. 

- <■ Pm. Load. 13a fl. Soc. (2), vol. xxrr (1025). p. 211. 

t Compta Pc ados, voL olvi (1913). p. 1655. 

£ Fnndamnta Math, vol iv (1924), p. 132- 
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The more general cafe of a function/ (a;) eucli that | / (a;) J r is summable 
in (— it, n), for some value of p (> I) has been studied by* M. Kies/. (see 
§ 397) who has given an indication of liis proof that: 

If ] / (x) \* be summable in (- n, or), where p has some value > 1, then 
(he series allied to the Fourier’s series of f (x) is the Fourier's series of a 
function <f> (x) such that \ <j> ( x ) I* is summable in (— n, n). 

Detailed proofs of this theorem, with a development of it3 consequences, 
will appear in forthcoming memoirs by M. Ttiesz, and by Titchmarsh. 
doddle fotjrier’s series 

459. The theory of double Fourier’s series lias been investigated by 
Asoolif, Picard}, Oemi§, Krause ||, Hardy^, Vergerio**, W. H. Young}}, 
0. N. Moore}}, Kiistermann§§, and Titchmarsh |]||. A detailed account of 
many of those investigations, with some furtnor developments, 1ms lieon 
given by Gciringer^fl. Those respects in which multiple Fourier’s series 
differ from single Fourier’s series are sufficiently represented by the case of 
the double series ; for simplicity of statement, only the case of Fourier's 
double scries will accordingly be dealt with here. 

If/ (si'!, *<*>) be a function of (a^ l >, *<*>), periodic with respect to *(■> and 
with respeot to * (2 >, in each case with period in, and summable in the 
rectangle (— n, — w; ir, n) \ let us consider the series 

£ (a„u> „u> cos cos n ,T ix w + />„«>. „«i cos sin 

n“»= 0 ,«'«=o 

+ c n ui, n Qi sin cos „a< sin sin id 1 '* 1 ’ 1 ), 

where o n «i, n a) » / (a* 11 , x fT >) cosn^'aC) cos n i7 >z<*i d 
for ! n"! > 0, «(*) > 0, 

and o„ai,„ = ^ * ,2) ) cos n< 1 '*r' 1 > d (*t», *»), 

Qn - X. f f (z«>, *«) cos tl (*«!, *<=)). 

An J (a) 

/•■"■■"I ■it* 0 '. 1 "'). 

* Fro c. fond. Math. Soc. (2), vol. XXU, Btcrndt. Jan. 17, 1924, p. iv, nho Complr- Itendm, 
vol. clxxvut (1924), p. 1404. 

f Rendiconti fomb. (2), voL XI, p. 543. 

{ Traiti £ Analyte, 2nd cd. (1901), p. 294. § Bend. lombard, vol. xxxiv (1901). p. 921. 

II Leipz. Bcr. (1903J, pp. 164, 239. ^ Quarterly Jonn. vol. xxxvn (1900), p. 33. 

•* Gior. di Batalyini. vol. XLII (1911), p. 181. 

tt Proa. fond. Molh. Sot. (2), vol. II (1812), p. 133. 

XX Tram. Amer. Math. So c. vol xiv (1013), p.73; Bull. Amer. Math. Soc. voln. xvu, svms 
Comptes Rendut. vol. cly <1912), p. 120; Math. Annak n, vol. txxrv (1913], p. 033. 

§§ “Inaugural dissertation,” defier Fourier'echt Doppclrcichen and dot Poistoniechi Dopprl' 
integral, Munich, 1013. 

1111 Proa. Roy. Soc. vol CYl (1924). p. 299. 

*|*| Monateheftc /. Math. a. Phytik, voL x»x ( 1918), p. 65. 
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458, 45»] . 

with similar expressions for 6 n <i),„o>, c,m „u>, where A denotes the 

fundamental rectangle (— it, — »; -n, -n). This series is said to be the double 
Fourier’s series corresponding to the summable function / *<*•). It is 

clear (see § 237) that each of the integrals which express the coefficients 
may be replaced by the corresponding repeated integral. We may denote 
the correspondence of the series with the function by 

w “sf ^ («„».»« cos ««•>*»» cos 

+ b„n>, n oi cos sin n»*W + c n m, „*» sin nl'i^ 1 ) eos «»*» 
sin »!<»**<*>). 

It is clear that the formal expression of the series may be obtained by ok* 
pressing ns a single Fourier’s series of cosines and sines of 
multiples of *<“>, and then each coefficient in that scries as a Fourier's series 
of cosines and sines of multiples of z (1 >. 

If we denote by 7f the sum of the four terms corresponding to 


a<'>, «!*, and by s n iii,„ei the sum S K„w, n w, wo have 
s„n>, a « = i J* t/£<‘> [i + cos (£1 - *('>) + ... + eos nOI (^<*> - ari'i}] 

j” /(?», ?=>) [A- + cos " - z«) + ... + cos Til 5 ) (f’J - ast*>)) tip* 




/(zte-uSfte.zte + 


Wit*-.") (Mr^ /(aW + ^ gw. *«y 

’ sin/t'i Bind* 

1 ft* fl* „ , sin mtW/t*) sin inW/IS) , . 

="~* Jo /„ * <«»»> < |g> ) 

where mil = 2n<*> + 1 , m<*> — 2n<^ -j- 1, and F denotes 

/(a*” + 2ft*l) +/(zt*> - 2tte,a< i i + 2ft*J) +/(*» I + - 2t«) 

4-/(rf'> -2/w,sero-2t«), 
the function / (*W, ai 5 ®) being taken to be periodic with respect to at 1 * and 
to *!*>. 

The investigation of the properties of the double Fourier’s series, as 
regards convergence, divergence, or oscillation, at a. point (*W,aiM) depends 
upon a discussion of the nature of the double limit 

*» 

Jo Bind 1 ' sin K r J 
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It can easily be shewn that, for this double limit, 

.... 

may be substituted. For — = — * . — is bounded ar 


over the cell (0, 0; Jfr, Jw), and when multiplied by the summable function 
F (if 11 , i (M ) the product is summable. Since an tnMHW sin m {,> ( (!) is bounded, 
and since the integral of it taken over any cell contained in (0, 0; Jr) 
converges to zero, as n (t| -» « , »w~co, it follows from the general 
convergence theorem of § 279 that 


lim If* 1 ) Bin sin »»<*>*« 

m<‘>~sa , m“>~® 72 j ( 0 , 0) 

fap ~ d ^ = 0; 

from which the result follows. 


480. If the general convergence Theorem I, of § -279, be applied 
to any of the integrals J f (*W*W) «<«:*« ^ d fa:'*), z"») the 

double limit as n<*) ~ as , n< 2) ~ ao, will have the value zero, provided the 
conditions (I) and (2) of the theorem are satisfied by 

CDS n.' 1 )^') cos nW*(*l = 0» *Pl). 

sin sm ' 

Since | <I> | £ 1, the condition (1) is satisfied; also the integral of <1> over 

4 

any rectangle contained in A is numerically less than which con- 

verges to zero, as n M> , « (!) become indefinitely great; thus the condition (2) 
is satisfied. 

It follows that Ihe double limits of the four Fourier’s coefficients a „„ , t„„. 

If we denote j” f (z»», z<») C °* by <j> {x«>, «.<*’), this function 

is equivalent, for each value of n> 5 ), to a function which is summable in 
the interval ( — w, w) with respect to z (I ), and j <f> {z*’*, n |! )) 7! n >z f, Wz 1,! 

converges to zero as n**)~eo, the number n u > remaining fixed. Conse- 
quently it has been shewn that: 

The coefficients a B m, B ei, 6 B u>, B ra, c a fn >n «, d n a\„m, in a double Fourier S 
series, converge to zero, as one of the numbers »•*>, n l:! diverges to so r the other 
number remaining fixed. 

461. It has been shewn that, at any point (z' 1) , z 121 ), which we may 
take to be interior to the cell (— n, n), the behaviour of the double 
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l'\i tii'ii 'iV series, ns rogiirds convergence, divergence, or osolltntion, depends 
upon (ho limit ns m w >•>’«>, nW ~t«, of (Im integral of, 

..ei-yu, 


over (ho cot I (- v, — wj w.ir). 

Lot. us now consider the fnimticm <b (jJWJ jH'l, (V\ - ,nW; nt'), »1PI) 
vvliioh tins ( ho value 

' 


wlioi) both j ft') - into ) 2 /i, | p» dll*) J a /{, whom /i. In ii | h»i| tl vo nnmlior 
nuoh (hut :b < 11 mu) a<*> ere both in (ho in fervid ir •(- /<, tr - p), l.o|. (ho 
tuiiutleu $ tinvo fho value wro, whim either of Miorni (Hindi fluns la not 
snfisllcd, or wlion neither of thorn l» mittolhid. \Vn linvo | (l* | mimic* }/i, 
nml tlmn tlm oondlUou (1) of Theorem V, in § Hitt, in sntlntiwl l»y *T>, Again 
(ho Integral of <1* ovor nny ooll omittiinod hi (•■• n, ~ w; v, »r) In (ho integral 
over (nil'll, for no point of which | f 1 ' 1 -ast# | /i, or | fW ••• ,nW | •? pj or 

It- Is (ho sum of the inlogtnls ovor nt< mo^t. four oella, nil of which Hftthify 
thin condition . If wo consider Iho Integra) of <1> over one mich ooll, ltd 
vnhic is 

f din (2 »«*» -I- ))?“ oowe y iWt'l . f sin <2 m » 1) ? croiiiO ^ HO <», 
whom (Iosco ?!- In mimoi'lonlly 2s ounce f,- , nml In iiionntonc; flic tmnic con- 
dition holding for ooneo •£., Applying In Uteao lidngmln lhc> second menu 
vnhic theorem, wimwi that they are leao Hum fixed multiples of (Sid*! | l) 1 , 
<2»<W I)- 1 renpcntivcly. Therefore (he Inlogrnl oonvcrpcil hi sum, mi 

«t‘> ~ ~ w ; nnd aonordlngly the condition (2) of Theorem f, of J 271), 

is sivf • iHlh'd . 

K. follewn Unit the behaviour of o H (ii, n io nt (he point oil*)) depi'mlu 
only on that of the integral 

IJ^^Vwec^’g^hhi (2»W-h l) iW .T.?'i S ! 

newts- - v - it {£“1, £(">) 

taken over Mid eroweiiclpliliom'lKitKl (we § 201} of t fin, pulnt (.ihl, »;(*)), 
defined no tbe.Mofs of {lobite for which either 

| {M- a.ui j a (l> or 1 £<=> - k<« 1 j dji, 
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or where both these eonditions are satisfied; the point (sfl\ xf‘>) being at 
a distance > fi from the boundary of the ceil. Moreover, the convergence 
to zero of 

/('T • « n> - xm ’ “ *"» «». »W) d tfW, £<«•) 

as »W ~ co, «< 2 > is uniform for all points (fW, £!») in a closed set that 
is interior to A, when /x is taken sufficiently small. 

A main point in which double, or multiple, Courier's series differ from 
single Fourier’s series depends upon the fact that the behaviour of the 
former, as regards convergence, divergence, or oscillation, at a point, does 
not, as in the latter caso, depend only upon the nature of tho function in 
a neighbourhood of the point, but, upon its nature in a cross-neighbourhood 
of tho point. 

FUNCTIONS OF BOUNDED VARIATION 

463. Nearly all tile writers on the subject of double Fourier’s series have 
considered the convergence of the double series corresponding to functions 
which satisfy the condition of being of bounded variation in accordance 
with the definition of functions of bounded variation given by Hardy and 
Krause (see J, § 254), The more general definition given by Arzclh (i, § 263) 
will bo employed here in an extended form. As a preliminary, some remarks 
as to the scope of this definition are requisite. In the cell (u< l >, a< 2 >; W'l, &<*)), 
the definition of a function of bounded variation, given by Arzelft,, deponds 
upon the consideration of the family of inonotono curves joining the two 
corners (a 111 , a 121 ) and (A<‘>, f;' 5 ') of the cell. It was shewn in i, § 253, that 
the necessary and sufficient condition that a function should bo of bounded 
variation in the cell is that the function should be expressible as tho 
difference of two bounded monotone functions, these two functions being 
either both non-diminishing with respect to both z*'l and z |2> , or else non- 
increasing with respect to both those variables. 

ArzehVs definition may however bo extended to apply to the casn in 
which the monotone curves employed in it are curves joining tho other 
pair of opposite corners of the cell, viz. a< ! >) and (a ,l) , 6 (3) ). It thus 
appears that there exists a second species of functions of bounded variation, 
such that a function of this species is expressible as the difference of two 
functions, each of which is monotone non-diminishing with respect to z<‘>, 
and monotone non -increasing with respect to a: 121 ; or else in each case the 
reverse. 

Both species of functions will he regarded as included in tho definition 
of functions of bounded variation. It is clear that if / (z (1> , z |a5 ) is of bounded 
variation, of the first species, and if (z 111 , be the optical imago of 
the point (aPi, z< 5 *) in the straight line through the centre of the cell 
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parallel to the as^-aris, and if / (art 1 *, *W) has the value, at (*W, ad 2) ), of 
the function / at the point ad 1 !, af&, that is / (at 1 *, ad 2 !'), then the function 
/ (ad l >, *P>) is of botmded variation, of the second species. 

A function which is expressible as the difference of two monotone 
functions, which are both monotone in the same sense, is said to be 
ntovotonoid. When the function in the difference of two functions, each of 
which is monotone non-increasing with respect to one variable ad*!, and 
monotone non-diminishing with respect to the other ad 2 >, then the function 
may be said to be t/uasi-monolonoid. 

Thus a f miction of bounded variation is cither monotonoid or else 
quasi -in onotonoid. 

It was shewn in x, §307, that, for a monotone function <f> (ad 11 , ad 2 i), 
defined in the cell (afO, a <5> ; id*!, 6'* 1 ), the functional limit <f> (ad 1 * + 0, ad 31 + 0) 
which represents the double limit of ^ (ad" -|- RW, ad 21 + AW), as Id" and 7ri*> 
converge to zero from positive values, has a definite value. Also the double 
limit <f> (ad‘> — 0, a;l 51 — 0) has a definite value. But the double limits 
^ (*W -1- 0, *f*> — 0), 4> (a* 11 — 0, ad J > -)- 0) do not necessarily exist as definite 
numbers (see the correction to I, § 307, at the end of the present volume). 
But the limit 

lim^ Inn $ (a* 1 * + h m , *< 3 > - { + ««), or lim <j, {*(« + 0, ad 2 ! - £ + 0), 

where f > 0, necessarily exists. For <f> (ad" + 0, ad".— £ + 0) exists, and 
is clearly monotone with respect to £. Similarly lim </> (it 1 * -f- £ — 0, ad*> — 0) 
exists. Whenever (ad’> + 0, ad s > - 0) exists, wc have 
(*W + 0, ad# - 0) = lim 4 (ad# + 0,^-1; + 0) 

= hm^(ad 1 > + £-0 ( ad s >-0). 

For, when <j> (a: 11 ) + 0, ad# — 0) exists, we have 

| <!> (ad# + W», ad# - 7i< 2 >) - j> (ad‘> + 0, ad# - 0) ! < c, 
provided AW, A'*) ore both less than some number >?; if £ be sufficiently 
small, it is then clear that <f> (ad' I + 0, ad# - £ -f 0) differs from 
<j> (ad# + 0, ad# - 0) 

by not more than e, lienee, since e is arbitrary, we have 

$ (ad# 4- 0, ad# - 0) = lim <f> (ad# + 0, ad# - £ + 0). 

Similarly, lim tf> (ad 1 ) — £ + 0, ad# + 0) and lim 4> (3d 1 ) — 0, ad# -i- £ — 0) 
both exist, and in case 4> (*W — 0, a:' 5 ) + 0) exists, all the three have the 
same value. 

For example, let <j> (ad*), ad*) = (ad 11 + 1) (ad# + 1), for ad 5 > < — ad'>, and 
4 (ad 11 , ad#).= (ad*) + 2) (id 2 ! + 2) 
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for *M S — it* 1 *. In the cell (-1,-1; 1, 1), <j> {x u \ x^>) is monotone, situ® 
the four factors are all positive. At the point (0, 0), 

lim f> — /i' 2 ') nnd lim <f, (— A 1 ' 1 , JW) 


do not exist. 


But lim j, (— £ 


f 0, -f 0) and the other similar limits exist. 


It is clear that these remarks apply not only to a monotone function 
but also to one which is monotonoid, since the latter is tho difference of 
two monotone functions. 

It has been shewn* by R. C. Young that, in tho ease of a quasi-monotone 
funotion of any one of the four classes specified in i, § 2G fi, all four double 
limits <f> (r (1) ± 0, at* ± 0) exist as definite numbers (see the correction 
referred to above). 

463, As regards a function which is monotone with respect to (lie 
variables in opposite senses, the following theorem may be established! : 

It is a sufficient condition that a function <f> (r 111 , s( s >) which is monotone 
with respect to ,x (l> and to z (!> , but t'n opposite senses, should be monotonoid is 
that either (1), one of the four partial derivatives of f> (*<‘1, * ,z >) with respect 
to s' 11 should be bounded in the cell, or (2), that one of the four partial derivalim 
of tf> (x w , »<*>) with respect to a '* 1 should be bounded in the cell. 

We need only consider the case in which <f (ft 111 , ®l a >) is monotone non- 
diminishing witli respect to re* 11 , and monotone non-inorcasing with respect 
to sefsJ. Let it bo assumed that one of the four partial derivatives, say 
tp (»(*), a* 1 !), whioh is necessarily £ 0, is hounded in the cell A, and let 
A bo its upper boundary. 

In a straight line parallel to tho aW-axis, all four derivatives of <f> with 
respect to *<'> have one and the. same upper boundary; therefore A is Iho 
upper boundary in A, of any one of these four derivatives. 

The incrementary ratio * + *"*■ ~ * g-ffl l.«. A for i u 

upper boundary, when all pairs of points (zt'> + A (l >, z< 2> ), (a* 1 *, X 1 - 1 ), in A, 
aro taken into account (see r, § 280). The function 

ilzte - if) (*(», *(=>) = 0 (*M, *<=>) 

is such that ip (*<'» + m, aK*l) - if, (a* 1 ', *<«) £ 0, for /»<«> 0; therefore 
ip (»(*), z( a )) is monotone non-diminishing with respect to sd li ; and it is so 
* L'aucignisment Math. vqL xsiv (1925), p. 79. 

t Jl is aaaorted hy Gciringer {lx. cil. p. 109) that Kuatennmin hod proved (lx, cil, p. 28) that 
ill all cum in whioh $ (z ia monotone non -diminishing with respect to z ,u . and monntont 
nOQ-inorcQPing with respect, to z* 51 , or die reverse, <? (Z 0 *, ~ (t: ' is monotonoid. This assertion ia 
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also with respect to a# 8 ; and therefore it is a monotone function. Thus 
tt (zO, a# 2 ') is expressible as the difference of the two monotone non- 
dbmnishing functions Asi l \ AafH — <j> (*W, z (51 ). The other oases may be 
treated in a similar manner. 

When one of the conditions in the theorem is satisfied, the four double 
limits of (zW 4- AW, a*** 4- AW), as AW, converge to zero, from values 
that are either both positive, both negative, or one positive and the other 
negative, all exist. 


THE CONVERGENCE OF THE DOUBLE SERIES 


464. We proceed to consider the value of the double limit of that part 
of the integral with respect to (fW, fi=l) representing *(*>), which 

is taken over a cross-ncigbbonrhood of the point (a* 11 , *(0). Using the 
notation of § 469, this integral is 




whore F (fW, /<*>> denotes 
7(*W 4- 2ll», *<*> 4- 2(W) 4 -/(±P» _ 2tl*>, z< 5 > 4- 2tl 2 >) 

+/(*W + 2d 1 ), *W - 2fi s >) +f(pt» - 2<»>, *i=> - 
the integration being taken over the three cells (0,0; c,c), (0, e; «, c), 
(e, 0; c, (), where brSO r. 

(1) Let us consider 






where >fi (tf l \ <W) is taken to be monotone, non-increasing, and bounded, 
in t.ho cell (0, 0; e, <). The Integral may be written in the form 


where ^ (< fl1 , i IS) ) denotes the monotone non-increasing function 


<p («W, tlfl) - i&(€ - 0, t - 0). 

The first part of the expression is equal to 

*(c-.u-<oJp *±l*. 


As tnW, rtp^ increase indefinitely, the integrals both converge to Att; also 
| iji (« - 0, € - 0) - ^ (4- 0, 4- 0) | is arbitrarily small, if e he sufficiently 
small. Hence the expression differs from £v 5 </i (4- 0, + 0) by less than the 
arbitrarily chosen positivo number £, if e & ej, and m w , are both S an 
integer dependent on £ and <r„. 
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il be divided into parts taken over the cells 


t+ hr 


' •)- IttI 


\mOi ’ m<'i” 1 ,„i=l . 

where i has the values 0 , 1, 2 , ... &*>, and i' has the values 0 , 1, 2, 3, .. 
the integers s' 8 * being such that ^ 


to '*) 


s^hr 
m i IT 


It is convonicnt to take -j> (t (l1 , — 0, when l* 1 ' > < or fl s) > e ; llio integra- 

tion can then be taken over the whole of the cells for which i = s (, > or (' « s' 2 *. 


The integral can be expressed in the form £ S (— l)‘ +l u (i, i'), 

i-O «'-0 

where 




jr \ sin m (l > t<’> sin 


d (tm, 11’)). 


' *“ * 3® ,M + sra 

It is seen that it (t, i') is positive, and monotone decreasing ivith respect 
to i and i'. 

If Cl. - « (», t) - « <*, « + 1) + * (e, * + 2) - ... + (- 1 )•+*'*’ u (t, 

and 


F. - - « (t + 1, 0 + K (» + 2, i) - « (t + 3, c) + ... -I- (- l)""™ it {«<*>, 0, 
it is easily seen that the integral can be expressed as 

(U, + P 0 ) + (17, + P,) + ... + (17,(» + F,a>). 

Wc have u (t, t) > 17, > u (t, c) — w («, i + 1) 

-«(t+l,0+w(« + 2 >t )> F.> -a(t+l, 0; 
and hence we have 

£w U, 0 - 2 {« (. + 1, t) - u (t + 2, .)} > £ (U, + V.) 

> S {tt (i, t) — w (t, t + 1)} — Em (t + 1| 0)> 
and therefore Z u (t, t) > £ (17, + P,) > — E u [i, t ) ; 
and thus | £ (17, + F.) | < £ « (t, t). 

The numerical value of the integral to be estimated is accordingly less than 

« (0, 0) + v (1, 1) + ... + v (aW, 
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»{0,0) = 


ho. o ) 


«>{r J 


which is less than w* {</i (+ 0, + 0) — ^ — 0, e — 0)} , and this is < £, 

provided c is chosen to bo not greater than some value c,. 

The sum £ u (i, ») is leas than <f> (+ 0, + 0) £ i , or is less than a fixed 
multiple of {4> (+ 0, + 0) — ^ (e — 0, e — 0)} , and this is < £, provided e 
is leas than some value 


It has now been shewn that the integral under consideration differs 
from ~i{i (+ 0, + 0) by leas than 3$, provided e is not greater than the 
smallest of tho numbers e*,, « t , r t , for a!) values of mM, mi*) which arc not 
Jess than an integer dependent on t. 

(2) Wo proceed to consider tho integral 

The integral may bo divided into parts taken over the. cells 
/ at it ! ' t + \tt if 4- 
\m {u 'nW m w ’ m 1 ’) )’ 


where i = 0, 1, 2, ... s (I >, being determined by the condition 
(s<*> + l)w . 
w><*> <e m l ' 

and we may assume that <p (fi 11 , l* 5 *) = 0, when rfb > e, so that the integra- 
tion may be taken over the whole of the oelis for which t — jW. The integer 
>f has the values p, p + 1, p + 2, ... sW, where p is such that 
pjr tt JH- 1^ 

mf* c “ mM ’ 

and >s< s ) is such that < c S — and we may assume that 

ip t K) ) = 0, when i<*> > c. 

The part of the integral taken over the cells for whiuh e S tl® 5 is 

Sit 

+ ^ (*"’ + 15s- “*’) -} ■>. 
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and this is numerically less than 

As is indefinitely increased, p is so also, henco Ike expression converges 
to zero, as mW ~cn. It is accordingly numerically < £, provided in' 5 ) is 
sufficiently large. The remaining part of the integral may bo denoted by 

Z Z (— (i, »'), where u (t, t) denotes 

\ sin m u HW ainro*”! . . . , 




We sec that u (», t') is positive Mid monotone decreasing with respeot to 
i and 


U,-«( l( 3>+ t +I)-tt(i,p + t + 2) + M { t ,p + t +3)-..., 

Vl - u {* + l.J» + * + 1) + « (* + 2 ,P + * + 1) -«(‘ + S,p + «• + 1) + ... . 
As in case (1) jfe then appears that the integral is equal to 2 (f/, + F, ) , 
and that this is less in absolute value than 

u(Q,p+ l) + *(l,p + 2 ) + ...+«(*<■!, p+ 1 + «<»). 

This is less than 

J (0, 0) 


mJ*> 




<<=> + 


+ ^ (+ 0 , + 0 ) 2 - 


1 


tip+i+iy 

The first integral is less than t/> (+ 0, + 0) f f H — 7 —— a' > 

Jo V Jo V -1- IP + 17 

or than a fixed multiple of log , which converges to zero, as wi (!| ~ 00 . 
Thus tho integral is numerically less than ?, if m<“> is sufficiently great. 


The series 2 - 


. is < 2 - 


(p + t + l) <-i*<P+*+l) ,.,+it 1 ' 

Choosing A so that 2 ^ < |£, we see that, when A has been so fixed, 
2 t ^ — < \t,, provided p is sufficiently large. Thus the integral is 

numerically less than £, when wiW is sufficiently largo. 
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It Las now been shewn that 

is numerically < 2£, provided »»<*> is sufficiently large. The integral over 
(t, 0; | w, e) may be estimated in precisely the same manner. 

It has now been proved that tho integral 

over the three cells {0, 0; e, «), (0, e; *, c), (e, 0; c, e) differs from 
,^^(+0, + 0) 

by less than an arbitrarily chosen positive number, provided < bo chosen 
sufficiently small, and sufficiently large. Choosing such a fixed 

value of e, the upper and lower double limits of the integral both differ 
from ~tf> (+ 0, + 0) by less than an arbitrarily chosen positive number. 

It can be shewn that 

converges to" zero, as ml' 1 ~oo , m l! > ~ eo . For <p (<<», /t=>) coseo f (l > cosec t™ is 
Bummable in tho cell (c, c; c, c), when c < fyn', and the result tlion follows 
as in § 4G0. 

Itthus appears that, when 0 < c< l7r, the upper and lower double limits 
of the integral over (0, 0; c, c) both differ from >p (4- 0, + 0) by less than 
an arbitrarily chosen positive number, and therefore the limit has n unique 
value. It follows that, for afixed value of e, the double limit of the integral 
over tho three cells (0, 0; e, e), (0, t: e, c), (c, 0; c, r) is — • 0 (+ 0, + 0). 
465. If the function F (< lu , t 1 ^) which denotes 
/(*<’> + 2ii«, z< 2 > + 2(^)+f(^'~ 2d», xl4 - d 5 *) 

+ /{*<> 1 + 2 £0*, a# - 2fS ;) ) +/(x«l - 2<C>, -i- Stffl) 

is bounded and monotonoid in the area which constitutes a cross-neigh- 
bourhood of the point {a# n , x' 5 ), so that 

F (fW, fl^) ~ F, (*(«, f») ~ F s (£('>, ftO), 

where F lt F t aro monotone bounded functions in the domain under con- 
sideration, F l and F~ can be so defined tiiat they are monotone in 
(0, 0, Itt, Inj- 
ures the integral 4 W F (f»>, f») t m 

w-J Wi0 ) i 11 ’ f w 

converges to %F (+ 0, + 0), as m 11 * — oo, ?n ,= • ~co. 
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We have accordingly tho following theorem: 

Iff *M), a periodic function, with periods 2v, be summablc in the 
cell (— 77 , — 77j 7r, ct), the Fourier’s series corresponding to it converges at the 
point a4 ! >) interior to the cell, to the value \F (+ 0, -|- 0), where F ((ft, (W) 
denotes the function S/(x*'i H: 2t(> l,-x< a ± 24 IJ| ), iy condition is satisfied 
that F (t 111 , /<*>) is bounded and monotonoid in some cross-neighbourhood of 
the point a#®). At a point of continuity of the function f (xW, aJS)) {( 
converges to f (a: 1 ®, of®), if the condition is satisfied.. 

If x 1 ®) is of bounded variation in a cross-neighbourhood of the 
point (a*®,**®), two of the four functions /(x<® ± 241'), x<® a 24*®) arc 
monotonoid, and the other two are quasi-monotonoid (fj 4G2) for values 
of (i<®, < (sl ), in the cross-neighbourhood of (a* 11 , x<®). In case the two quasi- 
raonofconoidal functions arc monotonoid, which i a certainly the case (see 
§ 4GS) if / (a4®, at*) has its derivatives with respect to one of tho variables 
bounded in the cross-neighbourhood, then the function F (<(», <<®) is 
monotonoid, and the four double limits / (a4® ± 0 , a** ± 0 ) all exist. We 
have accordingly the following theorem : 

If f (x*®, *W) be periodic, of periods 2n, and it be summable in the cell 
(— w, — it; 7 r, vr), and if the conditions are satisfied ( 1 ), that f (x<‘>, a*®) is of 
bounded variation in some cross-neighbourhood of llie point (x<", x<®), and 
(2), that, in that cross-neighbourhood, the partial derivatives of f (a4®, x<®) 
with respect to one of the variables are bounded, whether they have everywhere 
unique values or not, then the double Fourier's series corresponding to 
f (x<®, x<®) converges at (x <l) , x* n ) to the value 

1 {/{a*® + 0,a#® + 0) +/(x< , > - 0,x<® - 0) +/(^« + 0 ,*<® - 0) 

+/(*<®-0,*<® + 0)}, 

or lo f (xl'l, *'»), in case the function is continuous at the point. 

In case the function f (**", x>'°) is of bounded variation in the whole cell 
(— 77, — 77 ; 77 , 77 ), and the condition is satisfied that one of its partial de- 
rivatives (whether a g'artial differential coefficient everywhere or not) is bounded 
in the cell, then the double Fourier’s series is everywhere convergent in the cell. 

A scrutiny of the foregoing investigations suffices to establish the 
following theorem : 

If the function /{xt®, x 4 ®) is of bounded variation, in the cell ( - n, - n ; tt, rr), 
and one of the partial derivatives is bounded in the cell, then the double Fourier’s 
series converges uniformly lo f (x* 1 *, x* a ) at the jxdnts of a dosed set in all the 
points of which the function is continuous. In case the closed set has points 
on. the boundary of the cell, at such points the periodic function obtained by 
extension to the outside of the cell must be continuous. 
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466. The following criterion of convergence at- a point will be sufficient 
in many cases, and is simple in application: 


The double JF 'owner's series is convergent at- a point gW) ij 
df &»,**>) (*«,*«) 

a*w ’ ~~a£w ’ a* ■)£**> 

all exist, and are bounded in some cross^neigldi our ho ad of (gw, g !5, )> the 
function f (a' 11 , *W) being assumed to be summable in the cell ( — n, rr; tt, jt). 


Wo may consider the cell (gw, gW ; gw + 2 *W, gW + 2l ls) >; 
the integral 


, exists, and is monotonoid (see I, § 418) with respect to (<!'>, t<*) ; its value is 
/(gW + 2 JW, gW + !Mf») -/(gW, g« + &*) -/(gW + 2t (l >, g«>> +/(*», g»), 


which is accordingly monotonoid. Since / (£«, gW 4- 2«W) j s an indefinite 
integral with rospeot to f™, it is monotonoid with respect to i <B ; similarly 
/(g<‘> + 2/W, gW) is monotonoid with rospeot to fW, It follows that 
/ (gW + g ,3 > + 2(W) is monotonoid with respect to (fW, fW). In a 

precisely similar manner it can be shewn that / (g (11 -f 2( |l >, gw — 2/W) is 
monotonoid with respect to (<W, /<“*). Thus alt four functions 
/(gW ± 2<W, gw ± 2fW) 


are monotonoid in each of the cells which constitute the cross-neighbour- 
hood of (gW, gW) ; the convergence of the double series at the point 
(gW, gW) thou follows fn>m the first theorem of § 465. 

An investigation has been given by Kustermann (toe. eft.) of the con- 
ditions of convergence of the double Fourier’s scries when it is summed 
diagonally (see § 33). 


EXAMPLE 

Lot/fa! 11 ', *»') bo defined in ( - n, — v; -a, tr) by 

for 0<*> u <ir, 0<* ,o <*" 1 ; 
for 0<« a '<ir. 

-*»)=/(»«, 

The Pound’s scries is found to be 

12 j cos»'ii*»> 12 g «w*“Wf + 8 2 

The scries is not coni-ergent at the point (0. 0), but the two repeated limits 
lim Km *»OW»(0,0). lim ^lim V u .n !, ’<0,0) 

exist, and have the values -v, + r- respectively. Thus the scries converges when summed 
by rows and columns successively, in either order, but the sums in tbo two esses are 
different. There is no analogy in the case of single Fourier’s scries with this phenomenon. 
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This example was given by Hardy*, in n slightly differ 
Titcliroarsht with a general discussion of double Fourier's 




[cii. vm 

was related by 
lions which arc 


THE INTEGRATED SERIES 

4B7. The function/^ 1 *, z* a ) being summabie in the cell {— w, — jr; w, 57), 
]et us suppose the function to be such that a 0 , 0 , r/„m, 0l a 0iT ,m, b c„m 
are all zero. Let F (a* 11 , ±W) denote the indefinite integral 
J (T "’‘ *' T) f (z*U, x<=>) d (®M, x>*l); 

then the function F (x* 1 *, x**)) is continuous and monotonoid. 

The function F + 2(l«, + U*>) - F (£’>, P) is equal to 

J (t n, fta>) J&*,**)d&*, *<«>) +j ( n ^ 

r({"’+ 2 (" 1 , (<”) 

+ J I 

The second integral is monotonoid with respect to f 1 ', and tho third is 
monotonoid with rospeot to therefore the first integral is monotonoid 
with respect to (fl*>, <<*»), since the sum of the three is so. Similarly, it is 
seen that the integral over (P 1 , p* - 2tf n , P I- 2 |M) is monotonoid 
with respect to (<(•>, ITence also the integrals over the cells 

(P’.P 1 : P> -SPtP’ - 2P), (P*,P>; pJ + 2tW , 

are monotonoid. The continuous periodic function F (a#*>, X*®) is accord- 
ingly ropresent.ablo by a double Fourier’s series which converges uniformly 
in every finite cell. If 

A „'0, n <J3 , B„ D n , o,„ a . 

are the typical coefficients in this series, vre have 

A.m _(si - F&», x< 5 >)cosa< , >a"icos« ,! ».t‘ s )rf(*l 1 >,.'d*i). 

if*; 

The expressions for the other coefficients are obtained by changing ono or 
both of the cosines into sines. 

Writing wM „!»,,,<« in the fonn 

j' cos n^af^daf* j’ F cos 

I ' F (-*», asffl) cos nWxtv d^-> = --Lf' J^Bin 

where, in accordance with 1, § 419, exists for almost all values of 
’ * fix'" 

except when x 11 * belongs to an enumerable set of points in the linear 
interval {— it, it). 

t Tm.c 


cil. p. 08. 


CiY. p. 309. 
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We now have for x*ArfB,d» the expression 

- -L T sin »<*>*<*> £0 1 ~ cos n«*M <&« ; 

on integration by parte with respect to *•’*, and remembering that gffi)^ ~ ( i ) 
exists (I, § 419) almost everywhere in. the cell, and is equal to /(a; IU , a* 2 *), 
we have 

• /(*“>, a») sin A a*®), 

It can be shown that rio,„<o = 0, and that A„ m l0 = 0, in a similar manner, 
it being assumed that the Fourier’s scries for/(a; f ’>, *< 3 l) lias no terms which 
involve one variable only. 

The relations 



with the corresponding relations, wlieri nW or ?t 18 is zero, can bo obtained 
by the same method. 

It has thus been shewn that the series obtained by integrating twice 
oaoli term of such a Fourier’s series converges uniformly to an indefinite 
integral. , 

Conversely, the series obtained by differentiating twice the Fourier’s 
double series which converges uniformly to an indefinite integral is a 
Fourier's series. 


For, if 

A„<, = 1 j <T '” F (a*", aP) cos »'■>*») cos »<*>&<» d (*<», ar<»), 

where F a^*)) is an indefinite integral, it can be shewn as before, by 
two integrations by parts, that 

JjOl hW A„<n „o> = X f 1 ’’" „ ?*?,„ sin n<» a#« sin n«a!W d fa™, ^=»), 

' it 1 ] ax' 11 ox 

where g^s^fsi exists almost everywhere. The function / * (,) ) being 

defined to have the values of ~-vLw~ra almost everywhere, it is seen that 

03>» dx* 
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The other corresponding results for the other coefficients 

may he obtained in a similar manner. 

We have thus the following theorem, corresponding to the theorem of 
§3fi0: 

The necessary and sufficient condition that a double, trigonometrical scries, 
without a constant term, and without terms which contain one. variable only, 
shall be a Fourier’s double series is that the series obtained by integrating 
each term with respect to both variables shall converge uniformly to an indefinite 
integral. 

In case the double Fourier’s series for / (aM, z< ; >) contains t he terms 
involving a constant and multiples of cos n ft) x, sinT^'a, cosm ( *>z, sin n^x, 
we see that the single Fourier’s scries corresponding to 

s /'/ 

which exists for almost all values of zM, and is suramable with respeot to 
*<«, is 

0o.o+ (a B u), D cosn ,I, z"> + c n ii>, fl sinn ,, )*( 1 >); 
and the single Fourier's series corresponding to ~ J / (d'\ *W) rW> is 
«oo + ( S (a 0lB o),cosn< , >z< !! > + f) 0 , n u)sinn (s) aK i >). 

Hence the double Fourier’s series corresponding to the function 

- — j’ /&»,**>) dzl* - ~j’ 

+ f 

consists of the same terms as that corresponding to / (d’>, i* 2 *), except that 
the constant term, and tlie terms involving one of the variable only, arc 
omitted. The integral of thiB expression over {- w, - -n; xf'\ zf ,] ) is an 
indefinite integral of / d- 3 *). Applying the theorem last obtained to 
this function, we see that the Fourier’s series corresponding to 

j f{3p\*)dtoW,ai») .. j*'” dif'i f ’ 

- f 4*H f{ ^’ *"> drt1 ’ + — 

is the scries £ where <b„<i> B <u denotes 

<r n u), B «) sin . sin n^zl 21 — b„a> tB m sin . cos 

- c B e., B <ncosw«»z<» . sin + d^,,^ cos n<W > . cos 
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If we apply the known theorem for single Fourier’s series (§ 360}, w< 
■ see that the series 2 L,u> l0 is uniformly convergent, its sum being 

j" /(aP», a**) da!* - (a** + w) 2 m 0 , 0 . 

A similar result holds for the series 2 ~ £ d ,„«i . We now find that 




/(*»»,*»)<*(««,*») - (a* 1 ' + w) (^ a +Tr)r f() , 0 


is the sum of the series 

+ IT ' T l , *<*> + » 

m .aTi^*+ -sr- J- 


5jA>.»«' -1 


„ 2„m, 


the expression converging uniformly. 

If wo take any cell A,, we find that 

f {/(*<», *M) - (*<«, a<»)} z<=>) 

•* (“i) 

converges to zero, as nM, »< a become indefinitely great. 

. This is the analogue of the theorem given in § 362 for single Fourier’s 


Tin: cesAro summation or a double Fourier's semes 
468. If the partial summation of a double Fourier's series bo taken in 
accordance with CesAro ’a method ( 0 , 1), both with respect to and with 
r 2 s P e °i to m< s >, we obtain the partial CesAro sum which may be denoted by 
n (*). We have as the expression for this partial sum 

vr l n">-s 
I 2?iCI T .“j «<>>' 


if rj_ 

v 3 J j_2n«> 


|_2n< 2 > 
s equal to 


; -ra, 4 2 


1 » ,a > - 


SOS s (?« - f™} rf (f<», £=’). 


1 /(-'"I (sin '»<« - at«)) 1 Is 

4^! t an i (£» - «t») } l sin £ - a#«) 


[£< 2 ) - x»)|* 
w - a**>) } 

&*), 




and this may he expressed in the fonn 

V =/(*« + 2fW, *(*• + 2tf a ) + /{*<« - 2P»i, a;!-*) - 2t«>) 

• +/ (a#*> + at*), +/(*M - a* 2 * + 2(< 2 I). 
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The integral 




where p ft* 1 ), whether it be bounded or not, is summnble in the cell 
(e, e; W, Jw), can be seen by means of the general theorem of § 279 to 
converge to zero, uniformly for all points (a* 11 , z< 2 )) at a distanco not less 
than 2e from the boundary of A, as n <fl ~ eo, ~ co. For the conditions 

1 /sin nl'lft'h* /sin 71 < 5 >/W\ 1! 

are satisfied that g^^i) ) \ ein t 121 J ‘ 8 bounded “> the coll 

<c, e; Jw, -Jtr), and that its integral over that rectangle converges to zero, 
as «•#, become indefinitely great. 


Wo consider next the integral over the cell (0, «; e, gu). Let it be 
assumed that p (<*■>, « (t >) is bounded in the cell (0, 0; ^n, far), and that 17 
is the upper boundary of its absolute value ; then the integral is numerionlly 
not greater than 


«»■!: m 


the first integral converges to ^ , and the second to zero (see §305), as 
»('), n (2) are indefinitely increased. Therefore the integral under considera- 
tion converges to zero. The integral over the cell (c, 0; \n, 0) may bo 
considered in the same manner. 


Lastly, we take 

If the function / (.x* 1 *, x<*>) is continuous at the point (z*‘>, z (s >), c can bo bo 
chosen that i/< <<*>) differs from 4 / (a^*>, zt 3 *) by loss than an arbitrarily 

prescribed positivo number rj; therefore the limit of the integral differs 
from /(*W ,«**•) by not more than which is arbitrarily small. It 

follows that, in these circumstances, the Cesaro sum f) (z) is / (zd), 

If the function is not continuous at (zt‘1, but if p t (J) ) has a 
definite limit, which will in particular be the case if the four limits 
/ (z<‘> + 0, z<=) + 0), /(a**) - 0, *t«9 - 0), / (aK» + 0, *« - - 0, *<=> + 0) 

all exist, it is seen as before that the sum (af°, z*®) exists, and haB 
the value \p (+ 0, + 0). 

We have now obtained the following result: 

If f (*W ,3$®) be a doubly periodic function, of periods in, and be eummable 
in the cell (— n, — n; n, tt), the double Fourier’s series, corresponding lo 
f (*1", z' 2 *), converges to f (a* 11 , z 1 ^) at any point at which the function is con- 
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linvoM, provided the point has a cross-neighbourhood- in which the. function 
is bounded. Subject to tke same condition, the series converges to 
f lim {/{affi + 10, «» + A») +/(a.-W- Jt««, X& - W) 
h m ~t, *"'~o 

+/(*«> + 10 , S» - 10 ) +/{*<» - 10 , *1=1 -1- 10 )} 
provided, this double limit exists. 


It is easily scon that the following theorem holds good as regards 
uniform’ convorgcnco : 

If the function be continuous at every point of a dosed set, and be every- 
where bounded, the partial Cesar o sum s ( %P l:> converges in the closed- set 
uniformly to the value of the function. 

The convergence of the Ocsaro sum of double Fourier’s series has been 
investigated by W. H. Young, Kustormanu, and C. N. Moore; the last of 
these has dealt explicitly with cases in which there are lines of discontinuity 
of the function. The convergence of the sums ‘ *»« * n which the 

summation with respect to one of the variables is taken in the ordinary 
manner, and that with rcgnrd to the other variafolo in the Cesaro manner, 
has been considered by W. H. Young {lac. cit..). 


THE POISSON SUM OF THE DOUBLE SEMES 
469. The Poisson method of summation may bo applied to the double 
Fourier’s series. The partial sum of tho series 

n 0l0 + £ hW‘]0 n ’ (a B iu i „m eosflt'iri" cos 10x0 )- b„n\„to cos jtMljsW sin nt®**® 
+ «„«>,„!» sin cos + dnUuioBinw*®* 0 ! gj n ji (j1 *(=)), 

where j API | < 1, | A ,s| | < 1, may be expressed in tiie form 

“ 4^ r- 2/ ( Pic« (^.) - X W) 4 m‘ 

x 1 - 2/0 cos (£<« - *<») 10 '*^'"’ ?U)) d ^ t ' ) ’ 

The limit of this integral may be investigated by a method similar to 
that which has been applied to the Ccsiro sum. This has beon carried out 
by Gross* and by Kiistermann (loc. cit.). A theorem analogous to that of 
§ 410, that tho Poisson sum of a single Fourier’s series is convergent 
almost everywhere, has beon given by Geirjnger (loc. cit. p. 135) for the 
Poieson double sum. 

* SltzimgArrr. i. b. Acad. Wien, vol. oxxiv (1918), p. 1017. 
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PAHSEVAJ.’S THEOREM FOR THE DOUBLE SERIES 
470. Tl. has been shewn in § 467 that, if Aj denote any cell, 
o( lim^ , if (*<», *«) - «„ai, „m («*«>, as <»»)> d (*«>, *<=>) = 0. 

Let it now be assumed that {/{k* 15 , a^)} 2 is summable over the coll 
{- u, — it; it, 7r)\ it is then seen, precisely as in § 302, that the series 


2 2 0 (a n u), n (« -f* f'* 111 , u 1:> "t n (ti -|- ,,«>), 

where 0 = 1 when nO) > 0, » I4 > > 0, and 0 = 2 when, one of the numbers 
«,(»), n (H is zero, and 0 = 4 when both are zero, converges to a sum 

f’’" {/(**'>, ^)} t d(z“>,z'*'). 

It can then be proved, exactly as in § 302, that 

lim oj {/(J® 40 , Je* 3 *) — #««*.»«« (*<*», ***>)} rf (*«*>,*<*>) — °, 

where e is any measurable set of points. 

As in § 377, it can then be proved that, if g (*10, a:' 2 *) bo any function 
whoso square is summable in (— n, — ir, ir, w), 

j ‘ r ' ^ rj (*('>, *<*>) {/ {*»>, *») - s„ u> . (*(», *<«)) d ® f,) ) “ 0. 

This is equivalent to the following theorem : 

Iff (r (,, 1 a*' 1 ), g (jeW, x 1 * 1 ) be functions whose squares are summable over 
the cell (—v, — ir; ir, tt), then the series 

2 2 0 (a n ai, n «^4,ai >n (n -i- 6 n a),„io5 n m, n » + c B (ii, B «)<7 n <ii, n ui 

n '" _0 ’ + d n (,i, n ei7) M ri), n ai) 

converges to ^ f &**) g (a**), aK a ) d (*(‘>, *<3) ; 

where 9 — \ if n* 1 * > 0, «•*> > 0, and 9 ^--1 if one of the numbers w (l) , w (a is 
zero, and 0 = 4 when both are zero. The constants A, B, C, D have reference 
to the function g (z II, ,* t2) ). 


A Iso the series 

2 JS 0(«*o>, n i« + 6*<» „«> + cj» in nn- d*ni >K oi) 
nverges to ^ {/ {z* 11 , zf* 1 }- d I* 111 , .-d 11 ). 
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470] Parseval's Theorem for the Double Series 

There is no difficulty in extending tho Ricsz-Fischer tiieorem (§ 379) to 
the case of double sequences of constants 

For we hud that the double limit of 

J'"' 1 ^ „» (*''», *"1) - s„m (a* 1 ', *»)}* A (*“1, *M) 

as p-~ao, q ~.<x>, has the valne zero; where n ai (a*'>, *(*>) is that 
partial sum of the double series for which »*** £ b” ! , m !S| £■ ■n'f - 

Tho theory of tho averago convergence of a sequence, given in 
§ 171, is now applicable. It follows that, having given a double set of 
numbers n M , a u n\„ a>, b„n\ n w, f„u>,„o>, a function / (*<*>, asto) whose 

square is stunmnblc exists, nod is unique (except for equivalent functions), 
such that the given set of numbers, which are assumed to bo such that 
the series of their squares is convergent, are the coefficients in the double 
Fourier's series corresponding to tho funotion. The detailed proof is similar 
to that in § 379 for -the case of the single Fourier's series. 



CHAPTER IX 


THE REPRESENTATION OF FUNCTIONS BY FOURIER’S INTEGRALS 
Fourier's single integral 

471. It has been shewn in the course of tfie investigation of conditions 
for the convergence of Fourier’s series at a- point, or in an interval, that 

w/ 0 w ^ + & ) +/ (* - 2z )) rfz 

converges to the value £ {/ + 0) + / (a; — 0)} , 

when the positive number to, which is not necessarily integr al, is indefinitely 
increased, either through a sequence of values, or as a continuous variable ; 
provided / {.t) is summabio in the interval it, -tt), and satisfies one of n 
group of sufficient conditions in the neighbourhood of the point*, at which 
the existence of/ (a; + 0),f(x - 0) is assumed. The number e is such that 
0<«£ Jjt. 

This is equivalent to the statement that 

lim - ! </<* + 0) +/<* - 0)}, 

where x — ir § n < x < x + n. If x, x' he changed into n xjl, ttx'II, and 
w be changed into null, and the function / (jrx/l) be replaced by/ (x), we 
see that the inequality holds for points x within the interval (-/,/), 
where a, ft now satisfy the conditions x - l £a<x<fi^x + 1, When 
x has the value a, or p, the value of the limit is {/ {a + 0), or J/ (ft - 0), 
provided the function is such that the limit exists, and also satisfies ono 
of the sufficient conditions already referred to. For a given point x, and 
for given values of a and /?, the number l can always be so chosen that 
the conditions x — fSa<x</B3x + iarc satisfied. 

Moreover, in a given interval contained within (a, ft), in which / (x) is 
continuous, the continuity being on both sides at the ends of the interval, 
the convergence of ^ j / (*') - ‘ n x ^ to the value / (x) is uniform, 
provided / (x) is of bounded variation in an interval which contains the 
given interval. Sufficient conditions will now be investigated that, in the 
integral, we may substitute co and — «o for jS and a respectively. 

(I) Let it be assumed that / (x) is summable in every finite interval, 
and that j | dx, | | both ex * sfc , where A is any positive 

number. 
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We have j / (os') — «?** | £ j ~ j rfi', provided 

jj:j< j4,^1'>j4. Mow J. can be so chosen that g - c ] / j^sF^ <1 *’ 
for nil values of A' (> A), where jj is an arbitrarily chosen number. 
Similarly & negative number £ can be so chosen that 

I 

where £’ < B, and { « | < | j? |. If a is not less than some number it, , we have 

| £/tO *■ - i {/(« + 0) +/(* - o» | < ,, 

where * is within the interval (5, 4), and one of the sufficient conditions 
is satisfied by / (*) in the neighbourhood of the point x. 

It follows that, when «g tt,, 

|i/>> *•-«/(. + 0) +/<* - 0»|< 3,, 

for./!' >4, .B'cUjor 

| ;/"./(•') &■ - i (/ (* + 0) +/ (» - 0)| | s 3,, 

for Mg a,. Hence we have 

i ]"_/ (*•> d*' , I (/(« + 0) +/(* - 0)), 

subject to the conditions already stated. 

Moreover, if / (x) be continuous in a finite interval, the continuity at 
the end-points being on both sides, and the finite interval is contained in 
an interval in which/ (x) is of bounded variation, the convergence to/ (a) 
is uniform in the finite interval. 

It should bo observed that the conditions that / (*) is summable in 
every finite interval, and that j is summable in {A, cc) and in 
(— cc , — A), where ^>0, axe both satisfied, in particular, if / (») is 
absolutely summable in the whole infinite interval (— co.ro). 

(2) Lot it he assumed that/ (*) is summable in every finite interval, 
and that a positive number A exists such that, in {^4, co) and in (— a> , — A)., 
is of bounded variation, or in particular monotone and bounded. 

Let j> {*') denote then we have to consider the limit Of 

i J ijt (z') sin u (s' — x) dxf. 
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Since, in (A, A'), the function is of bounded variation, it can be ex- 
pressed as the difference fa (s') — fa (s') of two non-increasing functions, 
such that the total variation in (A, A') is 

tt-i (A) - fa {A’)} + {fa (A) - fa [A')). 

Since this total variation has a finite limit, as A’ —cc, we may, by 
taking fa( to), </..{») both to be zero, take fa (A), fa (A) to he finite 
positive numbers independent of A'. Thus fa (s') - fa (®') = ■£.(? i ; n 

( 4 , 00 ); and, since - 7 ^- — diminishes as x' increases, we may write 
^ (s') as fa (s') — fa (x'), for (A, 00 ), where fa (s'), fa (s') are positive 
monotone diminishing functions. Wc have 

L sin u (s' — s) dx' ■= fa (A) j Bin u (x‘ — x ) dx’, 
by using Bonnet’s form of the second mean value theorem ( 1 , § 422), where 
a is in the interval {A, A'). The expression on the right-hand side is numcric- 
2 

ally not greater than - fa (A), and this is independent of A', and converges 
to zero, as m ~ 00 . 

Thus lim j fa (s') sin «• (s' — x) dx' -= 0 ; and we may substitute fa (*') 
for fa (a:') ; therefore lim J ~~~sinu(x'—x)dx' = 0; and the same 
holds for the limits — A, - 00 , as is seen in a similar manner. It is easily 
seen that the convergence is uniform for all values of x in an interval 
interior to (— A, A); for the values of fa (A), fa (4), as x varies in suoh an 
interval, will lie between fixed multiples of fa (4), fa( A). The sufficiency 
of the conditions has now been established that 

* , ‘k' -»</(*+•>+/<•-»». 

it being assumed that a sufficient condition is satisfied by / ( 2 :) in the 
neighbourhood of the point x. 

(3) Let/(x) have in (4, co) and in (- co, - 4) a differential coefficient 
/' (re), such that its indefinite integral in either interval is / (a;), and such 
that j | * s summable in the intervals, where 4 is some positive number. 

It will be shewn that this is a special case of (2); it is however of some- 
what simpler application in particular cases. 

If J" j f ^ x ) | dx exists, for some positive value of 4 , it can be shewn that 

-0?J dx also exists; that this is the ease was proved* by Hardy. 

A * See Prmgshrim, Math. Annalm, voL LX23 (19U-12), p. 294. 
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Wo have, by integration by parts, 

£'!£M1*, . £ | /» | * +£' I {f‘ 1 / m | j*| fe. 

It will bo shown that 

Jim -~j* \f (*)j<fa=«0; 

wo hove -j, | /' (*) | dx + -j, f (x) \ dx, 

where A < A" < A'-, also 

V^ d * > i'D r{x)ldx ' 

honoo -p J* If <*) | dx < [/' (z) | rf:B - 

Lot A‘~ oo, wo hovo thon 

Jgjy l/'(*) I **• 

and the integral on the right-hand side is arbitrarily small, if A" bo takou 
largo enough; therefore the limit has the value zero. 

Wo now havo 

Prom this it follows that 

/; **fe\r/ hm ." 

from which the absolute summability of • in (A, oo) is clear. Sinco 
- —t~ + ^ — ~ , it follows from tho absolute summability of 
— “ , and consoquontly , in (A, co), that^i?^ has bounded variation 

in [A, «o). Hence the condition in (2) is satisfied in case that in (8) is 
satisfied . 

Tho following theorem has now been established: 

If f(x) be eummable in every finite interval, and one of the sufficient 
conditions for the convergence of Fourier’s series at a point to 
H/(* + 0)+/(z-0», 

or for its uniform convergence in an interval, be satisfied, then 

llm !f 
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has the value J {/ (® + 0) +/ (x — 0)} at the point x, or converges uniformly 
in an interval to the value off (*), provided one of the following additional 
conditions he satisfied: 


(1) If a positive number A exists such that j dx and j * 


exist as finite numbers. 


(2) If a positive number A exists such Ihalt^—^ is of bounded variation 


in {A, od) and in (— to, ~ A); or in particular if it is bounded and monotone 
in those intervals. 


(3) If f(x) have, for some positive value of A, in (A, a) arid in (— to, - A) 
a differential coefficient f (*) such that tis indefinite integral in the intervals 
is f (a), and such that — is surmisable in the hvo intervals. 


This is known as Fourier’s representation of a function by means of 
a single integral. 

The condition (1) was given by Hobson* and by Pringsheimf ; iho 
condition (2) was given by Pringshcim, and (3) was also given by Prbigs- 
heim, but contained, as given by him, the redundant condition that - 
must he summable in the two intervals (A, oo), (~ to, ~ A). 

472. If, in the theorem of § 471, we assume that / (*) has the value 
zero in the interval (— m, A), where A > 0, and we let x «» 0, then, pro- 
vided one of the conditions of the theorem is satisfied, we have 

By a slight modification of the proofs in § 471 it can be shewn that 
iim fix ') 008 ~ x ) dx - _ 0 , 

provided x is not in the interval (A, co), and thus, by taking x = 0, that 
lim J / (*') - dx' =* 0, the alternative conditions satisfied by / (s') 

being the same as before; we have in fact only to change sin U (s' — x) 
into cos u(x" ~ x). In this manner we obtain the following theorem; 

The integrals J f (s') dx', j f(x') da/ converge to zero, as 

to, if / (w) be summable in every finite interval (A, A ), where A > 0, and 
if one of the following conditions be satisfied: 

(1) That j^\£Qjdx exists. 

* Proa. Load. Math. Soc. (2). vol. w<1008}. p. 373. 
t Math. Annie a, vol. txvrn flOOS-lG), p. 38/. 
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(2) Thai is of bounded variation in an interval (A', «o), where A' 
■ is some number g A. 

(3) That f (») ham in some interval (A', oo ), where A' S A, a differential 
coefficient /'(*), of which f[x) is an indefinite integral, and that j’—p | ts 
summable in ( A',<a ). 

FOUBIEa’8 REPEATED INTEGRAL 
■473. Since = f 008 v (* > — *) d», 

the single integral J /(*')— «&* 
may be written in the form 

J fix’ j /(*')oos»(*' — x)dv; 

and therefore the theorem of § 471 may be taken to refer to 

lim i J dx' j /(s') cos »(»' — *)&>. 

It will now be shewn that, subject to certain sufficient conditions 
satisfied by/ (*'), the order of integration may be changed without altering 
the value o£ the integral, so that the Kmit then becomes 

~ | dv j f (z') coa v (z‘ — x) Jx’, 

which is known as Courier's double integral representation of the function, 
although it is in reality a repeated integral representation, the ordor in 
which cannot be reversed, because ~ j / {*') dx' j cos v (s' — z) dv does 

not exist, as | cos nix’ - x)dv has no definite value. 

Jo 

■ (1) let it be assumed that / (z) is absolutely summable in (— <n, <o). 

let J J(sf) cos atf -x)dx' 

be denoted by <j> (a, ft v), and let 

j f(x')cosv(x' — x)dx', 

-which exists, on account of the absolute summability of/ (x‘), bo denoted 

*>y Hv). 

It ban be shewn that J yV (v) dv = lim j <p (a, ft v) iv; for, since 

I $ («> ft t>3 1 is less than a fixed positive number, independent of « and ft 
by the theorem of § 225 the equality holds when a and ft have continuous 
values which diverge to — oo and- 4- °o respectively. 



720 Representation of Functions by Fourier’s Integrals [on. ix 

We have therefore 

/.*/ / {x 1 ) COR v (*' — x) dx’ - jim dv j C 'f{x') cosufa^ ~x)dxf 

= fl J> 00,5 v & - *) & = dz ' J"/ (*') cos V [x‘ -x)dx, 

from which the required result follows, by letting u diverge to <x>. 

(2) Lot f (x) be such that, for some positive number A, f(x) is of 
bounded variation in {A, eo) and in (— <x>, — A), and that it converges to 
zero, as x — ro, and as x ~ •- as. 

It will be clearly sufficient to assume that, in the interval (A, oo ),/{x) 
is monotone non-increasing, and converges to zero ; the general case will 
then be deduced by taking/ (z) to be the difference of two such functions. 
If A t > A t > A, we have 

)'J (s') cos v — x) dx' - / (A,) jj cos v («’ - x) dz', 

where Af is in the interval (A l ,A 1 ) ; und thus the integral on the left-hand 
side is numerically less than which i6 arbitrarily small, provided 

Aj is large enough. Since this holds for all values of A t (> A,), the existence 
of the integral J Hz') oosv (x' - x) dx' is assured. 

We have J f (*') cos v {of — x) dx" — /(A) J cosv(x’ — z)dx', 
where a is in the interval {A, <©); hence 

| j^/(*0 c°s » (*' - x) dx' | < , 

where v > 0. 

A similar result holds when — to, — A are the limits of integration. 
The difference of j dv j f (z') cos n (a/ — x) dx! 
and j dv j f (*') cos v [z' — x ) dx', 

where u> u„> 0, is less than e j provided A is sufficiently large, 

where « is arbitrarily chosen; therefore 
J U dv J” f{x') cos v (x' - x) dx = Jim j" dv J(X')cosv (x' ~x)dx' 

= f* dz' j U f (x') cos Vix'-z) dv. 
an interval (0, a), J j f (x') cos v ( x ' — x)do | 


For all values of « 0 (> 0), ir 
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; L thin - 1 /.(*') I • «“* * * ■ um ”“ We of 1 


xv (a/ — a;) do = J ^ 

— x)dx' — j ^ 


da! J“/ (*') cos » {*' - dv. 

■ ^ f(x‘)cativ(x’ -*)dv, 

x)dv. 
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wiucu.-o^— i (-«,»); by 

the theorem of § 225. 
lim j . dx' 00 
Ilenoo, we have 

from ■which we have 

[■ J« r j M oo. v (»■ - *) M - J; J _„ *'■ J, “■ * ( * 

,„d tj fc repeated i.t. 8 r<a on the Wt-tand **> 1 “* 

I (/(* + 0) +/(*-«)>. 

■ provided / (a) MM. conditio, in Che -W*-*-* •« 

’ . (3) Lot it be uomned th»t/ (*) *~T) \t“ u a 

’d,M “IffloM °r W™hil i“ baohdely surnmablein th«e i»f«™l», 

|d«, and .is therefor. t*. Tl.» the mMM- <* « 

satisfied. 

It has now been proved that: 

Iff (x) be summable in every finite interval, then 

-[“*»}" /(s') cos v[x'-x)dx' 

*» •* i (/(-’«) +/* 7 »!> S 

fortheccmvergeneeofFourier’sseriesvs satisfied, provide* one oj 

additional conditions be satisfied: 

(1) , /(a) » absolutely <— «« i» (- »,»)~ _ ^ ^ ^ ^ „ 

(2) , / (a:) converges to zero, as x~a>, or x~ » . ttiferuois 

positive Twm&er-d such that f{z) has bounded varudw 

(/),«>}, {-co, -4). and a positive number 

(3) , / (ar) converges to zero, as x ~ or x ’ a differential 

ie 

%"££££. MM. - -M- 

- I* dv J V (a:') cos ® (®' - ^ 

has the value i {/ (* + ®) +/(*"" ’ 
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at an interior point of the interval (a, f}), provided one of the sufficient 
conditions is satisfied in the neighbourhood of the point x. At the point a 
it has the value §/ (a + (I), and at the point /3 the value y (£ — 0), pro- 
vided / (*) satisfies a sufficient condition in the neighbourhood of either 
point. If a; is exterior to the interval (a, jS), the value of the repealed 
integral is zero. 

If wo assume that / (*) is zero for all negative values of x, we have 

w Jo llv /*/ (*') 008 v & -*)**'“/ (*), 

where f (*) is token to have the value \ (/ (x 0) + J (x — 0)} at a point 
of ordinary discontinuity; it being assumed that the requisite conditions 
are satisfied. Also 

• f dv [ /{*') cos e (*' + *) da' = 0 ; 
v Jo Jo 

hence we have ^ J cos vxdv J f (a/) cos vx'dx' = / (x) (1), 

? | sin vxdv / (s') sin vx'dx' —f { x ) (2). 

The expressions (1) and (2) are known as Fourier’s cosino and sino 
integrals for the representation of a function. It is clear that'(l) affords 
a representation, subject to the Btated conditions, of an ovcnjfunction/ (a) 
in the interval {— co , co ) ; and (2) affords a representation of an odd f unction. 


THE 8 IJMM ABILITY [ 4 ) OF A FOURIER'S REPEATED INTEGRAL 
476. The method of summability (4), given in § 266, may he applied 
to J du j f (a/) cos u (x" ~ x) dx'. This integral will be, in accordance 
with the method, replaced by 

lim | 4 (£«) dujf (x 1 ) cos u (x' — x) dx 1 , 

where 4 («) a function which satisfies the conditions laid down in 5 266; 
and this limit may exist in cases in which the original integral is not con- 
vergent. 

Denoting by I (|) the integral f 4 (“) 009 fydu, we may vote 
Jo 

| 4 (foi) cos it {x — x) du 

in the form ^ 7 > or nI ( n & ~ *0* wherc * ~ \ m 
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Since <fi (kit) f (sc") is absolutely summable in tlie domain (0, A ; do, B), 
if) (ku)f (*') cos u (at — x) is absolutely summable, and therefore (see § 240) 


j o 4> (h l ) 


dm | f(at) cos nix' —x) dot — j nl {n (x’ — x))f (&') dxt 


We have therefore to investigate the value of 

lint f f(x')F(x' — x,n)dx', 

where F (i, ») = nl (tit); and this may be done by means of the general 
convergence theorem of § 270. Wc first show that the conditions (1) and (2) 
of that theorem are satisfied. 


We have F (at —x, n) = ji j $ («) cos nu (x' — x)du\ 

assuming that \at - x\Si p, the expression on the right-hand side is 
1 f“ 

<f>(u)v.(at — *)c08n»{*' — x)du\ and, in virtue of a theorem given 
in § 335, Ex. (2), the conditions of which arc satisfied by $ (a), wo have 
| F(x'-x,n)\<~, 


where If is a fixed number indopondont of n and x‘ — x\ thus the condition 
• (I) is satisfied. In order to shew that tbo condition (2) ib satisfied, we havo 


J F (x"~x,n) eke' ^ mix' f <j> (u) cos nu (*' — x) du 


Since J <f (it) ----- dm converges to ^ (+ 0), « 


provided A g A*, honcc j J F (at — x,n) dx' J < 2c, provided n S w t , some 
number dependent on e, for all values of a: in a finite interval which has 
no points in common with the interval (A — p, B 4- p). Thus the condition 
(2) of the theorem of § 279 is satisfied. It follows that 

lim | <f> (fat) du j f(xt) cos «(*' — *) dat = 0 , 

for all points x not in the closed interval (A, B ) ; moreover, the convergence 
is uniform for all points * in a finite interval exterior to (A, B). 

It will now be shewn that the conditions (a) and (£>) of the theorem in 
§ 292 are satisfied. 
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”We have 

J F (t, n)dt = j dt j n<fi {«) cos nvtdu = j 4 (it) S * n n w / c d w - 

and the integral on the right-hand side converges to ^ ^ + 0) ; therefore 
the condition (a) of § 292 is satisfied. 

Let us next consider j" | F {/, n) | di, which is 

]»/.♦ («) cos nludu J dt, or | J j 4 («) cos Urdu | dl. 

It can bo shewn that J jj <f> (it) cos <ttda|d< exists as a definite number; 
it then follows that j \ F (t, n) | dl is hounded with respect to (p, »), and 
thus that tho condition (l>) of § 292 is satisfied. 

Using the properties of the function 4 (it), we sec, by two integrations 
by parts, that J 4 (u) cos ludu — - J 4" (it) (1 - cos id) du. Since 4" («) 
is positive for sufficiently large values of it, we see that, for all values of 
t, the integral on the left-hand side is numerically less than a fixed multiple 
of i; moreover it is a continuous function of l, therefore it is absolutely 
summable in the interval (0,oo) of l. 

We have now established tho following theorem: 

If 4 {«) satisfies the conditions laid down in § 206, then 
lim ^ | 4 (fc«) du | / (*') cos it [F — x) dx' 

has the value zero, if x is exterior to Ike interval (A, B) ; at any point interior 
to [A, B), at which f [x + 0 ),/(x — 0) exist, it has the valve 
*{/(■ + 0)+/(*-0». 

In any interval interior to {A, B) in which f (x) is continuous, the continuity 
at the end-points being on both sides, the convergence to f (x) is uniform. At 
A and B it has Ike values if (A + 0), if (B - 0) provided these limits exist. 

470. We proceed to the extension of the last theorem to the case in 
which A and B are replaced by — < 0 , as respectively. 

(1) Let it be assumed that/(x) is absolutely summable in the in- 
definitely great interval (— «>, <»)• As in § 476, 4 (hu) f (x ) cos it (x — x) 
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is absolutely summable in the domain (0, — a>;ca, ca), aud we have 
noporfiingly 

f> <Ak) du j ftps') cos it (*'—*) da! = j“ f (af) F {%' — x, n) dF, 
where F (/, n) denotes n I (pit), or n j <f> (») cos ntudu, which may also bo 
expressed as J f> cos tudu. 

By the theorem of § 280, since \f{&) | is absolutely summable, and the 
other conditions of the theorem are satisfied, we see that. 

j tf>(kv.)du( f (*') cos u(p' — x) dx', 

and the corresponding expression in which B, ca are replaced by — to, A, 
converge to zero, as i ~ 0, provided x is interior to the interval [A, B). 
Moreover, the convergence is uniform for all points x in an interval 
interior to (A, B). It then follows that 

lim if (ku) j f (p') cos « (pt — x) dx! 

has tiic properties stated in the last theorem for the casein which the limits 
of ,thc integration with respect to s' nre finite. 

(2) Let it be assumed that A and B con be so chosen that, in (— oo, A) 
and in (B, ca) the function / {x) lias bounded variation and converges to 

0, as x ~ co, and as * ca ; or in particular that f (x) decreases steadily 

to zero, as x increases from B to co, and ns x decreases from A to — ca. 
It is sufficient to consider this special case, since, in the general case, / (a) 
is representable ns the difference of two functions, each of which has this 
property. 

Let us consider 

J # <f (fc») du f far') cos tt (s' - x) dx\ 

where/ (a:') is non-inorensmg in the interval {B, m), and converges to zero, 
as x' ~ 03, The integral with respect to « will bo divided into two parts, 
taken over the intervals (0, »,) and (a, , co); where, for 0 < k £ 1, v, is so 
chosen that f [hi) is monotone in tie interval (0, «,). 

Taking first the integral 

j" / (far) du J” f (z‘) con « (F —x)dx'\ 
since , J j*/ (s') cos «• (s' - s) ds' j < , 
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for all values of f} (> B) ; and since is enmmnble in the interval 

(«!, o), we have 

J 4> (fen) du j f (xf) cos u (x' — x) dx' 

— lim [ >f>(ku) j^f{x')cosu{z' — x)dx' 

— ftp') dxf j rf> {ku) cos u (a/ — x) du. 

The inversion of the order of integration in the last step is justified, 
since / (ar') <f> {ku) cos u (*' — *) is absolutely summablo over the domain 
(-B, a,; p, to), of {x, u). 

The integral on the right-hand side may be written, by taking 
x' = x + (k, u-=|, in the form 

j J(x + £k) j 4> (v) cos £vdv, 

~r fc '“ 

which is less than f{B)j j j $ (v) cos fade j d£, 

Hr 

and this converges to zero, as fc ~ 0, and uniformly for all values of x in 
a fixed finite interval not abutting on the interval (B, eo). Moreover 

| f^<fi(ku)du \ g f&) cosu(x' -x)dx'\<7 } , 
for all sufficiently large values of B, and for all values of k. 

Next, we have 

J <f> ( ku ) du j f{x?) cos u (x’ — x ) dx' 

■= 4> (0) [ du f{x‘) oos u (x' -x)dxf 

+ $(u 1 )j'^duj”f (x') cos u{x'-x) dz', 

where u' is a number in the interval (0, «,). It will be shewn that the order 
of integration in the repeated integrals on the right-hand side may be 
reversed. 

We have, as before, if 0 < e < n, , 
j’*’ du J f {x') cos u {of — *) du = / { *') J*" cos it {xt - *) dx' 
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Also'- 

and 

- T *| " 

where jBj £ /S'. Since 2i t may bo taken to be such that/ (2?,) is arbitrarily 
small, we seo that, for all positive values of e, and for all values of x in an 
interval that does not abat upon tho interval (B, co ), we have 

for a fixed value of B u and for all positive values of e. Lot e~ 0, then we 
have hm J / {set) dset numerically not greater than the 

arbitrary number ij; and thus tho common valuo of tho limits is zero. 
It follows that 

J“‘ du j / (X") cos « {set - x) dx' 
exists as lim j"' du j f {x‘) cos u (x' — x) dxt, 

and is equal to j f {z’) - dx'. 

We now see that 

ja'$(&tt)duj fix') cos u{st — x) dx' = ^ (0) dxt 

-f ( — s&tw*. 

How - J?” f! *'. 

hence the integral on tho left-hand side is numerically loss than irf (B), 
which can be made arbitrarily small, by taking B largo enough. The samo 
remark applies to the other integrals. 

It follows that 

j'*’ <f> (fctt) du j^/(sri) cos u (z' — x) dot 

is numerically less than the arbitrarily chosen positive number ij, provided 
B is chosen sufficiently large; and tills for all values of h such that 0 < b & 1, 



734 Rcprcxenlation of Functions by Fourier's Integrals [cn. ix 

and for all values of a; in an interval which does not abut on the point B. 
It has now been shewn that, if B is sufficiently large, 

| f> (bu) du / (x’) cos u (x‘ - x) Ax' J < 2ij. 

If | A | be sufficiently large, a similar statement may be made as regards 
the expression in which the integration with respect to xt is over the interval 

The numbers A and B having been fixed so that these conditions arc 
satisfied, we see that 

| ft {leu) du j" / (x') cos u(x‘ — a) dx’ 
differs from j ft (hi) du j f (r’) cos u(z' — x) dx' 

by less than 4 jj, where A and B are properly chosen; and this for all values 
of h such that 0 < k £ 1 . 

As the second expression satisfies the conditions of the theorem of 
§ 475, it follows that 

lim^J^ f>(hu)j f(x')cosu(z' -x)dx' 

diflers from } {/(* + 0) + /(* - 0)} by less than 4 ij, at any point at which 
f(x + 0) and / (a — 0) exist. Since ij is arbitrary, we now obtain the 
following theorem : 

If f> (u) satisfies the conditions in § 206, and if either (1),/ (*) is absolutely 
summable in the interval (— to, co), or (2), / (x) is summable. in every finite 

interval, converges to 0, as x ~ oo , and as x a, and has bounded variation 

in intervals (B, oo ), (— co , A), where A , B are properly chosen numbers, then 

lim ^ | f (hi) du j f (x') cos it ( x ' — x)dad 

has the value £ {/ (* + 0) +/ (x — 0)} at any point at which f (x + 0 ),/ (x — 0) 
exist. Moreover, the convergence to f (x) is uniform in any finite interval in 
which f (x) is continuous, the continuity at the end-points of the interval being 
on both sides. 

This theorem was given* by Hardy, who obtained a more general result 
applicable to the case in which / (a/) is replaced by / (*') COS ax ' . 

The cases in which f> (u) = e - “, f> («) = e'“’ are of importance in 
problems of Mathematical Physics. Wo obtain in fact the following 
theorem : 

If either (I),/(x) is absolutely summable in the interval (— co , oo), or 
(2), / (*) is summable in every finite interval, and has bounded variation in 
* Comb. PHI. Tram. vol. XXI (IS 12), p- 427. 
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the intervals (B,a>), (— <o. A), where A, B are properly chosen, and con- 
verges to zero Mi'-'®, and as x — co, then 

~ j e~ ku duj f (s') cos u (x' — x) dx' 
and ~ e -t * du j f (x‘) cos a (*' — x) dx' 

both converge, as h~ 0, to the value £ {f (x + 0) +f(x — 0)}, at any point 
x al which f (s + 0), / (s — 0) both exist. They converge to / ( x ) uniformly in 
any finite interval in which f (*) is continuous, the continuity al the end-points 
of the interval being on both sides. 

This theorem was given* by Sommcrfeid for the case in which the 
Integration withrespect to s' is over a finite interval. 

477. Let the function J (s'), assumed to satisfy one of the conditions of 
the theorem in § 470, be expressed as tho sum of two functions f x (s') and 
}s (*')> where f t (s') has the value / (s') in the interval [x — g, x + g), for a 
fixed value of *, and lias the value zero outside that interval. The 
function f s (s') has the value zero in the interval (s — g, x + g), and the 
value /(s') outside that interval. Applying tho theorem of §470, it is 
seen that 

lim^J $ (hi) du j f (s') cos u(x? —z)dx' 
has the value zero at all points interior to tho interval (s — g,x + g). It 
thus appears that 

ij 4 4,{ku)du^ J(x') cos it (s' — s) dx' 
will converge to / (s) if 

i 4>(ku)duj + *f(x')co8u(x' — x)dtf 
converges to / (s). 

The condition that this should be the case is that 
Jim j <j) (ku) du j i/i (t) cos uldl «= 0, 
where <ji (t) denotes / (* + 1) 4-/ (s — i) — 2/ (s). 

Let it now be assumed that, for the point x, 

lim jjj'P (0 1 dl ” °> 

from which it follows that, if < be an arbitrarily chosen positive number, 
J‘|£(t)| dl<ei, for O&t&tt, 
where (, depends upon *. 

* See his Dilatation, Vie triUL-irHchr.n fnnDionot in da Math. Phynt, Kttiigsberg, 1901. 
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We have 

^ (£(«) du i{i (/) cos nidi = J i (?(.) cqs iddu, 
where h ~ this may be expressed in the form 

l« ^ (<0 * L ^ ^ C0S + J i “ ^ (s) * / ^ (*0 008 «<«*“• 

The first repeated integral is numerically less than 

n^\4{u)\du^\tf,{t)\dt, 

which is less than t [ j <f> («) | du, provided n > 3 . 

)n h 

The second repeated integral is numerically less than 




where k’ is a fixed number, and this is equivalent to 


denoting J j ifi ({) [ dt by 4> (i), wo have, integrating by parts, 

We have n<J> (^j < c, i U>|; also 

The first integral on the right-hand side is less than c J ' or than nr, 

and the second is less than «I* (;*) ; it follows that ^ dt is 

numericaUy less than e +■ (f 1 ). or than 2e, provided n be sufficiently 

large. 

It has now been shewn that, if n be sufficiently large, or k sufficiently 
small, J <j> {kti) du j <p (/) cos idrffiB numerically less than a fixed multiple 
of «, provided lim j j j >/< (l) | dt — 0. Since r is arbitrarily small, the limit, 
as it ~ 0, of the repeated integral is zero. The following theorem has thus 
been established: 
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The integral ^ j du j f (ttf) cos u(af — x) dx' U summable and 
has f fa) for its sttm ($), at any point at which 

gji j' l/t* + 0 +/(* - <) - 2/M I rf< — 0. 

This is the case almost everywhere in the interval {— as, co). It is assumed 
tkatf(z) satisfies one or other of the conditions laid down in the last theorem. 
In particular 

Jim ~ J o 1*0 cos u (x‘ - x) dx' =/(*), 

Urn ^ c~*** j f (x‘) cos u (x‘ - x ) dx' •» f (x) 

almost everywhere in the interval (— a>, as). 

This theorem includes that of § 47C, since 

Ita } +«+/(■- 0 - VW l*-0 

at any point * at which/ (# + 0), / (x — 0) exist, provided 

/<*) - | {/<* + <>) +/<* — <>)}. 

THE BOMMABILITV' (0, r) OF FOUIUER’s REPEATED INTEGRAL 
478. The sum (<7,r) of tlie integral j i/' (u) du has been defined in 
§ 264 aa the limit of ^ <fi (it) du, as the number n diverges through 

continuous values to <*>, whenevor that limit exists. 

We shall accordingly consider the integral 

f"(l -«)*\ 

whore r > 0. 

The order of the successive integrations may be reversed, so ‘that we 
have to consider j^f(x')F(x' — x,n)dx', whero F (x‘ — x, n) denotes 
f o (l — cos u (xd — x) Au. In order to evaluate the limit, os n-~ to, of 
the integral, the theorem of § 25)0 may be applied. 

On integration by parts, wc have 

F(t,n)=^ £(l— da 

= j? (1 — «)*— * sin nut du. 
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Hence | F {t, n) \ < r - j (1 — u)'~ l du < ^ . Thus if i g ft, | F (t, n) j is 
bounded with respeot to (/, n); therefore the condition (1) of the theorem 
is satisfied. 

To shew that the condition (2) is satisfied, we have 

F (l, n) dt — l dt j ^1— cos utdu = J ^] — ~ sinaw ^ 

f* ,, ..sinn/Su — sintiau , 

= 1 (1 — u) r du. 


Since lim j (1 — «) r du = ^, j* F {/, n) du 

converges to zero, as rt ~ co, uniformly for all values of x that are not in 
the interval (a - + where a and /3 are both >x+ft, or 

both <x — ft. Honce the condition (2) is satisfied. 

To shew that the condition (a) of § 292 is satisfied, we have 

J* (1 -uy B ^~^du- 

and this converges to hr, as n~oo. 

We have also 

J* | F (l, n) | dt < J** ndt j j (1 - w) r cosnufd« j; 
the expression on the right-hand aide is equivalent to 
/>!/:«' -«)■ cos uldu | , 

which is less than 

|*d<[ J*(l — «) r cosw<(iu| + J (1 — «) r cos ulditj. 

The first term is less than -■ ^ , and the second is less than K J or 

than — , where K is a fixed number (see § 371); it is here assumed that 


r £ ]. If r> 1, the second integral is less than K J p, or than K. It thus 
follows that j | F (t, n) ] dt is less than a number which is independent 
of /t and n\ hence the condition (6) of the theorem in § 292 is satisfied. 

It now follows that da r' J* (l - conn (x' - x) dx' converges, 

as a — co, to i {/ (* + 0) -f / (x — 0)}, at any point x at which / (x + 0) 
and f (x — 0) exist. Moreover, the convergence to / (x) is uniform in any 
interval interior to ( A , B) in which the function is continuous, the con- 
tinuity at the end-points being on both sides. 
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It has now been proved that 

The integral ^ J* du J / (os') oos u ( x ' — a:) da;' is summahle (C, r), where 
r>0, at any point x, within (A, B) at which f (* + 0 ),/ (x — 0) exist, the earn 
(0, r) being *{/(* + 0) / (x — 0)}. At any point x exterior to (A, B) the 
sum (C, r) is zero. 

¥19. If | is any point within the interval (A , B), we may divide / (*') 
into the sum of two functions f x (*'), /, (x'J, such that /, (*') =/(«') in 
the interval (f — p, £ 4- p) and is olsewhere zero. The function / s (a') is 
zero in the interval (£ — p, £ + p), and lias the value / (ar') elsewhere, By 
the theorem just established the sum (£7, r ) of 

du j /. (xt) oos « (x' ~ z) rix' 

is zero at all interior points of the interval (£ - p, £ + p). Thus tho sum- 
mability {C, r) of i J du J / (x’) cos u ( x ' - x) dx' at tho point £ depends 

1 i« ° rf+* A 

upon that of - du I J (x') cos « [z‘ - x) dx'. 

In ease / («') has tho constant value / (£) in the interval (£ - p, £ + p), 
the sum (0, r) at £ is / {£). Thus the condition that the repeated integral 
is summnblo (O, r) at the point £, and has / (£) for its sum ((7, r), is that 

/”(l - !)' J» ]’[/{{ + !)+/(«-<)- S/ 11)1 «•«« 

should converge to zero, as 

Tlie expression is equivalent to 

fd-uyduj "<t> ^ cos -utdl, 

where <J» (t) denotes / (£ + l) + /(£ - t) - 2/(£); and this is equivalent to 
(£) dtj* (I - u)' cos vidt; 
and this may bo expressed by 

ie ^ (t) cos K$du + j * (j) dt jo ^ ~ cos ntdu ' 

The first of these integrals is numerically Jess than —jrj f 0 j ^ (^.) j ^ 
now it be assumed that lira 7 j t I ^ (*) I dl ~ ,vc ^ nTe j fl I ® W I dt < cl > 

provided 1 is sufficiently small ; and so J j *1> | dl = n | ■& (t) j dl < e, 

if n is sufficiently largo. Thus the first integral is < c, for all sufficiently 
large values of n. 
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The second integral is less than K j”* J <I> j where K is a fixed 
number (see § 371), or than — J | <X> (f) | ~i, where rS 1, and by integra- 
tion by parts this becomes 

p {[fi J) i ® » i *]' +< r + 1 > /' j4J'i» id i *} . 

» % v w - ¥ ® +*■+*> i; tM «} . 

where T (<) — | | <J* (<) | dt. Since T (/) < et, for t < ^ , we have 

and ti.™ i f‘ m» i" f *» ,» i, ta. '£& . 1 ' 

n T ] j t r+ - r n' J , < r+s n r r + 1 t, r+1 

and this is arbitrarily small, for all sufficiently large values of n. It is thus 
seen that, provided n is sufficiently largo, the second integral is less than 
an arbitrarily chosen positive number -g. In case r > 1, a slight change in 
the calculation is required. 

It has now been proved that, provided 

|'i/(f+<)+/(f -<)-*/<« 1* 

has, at l 0, a differential coefficient equal to zero, 

£ J 0 (* “ ;;) du j B J ^ cos “ & ~ & dx ' 

converges at the point £ to/ (£). The condition is satisfied almost everywhere 
in (A, B). 

It has thus been established that: 

The sum {G, r), for r > 0, of ^ j du j f (x’) cos u — £ ) dxf exists, and 

has the value f (£}, at any point £, interior to (A, B), at which 

converges to zero, with l; and this is the case almost everywhere in (A, B). 


480. In the theorems of §§ 478, 479, A and B may be replaced by 
— co, 00 , provided either (1), | / (ar) j is summable in the interval (— m, ®), 

or (2), f{x) converges to zero, as x~eo, and as eo, and it is of 

bounded variation in neighbourhoods (£', eo), (- co, A') of these points. 
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In case (1), the expression 

• J 0 (!--) cosat*' -*)<&' 

is numerically < ij, if B be sufficiently large, where -g is an arbitrarily 
chosen positive number; and the similar statement holds for 

f (‘ 

That this is the case follows from the fact that 

| ('-s)V Moos «(*'-«> | 

is summablc in the domain (a., B;n, oo), exactly ns in § 476. 

In case.(2), the proof in § 476 is applicable, if wc take <f> {u) — (I — u) r , 
for 0 s u S l, and <fi <«) =» 0, for v > 1, to shew that the above integrals 
are numerically less than t/, when B and - A are sufficiently large. 

At a point z within (A, B) at which the sum (C, r) oxists, and is equal 
to / (»), we have 

|i/o ( i- D -*) dx ' -/(*) J < 

provided n is sufficiently large; hence 

1^ C( 1- 37 | < 3 7 - 

for all sufficiently large values of w. Since ij is arbitrary, it follows that 

lim ^ J" (l - J /(**) cos ?i (a:' -x)dx'^f (*). 

The following theorem has now been established : 

Thesum (C,r),forr>0,of^ j dv j f (*') cos ie (*' — a') dx' exists, and 

has the value/ {x), at any point x, at which. ~ j \f(x+l)+f(x—t) — 2 fix) | dl 
converges ‘with t to zero. This holds at every point of continuity, at every 
•point of ordinary discontinuity of the function at which 

/(*) = S{/(* + 0) +/(*-o», 

and almost everywhere in the whole interval (— w, so). The convergence Co 
f (*) is uniform in any interval in which f (*) is continuous, the continuity at 
the end-points being on both sides. 

The theorem is subject to one or other of the conditions (1), that | / (x) ( 
is summable in the interval (- «, <©), or (2), that fix) is summable in every 
finite interval, and converges Co zero at co and — o> , and is of bounded variation 
in some neighbourhood of each of these points. 
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FOURIER TRANSFORMS 

481. It has been shewn in § 474 that, subject to certain conditions, 
/(*) = ? j cos uxdu | / (a;') cos ux'dx’ 
in the interval (0, oo). This may be expressed by the two equations 

/ <*) - (If /“ F («) cos uxdu (1), 

F (a:) = / (it) cos uxdv (2), 

which oonneot tlie two functions/ {*), F (a;). When (1) and (2) hold good 
they express symmetrical relations between the two functions/ (a:), F (a), 
and each of these functions may be said to be the Fourier cosine transform 
of the other. The repeated integral formula has boon shewn to hold good 
when | f(x) j is summable in the interval (0, co), at a point x in the neigh- 
bourhood of which f (x) satisfies one of a set of sufficient conditions; in 
particular when in such neighbourhood the function is of hounded variation, 
and /(*)- i {/(* + 0) +/(* - 0)}. It also holds good when f{x) is 
summablo in every finite interval contained in (0, »), converges to zero at 
oo, and is of bounded variation in some neighbourhood ( A , oo) of the point 
oo, provided a sufficient condition is satisfied in a neighbourhood of tho 
point x. The formula holds for cveiy point x, provided / (x) is of bounded 
va, nation in the whole interval (0, <o), and f (x) — {{/(« + 0) + /(* — 0)}, 
except that, at tbe point 0,/(0) — £/(+ 0). 

The integral in (2) exists, and is a continuous funotion of x, at any point 
x> 0, when | / (*) | is summable in (0, co), or when /(a), summable in 
every finite interval, converges t.o zero at co, and is of bounded variation 
in some interval (A, co) (see Ex. (4), § 229). A complete theory of trans- 
forms should enable us to infer the properties of the function F (x) from 
those of / (a;). This can be carried out in case {/ (a:)) 2 is summablo in (0, co), 
and more generally, when | / ( x ) |« is summable in (0, to), for some value of 
q such that 1 < q 4 2. This theory has been given* by Titehmarsh, and is 
a particular case of a more general theory, duef to Planchercl, of transforms 
applicable to tho case of orthogonal {unctions of any type. The theory as 
developed by Titehmarsh is independent of, and considerably simpler than, 
the general theory of Plancherel, which was applied by him to the case 
5 = 2; and Titehmarsh ’s investigations form the basis of tho nocount given 
below. 

« Pro c. Camb. PM. Sac. voL XXI (1923), p. 483[ and Proc. Land. Math. See. (2), vol. XXIII 
(192ft), p. 279. 

t Rcndicmli di Palermo, vol. XXX (1910), p. 289; and 3Iatb. A naalcn, vol. tjuCVI ( 1010). p. 3 U 
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If the theory of the repeated Fourier’s integral, as given in §§ 473 -480, 
be regarded from the point of view of the formulae (1), (2), there is complete 
formal symmetry, but as no resemblance has been made manifest between 
the properties of the two functions/ (at), F (x), there is logical asymmetry. 
This is remedied, so far as the case permits, by the theory of Plancherel- 
Titchtnarsh. In the case g = 2, the symmetry established by that theory 
is complete; when J < q < 2, complete symmetry does not hold, but this 
lies in the nature of the case, and is consequently not a defect of the theory. 
Various formal resemblances will be exliibited in the results of this theory 
with corresponding theorems in the theory of Fourier’s series. 

In these cases the integrals (1), (2) do not in general exist, and it will 
be shewn that, instead of them, the formnlae 

'"-©‘sf-r'w* 

r <*) - (3* j‘ 25;27<«) i« or 


must be substituted. The expressions (1)', (2)' reduce to (1), (2) whenever 
the differentiation under the integral sign can be effeoted. It will appear 
that (2)' has a meaning for almost every value of x, and that the integra- 
bility of | F I® -1 follows as a consequence of that of \f(x) |°, when 
1 < 9 5 2. The whole theory Is applicable to tlio corresponding Fourier 
sine transforms, in which the reciprocal relation is expressed by 


«*-©**]: 


3 — cosur ..... 
F («) du, 

1 — cos ux , . . , 

u~~ fW du - 


.482. Let us consider the integral | / («•) cob nxdu, where | / (») j’ is 
sumniable in (0, eo), for some value of q such that 3 < q £ 2; the numbers 
a and b will be taken to be such that 0 < a < b. 


Tire interval (a, b) may be divided into the parts 

here m, n, and A are positive integers, such that 
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Let h, denote j f (it) da; then, if <f,„ denotes 2 h, cos we have 

j f (it) eos uxdu — (>f>„ — <fr a ) = j" f(u) cosvxdu + J / («) cos iixdu 


The first and second integrals on the right-hand side are less numerically 
than the integrals of | /{«•) | ill the intervals , and 

therefore converge to zero, as A ~ to, uniformly for all values of x. 

The last expression on the right-hand side is less, numerically, than 

Ssin^S [ |/(w)|du, 

or than 2 sin |/(w)|d«, 

and therefore converges, as A ~ <c, to zero, uniformly for all values of x in 
an interval (ar,, x,), where 0 < a:, < *,. It follows that 
j cos axf (tt) du *= lim (^ n — 
the convergence being uniform for x 2 . 

Wo have, employing a known inequality theorem (i, § 435), 

i/m !•*][[* *]“*»-[* I/MI-*. 

If we apply to the finite Fourier’s Beries 

rjj n — <f> m — 2 ll, COS 

the Theorem II in § 392, we have 

| | <f> n — if> m |«“ l dx = | 2 h, cos sz | dx*{i rA^ S 

If 0 < x 1 <x 2 < wA, we have now, 

]'’ 1 1. i*** i» [f* i m i"]’ - 



482 , 483 ] Fourier Transforms 745 

As A ~ oa, we thus hare, since converges uniformly to 

j f (it) cor nxiiu, 

CHI/*— ]■ Vxsjw (*]* 

for 0<®,<^. 

lotting % ~ 0, a^p ~ co , we now have 

fllj (*) cos «*<*» ]* <** £ jw rj* !/ (*) i«j* . 

If a and 6 diverge in any manner to co, we have 
a ~*i 

lim \ \ j f (“) coa ,LX du j 5 dx = 0. 

Let F a (x) — | / (it) cos vzdu; 

we then have lim j \ F b (*) — F. (x) I*"" 1 dx = 0 ; 
and thus {F Q (®)} is convergent on the average, when a has the values 
in a divergent sequence. From an extension of the theorem in § 177 we 
infer* that there exists a fnnotion F (x), defined uniquely, almost every- 
where, suoh that | F (x) |«-i is summablc in (0, os), and that 
Jim |* j F (x) - F e (x) | A dx ~ 0. 

It will be seen that this function F (x) is the transform of / (s). 

183. Since t 

where g (x) is any function such that ( g (x) | r is summablo in (0, co), it 
follows that .„ 

lim I g (x) {F (x) - F„ (x)} dx = 0. 

Talcing x to have any finite value, we have 

lim j*{F (C) - F. (<)} dl » 0; 

J o F a (<) dt » j* dl |V(«) <x*8 

we have J*F (<) dt = -f -' / («) da; 

* It mi oatunieil by Titchmareh that F. Bicra's Uieorom in { 177 hold* when the interrol 
et integration is infinite. In the earn j = 2 this has been proved in 171, 172; by a modi- 
fication ol the proof there given, tbo general theorem can be ratoblitlicd fnr values of / > 1. 
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and therefore, almost everywhere 

It has now been shewn that : 

If ! / (*) |', where l<q&2,is summabte in (0, *>), the function 

r W-©B 

is such that j F (*) |«~ l is integrablc over (0, oo). 

This theorem is the analogue of Parseval’s theorem (§ 378). 

Denoting ( / (l) dt by <]> (*), the continuous function tf> (x) has bounded 
variation in the finite interval (0, a) ; and thus 

<f> (a;) = ? | ^ sin vxdu j sin nx'tfi (x‘) dx’, 
provided 0 < a. Since 

J“sinrw.'.0 (*') dx' = - (a) + j 0 D0 -~'f(x’) dx', 

we have (*) = \ j * du [ /(**) °°s ux'dx', 

because J 00 ^*° 6 j n nxdu = 0, when x < a. 

It follows that 

/ (*) dx « F* («) du, (x < a ) ; 

and since lim j 522!? {j P {«) — P a («)} du =-> 0, 

J aul J !fL | being snmmable over {0, eo), we find that 

J*f (*) dx = | o Sln M ,W: F (v) du. 

It then follows that, for almost all values of x 

f (*) = (I) 4 jj f o ~~~ F ( ,f ) du - 

It has accordingly been shewn that : 

If |/(a;) I* is snmmable over (0, » ), for some value of q such that 1 < <? £ 2, 
there exists a function F (*) ouch that \ F (a) j«"f is snmmable over (0,«), 
which satisfies the relation 

This theorem is the analogue of the Riesz-Fischer theorem (§ 370). 
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Titohmarah lias shewn* that neither of the above theorems is in general 
valid if q > Z. He has also shewn that j / (a:) j 5 may be integrablo, and 
that, however small c may be, the integrals of 

may be both divergent. It should be observed that a function $ {x) may 
be summable in (0,oo), but {>f> (*)} , -> need not be summable in (0, «); for 
example if tf> (x) » where h > 0, in the neighbourhood of co, {>f> (a:)} 1- ’ 
is not summable if ij S summability of j (x) \° in the interval 

(0, re) does hot necessarily involvo that of 1 4> (ar) \f for any value of p' 

484. Lot F (*), 6 (x) be the transforms of / (x) and g (x). Wo have then 

I* g (*) F„ (x) dx = g {*) dx cos iixdx 

- J"/ («) du j g (x) cos uxdx 

= !“/(*) FA*)**- 

Since lim j g (x) [F (x) — F a (*)] dx = 0, 

and lim J*/ (x) \Q (x) - O h (x)] dx = 0, 

wo now obtain the important relation 

j f(x)G(x)dx~ g(x) F [x)dx (A). 

In the cose q - 2, wo may put g {*) — F (x), but we cannot do this 
when q < 2, hccauso g ( x ) F (x) is then not necessarily summable over 
(0, co). We thus have 

( o {/(*))* d* — [ n IF (*)Y~dr, wlien q = 2. 

The corresponding relation for the case 1 < q < 2 is 

J" I r W I* a* ■ l \j‘ I/M (<*■]'"• 

485. It will bo proved Hint: 

If | / (*) j« is summable over (0, oo ),/or sonic value of q such that 1 < q £. 2, 
then j f (a) cos uxdx — o (log s), for almost all valves of «. 

» Pm. hmi. Hath. Soe. (2>» voL xim (1824). p. 280. 
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If F (z) be the transform of / (x), and g (x) be the transform of the 
function defined by G (x) — cos ux, "when 0 £ x £ z, G (r) = 0, when - < z. 

We have 

» W - (§)' j; oo» «f eo, =*(!)' {= ife±*> + S!ife_-J3). 

On account of the relation (A) we have 

(|)‘ j; ? 

The integral on the right-hand side may be divided into three parte, taken 
■over the intervals (— 8, 8), (— eo, — 8), (S, no) respectively. 

It is known that f F (f + u) d£ = o (log z), 
for almost all values of u (see § 40C). 

We have next 

<\r \F^)\^dA'‘ r - 0 (l) = o flogs). 

} Kg - 1) 

Since the remaining integral, over (— eo, — 8), may be treated in the 
same manner, it has now been shewn that 

j f (x) cos vxdu = o (log z). 

486. It will dow be shewn that: 

If I / (*) I* te summable in Ike interval ( 0 , <o), for some valve of g such 
that 1 < q £ 2, the integral F (*) cos t ixdx converges (G, 1) to f (it) 

for almost all values of u. The convergence is uniform in an interval in which 
f (it) is continuous, the continuity at the end-points being assumed, to be on 
both sides. 

We have to consider the expression 

(?r)* i — ^ (*) 005 ttxdx. 

Let g (x) = ^3 — cos tns, for 0 S x £ z, and g (x) — 0, for x > z; we 
have then to consider j g (z) F (x) dx, which is, in virtue of (A), 
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We have 


Fourier Transforms 
G “ ('/ j # ( J “ |) cos fr cos i tgdg 
— 1 frfn« jz (« + w) ^ s in* j z (* 


(k - «) s 


2 L (* + «) J 

The expression to be considered thus becomes 

S 

and the integral may be divided, as in § 485, into three parts. 

It is seen os in the ease of 

list [flu 

is numerically less than a fixed number independent of u and z; therefore, 
when multiplied by the expression converges to zero, ns z~eo, 
uniformly for all values of u. The integral over (- ®, - 8) has tho same 
proporty. We have then to consider 

sJV ( ” + 

which is equivalent to 

s £(/<» + n +/(« - o - vt«» m + *sa (‘ (s 

It has been shewn in § 3G8 that the first part of this expression con- 
verges to zero, as 2 ~ co, at every point at which 

bj j f' l/<» + s +/(«-«>- 2/<«> l 

and also that, in any interval in which / (a) is continuous, the continuity 
at the end-points of the interval being on both sides, the convergence is 
uniform. Since the second part of tho expression is 


2.. , f* 8 ® ainflt* 

nr)*' 


it converges to /(a), as z ~oo. 
It has now been shown that 
2\i f. 


(s) C (* “ D ^ (a:> cos 

converges almost everywhere to / (a), or that 

(v)* 1 ^ ^ 005 us;dii 
everywhere summablo (C, I). 


is almost 
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I t folio we that, if |/{z) j« is summable in (0, oo), and consequently 
[ F (x) |®-i is so also, j f(x) cos vxdx converges (G, 1) to F (*) for 
almost all values of u, the convergence being uniform in an interval in which 
f (w) is continuous, ike continuity at (he end-points being assumed. 

For, in the proof of the foregoing theorem no use is made of the fact 
that q< 2, and the proof is accordingly applicable when F ( x ) and /(a) 
are interchanged. 


487. Since F { x) is the transform of / (x), we see that F (z) is, for 
almost all values of x, the sum {C, 1) of j / {v) cos uxiln. It thus 
follows that 

f (x) = " J p 008 uxdu j f {*') cos ux’dx 

where both the integrations arc understood to be taken with the meaning 
(G, 1). The repeated integration has, in this sense, a meaning for almost 
all values of x, and in particular at every point of continuity, or of ordinary 
discontinuity of / (*). The whole theory ie applicable to the sine integrals. 
We have thus obtained the following theorem : 

If | f (*) | 4 be summable in the interval (0, «n ) for some value of q such 
that 1 < q £ 2, the two expressions 

~ j cos uxdu j / (*') cos « x’dx', 


sin uxdu f (x) sin ux'dx' 


have the value f (x), for almost all values of x, provided all the integrals are 
understood to be taken [C, 1). In particular they rejrresenl the value of f (z) 
at any point of continuity x (> 0), and in every interval of continuity their 
convergence to f (x) is uniform, the continuity at the end-jxiints being assumed 
to be on both sides. 


488. From the theorem in § 285 which expresses the necessary and 
sufficient condition that an integral J <j> (x) dx which is convergent (C, 1) 
should exist in the ordinary sense, that is (6\ 0), we see that the necessary 
and sufficient condition that, at a point «, at which 

| / (ar) cos uxdx 

exists (C, 1), the integral should be convergent is that 
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1 < , “1 Worn «.e Hocm to S ««. ~ to ™ 

J" G (*) cos vxdx — o (log -), 

for almost all Values of «. 

Now 

- * \‘ G (*) cos vxdx - J dx (j 5 g l) \ m 0 W 008 wldt 
10g8.l« 

. I i..(lo g r) + };o( G i S )<'(^*'* 

= o(s)+ [*o(l)*e-=o( s )» 
iffld tills holds good for almost all values of it. 

We havo also 

I f° */ (®) cos vxdx I < f _ | x f ( z ) I *** . , 


<m,rv { d /wi ° bi1. 


to. «h. «p»*. on tin 1*W «. I. >»»»«• “» " 

o(logs). It follows that 

j C xf (it) cos vxdx o (log z). 

and consequently (|)‘ JI ' <*>' “* 

■ .™ B .„ in to, ordinary «n«>, to J M, tor 

From to. thelunolion, in the 

not a necessary consequence, as is seen y 
neighbourhood of the point, x - 1. 

w. ton, obtained to, Min.* <*■»*= «*. „ , 

„ i f m l« and I f tel log * " are swnmable tn (0, 

J /2\* r f M cos uxdx is convergent 

such that l< aS 2, thm the transform (-) J./W 

„ , . ,, mlv£S 0 f u , and (he function, h («) to 

. in the ordinary sense for almost all valves J 

j. i 7r i«i |5 : -'i is swnmable in (0, «oj- 
which it converges is such that | .f l M 
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The particular case of this theorem which arises when ? — 2, that, if 
I / (*) l z and [ / (*) log x | 2 are sunmiable in (0, a>), ^ / (a:) cos vxdx 

converges, for almost all values of u, to a function whose square is sum- 
mable was obtained* by Plancbcrel, who stated it in the form that, if 
a> 1, and /(*) is defined in {«,»), and is such that j {/ (k) log *} 8 dx 
is finite, then lira j f (*) cos tixdx converges for almost all values of u in 
the interval, and represents a function F (u) such that J {F (u)} ! tin 
exists. This theorem is analogous to that for Fourier’s series given in § 409. 

* Math. Annalen, »oL uexvi [1910), p. 324. See also Math. Annalcn, vol. ixxiv (1913), p. SJ8, 
lor oa earlier theorem. 



CHAPTER X 


SERIES OF NORMAL ORTHOGONAL FUNCTIONS 

489. If (a, 6) bo a finite, or infinite, interval, and [$„ (x)} be a sequence 
of functions such that {if)„ (x)} 1 is, for every value of n, summable in (a, 6), 
rt 

and such that <f>„ (x) <j> K , (x) dx has the value zero, for every pair of 

unequal values of n and n', the system {<f> n (x)} is said to be an orthogonal 
rb 

system of functions for the interval (a, b). If {$„ (x)} 2 dx has a value 
different from unity, that value can be made to be unity by multiplying 
(*) by the factor \j jj {$„ (x)} 5 dxj\ When this is done for each value 

of ft, we have j {<f> n (*)}* &■!, where <j>„ (x) is the new value of the 
function. 

A system of orthogonal funttions for the interval (a, 6) is said to form 
a system of normal orthogonal functions when j [<f>„ [x)} 1 dx « 1, for all 
the values of n. 

The system is such that do function <f> n (x) is expressible as a linear 
funotion of a finite number of the other functions, for if we assume that 

(*) “ hK ( x > + W + - + c rK ( z )> 

where n is not equal to any of the finite set p tl p 2 , ... p„ we have 
j a in (*) i H (*) dx = c, £ (*)}* dx = c, > 0, 

which is not in accordance with the property of orthogonality. Thus it 
has been shown that the system {^* (x)} iB Buch that the functions are 
linearly independent. 

A sequence {iji„ (x)} of functions such that {'ji n (x)} 2 is summable in 
(a, b) is said to be a complete sequence of junctions in (a, b), if no function 
F (k) whoso square is summable in (a, 6) exists and is such that 

j b F(x)>ji„(z)dz = 0, 

for all values of n. 

In particular, the set {<£„ (x)} of normal orthogonal functions in (c, b) is 
complete if- no function F (x) whose square is summable in (o, b) exists and 

is such that J F (x) 4> n (x) dx=0, for every value of n. 
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If {t[i„ (x)} be a complete sequence of linearly independent functions for 
the interval ( a,b ), a normal orthogonal and complete system of functions 
{^„ (a:)} can be so determined that f a (x) is a linear function, of 

fa (*)» fa (*)» — fa (*)- 


The system {f>„ (x)} may be said to be formed from {fa (a;)} by tie process 
of ortliogonalization. 

ut -|f 

|J rt {<Pi (a:)}* Ab| 


*5* d *f’ 


wo then have j {rp t (a:)}* dx= 1; J j>, (x) fa (x) dx «= 0, 
and j {fa (x)) 1 dx=l. 

Generally we take 

fa (*) ~‘ >S ^ l 'fa (*) £ fa ( z ) fa ( 2 ) dz 

{£(#«<*) - Vfa (*) jj n (*) fa M ^) 2 ’ 

it can thou bo easily verified that 

1, JV.M *.<•)* -ft f » r ”*<»• 

It will be observed that the denominator in <p n (x) cannot vanish, for 
otherwise (s) would be a linear function of fa (x), fa (x), ... (x). 

Since fa (x) is a linear function of i/r x (x), fa (x), ... <p n (*)> the complete- 
ness of {^„ (x)} is a consequence of the completeness of { fa (x)} . 

A simple case is that in whioh the sequence {fa (x)} > f° r the interval 

{— 1, 1), consists of the sequence 1, x, x 2 Then fa (x) is a polynomial 

of degree n; and it is easily verified that f>„ (x) = ^ " (*)» "'hero 

P„ (x) is the nth Legendre’s function. 


For the interval (— n, n). 


(2jr)i* w* ’ it* ’ rfi ’ ^ 
forms a complete set of normal orthogonal functions whioh are employed 
in Fourier’s series. 
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T „ M »*■ orth ° s “ 1 ' ior 
interval (0,-n), , 

(?) ! eo.z, (?)* — d)' 

(?)**... g)‘ *>“■•••©*””'•■• 

„ „ ptoy cd in coeine nnd nine »*. 


THIS CONVERGENCE OF THE SKB1ES OF OETHOGONAEFUNCTIO^ 

4M . The theory d complete **~*Z%**^ SS 
is olosely connected with thetheoryo a8S0ciated> hut this relation will 
dlilBOtUl. BC|U»tion» with ” b, ' h lUeo ^, independent of the 

not he eonid.rodhero. Ttoe •»» * 1 conmTg en<x at « point. « ! * 

form of the functions £»(*)» relfttinfl whero t hc coefficients a„ 

series l*) + W + *•; + J , » Ban ^mable in the interval (a, 6), 

arc expressed in terms of a function /(*>,« 

by , . [V W t, W fe in nwloc n«h the oe,o - »**« » «=»■ * 

sej-SS 

arbitrarily e.nnll neighbourhood ev e,™h.re in the interval <«,». ° f 
theory of the convergence, almost e r , . .. 2 jg sun ,niablc 

thc renes corresponding to £*22, ^functions (*„ (*» 

in (a, 6), independent of the particular set of ortnogon 
employed in forming the coefficients jjW (z) ^ ° f ^ 86 
spooling to/(se); an account of this theory will be given below. 


iiiiuug w j v*ii .«“* m~— l - a n bo determined, 

It has been shewn* bySUtahnrathnt.ftmen^/W^, ^ >n lllte „sl 
and a set of normal orthogonal functions I'M correspon dmg to / (*). 
(a, b ), such that the series th<h {*) + ’ 

» nowhere convergent in the inter. !«. )- — nor mal 

It has been shewnf by Banach that a that the series corre- 

orthogonal functions {<£* (*)} can e 60 . . h finite interval (a, b), to 

.sponding to J (x) is everywhere convergen ^g^nt from the value 

which {<£„ {*)) refer, bnt that its sum is every™ 
of/(*). 


«. Land. Hath. So c. (2), toU XX (192J)« V- 1 
i, (2), voL XXI 11B23), p- 85. 
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Let [i/i„ (x)} denote the set of normal orthogonal functions in (a, h) 
defined by 



that is the Fourier's system for (a, b ). 

Let / {*) denote a function summable in (a, b), and 2 0, but such that 
{/{&))" is not summable in (o, b )-; and let 

«■ = - £/(*) fa (*) dx ‘j\ h j <*) dx - 

Let it be assumed that, if possible, a function F (x), such that {F (*)}* 
is summable in (a, b), exists and is such that 

| {<r„ + ip n (x)} F (a:) dx - 0, for « = 1, 2, 3, ... ; J {F (x)} 3 dx > 0. 

Wo have then (see § 492) 2 j j F (x) <fi„ (x) dxj =| {F{x)} t dx; 

and therefore 2 ja„J F{x)dx J = J {F{x))' l dx> 0, 

hence | F (x) dx $ 0, and 2 aj- is convergent; therefore 

is convergent, from which it follows (see § 493), that j {j (x))*rfx exists and 

which is contrary to the hypothesis as to / (a:). It follows that no such 
function ns F (x) can exist, and therefore the system {a„ + •f’a (a:)} is 
complete. From this system we can define by ortbogonalizntion a complete 
system {$„ (*)} of normal orthogonal functions. Since j J (x) <j>„ (x) dx is 
a linear function of 

J*/ (*) tyi (*) + «i) dx, \ J (x) (^j (x) + Bji'ix, ... J o J(x) (&, (x) + a») dx, 
all of which are zero, it follows that 

J 6 /(x) (x) (Zx = 0, for TO = 1, 2, 3 

Consequently the series corresponding to J (x) vanishes identically, and 
if we add to J (x) a function y (x) such that the series 

(*) + <* 4 * (*) + — » 
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corresponding to x (*) everywhere converges to x {*), the function / (x) 
defined by x ( x ) +/{*) "will have e,, Cj, ... for the coefficients in the series 
corresponding to it, and the series will he everywhere convergent hut will 
nowhere converge to / (*). 

It has thus heezz shewn that: 

A set of normal orthogonal functions {<f>„ (x)}, for a finite internal (a, b), 
can be defined, and a function J(x), summable in (a,b), and everywhere 
positive, can be defined, such that the constants | f(x) tfi„ (x) dx are all zero. 
A series e^fi, (*) + (x) -5 - .... which is everywhere convergent, can be so de- 

fined that it does not at any point converge to a certain function f (x)for which 
J /{*)& (x)dx~ c„, for n— 1,2,3,.... 

Another example of normal functions which have this property has 
hoen given*, in a case in which the interval is infinite, by Looman. 

THE FAILURE OF CONVERGENCE AT A PARTICULAR POINT 

491. The nth. partial sum of the scries corresponding to f fix) in an 
interval for which {<f>„ (*)} is a set of orthogonal functions, is given by 

where F„ (xl, x) — £ f> r {x’)dt r fic). 

r ~ l i l 

. It can he Rhewn that, if a be a point in (o, 6) such (hat | | F„ (x, u) | dx 
is unbounded, then a function f{x), continuous in (a, b), can be so defined that 
the scries of orthogonal functions corresponding to it is non-convcrgsnt at the 
point a. 

This theorem f was given by Haar. 

Denoting | [ F„ {x, n) | dx by ee„, since e» n is unbounded, a partial 
sequence u >, t , w ,,, ... belonging to the sequence {uj„} can be determined so 
as to be divergent. 

Let t' fix) = 1, - 1, or 0, according as F, ? (x, a) in positive, negative, 
or aero ; we have then 

. { F, p (x, a) | = v, f {x) F , p (x, c), 
and therefore w, f — f v, T (x) T rp (x, c) dx; 

the functions v, (x) have to. f for the v p th partial suras of the orthogonal 
scries corresponding to them. 

* Pm. tend. Halt. Soe. (SJ, toL nn (1924). EtcorM, p. ucri*. 
t Kart. Atau&tn, toL iais (1910), p. 235. 
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We next construct a sequence of continuous functions/, (*),/, (*), ... 
all of which are in absolute value £ 1, and are such that 

£ («►, (*) - I. p (a)) 3 dx < 8, , 

for f = 1, 2, 3, ... , where {8„} is a sequence of positive numbers. This 
construction can be made by means of a theorem given in I, § 433, in 
which, when f (a) is bounded, -noth U for its upper boundary, (a-) can 
always be so chosen that <f (x) S U, and J {/(a:) — <(, (x)}- <lx < «. For, 
if in an interval <f> (x) a V, or £ — U, we can replace <f> (x) by the con- 
tin nous function which has the value U or ~ U whenever rf>(x) & U or 
s — U, and is elsewhere unaltered. 

We have 

| ij'pW F ‘p( z ’ “)***( 

“ I la tV ’’ ^ F ' v dX ~ 11 ^' r ^ ^ (*» dx j 

!<», - [jjF yr (x,a)y-dx.jjv rf {z) -/,,(*>}*<?*£ 

Let S p be so chosen that 

s»,> js <.)}>*!*, 

we have then | J f, p (x) F, p (x, a) da; J > %<a Vp . 

The i^th partial sura of the series corresponding to 4 m (*) =/►, (*) at 
x <= a b greater than \u >. t . If the series corresponding to this function is 
convergent at x = a, choose the number G w so that, at a, the nth partial 
sum of the series is, for every value of n, < (J 111 . Let v , ; from the 
sequence v t , v s , ... , we choose p* 11 so that co,<o > 6.4 (G , < 1) + 1) . Toko 
<£< 2 > (*) /, in (*) + J- /,(« (z). If the series corresponding to <f> m (x) con- 

verges at x — a, a nnmber (J 1 * can be so detemined that, for every value 
of it, the nth partial sum of the series, at the point a, jb < G m - Take then 
aj,(ai > C.4 2 (C? 1 ** -I- 2), and form the function 

4® (*) =/."• (*) + \fs» (X) + p/r® (*)• 

Proceeding in this manner, we form a function 

(*> =/^» (*) + \f-°> <*) + - + 4,-,/.“- (*>• 

If the series corresponding to 4 t, ~ a (*) is convergent at x = a, the nth 
partial sum of the series corresponding to (a) is, at- th® P omt c > 
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< for every value of n. We then choose on index out of the 
sequence {i> } snoll that 

«v.» + g-l). 

If this process does not coznc to an end by the ascertainment of a value 
of 5 for which the series corresponding to (x) does not converge at the 
.point «, we consider the function ^ (a:), given by the infinite series 

/.'■) (*) + \}^< <*)+•• + (*) + 
lb can bo shewn that the function 4 > (x) is continuous, and that the 
series of orthogonal functions corresponding to it does not converge at 
the point a. 

The series for <f> (as) converges uniformly in (a, b), since all the functions 
/„(» (as) are in absolute value ; 1 ; thus <f- {*) is continuous in (a, b). 

. In order to calculate the i/«>fth partial sum of the series corresponding 
to (x) at the point a, we take 

* W - {/..« M -f ... + (*)} + jJa A. (*) + {jiA» (*) + .■■}• 

The expression in the first bracket has for the v®th partial sum at the 
point a, of the series corresponding to it, a value which is numerically loss 
than (?»-»>. The expression in the second bracket is numerically £ 3 ' 4 1 - 1 ’ 
and the v w 6Ti partial sum of the series corresponding to it lias, at the point 
a, a value less than It now follows that the piuiial sum of 

<f> (r), at the point «, is in absolute value, 



or greater than £-^z x — G w_ ”. In consequence of the relation 
av«> 6 . 4 1 ’- 1 (G""* + q - 1), 

we now see that the «**th partial sum of 4> (x), at the point a, is > <l — 1. 
It follows that the sequence of the partial sums of <(, ( z ), at the point a, 
of- indices yW, v 1 * 5 , . . . increases Indefinitely. Therefore the series corre- 
sponding to $ (as) is not. convergent at the point it, and in fact either 
diverges, or oscillates infinitely. 

EXTENSION OF THE THEOREMS OF PARSEVAX, AND RTESZ-FSSCITER 
492 . Let it be assumed that {/ (*)}* is summable in the finite, or 
infinite, interval (a, b), for which {j> n (a)) is a system of normal orthogonal 
functions. Let a* denote the coefficient j f (z) 4 > n (z) Ax, of <j> K {x) in the 
series corresponding to / (x). 
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We have 

£ [/ W - (*)]'* - J* [/fe)J*ife - T« r =; 

it follows that, for all values of n, 2 a r s is not greater than J [f{x)\’dx; 
and thus that the series 2 a, 2 converges to a number that is s J [/ (*)] J dx. 
Denoting by J„ (z) the partial sum 2 a,<f> r (x), we have 
£{/,(*> 

and from this it follows that 

lim J i {/, (*) -/ c (x)} 2 dx - 0. 

Thus the sequence {/„ {*)} is convergent on the average in (a, t); and 
the theorems of §jj 171, 172 are therefore applicable to the sequence. 
There exists a function / (a;), whose square is summabie in (a, b), to which 
the sequence {/„ (*)} converges on the average, and so that 

lim {J (x) (x)} 2 dx - 0. 

If g (z) be another function whose square is summabie in (a, b), we havo 

jy (*){/(*> <*»<& £ [£&<*))* ix -1 , <*)> •*]*, 

and it then follows that 

lim \\{x){f(x) -f„ (x)}dx = 0. 

Let g (z) — (as), then 

j / (*) ’Pm (*) dx = lim | /„ (x) i ft„ (x) dx = lim J 2 c r <p r (x) (x) dx; 

and thus j /(x) <f>m ( x ) dx = c m . 

We now have j {/(*)—/ (x)} (x) dx = 0, 

for every value of m ; the square of the function / (x) — / (x) is Bummable, 
and therefore, if the set of orthogonal functions is complete, /(x) and 
j (*) have the same value almost everywhere in (a, b }, and therefore {/„ (x)} 
converges on the average to/(z). 

It now follows from the results given in § 172 that 
j 6 {/(*>}* dx = lim £{/ m (x )} z dx = 
lim £{/{x) -/„ (x)}*dx = 0. 


and that 
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We have now lim j g ( x ) {/ (z) — /„ (x)} dx — 0, 
where g (ss) is any fnuution such that {y (z)} 2 is summable in (a, b). 

Therefore 

| / ( x ) 9 {*) dx = ( < h a i + a t°z + + a*a„'), 

where af, of, i.. are the coefficients in the series corresponding to g (»). 

We have now established the following theorem which is a generaliza- 
tion of P&rsevaL’s theorem in the theory of Fourier’s series (see § 378): 

If {<fi n (x)) be a complete set of normal orthogonal functions for the finite, 
or infin tie, interval (a, 6) ; and (nj , {a„'} be the sets of coefficients corresponding 
to tico functions f (x), g (x) whose squares are summable in (a, b ), then 
2 a„a n ‘ converges to j f (z) g (x) dx, 

2 o„ s converges to j {/(*)}* dx. 

4-03- Let c,<f>, (x) + c,& (z) + ... + (x) + ... 

be a series such that 2 c„= is convergent, where {</>„ (z)} is a set of normal 
orthogonal functions for the interval (o, b). 

Denoting the partial snms of the series hy s, (*), we have 

lim J (s„ (*) — «„ (z)l 5 dx = lim (e£ + , + c p+i + ... -1 - c®) 

-0, 

where q > p. It follows from § 172 that there exists a function whose 
square is anmmahlc in (a, b) such that 

lira f{/(z)-s.(z)}*dz = 0, 

J {/ (x)ydx — lira | {s„ (x)}* dx — 2 c„*. 

Also since hm £{/(*) - «„ (*)} <f> n (*) dx =» 0, 

we have J f{x)<f,„ (x)dx^c m . 

Ill case the set {<f/ m (x)} is complete, we see that / (x) is unique, except 
for equivalent functions; for, if there were two such functions, their dif- 
ference would be orthogonal to all the functions (x). 

We have thus obtained the following theorem which is a generalization 
of the Riesz -Fischer theorem obtained in § 370: 

Jf {4> a (*)} *s a set of normal orthogonal functions for the finite, or infinite, 
interval (a, b); and c,, c,, ... e „, ... be a set of constants such that 
0,* + %* + ... + c^-+ ... 
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is convergent, there exists a function f (x) whose square is summabie in [a, J>), 
for which, c„ = f f (x) fa (x), (n = 1, 2, 3, Moreover f (x) is unique. 
( except for equivalent functions) in case the orthogonal system {</.„ (*)} is 
complete. 

The following extensions of the theorems obtained above for the case 
in which {/ (x))" is summabie in the interval for which [j>„ [x)} is a system 
of orthogonal functions have already been established in §§ 392, 393 by 
a method which is applicable, not only to the case of the particular set of 
orthogonal functions employed in Fourier’s series, but to the case of any 
bounded set of orthogonal functions for a finite interval. 

If {<ji n {*)} be a complete system of orthogonal functions for a finite interval 
(a,b), such that \ <j> n (») J £ M, for all the valves of n and x, and f (x) be 
such that | / {*) |® is summabie in ( a , 6), for some value of q such IJial 
1 <q A 2; and if £ a K <j>„ (x) be the series corresponding to f(x), then the 

series £ | a„ |«-'i is convergent, and Us sum is 

If the series £ | o„ |« is convergent for some value of q such that 1 <5 A 2, 

the numbers a n are the coefficients in the series corresponding to a function f (x) 
v 

such that |/ (*) |« _1 is convergent, and 

It has been pointed out* by F. Riesz that the following theorem is 
contained in both these theorems, and that conversely both theorems may 
be deduced from it by means of a limiting process: 

If the system x lt ... x„ passes over into the system ... by 

means of an orthogonal substitution, of determinant ± 1, and if all the 
coefficients of the substitution are, in absolute value, £ M, then 


where 


1 < a < /}, and i + - = 1. 


THE CONVERGENCE OP SERIES OF ORTHOGONAL FUNCTIONS 
494. A series of investigations has been made relating to the conver- 
gence, almost everywhere, of the series of type £ o„<£„ (x) in the finite 
interval, taken for convenience to be (0, 1), for which {<£„ [*)} form a 
system of orthogonal functions. 

* Jfoft. ZtitKkr. vol. XVIII (1923), P- 121- 
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It was first shewn* by Weyl that the convergence of the series S' »ta„ s 
is sufficient to ensure that the series 2 a H f>„ (a;) is convergent aim ostevery- 
• where in the interval (0, 1). Weyl shewed further that, when | <f> n (*) | is 
bounded with respect to (», *), the convergence of 2 is sufficient to 
ensure the same result. The more general theorem was proved-}- by Hobson 
that, if 2 n k a„' 1 be convergent for some value of h (> 0), the series 
S a„if> n (a) converges almost everywhere in the interval (0, 1), whether the 
functions <f>„ (x) he bounded or not. It was next proved^ by Plancherel, 
by re-arranging Hobson’s proof, that the convergence of 2 «„ s (log to) 3 is 
• sufficient for the convergence of the series almost "everywhere. 

Lastly, it was proved by§ Bodemacher and by|| Menchoff that, if 
2 a„ ! (log w) 2 is convergent, then 2 a n <f> n (x) converges almost every- 
where; this result includes all the preceding theorems. 

Moreover, it is final, in the souse that (log u) 4 cannot bo replaced by any 
function of n which is o {(log w)*}, so long as the system {$„ (*)) is not 
specialized. 

We proceed to establish the theorem that: 

// the constants a„ arc such that 2 a* 2 Qogn)* is convergent, where {<f> n (x)} 
is a system of orthogonal functions for the interval (0, 1), then the series 
2 a„f>„ (a;) converges almost everywhere in (0, 1). 

Let s (*, n) — 2 ( x ). 

(1) It will be shewn that, if 2 a, 2 log to is convergent, s (*, 2") is con- 
vergent, as ra ~a>, for almost all values of a; in (0, 1). We hove 
j # [{a (*, 2'+™) - s (x, 20}* 4- {« (x, 2 r+ ”) - 8 (*, 2 '«)}* + ... 

+ {i (*, 2 r +*») - s (x, 2 , + m - 1 )} 2 } dx 

= 2 c, a + 2 Cj 2 +... 4- 2 e* 

3-+1 2-M+I 2^"~> + l 

y+l 2'« STH. 

«= 2 c ( *-|-2 2 C|* +... + m 2 c e *< 2 c, 4 log/; 

•r+i 2-m+i 1 2>+i 

where the logarithm is taken for convenience to hove the base 2. 

* Math. Annakx, rot ucvn (1909). p. ZSS. 

t Prat. Land. Math. Sot. (2). vo(. xn (1612), p. 297. 

I Comptts Batdw, vol. CLvn [1913). p. 539. 

§ Math. Amelcu, tpI. hviu [1922), p. 112. 

|| Fundamenta Math. voi. iv (1923). p. 82. 
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Choosing r so that 2 e ( * log t < 8 s , we have 

J’ {s (x, 2 r +") - s (x, 2'+*)}= dx < 8 3 . 

The set of points in which the integrand is £ 8 2 has its measure < 8, 
•and therefore that in which it is < 8* lias measure >1 — 8. 

Hence, in a set of points ff a , of measure >1—8, 

J s (x, 2 r+ “) - s {x, 2'+’) | < S, 
for p — 0, 1, 2, ... to — 1; and thus, in H„, 

\b{x,V)-s (x, V) j < 28, 
for all pairs of values of q and q’ such that 

Consider the sets H„, H„ + ,, H m + t , .... each of which is of measuro 
>1-8. 

A point of the set U„ +1 belongs to H„. so that each set oontains tho 
next. It follows that a set H, common to all the sets ... exists, 

and is of measure £ 1 — S. 

In the set U we have 

| a (*, 2*) - a (x, 2*') | < 28 

for all pairs of values of g and q' such that r £ g, r£q'. Let jj he an 
arbitrarily chosen positive number, and let 8, , S 2 denote a sequence such 
that 8 t 8 2 + ... converges to the value »j. Corresponding to each value 
S„, of S, there is a value r n , of r, and a sot H^ r \ such that 
| s (x, 2 «) - s (x, &') j < 28„ , 

in that set, for all pairs of values of q and q' such that r„ £ q, r n £ q'; tho 
measure of £TW is £ 1 — 5„ . The sets have in common a set K, of 
measure £1— 2 8„ £ 1 — ij. 

In the set K we have \s{x, 2») — s (x, 2«') | < 28„ provided r„ £ q, 
r„ £ q', for all values of n; therefore, in the set K, s [x, 2‘) is uniformly 
convergent, as t ~ eo . Since 17 is arbitrarily small, it follows that 3 (x, 2‘) 
is convergent for almost all values of *, as I ~ co. 

It should be remarked that the special sequence s (x, 2") which has been 
shewn to be convergent, subject to the condition that 2 o„ 2 log n js 
convergent, is such that the sequence {2 B } is independent of tho particular 
system of normal functions. 

(2) Any integer n, such that 2 m < w < 2” +1 is of the form 2™ K. 2*, 
where l has one of the values 0, 1, 2, ... m — 1, and K is an odd integer. 
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. Let x ft s ) = 2 ** where l, s may have all values such that 

Osi<m ] 

OSS< 2 , “- i j 

Let jD (*, f, a) = a (x, x ft J + J)) - 5 (z, X ft *)>, 
f 1 {D (*, «)}= £& =* <I '£ M, a* 

Jo X R.*)+i 

We have 

« (k, to) — j (x, 2~) 

= {«<*, 2" + 2«)- a (a, 2™)} 

+ {a (a:, 2" + 2. 2<) - a {*, 2™ + 2‘)} 

+ 

+ {s (x, 2" + K. 2‘) - a (sc, 2”> + 2T=1 2')} 

= * _ S _, i)(*,2,e), 


where l has a fixed value for a given value of », such that to ^ 2™ + K.2 1 .. 

(3) Let e ft a) be the set of all points x such that | D [x, l, a) | 6 S, 
where 8 is a prescribed positive number; we have then 

m{efta)}£ i X<, 'S +1 ’a„ a , 

6 

(4) Let g be a proscribed positive integer, and let E (8) be the set of 
all points * such that the number of the different functions D (x, l, s) for 
which 0 £ a < 2"-', 0 S. I < m which are such that | D (*, l, a) [ £ 8, at x, 
is £ g; then 

Let E ft a) a D {E (8), e ft a)}, the 6et common to E (S) and e (I, a),, 
then to [i? ft a)] £ me ft a). Also let E = ZE ft a), the summation being 
taken for all l and s such that 0 £ a < 0 £ l < to. 

Each point of E belongs to a number of the sets M ft s) of which the 
number in the sum ZE ft a) is £ g. 

Let/,., (») be the characteristic function of E (J, a) ; that is the function 
which has the value 1 at ali points of E (i, s), and is elsewhere zero; and let 
/ (*) be the characteristic function of B, 

We have / (*) S. ^ 2/,, , (a:), 2 , (x) dx, 
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(5) Let 6 m (8) denote the set of all points x such that 
| s (x, n') — s {ar, « ) | < 48 

for all pairs of values of n and n' such that 2 m s, n < n’ < 2"+'. It mil 
be shewn that 2 m{C (C„)} is a convergent series. 


Let e.p be the set of all points x for which the number of functions 
D (*, l, x) which satisfy the condition 

■£- S \D (x,l,s)\< g- is <^. 

Employing (4) and writing for 8, and for q, we see that 

Let E m be the common part of all the sets e*. c,, e 4 , ... ; C (£„) is the 
set of points each of which belongs to one at least of the sets C («j), 0 (ej), ... 
and thus 

«e«J* « («.) < 4 , < ’ ! fr Si “«’■ 

It can be shewn that E„ is a part of 0„. 

Let shea point of E n ; it thus bel ongs to all the sots c. f (p = 1 , 2, 3, . . . ). 
If N r (p = 2, 3, ...) be the number of different functions D (x, I, s) for 

which | D (*, /, s) | < £ , then N p < 

K > »-i v 

If p £ 2, there are N, different functions D (a:, l, «), all such that 

and for all the other functions D {z. I, «), we have | D {*,/,*) | < J- • 

If n is any integer such that 2 m -- n < 2 m * 1 

\s{x,n)-slx,2«)l? 2 \D{z,l,«)\. 

t-0 

Among the K terms j D (x, 1, s) J there axe at most terms for which 
p-2,3 

all the other terms, of which the number cannot exceed m, are < - - 


|a{z,»)-s{ar,2"}(£8+ 2 N„ <8 + S 2 28, 

( 1 * {x , »') -s(z,n) | < 48. 
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Therefore each point of E„ belongs to G m (8); E„ is a part of G,„, and 
consequently C (G„) is a part of C (£„)• 

Hence *£ a„=<p^ a n a (log ?i)=; 

and thus £w {C {(?„)} is a convergent scries. 

The set of points, each of which belongs to an infinite number of the 
sets C ((?„), has measure zero; fox, if < be an arbitrary positive number, 
each point belongs to one or more of the sets G (G r ), G (G' r(1 ), ...» the sum 
of the measures of which is < <r; thus the set lias measure < e. Sincci e is 
arbitrary, thus measure is zero. The measure of the sot H, each part of which 
belongs to all the seta Q , , Q x , ... , from and after some fixed one of the sets, 
dependent on the point, has measure 1. Tlius there is a. set of points of 
measure 1 such that, for each such point, for all values of « and n' 

| s (*, »') — s (a, n) j < 48, 

where 2"' <«<«.'< 2 m+I ; and for all values of m, from and after a fixed 
one. 

Also, since [«(#, 2'") — s(x,2 n ‘) | <8, if m and m‘ are both > some 
fixed value of m, it follows that | a ( x , n') — s (x, n) | < 98, for all values of 
n and n' greater than 2", for some fixed value of m, in a. set ff s such 
that m (H s ) = 1. 

lastly, giving 8 the values in a scqnoncc which converges to zero, wo 
sec that there exists a set of measure 1, in which s (*, n) is convergent. 

Menchoff has also proved that, if II' (n) is such that 

« 0 , 

there exists a set of normal functions such that £a„«£„ (z) converges no- 
where in the interval (0, 1), although S1F («) n„ s is convergent. It thus 
appears that the theorem cannot be replaced by one in wliich (log n)~ is 
replaced by a lower power of log n than the square. This may however be 
the case for a special set of orthogonal functions; ns for example in the 
case of Fourier's series, for which it has been shewn in § 409 that (log n)* 
may bo replaced by (log ?;)*, where q > 1. 

A proof was sketched by Wcyi*, and given fully by Hobsonf, that the 
series £ n„<£„ (a;), corresponding to a function, of wliich the square is 
summablc in the finite interval for which {<f> n (*)} forms a normal ortliogou al 
system, is summable (G, 1), almost everywhere iu the interval, if the scries 
S fi„ s log n is convergent. The wider theorem Isas been estnblishcdj by 

* ,»rott. Anttnkn, voL fcxvn (1909), p. 241. 

t Vroc. Lord. Math. Soc. (2), vat Ur (1915), p. 428. 

4 .tfolS. ZtitnAr. rot xxnt (1923), p. 2C3. 


a-., (log «)’ 
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Kaczmarz that the convergence of the series 2 a„ a (log »)1 is sufficient, 
lie has also shewn that, for any function whose square is summablo in the 
domain So n ^„ (a:) is either summable (C, 1 ) almost everywlicrc, or else its 
Poisson sum does not almost everywhere exist. 

It has however been announced * by Menchofl that lie has obtained 
the following complete theorem : 

If 2 a,~ (loglogw) 5 is convergent, then the series 2 a„4 >„ (x) is summable 
(C, fc), for k> 0, almost everywhere in the interval for which the orthogonal 
functions exist; and consequently the series is almost everywhere summabh 

by Poissm’s method. If to (w) satisfies the condition iim .. 03 ^ ... - 0, 

(loElogw)’ 

there exists a series which is not summable at any point by the method of 
Poisson, while 2co (») a, 5 is convergent. 

495. The following theorems have been established! % Menolioff : 

If 2 | a„ |* _A ts convergent, for some positive value of A such that 2 > A > jj. 
then the series 2 a„<f>„ (a) converges almost everywhere in the finite interval 
(0, 1) for which {$„ (»)} is a sequence of orthogonal functions. 

This is a particular caso of the more general theorem that: 

If w (it) is a positive function of u which increases with u, and the series 

.?,[-(^ 1 *i5T)]'( 1, *rci)‘ v ’ 

E 1 f 

— 

are both convergent, then (ar) converges almost everywhere. 

The logarithms arc taken to the base 2. It will bo observed that the 
convergence of the second series implies the divergence of iog log 
and this involves the convergence of a„ to zero. 

The first theorem is included in the seoond because, if £ | a„ J*"* is 

convergent, it is possible to choose the function cu (u) so os to satisfy the 
conditions of the second theorem, the convergence of the two series being 
then a consequence of the convergence of 2 J a„ | a_ \ 

* Cumplta Bctidtu, veil, cucxx (1923), p. 2011. 

f Gomptu Jtmdus, voL clvBi (1924), p. 802. The condition X > 3 is not stated there, but it 
appears to be necessary In order that the first theorem may be inclodcd in the second. 
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In fact tlie ratio of tire general term of the first series in the second 
theorem to that In the series of the first theorem is 

.["(i* eh 'ra)]‘( h 'ra)'(mr ! 

and writing Jog p-~j ~ 2 > this becomes [to {log z)] ! If now wo 

take os (ft) = 2^’, the scries 2 — becomes 2 | «„ | f, which is con- 
vergent if p % 2 — A; also z a 2~* c .2 2 ’’- converges to zero, as z ~ 00, if A > 2 p. 
If then A > J, 01 (?t) can be so chosen Lliat the first series of the second 
theorem converges if tho scries 2 | a„ | s_ ‘ converges. 

It will be assumed that 2 «„* < 1; this involves no loss of generality. 
We proceed to group tho constants a*. The group T P consists of those 

constants a. which arc such that 2*’’ S 1 — , < 2 ;P ' We donote the values 

I °n I 

of n wliich belong to F, by n (p, 1), n (p, 2), ... , n (p, tf„); where each one 
of these values of n, in P,, is less than the next; the number of values of n 
in T, is accordingly N„. 

*0 1 
Since S o„* is less than 1, and | a H[Pit) j < — v , it follows that 

or N,<2*"'. 

2< f " 

Choosing a positive number 8, wo define the set of points E„ (S) to be 
that set of points x, in (0, 1), for which 


for all integers e and s' suoh tliat 1 & s & s' & N p . Wiion N P =* 0, wo 
take E x (8) to be the interval {0, 1); then m [C [E„ (5)}j ■* 0. 

We take os (p) to denote the least volue of as (log log p^— - — for tho 
values e = 1, 2, 3, ...» N f ; and wo take the number 8 to be 
\ . is the greatest of tho numbers — ■ ; . 

■ w “(-'•■rsbi) 

the assumption of the convergence of the Beries of whioh 
is the general term that 2 ~ is convergent. 


os(p)‘ 

it follows from 


» (log log p^-j) 
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It has been shown in § 494 that, if G„ denote the 6et of points for which 
S c„ <f>„ (x) j < S, for all values of n' and n" such that 2”* £ tj.' < ?i" < 2 r ’ +1 , 
the measure m [G , of the complemont of G m , is less than h ~ S c n a , 

where k is an absolute constant . In tho last expression m- may be replaced 
by the square of the logarithm of any one of tho indices n winch occurs in 
the summation. 

Let O m = 0, except when m has a value n (p, s), in which case 

, , £'■ (».») = ‘hi (».«)! 

we then see that 

m [ C (£,)) < ! a»E it X, » 1. 

Since log N, < V* 1 , and S = l/co (p), where 

o» (p) S a. (log log | g - ^ j | ). 
and 2* £ log j a I — -j £ 2 P+1 , 

we have 

m [C (E v )} < h' jeo (log log | ^ , | )} (*°£ | a \ , j'| ) 

whore Ic' is an absolute constant. The Bamc inequality holds when N v => 1. 

From the assumed convergence of the series found by taking p «* 1, 2, 
3, and adding the series together, we see that the series L mjC (E,)] 
is convergent, and consequently lim in [C (E # )] — 0. Therefore the set F, 
of points, each of which belongs to an infinite number of the sets C (B r ), 
has its measure zero. 

Take any two indices n', n" such that n' < «", and let p' and p" he 
the smallest and greatest of those values of p for which the condition 
2 2V a j ^ j < 2 2,1+1 is satisfied for at least one value of n such that 
n' & m Sw". It is clear that p' and p" diverge as n' does so. Corresponding 
to each point, x, of C (F), there is a minimum value n (x), of n, for which 
the condition ] S a„ £„ (x) |< if -J , is satisfied for all values of n' and 
7i" such that n" > n' > n ( x ). Since 2 — is convergent, it follows that 
J If a„<f>„(x) j < e, provided n‘ is large enough; therefore the series 
S a n 4> n (*) converges at a point x, of C [F ) ; and since C (F) has measure 
unity, it follows that 2 a n <£„ (x) converges almost everywhere in the 
interval (0, 1). 
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SERIES OF STPEM-UOUVILLB FUNCTIONS 

496. The 'class of normal orthogonal functions known as the Sturm- 
Liouville functions has the special property that the aeries of which the 
terms consist of multiples of these functions behave in the same manner, 
in relation to convergence, divergeneo, or oscillation at a point as Fourier’s 
series do. A brief sketch of the investigations relating to these functions 
will be given here. 

If [},k,l are functions of x which are positive and continous, and do not 
vanish, in on interval (a, b), of x, and risa parameter, the functions are 
the solutions of the differential equation 

dV dV 

which are such that ^ —hV = 0, for * = a, and + Uv = 0, for x = b, 
where h, H are positive constants, and the parameter r is so determined 
that a solution of the differential equation exists which satisfies the con- 
ditions at a and b. It is convenient to assume that i and (gk) ~ i havo 
bounded variation in (a, b). 

The differential equation reduoes to the form 

g + <,--«£ 7»0 


by means of the transformation 

r-»v, r.p\ 

where i, has the value 

and the conditions at the end-points of the interval become 


dU 


^ - h'U « 0, for z — 0, and ~ + H'u = 0, for z = ir, 
where the assumption, involving no real loss of generality, is made that 

JW*- 

An nsymptotio form of the normal functions was obtained* by Liou- 
ville, and a more precise asymptotic expression of them, sufficient for the 
purpose) of the investigation of the series, was obtained! by Hobson. This 
expression is 

, u (*,«)] , f/S (g) , 


4 >» (*) “ (^) cos»* |l + ® 
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w boro ft (z) denotes functions which arc bounded with respect to z, and 
a (z, n) denotes functiona which are bounded with respect to ( z , «.). It is 
known from the general theory of the functions connected with differential 
equations that the system {<f> n (z)} is complotc. 

It was shewn (foe. cit.) by Hobeon that the series 

corresponding to a function / (z), aummable in (0, w), converges to 

»{/«* + «> +/(*-©)} 

at any interior point of the interval (0, jr) if, in some neighbourhood of tho 
point z, / (z) is of bounded variation. Also it was shewn that, in any 
interval in which / (z) is continuous, and which is interior to an interval 
in which tho function has bounded variation, the convergence of tho series 
to/(z) is uniform. It was also shown that, at 0 and w, the series converges 
to / (+ 0), /(tt — 0) if at 0 and i r there are neighbourhoods in which / (z) 
is of bounded variation. 

Tho more general theorem was established by Huar*, and by Mcrcorf, 
independently of one another, that: 

The series behaves at any point, as regards convergence, divergence, or 
oscillation, in Ike same manner as the Fowler's cosine, series corresponding 
to f (z) behaves at the same point. 

A proof of this result was givenj by Hobeon, based upon a consideration 
of the function 

r-n 2 r “" 

2 f r (z) <f> r {*') — 2 cos rz oos rz' = F (z, z', w). 

It can bo shewn that the function F (z, z', n) satisfies tho conditions of 
the general convergence theorem of § 279, and thus that 
lim j / (z') F (z, z', n) dz' = 0; 

the convergence to the limit being uniform in tho interval (0, -n) of z. 

The result stated above is now dcducible from this result. 

By considering the function 

’?”(*- ur ) m - I'z (> -’-~r ) “»»«“ 

in a similar manner, the theorem, due to Hoar (foe. cit.), can bo established, 
that tho summation of the series of Sfcurm-Liouvilie functions by the 
method of arithmetic means is tho same as that for the Fourier’s cosine 
series; and thus that the Ceshro sum of the Sturm-Liouvillo series, corre- 
sponding to a summable function, 3 juste for almost all values of z. 

* Math. Amain, vol. juj (1010), p. 355. 
t PM. Tram. vo!. can (A) (101!), p. 1H. 
t Pro c. Lmd. Hath. Soe. (2), rot xn (1912), p- 120. 



CORRECTIONS AND ADDITIONS TO VOLUME I 


Pago 104. Line 17 Iron tho foot, /or “dosed” read “perfect." Lino IGfroin the foot>/or “dosed" 
read “perfect.'' 

Page 105. line 3, for “S" read “G." 

Page 110. Lino 10 from the foot, /or “0 < f<t '' nai “0 <1 - X<c" 

Page 131. lino 13 from the foot, after "Bn," insert "none of which contains a point of 0,” 

Pago 143. Lioe G, after "If P be a point of 0” add “and P' be a point of O,." 

Page 144. line 17, for " 0 " read “O.” 

Page 179. lino 22, for “D„,, Da, each of which contains an enumerable set" read 
“ Oj^, D„ .... each of which contains a ect of points ot O of measure zero." line 24, 
for "enumerable" read “of measure rero.” Line 10 from the foot, for “of measure 
zero" nai "of measure >0.” 

Page 180. Line 10 from the foot, for “>c(>0|” read ">c/X, ulere X »» a sufficiently large 
number, independent of c." Liao 7 from Iho foot, for “the two systems of nets" read 
“the systems of nets the measure of whose meshes is Os’." 

Page 181. .line* IS, 19, for “«*’ tend “elk." Line 10 from the foot, /or “>a" read “ > o/X.'“ 
Lino 2 from the foot, for read (dn,).” 


Pago 182. Lines 4, 10, for "am{E.I" reed 

Pago 276. line S, after "another positive number” insert “ij." 

Page 277. line 5, far “ | p (a) 1 * read “ | $ (*) |.” 

Page 337. lino 8 from the foot, the aeoond pari of the enumeration of tho theorem should read 
Moreover, if the pit limit has no unique wlur, the upper and lower values of the eccend 
limit are in the interval hounded by the upper and lower values of the pet limit. 

It may happen that baa a unique value, whilst this is not the case for 

£fei»L 

p («+«) 

Pago 338. la the second part of tho statement of tbo theorem, the same amendment is required 


Pago 371. Line 14, for “fit) - i” read “f (*) - far.” 

Pago 390. § 307. Tho theorem is correct only for tho two open quadrants for which *+S>x, 
y+k>y,x-h<x,y-b<p. The proof for the other two quadrants iB invalid, because 
it is impossible to choose the numbers h lt k,, hf, kf os stated on page 391. 

A theorem has been given by It. C. Young (L'enteignemanl mathimatique, 1924-26, 
p. 79) from which it follows that, fore quasi-monotone function of any of the four 
types specified in { 255, tho limit mists for all four quadrants 
If (z, y), (x+S, y-ft) denote two points A, B, tho expression 
/(*+!, V +*) +1) “/<*+*• y)+/(x,y) 


may be denoted by A~j, and will be tab on to be jg 0, for all pairs of points A, B, for 
which h and 1 aro positive, in aomc given domain. For any cell (P, Q) contained in 
( A , B), A® S A® j for tiro cell (P, ft may bo one of a number of ccIIb into which (A, B) 
is divided, and bP. is cecal to the sum far all these cells (s, ft) of A^, and A® is by 
hypothesis > 0. If (A, ft), (A, ft) — (A, ft) ... be a sequence of cede anch that ft 
is in the cell {A, ft-,), for all values of n, tho sequence {A®"| is monotone non .in. 
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a=.> r *,- ««,. - Pn„ Qm„ - 

win be so determined that $ m , is in the cell (A, Pn.h and P„, in the cell (Aftn,.,), 
for all values of*; then the seqnenco a^ n ‘, t%”‘, 4^"', ... has a unique limit. If 
{4^*1, {ij; both h»vo definite limits, it follows that these limits have tho enmo 

]ioaitire quadrant. Also/ (*, y + t), / (x -t It, y) being monotone in Jt nnd h respectively, 
each being cither non.inereaaing or non-diminishing, it follows timt/(x+4,y+i) has 
a definite limit as Jr and k converge to wro, in any mutmor^in tho quadrant. Therefore 

whichever quadrant bo takon. 

Page 401. Linos 6 and 7, for "F {*, k)" read "F (4, k)/hk." 

Page 402. JJno 4 from tho foot ,/or "Ujk" read "i/4.” line I from the foot, /or "i/A" real “k/L" 

Pago 408. Lino 10 , for read Lino 10 , far “0 <y” read 

Page 430. Liuo 12, for “2 g 2” read "2 2 2.” For " 2 nnd 2," read “2 and 

Pago 400. Lino 14, for " tho set" rend " the measure {J) of tlio sot.” 

Page 460. Linos 10, 11 from tho foot. In tho formulao x should toko tho placo of b. 

Page 4G8. Lino IS. In Ike formulae * should taliu Uia jilaco of b. 

Pago SOS. Linos 3, 4. Tho formula should read 

- UW l* «■>-* (°)} + ... +/<*--.) {* «-) - 0 <f—i>} 

+/(<■> 

At tlio foot of tho pago, in tba oxpreasloue for £ aud S tho sooond 2 should ho £ . 
and in the noxt line M 4 ,(*fc-e)= 4 .( «)” should he added. 

It has boon pointed out by Prof. D. G. Gillespio of Cornel] University that tlio 
definition hero given of the upper nnd lower JlS-integrals is not always equivalent tu 
that on p. 607. For example, let *(x)=0, for 0 ,£ *<i; 4 >(:r)-l, for ifix&U 
/(*)= 1, for x J? J,/(i)=0. If i bo tskon ns a point of division in forming tbo upper 
sum of p. 608, this upper sum is loro, nnd tho uppor and lower integrals nro liolh oqual 
to zero, but tho integral as defined on p. 607 docs not exist, Binco / (r) nod 4 , (*) have 
a common point of discontinuity. In order to amend the doliuilion on p. 608, so as Ut 
got rid of this discrepancy, wc should take 

|*(* r - 0 )-#(*_,+ 0 )! +' 2 ™MM^(«fr+ 0 )-«(*r- 0 », 

S= r 2 m L^"^ 0 (/(*)) j(M*,-0)-4 (ey.,+0)) + Tn*,){'H.z,+ 0)-«(*,-0)}, 
whore /(**), fix,) era tho maxima ond minima of /(*) at x„ 4i(x„ + 0J=<i(6), 
4 , (a - 0) =4 (a). On p. 610, ] (*’) must bo taken instead of / (x'J. 

Tho definitions and properties of Stleltjes’ integrals bnvobceo treated in detail by 
Pollard (Quarterly Journal, roL Xtn (1023), p. 73). 

Pago 511. Lino 4 should read ‘>(x) over tho not of djaemtinuities of / (x) should he zero is 
satisfied." Lino 13 should read "To shew lliat tho condition concerning tho variation 
of* 

Pago 612. Lino 11 from the tool, for "convergence" read "continuity.” 

Page 020. Line 10 from tho foot should read "If tlio interval (J,, V) bo successively nub-divided 
by introducing further points of division, such til at the corresponding values of 4 

page 633. Line 10, for “^a” read or.” Lino 11 ,/or " <p + ] " read " <{p+ I) 

Pago 639. Line 3, for" convergence" read "continuity.” Line 6 ,/or “ ! (x, h’)" real "I (x,x-t-h‘). 
Line 10 , /or "I (x, 7s)” real “I (*, x+ A)." 

Page 642. Line 2, for “in (o, *)” read "in e." 
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problems. Complex Domain. Existence theorems. Equations of first order. 
Non linear equations of higher order. Solutions, systems, classifications of 
linear equations. Oscillation theorems. 

"Will be welcomed by mathematicians, engineers, and others," MECH. 
ENGINEERING. " Highly recommended," ELECTRONICS INDUSTRIES. "De- 
serves the highest praise," BULLETIN, AM. MATH. SOC. 

Historical appendix. Bibliography, Index. IB figures, viii -t- 558pp. 5% x 8. 

S349 Paperbound $2.55 



INTRODUCTION TO THE THEORY OF 
FOURIER'S SERIES AND INTEGRALS 
by H, S. Carslaw 

As an introductory explanation of the theory of Fourier's series, this clear, 
detailed text has long been recognized as outstanding. This third revised 
edition contains tests for uniform convergence of series; o thorough treat- 
ment of term by term integration and the Second Theorem of Mean Value; 
enlarged sets of examples on Infinite Series and Integrals; and a section 
dealing with the Riemann-Lebesgue Theorem and its consequences. An 
appendix compares the Lcbesgue Definite Integral with the classical 
Riemann Integral. 

CONTENTS: Historical Introduction. Rational and irrational numbers. In- 
finite sequences and series. Functions of single variable. Limits and con- 
tinuity. Definite integral. Theory of infinite series, whose terms are functions 
of a single variable. Definite integrals containing an arbitrary parameter. 
Fourier's series. Nature of convergence of Fourier's series and some proper- 
ties of Fourier's constants. Approximation curves and Gibbs phenomenon 
in Fourier's series. Fourier's integrals. Appendices: Practical harmonic 
analysis and pertodogrom analysis; Lebesgue’s theory of the definite 
integral. 

"For the serious student of mathematical physics, anxious to hove a firm 
grasp of Fourier theory as far as the Riemann integral will serve, Corslow 
Is still unsurpassed," MATHEMATICAL GAZETTE. 

Bibliography. Index. 39 figures. 96 examples for students, xiii + 368pp. 
5%x8. 

S48 Poperbound $1.95 



GESAMMELTE MATHEMATISCHE WERICE 
VON BERNHARD RIEMANN 
(The Collected Mathematical Works of 
Bernhard Riemann) 

This unabridged text of the complete works of the great mathe- 
matician Bernhard Riemann now enables you to examine Riemann's 
revolutiqnary concepts exactly as he set them down. 

It contains both the 5892 edjfion of his works, edited by R. Dedekind 
and H. Weber, and the 1902 supplement, edited by M. Noether 
and W. Wirtinger. It includes 31 monographs, 3 complete lecture 
courses, and 1 5 miscellaneous papers. It contains his epoch-making 
papers on Abelian functions, representation of a function by trig- 
onometrical series, non-Euelidean geometry, the study of space, 
conformal mapping, number theory, topology, and other mathe- 
matical topics. 

Many of these papers have been of great influence upon Einstein, 
de Sitter, Minkowski, Heisenberg, Dirac, and other outstanding 
mathematicians and physicists. 

"Most of his memoirs are masterpieces— full of original methods, 
profound Ideas and far-reaching imagination," ENCYCLOPAEDIA 
BRITANN1CA. "With Bernhard Riemann, Dirichlet's successor at 
Goettingen, we reach the man who more than any other has in- 
fluenced the course of modern mathematics," D. Struik, CONCISE 
HISTORY OF MATHEMATICS. 

English Introduction by Professor Hans Lewy of Stanford University. 
German text. Total of 690pp. 5% x 8. 


S226 Paperbound $2.85 
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by A. A. BenmStt, 'W. E. Milne, ftbrry Bateman 
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Unabridged republication of an original monograph for the Notiont 
Research Council. This well-known greatly sought-after volume dc 
scribes new methods of integration of differential equations developed 
by three leading mathematicians. It contains much material not readily 
available in detail elsewhere. Discussions on methods for partial dif- 
ferential equations, transition from difference equations to differential 
equations, solution of differential equations to non-integral values of 
a parameter are of special interest to mathematicians, physicists, 
mathematical physicists. 


Parliaf contents. THE INTERPOLATIONAl POLYNOMIAL, A. A. Bennett. 
Tabular index, arguments, values, differences. Displacements, divided 
differences, repeated arguments, derivation of the intcrpolational 
polynomial, integral. SUCCESSIVE APPROXIMATIONS, A. A. Bennett. 
Numerical methods of successive substitutions. Approximate methods in 
solution of differential equations. STEP-BY-STEP METHODS OF INTE- 
GRATION, W. E. Milne. Differential equotions of the 1st ordert Taylor's 
series, methods using ordinates, Runge-Kutta method. Systems of dif- 
ferential equations of the first order. Higher order differential equa- 
tions. Second order equations in which first derivatives are absent. 
METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS, Harry Bateman. 
Transition from solution of difference equotions to solution of differen- 
tial equations. Ritz’s method. Least squares method. Extension of solu- 
tion to nonintegral values of a parameter. 

288 footnotes, mostly bibliographic, 285 item classified biblography. 
108pp. 5% x 8. 

S305 Paperbound $1.35 
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THE THEORY OF FUNCTIONS OF A REAL VARIABLE 
by E. W. Hobson 


This monumental work undertakes a detailed development of the 
theory of functions of a real variable. It is based upon an enact con- 
ception of the arithmetic continuum forming the field of the variable, 
a precise arithmetic theory of the nature of a limit, and a definite con- 
ception of functional relation. 

The exposition is rigorous, 'and based upon precise definitions of 
classes of functions with respect to contini/ity, differentiability, etc., 
over the region of the variable or over selected point-sets of the 
region. The exact formulation of necessary ond sufficient conditions 
for the validity of the limiting processes of analysis is one of the maior 
objectives. In addition, direct application of such topics as Riemann, 
Lcbesgue and Fourier integrals, trigonometric and power series, and 
functions os limits of integrals, con be made to many fields including 
hydrodynamics, aerodynamics, atomic physics, stellar mechanics and 
information theory. Because this book contains hundreds of valuable' 


proofs, it hos become a standard reference work for mathematicians'"" 
and physicists'. 

Partial Contents of Vol. I: NUMBER — Arithmetical theo-"^ 

Cantor's and Dedekind's theory, theory of indices^ re- 
numbers, PROPERTIES OF POINT-SETS — linec* - '"’’' ^ ^ 

iransfitiile cardinals, Heine-Borel theor ^ T 
families of sets. METRIC PROPERTIES'"^" % % \ 

measure, congruent sets, meas -g . %*%; 
fo a system of sets, Vitality' ^ ^ yS> 

NUMBERS AND ORDf^ _ % ^ V \ 4> \ \ & 
type of simply or'' ' o ‘ * % & % a % . %% 

doxes of Bur-"^ &. 0 & ° 


V* „X-'inie- ; 
: ^SOIUTELY 
■grots, Denjoy in- 


Thirdrevised^'v. •>'* 
Index, xv -j- 736pp5^ 


,,..ailed examples. 10 figures. 
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